Lecture Note 14, (Text book page 927) Math 2630

14.4 Tangent Planes and Linear Approximations

Definition Suppose f has continuous partial derviatives. An equation of the tangent plane
to the surface z = f(x,y) at the point P(a,b,c) is

z—c= fz(a,b)(x —a) + fy(a,b)(y —b)

The linear function whose graph is this tangent plane namely,

L(z,y) = f(a,b) + fa(a,b)(z — a) + fy(a,b)(y — b)

is called the linerization of f at (a,b) and the approximation

f(m,y) & f(a7 b) + fx(a7 b)(x - CL) + fy(avb)(y - b)

is called the linear approximation or the tangent plane approximation of f at (a,b).

Example 1 Find the tangent plane to the elliptic paraboloid z = 222 + y? at the point (1,1, 3).

Definition If z = f(x,y), then f is differentiable at (a,b) if Az can be expressed in the
form

Az = fi(a,b)Ax + fy(a,b)Ay + e1Az + e2Ay
where €; and €2 — 0 as (Az, Ay) — (0,0).

. J

It is sometimes hard to use the definition of differentiable directly check the differentiability of a
function, but the next theorem provides a convenient sufficient condition for differentiability.

Theorem If partial derivatives f, and f, exist near (a,b) and are continuous at (a,b), then
f is differentiable at (a,b).

Example 2 Show that f(z,y) = ze™ is differentiable at (1,0) and find its linearization there.
Then use it to approximate f(1.1,—0.1)

Definition For a differentiable function of two variables, z = f(z,y), we define the differ-
entials dx and dy to be independent variables; that is, they can be given any values. Then
the differential dz, also called the total differential, is defined by

0z 0z

oz = fa:(fl', y)dx + fy(.%',y)dy = %déﬂ + Fydy

Example 3
(a) If z = 22 + 32y — y?, find the differential dz.

(b) If z changes from 2 to 2.05 and y changes from 3 to 2.96, compare the values of Az and dz.
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