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INTRODUCTION AND HISTORY

In recent years, starting with the articles of Burdzy (1993)
and (1994), researchers had interest in iterated processes in
which one changes the time parameter with one-dimensional
Brownian motion.

To define iterated Brownian motion  Z;, due to Burdzy (1993),
started at z € R, let X;", X, and Y; be three independent
one-dimensional Brownian motions, all started at 0. Two-sided
Brownian motion Is defined to be

XF >0
X’f:{X(t),t<O.

Then iterated Brownian motion started at 2z € R is
Zt:Z—FX(y;), t > 0.
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BM versus IBM: This process has many properties analogous
to those of Brownian motion; we list a few

(1) Z; has stationary (but not independent) increments, and is
a self-similar process of index 1/4.

(2) Laws of the iterated logarithm (LIL)  holds: usual LIL by
Burdzy (1993)
lim sup Z() = 2/4 a.s.

oo tY*(loglog(1/t))3/4  33/4
Chung-type LIL by Khoshnevisan and Lewis (1996) and Hu et
al. (1995).

(3) Khoshnevisan and Lewis (1999) extended results of Burdzy
(1994), to develop a stochastic calculus for iterated Brownian
motion.




(4) In 1998, Burdzy and Khoshnevisan showed that IBM can be
used to model diffusion in a crack.

(5) Local time of this process was studied by Burdzy and
Khoshnevisan (1995), Csaki, Csorgd, Foldes, and Révész
(1996), Shi and Yor (1997), Xiao (1998), and Hu (1999).

(6) Banuelos and DeBlassie (2006) studied the distribution of
exit place for iterated Brownian motion in cones.

(7) DeBlassie (2004) studied the lifetime asymptotics of iterated
Brownian motion in cones and Bounded domains. Nane
(2006), in a series of papers, extended some of the results
of DeBlassie. He also studied the lifetime asymtotics of iterated
Brownian motion in several unbounded domains(parabola-
shaped domains, twisted domains...).



(8) Khoshnevisan and Lewis (1996) established the modulus of
continuity for iterated Brownian motion: with probability one

lim sup  sup 2(s) — Z(1) =
0—00<s,t<1 0<|s—t|<6 51/4(1Og(1/5)>3/4

L.
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Figure 1: Simulations of two Brownian motions
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Figure 2: Simulation of IBM Z}! = X (|Y}|)




PDE connection

The classical well-known connection of a PDE and a stochastic
process is the Brownian motion and heat equation connection.
Let X; € R be Brownian motion started at zz. Then the function

u(t,z) = B[ f(Xy)]
solves the Cauchy problem

%u(t,x) = Au(t,z), t>0, zeR?

u(0,2) = f(z), z€R%

In addition to the above properties of IBM there is an
Interesting connection between iterated Brownian motion and
the biharmonic operator A?: the function



ult, z) = B[ f(Z)]
solves the Cauchy problem (Allouba and Zheng (2001) and
DeBlassie (2004))
0 Af ()

Eu(t,x) = i
u(0,z) = f(x).

for t > 0 and x € R The non-Markovian property of IBM is
reflected by the appearance of the initial function f(z) in the
PDE.

- A2u(t, T); (1)

Let q(t,s) = \/Z%exp (—Z—i) be the transition density of
reflected one-dimensional Brownian motion, | By|.
The essential argument, using integration by parts twice, is that
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Fractional Diffusion

Nigmatullin (1986) gave a Physical derivation of fractional
diffusion

O

Wu(t r) = Lyu(t,z); u0,z)= f(x) (2)
where 0 < # < 1 and L, is the generator of some continuous
Markov process X(t) started at z = 0. Here 97¢g(t)/0t" is
the Caputo fractional derivative in time, which can be defined
as the inverse Laplace transform of s”7g(s) — s771g(0), with

= [ e t)dt the usual Laplace transform.

Zaslavsky (1994) used this to model Hamiltonian chaos.
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Stochastic solution

Baeumer and Meerschaert (2001) and Meerschaert and
Scheffler (2004) shows that, in the case p(t,z) = T'(t)f(x)
IS a bounded continuous semigroup on a Banach space (with
corresponding process X;, F; = inf{u : D, > t}, D;is a
stable subordinator with index (3) , the formula

ultyr) = Ef(Xe) = 5 [ pls,a)gal)sds

yields a solution to the fractional Cauchy problem

O

Wu(t r) = Lyu(t,z); u0,z)= f(x) (3)
Here g3(t) is the smooth density of the stable subordinator such
that the Laplace transform gs(s) = [~ e t)dt =e .
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BROWNIAN SUBORDINATORS

(Baeumer, Meerschaert and Nane (2007)) show that, taking
B = 1/2 in the time-fractional diffusion yields exactly 1-D

o d
distributions X|p| = Xg,.

If L, is the generator of the semigroup T'(¢) f (x) = E.[(f(X}))]
on L}(RY), then forany f € D(L,)

8 o fo(ilﬁ) 2 : _
au(t)g;) = + L, u(t,x); u(0,2) = f(x), (4)

and the fractional Cauchy problem with 5 = 1/2 have the
same solution

u(t, ) = E[f(X(|Bi))

2
) ex
\/47T / p( 4t

14
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Fourier-Laplace method

The Lévy process X(t) has characteristic function

Elexp(ik - Xo(t))] = exp(te(k))
with

1 - vk -y
Y(k) = ik-a——k'Qlﬁ—/ (em'y —1-— ) v(dy),
L )

where a € R, () is a nonnegative definite matrix, and v is a
o-finite Borel measure on R? such that

[ mingLllylPoidy) < o
y7#0
Denote the Fourier transform by

Fk) = / () do
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Meerschaert and Scheffler (2001) shows that L, f(z) is the
inverse Fourier transform of (k) f (k) forall f € D(L,), where

D(L,) = {f € L'(R") : (k) f(k) = h(k) 3h € L'(R')},

and

Lof(x) = a- Vf(x) + 5V - QV /(@)

- [ (1= pw - S vy
(5)

forall f € W*!(R?), the Sobolev space of L'-functions whose
first and second partial derivatives are all L'-functions.

We can also write L, = (—iV) where V =
(0/0xq,...,0/0x,).
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For example, if X(t) is spherically symmetric stable then
v(k) = —DIk||* and L, = —D(—A)*? a fractional
derivative in space, using the correspondence k; — —i@/@xj
forl <75 <d.

If X,y has independent stable marginals, then one possible
form is w(k) =D Zj(_ikj)o‘f and L, = D D (‘9“]/6:17? using
Riemann-Liouville fractional derivatives in each variable. This
form does not coincide with the fractional Laplacian unless all
Oéj = 2.
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The proof does not use Theorem 0.1 in Allouba and Zheng
(2001), rather it relies on a Laplace-Fourier transform argument.

We will use the following notation for the Laplace, Fourier, and
Fourier-Laplace transforms (respectively):

(s, x —/OO —Stu(t, x)dt:

/ e~ Wy (t, z)da;
Rd

/em/ e "tu(t, x)dtdx.
R 0
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Let ¢ be the characteristic exponent of X;. Take Fourier
transforms on both sides of (4) to get
dut,k) 1

T i WM ORRLORIGL)

AN

using the fact that ¢)(k) f (k) is the Fourier transform of L, f(x).
Then take Laplace transforms on both sides to get

stu(s, k) —a(t =0,k) = s PPk f(k) + v(k)a(s, k),

using the well-known Laplace transform formula

o0 t—ﬁ t
e Sldt = s"71, 3 < 1.
| s
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Since 4(t = 0, k) = f(k), collecting like terms yields

(1+57P(k)) f (k)

T Ok

(6)

for s > 0 sufficiently large.

On the other hand, taking Fourier transforms on both sides of
with 3 = 1/2 gives

OV 2t k
B ywyae. by

Take Laplace transforms on both sides, using the fact that
s7g(s) — s”71g(0) is the Laplace transform of the Caputo
fractional derivative 9”¢g(t) /0", to get

sY2u(s, k) — s7V2f(k) = o(k)u(s, k)
20




and collect terms to obtain
s (k)
12— (k)
s k) s (k) -
si2 = (k) sV + (k)
(L+ s "Py(k) f (k)
s — Y(k)?
which agrees with (6). For any fixed £ € RY, the two formulae
are well-defined and equal for all s > 0 sufficiently large.

u(s, k) =

An easy extension of the argument as above shows that, under
the same conditions, for any &k = 2, 3,4, ... both the Cauchy
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problem

J/k \
x) 4+ Liu(t, x);

(9ut ) i
z_: (8)
( x) = f(z)

and the fractional Cauchy problem:

al/k
it w) = Lt x); - u(0,2) = flx),  (©)

have the same unique solution given by

ult, ) = / " p((t/5), 2)gals) ds

with 5 = 1/k. Hence the process Z; = X(F;) is also the
stochastic solution to this higher order Cauchy problem.

22




Orsingher and Benghin (2004) and (2008) show that for 3 =
1/2" the solution to

ol/2"
atl/Q”
IS given by running

I(t) = Byi(|Ba(|Bs(| - - (Bpsa(t)) - -+ DI))

Where B;'s are independent Brownian motions, i.e., u(t, m) =
E.(f(I,(t))) solves (10), and solves (8) for k = 2".

u(t,z) = Aul(t,z); w0,2)= f(x), (10)
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CAUCHY PROBLEMS ON BOUNDED DOMAINS

Since we are working on a bounded domain, the Fourier
transform methods are not useful. Instead we will employ Hilbert
space methods. Hence given a complete orthonormal basis
{1n(x)} on L*(D), we will call

atton) = [ vno
i(s,m) = /D () /O e=tu(t, z)dtdz — /D o (2)ils. 2)de.

the v,,, and 1,,-Laplace transforms, respectively.

Let D be bounded and every point of D be regular for D¢
The corresponding Markov process is a killed Brownian motion.
We denote the eigenvalues and the eigenfunctions of Ap by

24



{ A, &n 15, where ¢, € C*(D). The corresponding heat
kernel is given by

0.

pD(tv L y) — Z e_)\nt¢n(x>¢n(y>'

n=1

The series converges absolutely and uniformly on [t;, 00) X
D x D for all ty, > 0. In this case, the semigroup given by

To(t)f(x) = E[f(X)I(t < mp(X))] = / polt, z,y)f(y)dy

= > e Meu(x)f(n)

solves the Heat equation in [) with Dirichlet boundary
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conditions:
z) = Au(t,x), v € D, t >0,

ult,
ot
u(t,z) =0, x € 9D,
u0,z) = f(z), v €D.
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Fractional Cauchy problems in bounded domains
Let G € (0,1), Dy = (0, 00) x D and define

o o
ot oth

g(z)t’ ' g e L™(D), t > o}.

HA(D E{u Do — R: U,AUEC(DOO>,

‘—ut:z:

Let 0 < v < 1. Let D be a bounded domain with 0D € C'7,
and Tp(t) be the killed semigroup of Brownian motion { X} }
in D. Let I; be the process inverse to a stable subordinator
of index 3 € (0, 1) independent of { X;}. Let f € D(Ap) N
C(D) N C?(D) for which the eigenfunction expansion (of A f)
with respect to the complete orthonormal basis {¢, : n € N}
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converges uniformly and absolutely. Then the unique (classical)
solution of

u € Ha(Ds) N Cy(Dys) N CHD)

5
%u(@x) — Au(t,z); €D, t>0 (11)

u(t,z) =0, z € 0D, t >0,
u(0,z) = f(x), z € D.

28



IS given by

ult, ) = 3 Fn)ou(@) Es(—Ait”)

= x[( ( )(Tp(X) > E)]
= Lo f(X(E))(1p(X(E)) > 1)]

=5 | Tolts@gse
_ / Ti((t/1)°) f(x)gs(L)dl.

Joint work with Meerschaert and Vellaisamy (2008).

k'w |

Analytic solution in intervals (0, M) C R was obtained by
Agrawal (2002).
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Assume that u(t, x) solves (11). Taking ¢,- transforms in (11)
we obtain

b
wﬂ(t, n) = —\u(t,n). (12)

taking Laplace transforms on both sides of (12)), we get

s90(s,n) — s" (0, n) = =\a(s, n) (13)
which leads to f( ) 51
R nj)s-

u(s,n) = T (14)

By inverting the above Laplace transform, we obtain
u(t,n) = f(n) Es(—Mt")
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In terms of the Mittag-Leffler function defined by

00
Zk

(1 + k)

Es(z) =

Inverting now the ¢,-transform, we get an L2-convergent
solution of Equation (11) as (foreacht > 0)

u(t, ) =Y f(n)dn(x)Es(—Aat”) (15)
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IBM Iin bounded domains

Let Z; = X(|Y;|) be the iterated Brownian motion, D, =
(0,00) x D and define

HAQ(DOO> — {u ) Doo — R : %U,A2U < C(Doo)yﬁu S Cl(D> 3

< gzt g € L™(D), t > 0} -

0
‘au(t, )

Let D be a domain with 9D € C'7,0 < ~v < 1. Let
{X;} be Brownian motion in R%, and {Y;} be an independent
Brownian motion in R. Let {E;} be the process inverse

to a stable subordinator of index 3 = 1/2 independent of
(X,}. Let f € D(Ap) N CHD) N CAD)(C L3(D)) be
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such that the eigenfunction expansion of A f with respect to
{¢, : n > 1} converges absolutely and uniformly. Then the
(classical) solution of

u € Ha(Do) N Cy(Do) N CH(D);
%u(t,w) — A\/(_?+A2 (t,x), x €D, t>0; (16)
u(t,r) = Au(t, ) —O t >0, x € 0D;
U(Oym) — f(x>v =

33



IS given by

u(t,r) =

| (
9 / Tp(l) f()p(t, 1)L, a7

where Tp(l) is the heat semigroup in D, and p(t,1) is the
transition density of one-dimensional Brownian motion {Y;}.

Proof uses again equivalence with fractional Cauchy problem
for 5 =1/2.
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OTHER SUBORDINATORS

A Lévy process S = {S;,t > 0} with values in R is called
strictly stable of index o € (0, 2] if its characteristic function is
given by

E| exp(i£S)| = exp <—t|§’&

where —1 < v < 1 and y > 0 are constants. When o = 2
and y = 2, S is Brownian motion.

1 + ivsgn(§) tan(%)) 18)
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For any Borel set I/ C R, the occupation measure of S on [ is
defined by
pr(Ay=M{tel: S € A} (19)

for all Borel sets A C R, where \; is the one-dimensional
Lebesgue measure. If 17 is absolutely continuous with respect
to the Lebesgue measure A on R, we say that .S has a local time
on I and define its local time L(x, I) to be the Radon-Nikodym
derivative of 17 with respect to Aq, i.e.,

d
Lz, 1) = dﬁj() vz € R.

In the above, x is the so-called space variable, and [ is the time
variable of the local time. If [ = |0, t], we will write L(x, ) as
L(x,t). Moreover, if x = 0 then we will simply write (0, ) as
L.

36



Local time as a subordinator

It is well-known (see, e.g. Bertoin (1996)) that a strictly stable
Lévy process .S has a local time if and only if a € (1, 2].

It is well-known (see, e.g. Bertoin (1996)) that the inverse of a
local time L, of S is a stable subordinator:

Gy = inf{u : L, > t}, then G; = pD;, where D, is a stable
subordinator of index 5 =1 — 1/a.
p=nTA+1/a)T(1-1/a)x"*Re{[1+iv tan(ma/2)] 1/},
Hence L; = E;/, where 3 = 1 — 1/« for some ¢ > 0.
For3=1—1/a,c>0,u(t,x) = E,|f(X(L))] solves
g—;u(t,x) = cL,u(t,z); u(0,x)= f(x) (20)
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Symmetric stable subordinators

«a-time process is a Markov process subordinated to the
absolute value of an independent one-dimensional symmetric
«-stable process:

Zy = X(|S¢]), where X; is a Markov process and S; is an
independent symmetric cv-stable process both started at 0.

This process is self similar with index 1/2a. when the outer
process X is a Brownian motion. In this case Nane (2006)
defined the Local time of this process and obtained Laws of the
iterated logarithm for the local time for large time.
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PDE-connection:
Theorem 3 [Nane (2008)]

Let T'(s)f(x) = FE,|f(X(s))] be the semigroup of the
continuous Markov process X (¢) and let L, be its generator.
Let « = 1. Let f be a bounded measurable function in the
domain of L,, with D;; f bounded and Hélder continuous for all
1 <1, j<n.Thenu(t,z)= E.[f(Z;) solves

2
Tty = HE

u0,z) = f(z).
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For « = [/m # 1rational: the PDE is more complicated since
kernels of symmetric «-stable processes satisfy a higher order

PDE: . )
m
0 1419

o+ (—1) oo pi(0,5) = 0.

We also have to assume that we can integrate under the integral
as much as we need in the case where the outer process is BM
(or in general we can take the operator out of the integral). This
is valid for « = 1/m, m = 2,3,--- by a Lemma in Nane
(2008).

40



Theorem 4 [Nane (2008)]

Leta € (0, 2) berational @ = [ /m, where [ and m are relatively
prime. Let T'(s)f(x) = E.[f(X(s))] be the semigroup of the
continuous Markov process X (t) and let L, be its generator.
Let f be a bounded measurable function in the domain of L.,
with D7 f bounded and Hoélder continuous for all multi index -y
such that |y| = 2[. Then u(t,x) = E,|f(Z;)] solves

0Lt ) - —22(3% S#0.9)ca) 270
8t2 g21—2i al s=0 | Hx
- Lyu(t, z);
u(0,z) = f(x).
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SCALING LIMITS

If S, = X;+ Xs+ -+ X, is particle location at time n then
the scaling limit is r_l/O‘S[ﬁ] — X,.

The limit process X; is called an a-stable Lévy motion.

Another random walk J,, = 17 +15+ - - - +I;, records the jump

times.
If P[T,, > t| ~ t" for

0< <1

then T_l/ﬁj[rt] — Dt-

Dy is an increasing 3-stable Lévy motion(a stable subordinator).

Subordinator can give random time change: X () — X (Dy).
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Inverse Stable subordinator
Waiting time random walk has scaling limit r_l/ﬁJ[rt] — Dj.
The number of jumps by time ¢ is V; = max{n > 0: J, < t}.

Renewal process inverse to random walk { N; > n} = {J, <
t}
Inverse process has inverse scaling limit r‘ﬁNM — L.

Inverse stable process {F; < u} = {D, > t} yields the
density formula:

plu.t) = - PIE, < o] = = PID, > 1

du
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CTRW scaling limits

Particle jump random walk has scaling limit r_l/O‘S[ﬁ] — X
Number of jumps has scaling limit r‘ﬁNM — F.

CTRW is a random walk subordinated to a renewal process

SNt:X1+X2—|_"'+XNt

CTRW scaling limit is a subordinated process:

T_ﬁ/aSth — (Tﬁ>_1/asrﬁ-r—ﬁth ~ (Tﬁ>_1/aSTBEt — XEt

CTRW scaling limit is not Markov, increments are not stationary.

Meerschaert and collaborators (2004).
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OPEN PROBLEMS

Question 1. For § = 1/2, the inverse stable subordinator
process F; and the process |Y;|, where Y; is a one-dimensional
Brownian motion have the same transition density. Is there
a similar correspondence between F; for 3 # 1/2 and other
symmetric «-stable process Y; for 1 < o < 2.

Question 2. Looking at the governing PDE for subordinators
other than Brownian motion, are there any fractional in time PDE
which has the same solution as the higher order pde?

Question 3. Are there PDE connections of the iterated
processes in bounded domain as the PDE connection of
Brownian motion in bounded domains?
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