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1. Let f(x,y) = 2x*> — 3xy + y% + vy, find the directional derivative of f at (2,—1) in the direction
of the the vector v = 4i — 3j.
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2. Find the tangent plane to the surface z + 1 = xe®¥ cos(7z) at (1,0,0)
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(a) Sketch the level curve corresponding with f(x,y) = 2 in the grid below.

3. Consider the paraboloid f(x,y) = x* +y?.

For scratch work — will not be graded Final answer — will be graded
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(b) Compute Vf(—1,1), and draw this vector in the grid above where the starting point of the

vector is at the point (-1, 1).
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4 Use the linearization of the function Vi

*

at the point (3,1) to estimate the value of £(2.97,1.02).
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5. Find and classify the critical points of h(x,y) = x> — x?y + 18y2 — 72y — 24. (Hint: when
determining the sign of an expression, pull out common factors to simplify.)

‘ = = ol K==L
\O\x" )(Z‘ZX'D:O 7 74(7('2»3—)—0 50 %X=0 9
3L =0
\/\ - “X1*36 =
9 D L______>7 ?)L,D—’%Z‘:O e e T = 7. —L\
x’.‘—u 6(\“{“3?‘;;"* (0,
#214 7 —(25) +3(DD,42=O
_-L‘D’z _‘.36.3—-1'2.:0
=O
Lj?-,-qv ‘\'\Bﬁo o D;'S) (D 3-)
C ’3’)(3—(9\ ) win 9&*\*5 ( G
‘j 6\ 3\ Lll) .)

2

z 6) = (-2x)
D= \'\“\(\D:) "("\x'{)\ - (Z'x'lj\(s ) B
Q;\ -0 4 O — SAVDLb

g 2)7 O
D) = C ne 1 - Tt = (D'W‘(.?/';
G0 -t =G =
D (((H?) - (\1‘ e .2.3.3" 3 rO _~ \_(:CAL-

(0,7 SADDLE
score ( 6'—5'} | oA N\\N
(1,6) SAPVLE




6. Find the absolute (global) maximum and minimum values of

fx,y) =y>—x* —y+x

in the closed triangular region bounded by the lines x =0,y =0 and y =1 —x.
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1. Find the directional derivative of h(x,y) = xy — e*~2Y at the point (2,1) in the same
direction as the vector (—4, 3).
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2. Consider the following function:
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(a) Sketch and label the level curves for f(x,y) for the values (or “heights”) of —1 and 2.

For scratch work — will not be graded

Final answer — will be graded
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(b) Determine whether the lim
(x,y)—(0,0)

(briefly!) why the limit does not exist.
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4. Let f(x,y) =~]£+xy+gwherex7&0andy # 0.

(a) Find the critical point(s) of f(x, y).
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(b) Classify each critical point as a local maximum, local minimum, or a saddle point.
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5. Find the absolute maximum and minimum of f(x,y) = 2x? + xy —5x + 1y? — 2y +4
on or inside the triangle with vertices (0, 0), (2,0), and (0, 2).
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1. Let f(x,y) =x3 +y3 +3x? — 3y - 8.
(a) Find all the critical points of f(x,y).
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(b) Classify each of the critical points found in part (a) as local maxima, local minima, or
saddle points.
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2. Find the following limits, or show they do not exist:
sec(x +y)In(2 —x)
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6. Kelly is in the business of producing different types of widgets and gadgets. For every g
gadgets and w widgets produced, Kelly’s profit is given by P(g, w) = 30g'/3w?/3. Each gadget
costs $2 to produce and each widget costs $1 to produce. If Kelly only has $300 to spend on
production, how many gadgets and widgets should be produced to maximize profit?
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2. Given that f(x,y) = g(u(x,y),v(x,y)) and the following information, determine the tangent
plane to f(x,y) at the point (3, 1).

(0,5) [ g(a,) [ gula, b) | gu(a, b) [ula, b) [ux(a,b) | uy(a, b) [v(a,b) | va(a,b) [vy(a,b)
(1,3) | -2 3 —1 2 5 4 -3 5 6
(1,4) 1 —4 7 2 6 4 5 9 1
3,1 | -5 2 3 T 7 2 ] 6 3
G4 | 3 ] 2 5 6 2 9 5 7

Since u(3,1) =1 and v(3,1) = 4, we have f(3,1) = g(u(3, 1),\)(3,1)) =g(1,4) = 1. To find the
partial derivatives we use the chain rule, namely
f (0 y) = gu (ulx, y), v, y))ux(x,y) + gu (ulx,y), v(x, y)) v (x,y), and
fy (%, Y) = gu (ulx, y), v(x,y)uy (x, y) + gv (ulx, y), vix, y)) vy (x, y).
Evaluating at (3,1) we get
fx(3,1) = gu(1,4)w (3, 1) + g, (1,4)v,(3,1) = (—4)(7) + (7)(6) = —28 + 42 = 14, and
fy(3,1) = gu(1,4)uy(3,1) + gu(1,4)vy (3, 1) = (—4)(2) + (7)(3) = -8+ 21 = 13.
Putting this together we get the tangent plane
z="13, 1)+ (3 Nx-3)+f,3, Ny —1) givingz=1+14(x—3)+13(y — 1).

3. Find and classify all of the critical points for f(x,y) = x* — 2x*y? + y* + $y* — 16y2.

We have f, (x,y) = 4x% — 4xy? = 4x(x* —y?) = 4x(x —y)(x +y) = 0 and

fy(x,y) = —4x*y +4y3 + 8y? — 32y = 0. From f, we get that either x =0, x =y, or x = —y.
From x = 0 into f, we get 0 = 4y3 + 8y2 —32y =4y(y?> + 2y — 8) = 2y(y +4)(y —2) soy =0,
—4, or 2 giving the points (0,0), (0,—4) and (0, 2). From x =y into f, we get

0 = 8y? — 32y = 8y(y —4) so y = 0 or 4 giving the points (0,0) and (4,4). From x = —y into f,,
we get 0 = 8y? — 32y = 8y(y — 4) so y = 0 or 4 giving the points (0,0) and (—4,4). So we have
five critical points: (0,0), (0, —4), (0,2), (4,4), and (—4,4).

We have D(x,y) = fyxfyy — (fxy)? = (12x% — 4y?)(—4x? + 12y% + 16y — 32) — (—8xy)?.

D(0,0) = (0)(—32) — (0)? = 0 so we do not have enough information to classify (0,0).
D(0,—4) = (—64)(96) — (0)? < 0 so (0,—4) is a saddle.

D(0,2) = (—16)(48) — (0)? < 050 (0,2) is a saddle.

D(4,4) = (128)(160) — (128)? > 0 and fy(4,4) = 128 > 0 so (4,4) is a minimum.

D(—4,4) = (128)(160) — (128)? > 0 and fyy(—4,4) = 128 > 0 so (—4,4) is a minimum.

(Note that it is not hard to show that (0,0) is a saddle by looking at the function along the
x-axis and then along the y-axis. But this is not needed.)

4. Given that f(s,t) = 253" + s? — 4t use the linear approximation of f(s,t) at the point (3,1) to
estimate f(3.1,1.1).

The linear approximation is another name for the tangent plane. We have f,(s,t) = 2e573t + 25
and fy(s, t) = —6e53* — 4 so that f5(3,1) = 8 and f¢(3,1) = —10. So the tangent plane is

z="1(3,1)+f:(3,1)(s —3) + (3, 1)(t—1) giving z=7+ 8(s — 3) — 10(t — 1).
So we can conclude f(3.1,1.1) = 7 + 8(0.1) — 10(0.1) =~ 6.8.




5. Find the rate of change of f(x,y,z) = x*z + In(xy?z3) at (1,1, 1) in the direction (—4, 7,4).

This is a directional derivative at the point (1,1,1). To find the unit vector we take our current
vector and scale by dividing by |(—4,7,4)| = v/16 + 49 + 16 = /81 = 9 so that u = 5(—4,7,4).
Finally we compute our gradient, but first note that by properties of the logarithm we can write
our function as f(x,y,z) = x*z + In(x) + 2In(y) + 3 In(z). So we have

Vfx,y,z) = (2xz+ 1, ﬁ,xz +2) and Vf(1,1,1) = (3,2,4). So we can conclude that

1

Duf(p) = VI(1,1,1) - u=(3,2,4) - 5(-4,7,4) = ;-(_12+ 14 +16) = 2.

6. Find the maximum and minimum value of f(x,y) = x* 4 4y? for the closed and bounded region
of the points satisfying 5x* + 12xy + 20y? < 64.

This is optimization on a closed and bounded set. First we look for interior points which are
Vf = (2x,8y) = (0,0) which gives us the point (0,0) (which is clearly in our set of points).

Now we look on the boundary which are the points 5x? + 12xy + 20y? = 64. For this we now
transition to the method of Lagrange multipliers where g(x,y) = 5x? + 12xy + 20y? and
Vg(x,y) = (10x + 12y, 12x 4- 40y). We have Vf = AVg or f;, = Agy, and f, = Agy. In particular
we can conclude
2x _ T = fy _ 8y

10x+ 12y g« gy 12x+40y
Cross-multiplying we have 24x? + 80xy = 80xy + 96y? or x? = 4y2 or x = Zy and x = —2y.
Putting x = 2y back into our constraint gives 20y? + 24y + 20y? =64 or y> = T or y = +1
giving (2,1) and (—2,—1). Putting x = —2y back into our constraint gives
20y? — 24y? + 20y%? = 64 or y? = 4 or y = +2 giving (—4,2) and (4, —2).

We now have five points and so we evaluate each.
f(0,0) =
f(2,1)
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So the minimum value is 0 and the maximum value is 32.



5. Use the method of Lagrange multipliers to find the maximum of 2x —y given that
3x? —4xy + 2y = 6. Also give the point (x,y) where the maximum is achieved. (The
curve 3x* —4xy + 2y? = 6 is a closed and bounded set so the maximum must be
achieved.)

We have f(x,y) = 2x —y with Vf = (2,—1) and g(x,y) = 3x® — 4xy + 2y? with
Vg = (6x — 4y, —4x + 4y). We have Vf = AVg or f, = Ag, and fy = Agy. In particular we

can conclude
: 2 Ty

— fy — —1
6x —4dy gy

gy —Ax+4y

From this we have that —8x + 8y = —6x + 4y or 4y = 2x or x = 2y. Putting this into the
constraint we have 6 = 12y? — 8y* + 2y? = 6y? so thaty = 1 or y = —1 giving the
possible points (2,1) and (—2,—1). Since f(2,1) = 3 and f(—2,—1) = —3 we can conclude
that the maximum is 3 and is achieved at the point (2,1).
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5. Use the method of Lagrange niultipliers to find the minimum of 4x2 — 3xy + 2y? given
that 2x + 5y = 12. Also give the point (x,y) where the minimum is achieved. (You do not
have to prove that it is a minimum.)

We have f(x,y) = 4x* — 3xy + 2y* with Vf = (8x — 3y, —3x + 4y) and g(x,y) = 2x + 5y
with Vg = (2,5). We have Vf = AVg or f, = Ag, and fy = Agy. In particular we can
conclude

=3y _h_\_fy_ 3xtdy

2 Jx Iy 5

From this we have that 40x — 15y = —6x + 8y or 46x = 23y or y = 2x. Putting this into
the constraint we have 2x + 10x = 12 so that x = 1 giving the point (1,2). Since f(1,2) = 6
we can conclude that the minimum is 6 and is achieved at the point (1,2).




