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Abstract. This paper is concerned with the inverse electromagnetic scattering from a perfectly
conducting local surface displacement on an infinite ground plane. By using multiple frequency
data to image the profile of the surface displacement, a stable and accurate reconstruction method
is presented and investigated with numerical simulations. An integral equation approach is also
introduced for the solution of the forward scattering problem. By recovering the main features at
low frequencies and capturing the fine details at high frequencies, the proposed method yields a
stable and convergent reconstruction of the general profile. In particular, for a multiple scale profile,
the method resolves the fine scales with sufficiently high frequency information. Numerical examples
are provided to illustrate the effectiveness of our approach.
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1. Introduction. Electromagnetic imaging has found many applications, par-
ticularly in military engineering, nondestructive testing, medical imaging, and geo-
physics. In recent years there has been increased interest in inverse electromagnetic
scattering from bounded obstacles; we refer the reader to the monographs [13, 14] and
references therein for detailed discussions.

In this work, we study electromagnetic scattering from a perfectly conducted
infinite ground plane with some local disturbance. Our attention is restricted to the
two dimensional case by assuming that the local disturbance is invariant along the x3
direction.

The whole obstacle is illuminated by a time-harmonic electromagnetic wave u’.
In general, the total field u can be written as the sum of the incident wave u?, the
reflected wave u” by the ground (the z123) plane, and the scattered field u®. The total
field is collected on the half circle above the ground plane, and we are interested in
imaging the profile of a local surface displacement. The inverse scattering problem is
ill-posed in the sense of Hadamard, in particular inherited instability. Moreover, the
inverse problem is highly nonlinear. That is, the mapping between the local surface
displacement and the measurement is nonlinear. These two facts make the numerical
reconstruction very challenging.

To overcome the ill-posedness and the presence of local minima associated with
this nonlinear inverse problem, we propose to use multiple frequency data to image
the profile of the surface displacement. In the presence of noise, the resolution of
the reconstructed image is usually limited by the operating frequency of the elec-
tromagnetic wave. When the height of the displacement is small compared to the
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wavelength, it is observed that a high spatial frequency mode of the scattered wave
contains exactly the high spatial frequency information (fine features) of the pro-
file [7]. Theoretical studies also reveal that higher frequency information may yield
increased stability (less ill-posedness). In fact, in our recent paper on a multiple
frequency inverse source problem for the Helmholtz equation [8], it is proved that a
Holder-type stability estimate may be obtained with sufficiently high wavenumber.
In [20], Isakov also proved increased stability for reconstructing the Schréodinger po-
tential from the Dirichlet-to-Neumann map with higher wavenumber. On the other
hand, when only single frequency data is available, classical regularized iterative op-
timization methods such as Newton’s method (see, for example, [18]) applied to the
inverse scattering problem usually fail to compute the global minimizer. Multiple fre-
quency data overcomes the difficulty of reaching some local minimum. In [4, 5, 6, 12],
a stable recursive linearization method is developed for inverse medium scattering
problems with multiple frequency data. The method applies the Born approximation
at the lowest frequency to obtain an initial guess for the medium and sequentially
updates at higher frequencies until the dominant modes of the medium are essentially
recovered. The convergence of the recursive linearization method has been analyzed
recently in [9].

Our goal here is to develop a stable and accurate reconstruction method to image
the surface displacement with multiple frequency data. Numerical simulations are
also presented to investigate the feasibility and efficiency of the method. Roughly
speaking, the proposed reconstruction method marches from the lowest wavenumber
to the highest wavenumber. At a fixed wavenumber, a vector field is chosen such that
a defined cost functional decreases; i.e., the vector field serves as a descent direction
for the cost functional. The derivation of the descent vector field is based on the
analysis of the domain derivative for the forward scattering map. The reconstructed
profile evolves with the chosen vector field at the fixed wavenumber, and the evolution
process continues until it reaches the highest wavenumber. It is expected that the main
features of the profile are recovered at low frequencies and the fine details are captured
at higher frequencies, which is confirmed by our numerical examples. To solve the
forward scattering problem efficiently, we introduce an integral equation approach,
which is fast and capable of dealing with the high wavenumber problem.

The present work is an extension of our recent study on the near-field imaging
of the local disturbance. In [7], a superresolution image is achieved by extracting
information carried by the evanescent modes of the scattered wave when the height
of the displacement is smaller than the wavelength. Here, we consider a more general
case without specific restriction on the surface displacement. There are several recent
studies on related imaging problems. In [16], a linear model is discussed under the
Born approximation, and a broadband near-field imaging method is introduced for
denoising and improving the resolution of the image. We refer the reader to [24] for
the reconstruction of a strictly positive and star-like surface displacement from the
far-field pattern of the scattered field. There are also studies of the inverse problem
in the case of the nonlocal perturbed ground plane; see, for example, [11, 17].

The plan of the paper is as follows. Section 2 begins with the formulation of
the forward and inverse scattering problems. In section 3 we introduce the Dirichlet-
to-Neumann map and study the forward scattering problem in a bounded domain.
Section 4 focuses on the analysis of the domain derivative for the forward scattering
map, which serves as the basis for the derivation of the descent vector field for the
cost functional. The new reconstruction method is proposed in section 5. Theoretical
results on the choice of the descent vector field are highlighted. Several numerical
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examples are presented in section 6 to demonstrate the effectiveness of the method.
The paper is concluded with some general remarks in section 7.

2. Problem formulation. The whole scattering object, which is invariant along
the x3 direction, is illuminated by a time-harmonic (with ¢! dependence) electro-
magnetic wave. We study the transverse magnetic (TM) polarization or the E-parallel
case, i.e., the electric field E = (0, 0, u(x1,z2)). Consequently, the Maxwell equations
may be reduced to the two dimensional Helmholtz equation.

Figure 2.1 shows the schematic setup of the scattering problem. Let z = (x1,x2)
and f(x1) be a function defined on the real line R with compact support v. The curve
OD :={ x|z € R, zo = f(x1) } represents the boundary of the whole obstacle on
which the electromagnetic wave impinges. The domain above 0D is denoted as D.
In the special case that f(z1) < 0 (downward surface displacement), the scattering
problem is also known as the cavity problem. We refer the reader to [2, 3, 22] for the
well-posedness study and numerical solution of the cavity problem.

Let R be some positive constant such that v CC (—R,R) and " := {x | 21 €
(=R, R), x2 = f(x1)} represent the local disturbance. The ground plane is denoted
by I'g := R\ (=R, R). Clearly, 0D =T'UTl'y. Let Bgr be a disk with radius R centered
at the origin. GB;S := 0Br N D is the half circle above the ground plane, where Bg
is the boundary of the disk Br. Without loss of generality, we assume that I' lies
below OB}, (see Figure 2.1). We also denote the domain bounded by 0B}, UT as Dp.

Let w be the operating frequency of the electromagnetic wave and ¢ be the speed
of the wave in the vacuum. The incident wave field u* = e”*** propagates along the
direction d = (sin 6, — cos#)T, where 6 is the incident angle and k is the wavenumber
defined as k = <. The reflected field by the ground plane takes the form u" = —eikd' @
which propagates along the direction d’ = (sin#, cos#)”. In general, the total field u
after the scattering by 0D consists of three parts: the incident wave u‘, the reflected
wave u”, and the scattered field u®. The total field u satisfies the Helmholtz equation

(2.1) Au+k*u=0 inD.

By assuming that the obstacle is a perfect conductor, the total field vanishes on the
boundary:

(2.2) w=0 ondD.

In addition, at infinity the scattered field u® satisfies the Sommerfeld radiation con-
dition:

. ou® o\ _ _
(2.3) Tlg&ﬁ( 5 iku ) =0, r=]|z|.
x2 ,',’ £ EH\\
s u HS ! aB;
X ‘ b
1 / \ /. by
' \

Fic. 2.1. Problem geometry.
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If 9D is C?, then the forward scattering problem (2.1)-(2.3) admits a unique
solution u € C%(D) N C(D) [27].

Now we are ready to present the inverse scattering problem. The total field u is
collected on the half circle 53;\5, and the measurements are assumed to be available
for a set of wavenumbers {k; | j = 1,2,...,M; k; < kj;1}. The inverse problem is

to reconstruct the local disturbance I' from the measured multiple frequency data on
OB},

3. Analysis of the forward scattering problem. We reformulate the forward
scattering model (2.1)—(2.3) in the bounded domain Dg by introducing the Dirichlet-
to-Neumann map on 83;,?. A similar Dirichlet-to-Neumann map is also introduced
in [28] for scattering from an overfilled cavity. In fact, the idea of using pseudo-
differential operators to reduce the infinite domain to a bounded one has been applied
to various wave simulation problems. See, for example, [2, 3, 19].

We begin with some standard notation that will be used throughout the paper.
Let

Hl(DR) = { u | u e Lz(DR),ﬁju € LQ(DR) }

be the standard Sobolev space equipped with the norm

[ull,pr = llwllo,pr + uly p, -

where

[l

2
2 2 2
bon= [ lu@Pde ullp, =Y [ ol dn
Dgr j=1 Dr

Let (r,0) represent the standard polar coordinates. Define the Sobolev space

o0

2 2
SV (el + Il ) <+ }
n=0

HY/2(8BR) := {cp € L*(8Bg)

where @7 and ¢f are Fourier coefficients of the function ¢ on the circle 9Bg defined
as follows:

T

o= _/ o(0)sin(n)ds  (n > 0),
I I
05 = — o(0)dl, ¢ = —/ ©(0) cos(nf)dd (n >1).
2 J_, T ) _r

For a function ¢ defined on the half circle 8B§, it is extended to By by odd reflection:

o (0), 6 € (0,m),
P(0) = { (ip(—e), 6 € (—,0).

Now define the Sobolev Space
HY2(0BY) == { ¢ € HY?(OB}) | ¢ € H'/2(dBR), where ¢ is the odd extension of ¢ }.
Let

Yn = _/o () sin(nb)db.

™
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Clearly, ¢ = ¢, and ¢f, = 0. Hence

HY2(0B) = { @ € HY2(0B)

Z\/l—i—n2 lon|? <+oo}

n=1

with the norm

o 1/2
/ 2
H@Hﬂl/%agg) = Z 1+n? |py] ) :
n=1

Let p(0) = u3|6B;. From (2.1)-(2.3), it follows that the scattered filed u® satisfies

Au® + k*u® =0 in D\ Bpg,
u® =@ on BBE,
u® =0 on Iy,

limrﬁoo\/F<au 5) =0, r=|x|.
or
The solution of this scattering problem takes the form

(oo}

2 ™
u®(r,0) = 7/ ©(0) sin(n)do HY (kr) sin(nd),
(r,0) ;WH,S”(kR) ; (6) sin(nf) (kr) sin(nd)

where H,(ll) is the first kind Hankel function of order n. Let v be the unit normal on
8B§ directed into the infinite domain D. Then the normal derivative on 8B§ can be
written as

ous o 2k i (H") (kR)
™

or / ©(0) sin(nb)db sin(nd).

“HOER) o

n=1

Define the Dirichlet-to-Neumann map 7 (p — %) as

(1)yr ™
(3.1) (To)(0) = TZ%(:Z;) /O (6) sin(nd)d6 sin(nb).

n=1

LEMMA 3.1. The Dirichlet-to-Neumann map T is bounded from 7:11/2(83;{5) to
its dual space (7:11/2(33;))/.

- (1)
Proof. For any ¢, 1 € HY/2(0B}), let ¢, = % Then
_ /er
(T, ) = . Teds=kR Z Cnipn sin(nf)p df = —— Z CnPnPn.
oB};
Here,
2 [T . 2 [T :
On = —/ ©(0) sin(nb)dd and v, = —/ Y (0) sin(nd)do
™ Jo ™ Jo
From the recurrence relation of Hankel functions [1],
_HEY®R)  —HY) (R) + S HV(R)  —H) (kR) 0
HY(kR) HY(kR) HY(kR) kR
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Thus |c,| <1+ 75 < cv/1 +n? for some positive constant c.
Now

k R
(T, or Z\/H—n “inn‘

1/2

cktR 2 2
=7 <Zv1+n2 Isonl> (;vun? |wn|> ,

n=1

ie.,
cka
(Te, o) < ——llellg 1Yl
The proof is now complete. d
The normal derivative of the total field is given by
ou  Ou®  Out  Ou” i e Out o ou”
5—E+E+B——T(U) T(U +u)+5+g.

Denote g = %% + %—“Vr —T (u*+u"); then the total field satisfies the following boundary
value problem:

Au+k*>u=0 in Dp,
(3.2) u=0 onT,

ou
Y T(u)+g ondBf.

Next, we address the well-posedness of the scattering problem (3.2), which also
provides the basis for the analysis of the domain derivative of the forward scattering
map in the next section.

Define a subspace of H!'(Dg):

Ho(Dr) = {ueH (Dr) |u=00nT, ulyps € H'?OBF) }.
By introducing the bilinear form
a(u,w) = / Vu - Vo — k*uin dr — (Tu, w)
Dr
for u, w € HY(Dg), we say that u € H}(Dg) is a weak solution of the boundary value
problem (3.2) if
(3.3) a(u,w) = (g,w) for all w € H}(Dr).

THEOREM 3.2. The variational problem (3.3) attains a unique solution. More-
over, ||ull1,pp < C||9H<711/2(aB;>>/ for some positive constant C'.
Proof. First we prove a Garding-type inequality. It is easy to show that

(3.4) (Tu,u) kWR Z cn [un|®, where
n=1
(1)y ™
en = VER) oty =2 / w(8) sin(nf)de.
H( )(kR) m™Jo
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Note that H,(Il) = J, +1i Y,, where J, and Y,, are the first and second kind
Bessel functions, respectively, and the modulus of each Hankel function is a decreasing
function [1]; then

(35)  Rep = Jn(kR)J} (kR) + Yy (kR)Y; (KR) 1 (J3)'(kR) + (Y;)'(kR)

1
J2(kR) + Y2(kR) 2 J2RR) T Y2(hR)

Here R denotes the real part of a function.
From (3.4) and (3.5) it follows that R((7Tu,u)) < 0. Consequently

Ra(u,w) > |[ul p, — cllullf o,

for some positive constant ¢.

To prove the existence of a weak solution, from the Fredholm alternative we need
only prove the uniqueness. If a(u,w) = 0 for any w € ’;'-z(l)(DR)7 then the imaginary
part of a(u,u) is

kﬂ'R > 2
x . x _ M x —
S au,u) = =3(Tu,u) 5 nz::l Sep |un|” = 0.
By the Wronskian formula [1],
o _ In(kR)Y,(kR) = Y, (kR)J, (kR) _ 2 1 -,
" J2(kR) + Y2(kR) - knR J2(kR) + Y2(kR) ~

Hence, u,, = 0 for all n. Note that u € H}(Dg); therefore, u = 0 on dBj;, and Tu = 0
by definition. On the other hand, g = 0 implies that % = Tu = 0 on dB}. Now
u =0 in Dp follows from the unique continuation result [21].

The continuous dependence of the solution on ¢ follows from the Lax—Milgram
lemma and the Fredholm alternative. |

4. Domain derivative of the forward scattering map. The theory of shape
sensitivity analysis has been studied extensively for various shape optimization prob-
lems. We refer the reader to [25, 26] for detailed discussions and references. For the
inverse scattering problem, Kirsch rigorously derived the domain derivative of the far-
field operator for a C? bounded obstacle in [23]. In this section, we derive the domain
derivative of the operator that maps I' to the measurement u, B (Theorem 4.1).

Define the forward mapping M : I' = ul, B It maps the local surface displace-

ment to the measurement on the half circle 9B},. Let V() be a vector field defined
on I such that V(z) € CZ(I'; R?), i.e., twice continuously differentiable with compact
support suppV CC I'. For a given vector field V(x), denote

Is={z+6-V(z) |z el, V(z) € C§(I;R?*)}

as the perturbation of I" with respect to V(z). Now the domain derivative of the
forward mapping M with respect to the direction V' (x) is defined as

(4.1) M(I) = lim w

THEOREM 4.1. Let u be the solution to (2.1)—(2.3). If T is C?, and V €
C2(I;R?), then the domain derivative M'(T') exists. Moreover, M'(L') = u/|aB§’
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where u' solves

A +k*w' =0  in Dg,

(4.2) u':—(V-U)% on T,
i
%—u]/ =T(u) on OB},.

Here v is the unit normal on T directed into the infinite domain D.
Proof Let § be a small real number. The scattered field u® produced by the
scattering from the perturbed profile I's satisfies the boundary value problem

Aud + k2w =0 in Df{,
w =0 on Iy,
o o
a—uy =T () +g ondBf,
where D5R is the domain bounded by I's and 835. The weak solution of this boundary
value problem u’ € H}(D%) satisfies

(4.3) a®(ul, w’) = (g,w®) for allw® € HL(D3),

where

(4.4) a(ul,w’) = Vul - Vud — E2ulwd de — (Tul, w®).
Dy,

We extend the definition of V' € C23(T;R?) to the closure of the bounded domain
Dp, which is denoted by Dpg, such that V(z) is C? for z € Dg and V(z) = [0,0]7 if
|z| > R — « for some small positive constant «. Define the mapping W(y) by letting

z=V(y)=y+0V(y) forye Dg.

Clearly, ¥ is a C? mapping from Dy — D%. Denote the inverse map of ¥(y) as ®(x),
which maps Df{ — Dgp.
S8 (0} — 4,0 SO0 (0)) — a0 ou’ _ 2 06° 9%
Let @°(y) = u®(¥(y)), @’ (y) = w’(¥(y)). It follows that G- =>70 | o il
where ®,, is the mth component of ®. Therefore, the bilinear form (4.4) can be
written as

2

oud dwd —
a®(u®, w® :/ byn—— —— — k2a°w0 | J dy — (Tad, ).
( ) - Z By Do y—( )

m,n=1

Here, by, = Zle %‘I;T %(I;j, and the Jacobian J = det DW.

Define a new bilinear form @°(a’°, w) by letting

2 ~ _

ou’ dw
al(al, w :/ byn —— — — k2w | J dy — (T, w
( ) - > D0 D y— )

m,n=1

w’, w € H(Dg). Then the variational problem (4.3) is equivalent to finding
@° € H(DR) such that

(4.5) a(ad, w) = (g,w) for allw € H(Dr).
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From (3.3) and (4.5), it is easily seen that @® — u satisfies
(4.6) a(@® — u,w) = —(@°(a@°, w) — a(@’, w)).

On the right-hand side,
(4.7)
2

i (@0, w)—a(@®, w) :/ 3 b 200y, Jdy— | Vit Vo—k2atw dy.
Dgr OYm OYn Dg

m,n=1
The coefficient matrix (b,,,) and the Jacobian J can be further written as

J=1+0V-V+0(6%),
(4.8) (b)) T =T = 6(byn) + O(6?),

where [ is the 2 x 2 identity matrix and the matrix
(4.9) (b)) = VV + (VV)T — (V- V).

Therefore, from (4.6)(4.9) and the continuous dependence of @’ —wu on the right-hand
side, it follows that

@’ = ul.py — 0 asd— 0.

mn + KAV - V)alw dy + O(6).
/DZ Mayn (V- V)it dy + O(5)

R mmn=1

—0asd—0,

u —u Ou Ow 9
a( ) /D Z m"@ 8yn + 4V -V)uw dy asd — 0.

R m,n=1

Since

Hence, the limit limg_,o 2 g“ exists, which we denote as wug.

Clearly, ug is the solution to the following variational problem:

(4.10) a(ug,w /D Z mna@u gyw + K2V -V)uw dy for any w € H(Dg).

R m,mn=1

By the assumption that I' is C?, the scattered field u € C?(D) N C(D) [27]. Apply
the formula (4.9); then for any w € HS(Dr) N H?*(Dr),

. ou ow
m;:l bmn%({?—yn
=vVul' (VV + (V)T — (V- V)I)Vw
=[V(V V1) - Vu
—(V(V@)V) - Vu] + [V(V - Vu) - Vi — (V(Vu)V) - V] — Vul (V- V)IVw
=V(V- V) -Vu+V(V-Vu) -V — V- [(Vu- Vo)V
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By the Green’s formula and noting that V' = 0 on dBj,, (4.10) can be reduced to

a(ug, w) = / — (V- V@)Au + V(V - Vu) - Vi + E*(V - V)uw dy
Dr

ou

_/F(V'W)au

Additionally, v = w = 0 on I, and we have (V - Vﬁ))% —(Vu-Vo)(V-v)=0onT.
Therefore,

(Vu- Vo) (V -v)ds,.

a(ug, w) = E2u(V - V) + V(V - Vu) - Voo + E*(V - V)uw dy
Dr

= V(V -Vu) Vo — k*(V - Vu)w dy + k*V - (uwV) dy,
Dr Dr

where [ Dr K2V - (uwV) dy = 0 by the divergence theorem. We finally obtain
(4.11)

a(ug, w) = / V(V-Vu) -V — kX(V -Vu)w dy for any w € HE(Dgr) N H2(Dr).
Dr

It is easy to check that uy defined above is the weak solution of the following
boundary value problem:

Aug + k?ug = (A + k*)(V - Vu) in Dg,

ug =0 on I,
8UQ
E = T(UO) on 8BE

Let v’ = ug—V -Vu; then v’ solves (4.2). Further, note that V = 0 on dBj;; therefore,

@ —u

u =ug = }im = M'(I') ondBj}.

—0
The proof is now complete. d
5. Imaging with multiple frequency data.

5.1. Descent direction for the cost functional. For a fixed wavenumber k,
denote u™ as the measurement collected on 8B§. For a given curve I, define the cost
functional

1

P(T) = 5 M) — u™2s
A descent direction on I' is a vector field V such that the cost functional decreases,
ie, F(I's) < F(I') if 6 € (0,tp] for some small positive constant ¢5. We also call
this descent direction V' descent velocity. The perturbation of I' may be viewed as an
evolutionary process of assigning each point = on I' a descent velocity V' (z) and moving
I’ with velocity V(z) in a small artificial time interval [0, ¢o]. The characterization of
descent velocity for the cost functional F'(T';) is established in the next theorem.

THEOREM 5.1. Let T' be C? and v be the unit normal on T directed into the
infinite domain D. Let u be the solution to the forward scattering problem (2.1)—(2.3)
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and u* be the solution of the following boundary value problem:

Aut + ku* =0 i Dg,
u* =0 on T,
(5.1) .

5 = T*(u*) +u—u™ on OB,

where T* is the adjoint operator of T. If V € Cg(T;R?) such that

(5.2) —/F(v-y)-%[%%“_:] ds < 0,

then %hzo < 0.
Proof. Clearly, u also solves the boundary value problem (3.2). Let v’ and u* be
the solutions of (4.2) and (5.1), respectively. By the Green’s formula,

ou* — Lou’ [ Out— Lou’
(5.3) /aB+ 5y W U Eds- g 5 W U Eds.
R

Using the boundary conditions in (4.2) and (5.1), the identity (5.3) is reduced to

(u—u )u’ds—/ u T(u’)dSZ—/F(V-l/) 5 Ed&

N
0B},

T (u*Yilds + /

+ +
dBF; aB};

Since 7* is the adjoint operator of T, we have

— ou™ u
™V ds — — . -~
/8 ;(u u™u'ds /F(V v) Uds.

Therefore, by Theorem 4.1,

p— o Ou Ju*
t_o—%{/aBE(u—u )uds}— /F(V v) §R|:5V ay]ds.

The assertion of the theorem holds. |

From (5.2), it is easily seen that in practice there are many possible choices for
the descent direction V' defined on I'. In our case, since the local surface displacement
is represented by the function f, we let V = [0,v]T, where v € C3(T) is a compactly
supported function on I' satisfying the inequality

(5.4) - /F(v un) - R [% 85] ds < 0.

dF (')

dt

Here 15 is the second component of the unit normal v. In particular, if v - vy =

%[% %—T], then V is the steepest descent direction for the cost functional F(I').

However, %[% %] may not be a smooth and compactly supported function on TI'.
Therefore, we need to modify its definition to make it smooth and compactly sup-
ported. This can be accomplished by the cubic spline interpolation [15]. We denote
the new smooth, compactly supported function as vgs. The choice of the smooth ver-
sion vs of v is a regularization procedure in the regularization theory for ill-posed

problems.
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5.2. Reconstruction scheme with multiple frequency data. Suppose that
multiple frequency measurements {u}gj | 5 = 1,2,...,M} on the half circle 8B§
are available for a set of wavenumbers {k; | j = 1,2,..., M}, where k; > k; if
j > 1. Starting from the flat surface as our initial guess, the proposed reconstruction
method marches from k; to kjs. At the fixed wavenumber k = k;, by the cubic
spline interpolation, a smooth version of the descent vector field V' is defined, where
V = [0,v]T and v satisfies (5.4). The reconstructed profile evolves with the chosen
descent velocity at the fixed wavenumber. This evolutionary process continues until
k=kn.

Let I'"° be the reconstruction and D" be the domain above the curve I'"*“UT.
Let Diy¢ := D"*“N Br be the domain bounded by I'"*“ and 5B§. The reconstruction
method with multiple frequency data is proposed as follows:

(1) (Initialization)

Let k = ky, initially set I'"¢ = {(x1,22) | 21 € (=R, R), zo = 0} (flat
surface).

(2) (Update the reconstruction by marching along the wavenumbers)

FOR j=1,2,3,.... M
Let k = k;,
FOR n=1,2,3,...,N (evolution process at fized wavenumber k):
Choose the descent direction V,, = [0,v,] s.t. v, € CZ(I") and

—/(vn “v9) - R [8u 8u*] ds <0, where
r

v v
Au+k?u=0 in Dy, Au* 4+ E2u* =0 in De,
u=20 on ['"¢¢, u* =0 on ['"¢¢)
ou ou* ol m
ng(u)—i—g on OB}, 5 =T*(u*)+u—ul ondBf.
Update: I'"*¢ «— I'"*° + o, V,,, @y, is the step length.
END
END

REMARK 5.1. The lowest wavenumber ki must be small to guarantee that the
main features of the profile are captured. Based on the numerical investigation, one
basic rule to follow is 1/k1 > R, i.e., the wavelength Ay corresponding to the lowest
wavenumber ki is at least comparable to R. The restriction may be due to the fact
that the reconstruction with measurement uy usually captures the feature of order A1,
which needs to be sufficiently large in order that the main feature of the profile (of
order R) is recovered in our approach. Without loss of generality, it is assumed that
R =1 and ky = 1. On the other hand, 1/ky has to be smaller than the scale of
the fine features of the profile such that the small details of the target are accurately
reconstructed as well.

REMARK 5.2. Theorem 5.1 does not require that ' be parameterized by some
function f. In fact, the assertion of the theorem is valid for any C? local disturbance T'.
Therefore, our proposed method can be modified to deal with more general cases. The
corresponding descent direction may be chosen to be parallel to v such that V =v-v
and v = 8‘%[% %]. The evolution process of I' with the descent velocity V' can be
simulated by the level set method.

At low wavenumbers, the reconstruction captures the main features of the local
disturbance (low frequency modes). It also serves as the starting point for the re-
construction at the next higher wavenumber, where the evolution process continues
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to recover the fine features of the local disturbance (high frequency modes). Ideally,
the smaller the increment kj;1 — k;, the better the reconstruction image. In fact,
the increment parameter k;; — k; depends on the scale feature of the real profile. If
kjy1 — kj is too large, the reconstruction procedure may fail to recover the Fourier
modes of the real profile between k; and kjy;. From numerical simulations discussed
in the next section, kj;1 — k; = 2 is sufficient to obtain accurate reconstruction.

It is also worth pointing out that reconstruction with only the single highest
wavenumber k = kj; will not yield a satisfactory image, as the convergence to the
global minimizer of the cost functional strongly relies on the initial guess. In practice,
a good initial guess is hard to choose without a priori information of the imaging
target. This may be confirmed by numerical simulations presented in the next section.
However, the reconstruction with multiple frequency data overcomes the difficulty
of reaching some local minimum. Starting from a flat surface as an initial guess,
the reconstructed image captures the large scale features of the profile at a lower
wavenumber k;, which serves as the initial guess for the reconstruction at a higher
wavenumber £; 1.

6. Numerical simulations.

6.1. Numerical approximation of the forward scattering problem. We
need to calculate only 8“ and 812 on I',.. to define a descent direction at a fixed
wavenumber; the solutlons u and u* in the interior domain need not be calculated.
Hence, the boundary integral equation method may be applied to solve the forward
problem, which is fast and reduces the complexity of the computation by solving a
much smaller linear system compared to the finite element method. In particular, the
boundary integral equation method can handle the high wavenumber problem.

Let ®(z,y) = %Hél)(k | — y|) be the fundamental solution for the Helmholtz
equation in R2. The solution u to (3.2) satisfies the following system of integral
equations:

1 du(y) _/ / 8(13($ Y)
2u<$)+ e Oy B 4oy aBg(Tu)(y)(I)(gC’y)alsyjL ot Ovy uly)dsy
Z/ g(y)®(x,y)ds,, x€ B},
oB}
du(y) _/ / 99 (x,y)
. o, ®(z,y)dsy aB;(Tu)(y)@(x’y)dSy+ s 0, u(y)ds,

= | awow.yds, ael..

Similarly, we calculate %—f on 83;,? by solving the system

U@ [ Sl nds = [T+ [ S s,

- / (u(y) — W™ (4))®(z,y)ds,, =€ OB,
OB},

Ou*(y) & / / 00(z,y)
D(x,y)ds (T*u™) r,y)ds —u*(y)ds
| lewds, ~ [ poepdsy + [ S s,

u™(y))®(z,y)dsy, = € Lrec.

@\
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0.8

0.6f 4

Fic. 6.1. Top: real profile. Bottom: reconstruction (dashed line) at k = 16 compared with the
real curve (solid line).

The integral equation systems are discretized by the standard boundary element
method [10]. The boundaries I and 83?%' are partitioned into M segments (elements),
and the unknowns wu, u*, %, and %—"; are approximated by functions that vary lin-
early on each element. The integrals along the elements which include the weak
singularity can be evaluated explicitly; see, for example, [10]. On the other hand,
the Dirichlet-to-Neumann map 7 and its adjoint operator 7* are truncated with the
first N terms. Numerical simulations show that N = 100 is sufficient to obtain an

accurate approximation when the wavenumber k is below 50.

6.2. Imaging of the local surface displacement. Several numerical examples
are presented to illustrate the efficiency of the proposed method. Example 1 considers
a smooth upward profile (f > 0); the convergence of the reconstruction is highlighted.
We also compare the reconstruction with the image when only the single highest
wavenumber is used. In Example 2, we remove the restriction that f > 0. The
surface displacement is represented by a general smooth function f, where I'y :=
{(z1, f) |1 € (R, R), f(x1) >0} and T'_ := {(21, f) | 1 € (—R, R), f(x1) < 0} are
both nonempty sets. Example 3 discusses the reconstruction for the piecewise linear
(nonsmooth) local surface displacement. In the last example, the reconstruction of a
multiscale profile is presented.

The simulated data is obtained by solving the integral equation system in section
6.1. In all simulations, we consider noisy data by adding 5% additive noise to the
measurements.

Ezample 1 (smooth upward profile).

0.2+ 0.2 cos(4mx1 + ), x1 € [-0.5,0),
f(z1) =< 0.14+0.1cos(4mxs +7), =x1 €[0,0.5],
0 elsewhere.
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F1G. 6.2. Relative error with respect to the wavenumber.
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F1G. 6.3. Ewvolution of the reconstruction at k =1,5,8,10,12,16 (dashed line, left to right, top
to bottom).

The boundary of the whole obstacle is C! (Figure 6.1 top). An incident wave
u' = e™? with normal incident direction impinges on the obstacle. The lowest
wavenumber k1 = 1 and the highest wavenumber kj; = 20. The reconstruction f,
when k = 16 and the real profile f are plotted in Figure 6.1 (bottom). It is observed

that the reconstruction is accurate despite the presence of noise in measurements. To
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0 10 20 30 40 50 60 70
Iterations
06

Fia. 6.4. Top: relative residual with respect to the iteration number at k = kj; when only single
frequency data is used. Bottom: reconstruction (dashed line) with single frequency only.

test the convergence of the proposed method, the relative error with respect to the
wavenumber is shown in Figure 6.2. Here the relative error is defined as

(S5 £ en) — falen)Pda)
(F5 fa P dn)

It is clear that the relative error decreases until the main Fourier modes of f are
recovered. Figure 6.3 illustrates the reconstructions for various wavenumbers. At low
wavenumbers, the reconstruction captures the main features of the real profile, while
the fine features of the profile are recovered as the evolutionary process continues.

Next is the case when only the single highest frequency measurement is used.
||M(ch)7u;nM Il

258+
L2(0B})

Figure 6.4 (top) presents the relative residual for the evolution

m

kar “LQ(E’B;)
process at k = kj; when only the single frequency is applied. It is clear that the
reconstruction reaches some local minimum of the cost functional: the residual de-
creases but stagnates around 0.2 after 40 iterations. The corresponding image shown
in Figure 6.4 (bottom, dashed line) deviates greatly from the real profile. As pointed
out previously, in this case convergence to the global minimizer of the cost functional
strongly relies on the initial guess, which is hard to choose without a priori informa-
tion of the imaging target. Multiple frequency data overcomes the difficulty, since the
reconstruction at each lower frequency serves as the initial guess for the reconstruction
at the higher frequency.

[
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F1G. 6.6. Relative error with respect to the wavenumber.

Ezample 2 (general smooth profile). In this example, the surface displacement is
represented by a general smooth function f = f; + f2 (solid line in Figure 6.5), where

0.2(cos(3 1) — 1) +0.05(1 + cos(3Fay + 7)), @1 € [—%,0),

filz) =1 0.2(cos(ZFar) — 1), 1 € [0, 2],
0 elsewhere

and

1 1] < =
falan) = eXp(W)’ 7| <3

0 elsewhere.

Here I'y := {(z1,f) | 1 € (=R, R), f(z1) > 0} and I'_ := {(x1, f) | z1 € (—R, R),
f(x1) < 0} are both nonempty sets. We set kps = 30. The final reconstruction with
5% noise in measurements is plotted in Figure 6.5 (dashed line). Figure 6.6 shows the
relative error for various wavenumbers.

The proposed reconstruction method with multiple frequency data again gives a
stable and accurate reconstruction of the general profile. However, compared with
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0.8

0.6 A

F1G. 6.7. Reconstruction (dashed line) at k = 16 compared with the real curve (solid line).
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F1G. 6.8. Reconstruction at k = 10,20, 33,40 (dashed line, left to right, top to bottom) compared
with the real curve (solid line).

the profile considered in Example 1, the convergence rate decreases when the nonneg-
ativity or nonpositivity assumption is removed from the imaging target (see Figures
6.2 and 6.6).

Ezample 3 (piecewise linear profile). The previous examples assume some regu-
larity on the local surface displacement. Next we consider a piecewise linear profile
(the solid line in Figure 6.7). By using our method, the reconstruction f,, captures the
position and height of bumps (where f > 0) accurately when kj; = 16 (the dashed
line in Figure 6.7). The corner of the profile is also approximated with reasonable
accuracy by the C? smooth reconstructed function. It will be interesting to develop
a regularization strategy to approximate the corner with some nonsmooth function,
which will be investigated in our future work.
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Ezample 4 (multiscale profile). The multiscale profile is represented by

8 31
0.13 + 0.1 cos (ga:l + 77) +0.03cos(16mz, +7), a1 € [_Z’ 5} ,
elsewhere.

fx1) =

It consists of two scales. The macroscale feature of the profile is represented by the
function 0.13 4 0.1 cos(%“wl + ), while the microscale is represented by the function
0.03 cos(16mx1 + 7) with period §. The reconstruction captures the macroscale fea-
tures when k = 10 (Figure 6.8, top left). To recover the fine details of the profile
with the period %, k needs to be sufficiently high. Here, the microscale features are
captured when k = 40 (Figure 6.8, bottom right). The whole local disturbance is
accurately reconstructed with noisy data. On the other hand, it is observed that the
resolution of the reconstruction does not improve much from k£ = 10 to k = 33. This
is due to the fact that other than the macroscale feature, no scale length of the profile
is comparable with the scale of the wavelength for k € (10, 33).

7. Conclusion. We proposed a reconstruction scheme in this paper to image
the local surface displacement on an infinite ground plane with multiple frequency
data. The method marches along the wavenumbers, where at fixed wavenumber a
descent vector field for the cost functional is derived and the reconstructed profile
evolves with the chosen vector field. It captures the main (large scale) features at low
frequencies and recovers the fine details at high frequencies. The proposed method is
capable of imaging very general profiles. For a multiscale profile, it resolves the fine
scales with sufficiently high frequency information.

One future direction is to study three dimensional inverse electromagnetic scat-
tering by the rough surface on a ground plane with compact support. Another chal-
lenging problem is to investigate the stability for the inverse scattering problem when
multiple frequency data is available.
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