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Introduction

Main equation

In this talk, we discuss the principal spectral theory of the following
linear nonlocal dispersal equation,

3tu:/m(y—x)u(t,y)dy+a(t,x)u, x e D, (1)
D

where
o (H1) x(:) € CY(RN,[0,00)), k(0) >0, [gn K(x)dx =1, and
3 u,M>0st k(x) < e X and |Vk| < e Xl for |x| > M.
e (H2) a(t,x) is uniformly continuous in (t, x) € ><D_, and is
almost periodic in t uniformly with respect to x € D.

o (H2) a(t,x) is limiting almost periodic in t with respect toa

and is also limiting almost periodic in x when D = R".
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Introduction

Motivations

Nonlocal dispersal equations are used to model the dynamics of
populations having a long range dispersal strategy. This model of
spatial spread is obtained by replacing the Laplacian in the usual
reaction-diffusion equation d;u = Au + ug(t,x,u) x € D C R",
with an integral operator,

Oru = / sy — xX)[u(t,y) — u(t, x)]dy + ug(t,x,u), x € D, (2)
D

e u(t,x) - population density function at time t and location x.
o r(y — x) - probability of a specie jumping from location y to x
e [, k(y —x)u(t,y)dy - total population arriving at position x
from aII other pIaces yeD

o [5h( u(t, x)dy — total population leaving location x. B

o ug(t,x, u) - reaction term (proliferation, death rate ...).
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Introduction

Motivations

When D = R", (2) reads as

Opu = / K(y —x)u(t,y)dy — u(t,x) + ug(t, x, u), x R,
D

which can be written as

3tU=/ k(y — x)u(t,y)dy + uf(t,x,u), x€R" (3)
D

with (t,x,u) = =1+ g(t,x, u)
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Introduction

Motivations

Dirichlet-type boundary condition on bounded D C R":

u(t, X):OforXEDC:Rn\D:
Jen 5y = X)[u(t, y) — u(t, x)ldy = [ r(y — x)u(t,y)dy — u(t,x)
= (2 ) becomes

81“” = / K’(y —X)U(t,y)dy - U(t,X) + Ug(t,X, U), X € Da
D
Neumann-type boundary condition on bounded domain D:
fRn\DHL — x)u(t,y)dy = fR"\D” y — x)u(t,x)dy =

Jro 5y = X)u(t, y) — u(t, x)ldy = [p, 6(y —x)[u(t, y) — u(t, x)]dy
— (2) becomes

Oru = /D/-i(y — X)[u(t,y) — u(t,x)]dy + ug(t,x,u), x € D. B
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Introduction

motivations

Solutions of

up = Au+ ug(t,x,u), xe€D
u=0, xe€dD,

and
up = Au+ ug(t,x,u), x€D
g—z:O, x € 0D,

can be approximated by solutions of

Ot = /D/g(y — X)u(t,y)dy — u(t,x) + ug(t,x, u), x € D,
and

0w = [y =)u(t.y) = ule. )l + ug(e.x. ). x € D.

respectively. -
[W. Shen and X. Xie DCDS, (2015)]
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Introduction

Motivations

The dynamics of solutions of (2) heavily relies on the probability

kernel k(y — x) and the nonlinear term f(t, x, u). In general, the
dispersal range d can be incorporated into the model by using the
modified dispersal kernel (z) = 2 x(%) for some § > 0.

Observe that u(t,x) = 0 is a solution of equation (2), referred to
as the trivial solution. Linearizing (2) at this trivial solution with
f(t,x,0) = a(t, x) yields the linear nonlocal dispersal equation (1).
The principal spectral theory of (1) has its own interests and also
plays an important role in studying the asymptotic dynamics of (2).

A
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Introduction

Questions of Interest

Principal spectral theory: The behaviour (growth/decay rate) of
positive solutions of

Oru = / k(y — x)u(t,y)dy + a(t,x)u, xé€ D, (1)
D

can be determined by the “principal eigenvalue” in a certain sense.

Questions:

@ How to define “principal eigenvalue”?
@ What about its existence?

@ How does temporal and spatial variation of a(t, x) influence
the* principal eigenvalue”?
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Introduction

Definition

Almost Periodic functions

Let E C R" and a € C(R x E,R); a(t, x) is almost periodic in t
uniformly w.r.t x € E if it is uniformly continuous in

(t,x) € R x E and for any € > 0, 3 /. > 0 such that any interval
of length /. contains at least one point of the set

T(e)={r eR||a(t +T,x) —a(t,x)| <eVteR, x € E}.

Limiting almost periodic functions

f € C(R x E,R) is limiting almost periodic in t uniformly w.r.t
x € E if there is a sequence f,(t, x) of functions periodic in t such |
that lim,_, f,(t,x) = f(t,x) uniformly in (t,x) € R x E. A
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Known Results

Principal eigenvalue theory in the time independent case: a(t, x) = a(x)

When a(t,x) = a(x), the associated eigenvalue equation of

atu:/Dm(y—x)u(t,y)dy—i—a(x)u, x €D, (1)

reads as

/D k(y — x)u(y)dy + a(x)u(x) = Au(x), x e D. (4)

Consider (11) on X = C? (D). Let

unif

(L(a)u)(x) = /Dﬁ(y — x)u(y)dy + a(x)u(x), x € D.

simple eigenvalue of £(a) with an eigenfunction ¢ € X™" and for ever

Ap € R is called the principal eigenvalue of (1) if it is an aIgebraicaILB
A € a(L(a)), Re(N) < Ap. (Ap, @) is called an eigenpair.
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Known results

Spectral theory of nonlocal dispersal operators

e If (\p, v) is an eigenpair, then u(t,x) = e*tv(x) solves

Oru = / k(y — x)u(t,y)dy + a(x)u, xeD
Jp

e If (\p, V) is an eigenpair, then for any up € X,

| t,-;
i sup 147 50)x

< Aps
t—00 t

where u(t, x; up) is the solution of (1) with u(0, x; up) = uo(x).

e Unlike the random dispersal operators, even when
a(t,x) = a(x), (4), may not have an eigenpair when a(x) is not
constant [W. Shen & A. Zhang ( JDE - 2010)].
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Known Results

Criteria for Existence of Principal eigenvalue in the case a(t, x) = a(x)

We may abbreviate principal eigenvalue to PEVAL. The following are
known:

@ If there is some xg € Int(D) satisfying a(xo) = max a(x) and the
xXe

partial derivatives of a(x) up to order N — 1 at xp are zero, then (1)
admits a PEVAL.
@ If max a(x) — min a(x) < im; Jp &(y — x)dy then (1) admits a
S

xeD xeD
PEVAL.

o If i(z) = k(%) for some ¢ > 0 and &(-) with #(z) > 0,
supp(i) = B1(0) := {z € R"|||z|| < 1}, fg. R(2)dz =1, and &(-)
being symmetric with respect to 0; then (1) admits a PEVAL
provided that 0 < § < 1.

[W. Shen and A. Zhang JDE (2010) ] B
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Known Results

Existence of Principal eigenvalue in the case a(t + T, x) = a(t, x)

When a(t + T,x) = a(t, x), the associated eigenvalue equation of

Oru = / k(y — x)u(t,y)dy + a(t,x)u, xé€ D, (1)
D

reads as

—ug+ [p(y — x)u(t,y)dy + a(t,x)u(t,x) = Au(t,x), x € D
u(t+ T,x) = u(t,x), x € D.

Similar criteria for existence of PEVAL as in the time independent
case have been established.

[N. Rawal and W. Shen, JDDE, (2012)] B
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Main Results

Principal eigenvalue in the almost periodic case

In general, the associated eigenvalue equation of

Oru = /D/{(y — x)u(t,y)dy + a(t, x)u,

reads as

{E(a)u(tx) = Au(t,x), xeD

u(t,x) almost periodic in t

where £(a) : Dom(£) C X := Cb (R x D) — Cb (R x D),

unif
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Main Results

Principal eigenvalue in the almost periodic case

It is very difficult to study the eigenvalue problem:

L(a)u(t,x) = Au(t, x)

u(t,x) almost periodic

We will introduce generalized principal eigenvalue, top Lyapunov
exponents, and principal dynamical spectrum point to characterize
the largest growth rate of the solutions of a linear evolution
equation.

We also study the relations between these concepts.

A
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Main Results

Definitions: Generalized Principal Eigenvalues

Consider
0
Oru = / k(y — x)u(t,y)dy + a(t,x)u, x € D, (1)
D
o Mpe(a) =sup{\ e R|Ip € X, infrer ¢(t, x) >F
0, (L(a)p)(t,x) > )\gzﬁ(t,x)for a.e.t € R, all x € D}
o \pe(a) =inf{AcR|Tp € A, Hignf _o(t,x) >
te
0

. (L£(a)d)(t, x) < A\é(t,x) for a.e.t €R, all x € D}

Ape(a) and Apg(a) are called generalized PEVALSs of (1)
Remark: If the PEVAL )\, exists, then Apg(a) = Apg(a) = A, B

Maria Amarakristi Onyido (mao0021@auburn.edu) Joint work

Nonlocal Dispersal Equations with Almost Periodic Dependence



Main Results

Definitions: Top Lyapunov exponents

Consider

8tu:/ k(y — x)u(t,y)dy + a(t,x)u, x € D, (1)
D

Let ®(t,s;a)uo = u(t, s, up) denote the solution operator of (1)
on X = CP (D) (here u(t,x;s, up) is the solution of (1) with

u(s,x; s, up) = up(x)). Define

- Infl®(t,s;a)ll . In|o(t,s; a)||
Apu(a) = imsup == Apu@) = fiminf =

Ap(a) and X, (a) are called the top Lyapunov exponents of (1)6
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Main Results

Relation between )\;;L(a) and Ap(a)

Theorem 1. [M. A. Onyido, W. Shen JDE (2021)]
@ For any up € X with infycp up(x) > 0,

Api(a) = Apr(a) =  lim n||®(t,s; a)uol|

t—s—00 t—s
o hle(esia)]
t—s—00 t—s
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Main Results

Relations between Apg(a), )\;;E(a), and Ap.(a)

Theorem 2. [M. A. Onyido, W. Shen JDE (2021)]
(a) Ape(a a).

)
(b) A E(a) <
)\pE(a) =
)

~—

(c) If a(t,
Ape(a
where 4(x

) then
a) )\pL(a) =a+ )\PL(O):
= m %fOT a(t, x)dt

(
E(t
Ape(
)

Remark: Theorems 1 and 2(a) shows that we always have

App(a) = Apr(a) = Npg(a). However, in Theorem 2(b) we only

have an inequality.

Nonlocal Dispersal Equations with Almost Periodic Dependence
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Main Results

Characterization of Apg(a) and A;E(a) in the time independent case

Theorem 3(a). [M. A. Onyido, W. Shen JDE (2021)]
(a) If a(t,x) = a(x) then Apg(a) = Npe(a)
(b) If a(t + T,x) = a(t, x), then A\pg(a) = A\pg(a)
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Main Results

Effects of time and space variations on Apg(a)

Theorem 4. [M. A. Onyido, W. Shen JDE (2021)]

(1) Ape(a) > supyep a(x). If a(t, x) satisfies (H2), then
Ape(a) = Ape(d) > supyep 4(x).
(2) If D is bounded, a(t, x) = a(x), and k() is symmetric, then

Ape(a ]D\// — x)dydx.

(3) If D=RN, a(t,x) = a(x) is almost periodic in x, and r(-) is
symmetric, then
)\PE(a) >a+1,

where 3 = |D‘ Jp 4(x)dx when D is bounded, and

1 an q1 a
a=limg,. .. sav—o g Jo o a(x1, -+, xn)dxy - - dxy when
D :RN. h

—_ = = — Sancaad
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Main Results

Effects of time and space variations on Ap.(a)

Theorem 4. [M. A. Onyido, W. Shen JDE (2021)]

(1) If D is bounded or D = RN and a satisfies (H2)", then
ApL(a) > Apr(8) > supyep a(x).

(2) If D is bounded and k() is symmetric, then
Apr(a) > a+ ﬁ Ip Jp £(y — x)dydx.

(3) If D=RN, a(t, x) is almost periodic in x uniformly with
respect to t € R, and k() is symmetric, then Ap;(a) > 3+ 1,
where 3 = ﬁ Jp 4(x)dx when D is bounded, and

53— i 1 an a1 5
3= 1limg, . gy—oo grgy Jo " Jo A(xt, -+ xw)dxa - - dxy

when D = RN, E
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Spectral theory of nonlocal dispersal operators

Remarks

@ The generalized PEVAL for nonlocal dispersal operators was
introduced and studied in the time independent case in
[J. Coville JDE (2010)]
[H. Berestycki, J. Coville, H. Vo, JFA (2016)]
@ For the time periodic case, the generalized PEVAL was
studied in
[Z. Shen, H-H Vo, JDE (2019)]
[Y-H Su, W-T Li, Y. Lou, F-Y Yang JDE (2020)]
They obtained some criteria for equality in those cases.
Almost periodic case: it remains open whether Apg(a) = Apg(a).
If \pe(a) = Apg(a), under what condition there is a positive
function ¢(t, x), such that for all t € R, x € D,

~oct [ Ry = x)ole.y)dy + a(tx)6e. ) = Ane(2)o(t,x). ﬂ
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