
Frontier Probability days 
Pete Rigas, December 4



Recent arXiv posting: adaptation of 2019 arguments for crossing probabilities



Preliminaries

● Classical Russo-Seymour-Welsh (RSW) arguments have historically 
been applied to Bernoulli percolation, which is a self dual model 
computed in Kesten’s seminal 1980 paper

● It is of research interest to determine whether RSW results can still be 
obtained for other models in statistical mechanics that are not 
self-dual 



Presentation overview

•Description of renormalization of crossing probabilities arguments from the 
random cluster model from 2019,

•Applications of the argument to the dilute Potts model originally introduced by 
Nienhuis in 1991, 

● Main goal: Classify four regimes of behavior of the dilute Potts model, from 
analyzing estimates initially introduced for the random cluster model



Our prize
Russo-Seymour-Welsh (RSW) result

Boundary condition independence
Crossing probabilities degenerate to neither 0 nor 1

Horizontal crossing event

Support of the random-cluster measure
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Random cluster model

Measure on random subgraphs of 
the square lattice

Strip densities for 
wired and free 
boundary conditions

Ratio of 
probabilities of 
obtaining open 
to closed edges 
in random 
subgraph over 
the square lattice

Number of 
clusters q
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Horizontal crossing 
density taken under 
free boundary 
conditions

Vertical crossing 
density taken under 
wired boundary 
conditions



Properties of the random cluster measure 

Ingredients

Special case of CBC property with a maximum of k new clusters wired 
on the boundary of finite volume 

A, B are increasing events

H G



Random cluster strip & renormalization 
inequalities

Horizontal 
crossing 
probability Vertical 

crossing 
probability

Strip inequality

Renormalization inequality

Horizontal crossing 
probability

Vertical crossing probability

‘Renormalize’ horizontal and vertical crossing probabilities on smaller scales with crossings on larger scalesObjective:



Introducing the Loop O(n) model
Probability measure 
on loops

High-temperature 
probability measure on 
spins

Boundary conditions

Support of the measure

First external field

Second external field



Correspondence between the high-temperature 
measure and Nienhuis’ dilute Potts model from 1991

Dual monochromatically colored triangles over H*=T

Summation of all spins over finite volume
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3 Number of edges and loops in the sampled 
configuration

Positive parametersspins from the q-state Potts model

Correspondence



dilute Potts CBC & SMP

S CBC

S SMP

FKG

Inner domain I

Outer domain O
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Inner domain

Outer domain

Lower bound the probability of the intersection of horizontal or vertical 
crossing events

Difference in number of edges

Difference in number of connected components

A, B are increasing events



dilute Potts model quadrichotomy

Four phases 
of interest



dilute Potts horizontal & vertical strip densities

● Free boundary 
conditions. no edges 
wired together 

● Horizontal crossing 
event



Renormalization of crossing probabilities statement

Similar ingredients 
for constructing 
auxiliary symmetric 
domains from 
random cluster 
inequalities

Exponent to which the 
crossing probability is raised is 
dependent upon some integer 
and the dilation parameter 
Stretch



RSW results proof sketch
Recall the structure of classical RSW results for the random cluster model,

Goal: Obtain RSW constants dependent upon horizontal and vertical strip densities

Proof 
sketch

1 Configure the following 4 finite volumes as shown



RSW results proof sketch
2 Obtain part of the RSW constant from bounding the horizontal crossing event below 
with the horizontal strip density

3 Resulting lower bound from the horizontal strip density



5 Synthesize results to obtain RSW results with constants c and 1-c, per classical results

4 Repeat the arguments for a different horizontal crossing event, conditionally on the crossing event considered in 2-3, for 
the vertical strip density lower bound

Multiply inequalities for horizontal and vertical crossings



Thank you to Philippe Sosoe for comments.
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RSW results for the six-vertex model from 
crossings of the height function

Future work



Thank you for listening, are there any 
questions from the audience?


