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Dean'’s problem

m Assign N students in two dorms, labeled +1 and —1.
o; € {+1,—1}: assignment of student i for i =1,2,... N
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Dean'’s problem

m Assign N students in two dorms, labeled +1 and —1.
o; € {+1,—1}: assignment of student i for i =1,2,..., N

m gjj: friendship between student i and student j

gij > 0: “i and j like each other”
gij < 0: “i and j hate each other”

m The best assignment o = (01,...,0n) maximizes the “happiness

function” N
Hio)= > gjoioj
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The Sherrington-Kirkpatrick Model [sk'72]
mG= (g,-j)f\,’j:l: symmetric matrix with g; = 0 and gjj i< X N(0,1).

Fix an (inverse) temperature parameter 5 > 0 and external field h > 0.

m For each configuration o € Ly := {+1, -1}V,
the Hamiltonian (“energy”)

N N
HN(O’) = HN,ﬁ,h(O') = % Z 8ij0ioj + hZO','
ij=1 i=1
i<j
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The Sherrington-Kirkpatrick Model [sk'72]

mG= (g,-j)f\,’j:l: symmetric matrix with g; = 0 and gjj i< X N(0,1).
Fix an (inverse) temperature parameter 5 > 0 and external field h > 0.

m For each configuration o € Ly := {+1, -1}V,
the Hamiltonian (“energy”)

N N
Hn(o) = Hy (o) == \/BN > gjoioj+h) o
i i=1

ij=1
i<j
eHn(o) "
m Gibbs measure Gy: Gy(o) = , where Zy := Z efu(e),
N

oEYy
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The Sherrington-Kirkpatrick Model [sk'72)

mG= (g,-j)f\,’j:l: symmetric matrix with g; = 0 and gjj i< X N(0,1).
Fix an (inverse) temperature parameter 5 > 0 and external field h > 0.

m For each configuration o € Yy := {+1, -1}V,
the Hamiltonian (“energy”)

N N
Hn(o) = Hy (o) == \}BN > gjoioj+h) o
i i=1

ij=1
i<j
eHn(o) "
m Gibbs measure Gy: Gy(o) = , where Zy := Z efu(e),
N

oEYy

m “Best” configuration o*?  o* € Xy that maximizes Hy(o)

m “Average” configuration (o) = (o)n .6 = ({(T1)NBhs -, (ON)N,B.H)T

.eHn(o)
oie
o) = oiGn(o) = Loesy i “local magnetization”
(@)= > g

. Hn(&)
= 2sery®
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Phase Transition
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Phase Transition

. high and low temperature regimes

m Overlap: for o, 02 € Ty
1 1 N
\ R(ot, 0?%):= NZJ}UIQ
- ‘| i=1
< \ m “High-temperature” Regime D
. {60 B(R(* 2)-%) 250}
\\\ where g = gg,5 solves
. qs.n = Etanh2(ﬂﬂ/q57h2 + h).
i RSB s
° 0l2 0‘.4 0[6 0‘8 N
T=1/p

1.0
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Phase Transition: high and low temperature regimes

m Overlap: for o, 02 € Ty
1 1 N
\ R(ot, 0?%):= NZJ}UIQ
- ‘| i=1
< \ m “High-temperature” Regime D
. {60 B(R(* 2)-%) 250}
\\\ where g = gg,5 solves
. qs.n = Etanh2(ﬂﬂ/q57h2 + h).
i RSB s
° 0l2 0‘.4 0[6 0‘8 N
T=1/p

1.0

m “AT-line” condition A [AT78]

{(ﬁ, h): B*E cosh™*(8/qZ+h) < 1
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The Cavity Equations [mpv's7]

For sufficiently high temperature (e.g., 8 < 1/2),

N
B

(al)ztan —Z O'Jng/h-‘r-h
VIV i
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The Cavity Equations [mMPv's7]

For sufficiently high temperature (e.g., 8 < 1/2),

N
(1) ~ tanh \/ﬁﬁ Zglj-(Jj)N,ngh +h

Jj=2

To see this, compute (o7) directly

Moy o;etin(@) > eHN((+1,U27~~a0'N)) _eHN((*l,Uz,--wUN))
oc 02...,0N

_ N _
<01> Z&EZN etin(&) . B HN((+1,&27~~~a&N)) Hp ((*1,52,--~75N))
D 60on € +e

. _ BYN=1
where, with 5’ = TN :HNfl,B,m((az,...,oN))

N
HN((:tl,Jg,...,JN)) =+ fNZgUUJJFh +— Zg,JUUJ+hZJ,.
=2

I,_]2

i<j
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Thus

N N
<e% Shogyoith _ o~ 05 i gljcfj—h>
N—1,8"h

(01) =

<e% Slaeyoith =75 Tl gljffj—h>
N—1,3",h

e +e” eX—e™ sinh(x)

Recall: cosh(x) = , tanh(x) = cosh(x)”
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Thus

N N
on Dl goith _ o~ gljcfj—h>
N—1,8",h

(01) =

ei,\, Sr,gyoj+h + e_% =K, gljffj—h>

N—1,8',h

) N
smh(\/iﬁ Zj:2 81j0j + h)>N_1 8 h

Recall: cosh(x) = %7 sinh(x) = 17 tanh(x) = %((XX)).
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Thus

<e% Zszz gijoj+h 6_% Z}lzz gljcrj—h>
(o1) = N-1,6'h
<e% S, giyjoj+h + e—% >N, gljgj_h>
N-1,8",h
inh(2. SN -
_ <S|nh(W 2j=2 8% + h)>N—1,B’,h
- BN
<cosh( 7N ijz g1j0j + h)>N—1,ﬁ',h
N
~ tanh \/_Zgll Ti)n—1,8h T h
Recall: cosh(x) = % sinh(x) = % tanh(x) = z:s:(&))
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The TAP equation

[TAP'77] At sufficiently high temperature (e.g., 5 < 1/2), local magnetizations
asymptotically satisfy a system of consistency equations

N
{o1) ~ tanh % ;glj@) +h=B2(1 = [{@)l*) (o)

where
m 5%(1 — ||[(o)]|?)(o1) is called the “Onsager term”.

N
mx = (xi,..,xn), [x)2 =4 D, X2
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The TAP equation

[TAP'77] At sufficiently high temperature (e.g., 5 < 1/2), local magnetizations
asymptotically satisfy a system of consistency equations

{o1) ~ tanh \/ﬁﬁ ;g11<01> +h=B2(1 = [{@)l*) (o)

where
m 5%(1 — ||[(o)]|?)(o1) is called the “Onsager term”.
N
mx = (xi,..,xn), [x)2 =4 D, X2
Question. How to find solutions to these fixed-point equations so that the

solutions are asymptotically the local magnetizations in the entire
“high-temperature regime"?
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Bolthausen's lteration [B'14]

Initialization.
Set m% =(0,...,0) e R
mY = (/q,...,\/q) e RV

Iteration. For k =1,2,3,...

[k+1] — _ﬁ [k] _ B2(1 _ [k]}2 [k—1]>
m = tanh Gm™ + h—p7(1 m m *
<\/N ( | %) (%)

If (3, h) satisfies the AT-line condition, then

lim  lim E|mX — mK1|| =0,
k,k’ =00 N— o0

i.e., the iteration converges.
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m Bolthausen’s iteration is a special case of the Approximate Message
Passing (AMP) algorithm, where the iteration (“state evolution”) is
defined as

A= oS s~ ( Al 1z

Setting ml¥l = £, (ulk) with f(x) = tanh(Bx + h) (k > 2) recovers ().
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m Bolthausen’s iteration is a special case of the Approximate Message
Passing (AMP) algorithm, where the iteration (“state evolution”) is
defined as

ket K ) K]y
,[H \FZngk [] ( ka ”) ,[ ]), i=1,2,...,N.
Setting ml¥l = £, (ulk) with f(x) = tanh(Bx + h) (k > 2) recovers ().

m AMP iteration enjoys the following Weak Law of Large Numbers.
Fix k > 0 and for any bounded Lipschitz function 1 : R¥** — R

N
1
de’ (Y BBy (U, W)

where (Uy, ..., U;) is jointly centered Gaussian independent of U, which
follows the limiting empirical distribution of ul®.
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m Bolthausen’s iteration is a special case of the Approximate Message
Passing (AMP) algorithm, where the iteration (“state evolution”) is
defined as

ket K ) K]y
,[+] \FZngk [] ( ka ”) ,[ ]), i=1,2,...,N.
Setting ml¥l = £, (ulk) with f(x) = tanh(Bx + h) (k > 2) recovers ().

m AMP iteration enjoys the following Weak Law of Large Numbers.
Fix k > 0 and for any bounded Lipschitz function 1 : R¥** — R

N
1
de’ (Y BBy (U, W)

where (Uy, ..., U;) is jointly centered Gaussian independent of U, which
follows the limiting empirical distribution of ul®.

m The convergence of Bolthausen's iteration (sending k — 00) requires
exactly the AT-line condition.
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Main Result: convergence to the local magnetization

Theorem [Chen &T.'21]. Assuming locally uniform concentration of the
overlap, i.e., 8, h > 0 satisfy that for some 6 > 0,

lim  sup  E(|R(¢%,0%) = qpnl*)nprn = O,
N=0p—s<p'<p

then lim lim E[(e) — m|]2 =0
k—o00 N—oo

where mlKl € RV is the output of the k-th iteration in Bolthausen’s iteration.
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Main Result: convergence to the local magnetization

Theorem [Chen &T.'21]. Assuming locally uniform concentration of the
overlap, i.e., 8, h > 0 satisfy that for some 6 > 0,

lim  sup  E(|R(c",0%) — qsnl*Insn =0,
N=0p—s<p'<p

then lim lim E[(c) — m||2 =0
k—o00 N—oo

where mlKl € RV is the output of the k-th iteration in Bolthausen’s iteration.

Iterating the Cavity Equation: set f(x) = tanh(8x + h)

N
1
(01) ~ f(* > glj(ffﬁ[lv]\{l},ﬁ',h)
v IN m
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Main Result: convergence to the local magnetization

Theorem [Chen &T.'21]. Assuming locally uniform concentration of the
overlap, i.e., 8, h > 0 satisfy that for some 6 > 0,

lim  sup  E(|R(¢%,0%) = qpnl*)nprn = O,
N—)OB 6<B/<5

then lim lim E[(c) — m||2 =0
k—00 N—ro0

where mlKl € RV is the output of the k-th iteration in Bolthausen’s iteration.

Iterating the Cavity Equation: set f(x) = tanh(8x + h)

(T (T N\ (13,67 )

ol
z:: (T XN: k(o) [N\{u}))
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Main Result: convergence to the local magnetization

Theorem [Chen &T.'21]. Assuming locally uniform concentration of the
overlap, i.e., 8, h > 0 satisfy that for some 6 > 0,

lim  sup  E(|R(¢%,0%) = qpnl*)nprn = O,
N—)OB 6<B/<5

then lim lim E[(c) — m||2 =0

k—o00 N—oco

where mlKl € RV is the output of the k-th iteration in Bolthausen’s iteration.

Iterating the Cavity Equation: set f(x) = tanh(8x + h)

N
> e )

T =

1 ¢ RN

e )
N N

% % 3 (i/v > gk/(akh/v]\{m)

N ( >
j:2 k=2, k] \F/:z,/;zk,j
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Proof outline: the Cavity iteration

For any vector v € RV, define vs € RIN\S where S C [N] by

vsi=v;, i€[N]\S.
In particular, vy = v.

Initialization.
Set vl =(0,...,0) e R"
vl = (/q,...,/q) e RY

Iteration. For k =1,2,3,...

N
(et1] _ p (1 K
sio =T\ TN D &vsu,

J=1,j¢su{i}

m The cavity iteration is asymptotically equivalent to Bolthausen's TAP
iteration, i.e.,

v~ mik,
m The cavity iteration converges to the local magnetization (o).
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Thank Youl!
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