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1 Introduction

In this article, we consider the stochastic heat equation:

9 ] .
a—l:(t,x) = SAu(t,x) + hu(t, W2, 1> 0.x e R,

u(0,-) =uo(-),

(1.1)

with A € R, driven by a zero-mean Gaussian noise W defined on a probability space
(2, F, P), whose covariance is given informally by:

E[W(t, )W(s, )] =yt —s)fx—y), (1.2)

for some nonnegative and nonnegative definite functions y and f. The functions y and
f are the Fourier transforms (in the sense of distributions) of two tempered measures
v, respectively 1, and hence the noise is homogeneous in both time and space, i.e., its
covariance is invariant under translations. The wave equation with the same type of
noise and constant initial conditions has been recently studied in [2].

This problem is known in the literature as the Parabolic Anderson Model, which
refers to the fact that the noise enters the equation multiplied by the function o (1) =
Au. We are interested in the existence and properties of the random-field solution
u = {ut,x);t > 0,x € R} of Eq. (1.1) interpreted in the Skorohod sense. This
means that the solution is defined using a stochastic integral corresponding to the
divergence operator from Malliavin calculus. We refer the reader to Sect. 2 below for
the rigorous definition of the noise and the solution. The novelty of our investigations
lies in the fact that we consider initial data given by a signed Borel measure ug on R?,
which satisfies the condition:

/ g_“|"‘2|uo|(dx) < oo foralla >0, (1.3)
R4

where |x| = (xl2 +-- ~+x§)1/2. Here |ug| := uo,+ +uo,—, where up = ug 4+ —uo,— is
the Jordan decomposition and uq + are two nonnegative Borel measures with disjoint
support.

The parabolic Anderson model was originally studied in [4] in the case whend = 1
and W is replaced by a space-time white noise. In the recent years, there has been
a lot of interest in studying the solutions of stochastic partial differential equations
(s.p.d.e.’s) driven by a more general Gaussian noise. When the noise is white in time
(i.e., the noise behaves in time like a Brownian motion, so that informally, y = o,
where dy is the Dirac distribution at 0), the stochastic integral used in the definition of
the solution can be constructed similarly to Itd’s integral, using martingale techniques.
In this case, it is known from [11] that a large class of s.p.d.e.’s have random-field
solutions, under Dalang’s condition:

n(d§)

T = Qr)™ P
(B) := (2m) i BT IER

< 400 for some (and hence for all) 5 > 0, (1.4)
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where p is the spectral measure of the noise in space (defined by (2.1) below).
This class includes the heat and wave equations with a Lipschitz nonlinear func-
tion o (#) multiplying the noise. These equations have been studied extensively
and their solutions possess many interesting properties (see [12—14,22,23] for a
sample of relevant references). Most of these properties have been derived for ini-
tial conditions given by functions satisfying certain regularity conditions. Recently,
some of these properties have been extended to rough initial data (such as Borel
measures on R?), in the case of the heat equation driven by a space-time white
noise (see [5,6]), or even a Gaussian noise which is white in time and colored
in space (see [8,10]). The recent preprint [17] carefully analyzes the solution to
the Parabolic Anderson Model driven by a Gaussian noise which is white in time
and behaves in space either like Dalang’s type noise, or like a fractional Brownian
motion with H € (‘l‘, %] (when d = 1). Moreover, in [17] it is assumed that the
initial data is given by a function uo which satisfies (1.3) with uo(dx) replaced by
ug(x)dx.

In the present article, we build upon this theory, by studying the parabolic Ander-
son model driven by a Gaussian noise, which is correlated also in time, with temporal
covariance kernel given by a locally integrable function y. An example which received
a lot of attention in the literature is y (1) = HQH — D|t|*~2 with H € (3,1).In
this case, the noise behaves in time like a fractional Brownian motion with index
H, and the stochastic integral used for defining the solution has to be constructed
using different techniques (usually, Malliavin calculus). The major difficulty is to
show that the sequence of Picard iterations converges. This remains an open problem,
in the case of equations containing a Lipshitz nonlinear function o (1) multiplying
the noise. However, as observed in [15], this problem has a surprisingly simple solu-
tion when o (1) = Au. In this case, the solution has an explicit series representation
(given by its Wiener chaos expansion), and the necessary and sufficient condition for
the existence (and uniqueness) of the solution is that this series converges in L>().
This method yields immediately an upper bound for the p-the moment of the solu-
tion, using the equivalence of the L”(£2)-norms on the same Wiener chaos space.
When the initial condition is given by a bounded function, this technique was used
to investigate the properties of the solutions (see for instance [1,9,16]). In [9], the
heat operator was replaced by general fractional operators in both time and space
variables.

The goal of this article is to use the same method based on Wiener chaos expansion
to prove the existence of the solution of Eq. (1.1), with initial data given by a signed
measure u( satisfying (1.3). In particular, Dirac delta initial data was used in the theory
of Borodin, Corwin and their coauthors for equations driven by space-time white noise
in spatial dimension d = 1 (see, e.g., [3]). Since the initial data plays an important
role in the form of the kernels f, (-, ?, x) appearing in the series representation of
the solution u(t, x) (see (2.7) below), new ideas are required to show that this series
converges in L?(£2). This leads to calculations that deviate significantly from the case
of bounded initial conditions. The starting point of these calculations is an elementary
result borrowed from [6] (see Lemma 2.4 below), which is specific to the heat equation.
In fact, f,(-, ¢, x) depends on ug through the solution Jy of the homogeneous heat
equation with initial data ug, defined by:
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Jolt,x) = /Rd Gt x — yyuo(dy). (15)

where G (¢, x) the fundamental solution of the heat equation in R¢:

Glt,x) = — i 0, x e R4
(f,x)—WCXP —7 , t>0,x¢€ .

Therefore, (1.3) is the weakest condition one has to impose on ug to ensure that the
series converges. To see this, it suffices to note that the first term of the series is Jy (z, x),
and |Jo(t, x)| < J4(¢, x), where

Tt x) = /R Gt x — yluol(dy). (1.6)

A simple argument shows that condition (1.3) is equivalent to
Jy(t,x) < +oo forallt > 0andx € RY,

After establishing the existence of the solution, we proceed to a careful analysis of
the order of magnitude of the p-th moments of the solution. This investigation reveals
that we have to distinguish between two different scenarios. When y is integrable on
R, under a slightly stronger requirement on ug (given by (1.10) below), we show that
Elu(t, x)|? < c1exp(cat) for ¢ large, uniformly in x € R, regardless of the spatial
covariance kernel f. In this case, the smoothness of the noise in time overcomes both
the roughness of the noise in space and the roughness of the initial data, leading to the
same behavior of the solution as in the case of equations with space-time white noise
and bounded initial condition. On the other hand, if f is the Riesz kernel of order

o, Elu(t, x)|P < c1J(t, x) exp(caly’ ®™1), where
t t
Iy ::/ y(s)ds = 2/ y (s)ds. (L.7)
—t 0

In this case, the behavior of the solution retains all the characteristics of the noise,
combined with the roughness of the initial data.

Proving that the solution is L? (£2)-continuous relies on some technical arguments,
which we placed in “Appendix B” to preserve the natural reading flow. Finally, in the
last part of the article, we prove that the solution to Eq. (1.1) has a Holder continuous
modification, with the same orders of regularity and under the same condition on the
spectral measure u, as in the case of equations with white noise in time. This shows
that neither the correlation of the noise in time, nor the initial data affects the sample
path regularity of the solution. A similar fact was observed in [2] in the case of the
wave equation with constant initial conditions. The proof of this result follows from
Kolmogorov’s continuity criterion, by refining the bounds obtained in “Appendix B”
for the p-th moments of the increments of the solution.
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The main results of this article are summarized by the following three theorems.
We let ||-|| » be the L”(2)-norm. The rigorous meaning of solution is given by Defi-
nition 2.2 below.

Theorem 1.1 Assume that Dalang’s condition (1.4) holds.

(a) Then, for any Borel measure ug on RY that satisfies (1.3), Eq. (1.1) gives a unique
random-field solution {u(t, x):t>0,x € Rd}. For any p > 2,

e, D < 0,20 7 (12220 = DI ). (1.8)

where T is defined in (1.7) and ﬁ(t; y) is defined in (3.14) below. In particular,
foranya > 1,

sup E (lu(t, x)|?) < oo, (1.9
(t,x)eK,

where K, = [1/a, a] x [—a, al?. Moreover, u is L? (Q)-continuous on (0, 00) x
R? for all p > 2.
) Ify € LY(R), i.e., Too :=lim;s00 I'y < 00, and the initial measure ug satisfies

f e P ugl(dx) < 0o forall B> 0, (1.10)
R4
then for all p > 2,

1 —1
sup lim sup —log |lu(t. )|l , < inf {,3 ~0: TQB) < [4)\2(1, _ 1)1“00] } .

xeRd t—00
(c) Assume that y € L'(R) and the initial measure ug satisfies (1.10). If

T(0) := gin}) T(B) < o0 (1.11)

(which happens only when d > 3), then there exists some critical value A, > 0
such that when |A| < A,

1
sup lim sup ?log [lu(z, x)||, = 0.

xeRd t—00

Theorem 1.2 Suppose that u(dé) = |&|7@=dE for some 0 < a < d A2
and the initial measure uq satisfies (1.3). Then Eq. (1.1) has a unique solution
{u(t, x);t>0,x € Rd} which satisfies the following moment bound.:

E [Jutt, 0)17] = CPIL @, x) exp (CpU/Cmm @/ E=0y) - (112)
forallp>2,t>0andx € R4, where C > 0 is some universal constant.
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Theorem 1.3 Let u be the solution of Eq. (1.1) starting from an initial measure u
that satisfies (1.3). Suppose that:

B

Then for any p > 2 and a > 1 there exists a constant C > 0 depending on p, a, A
and B such that for any (¢, x), (t', x') € Kq = [1/a, a] x [—a, a]?,

1-p
Jute, %) = w5 = € (10 =17 + Jx =21 F).

Consequently, for any a > 1, the process {u(t, x); (t,x) € K} has a modification
which is a.s. 61-Holder continuous in time and a.s. 63-Hdlder continuous in space, for
any 01 € (0,1 —B)/2) and 6, € (0,1 — ).

Remark 1.4 (a) The proof of Theorem 1.1.(a) shows that, forany p > 2 and T > 0,

sup lu(t, )p < Crpr  sup  Jyp(t,x) <400, (114
(1,)€[0, T] xR (1,)€[0, T]x R4

where Cy , 7 > Oisaconstant whichdependson A, pand T'. If ug(dx) = uo(x)dx
and ug is bounded, then sup )cfo.77xrd J+(#, Xx) < o00. But there are many
examples of measures uq, such as up = o and ug(dx) = |x|2dx, for which
SUP(; xyef0,71xRd J+ (I, x) = 00.

(b) Whenuo(dx) = adx forsomea > Oandy, = HQH—1)|t|* 2 forH € (%, D,
the upper bound given by Theorem 1.2 coincides with the one of Proposition
8.1.(b) of [1].

(c) In the case of the white noise in time, the Holder regularity of the solution of
the heat equation with initial condition given by ug(dx) = ug(x)dx (with ugp a
bounded and Holder continuous function) was obtained in [22] under the same
condition (1.13) and with the same exponents as in Theorem 1.3. This result has
been recently extended in [8] to the case of initial data given by a signed measure
uo satisfying (1.3). In [5], it was shown that the solution of the heat equation
with space-time white noise and initial data satisfying (1.3) has a modification
which is #1-Hoélder continuous in time and 6>-Holder continuous in space, for any
01 € (0, ‘—11) and 6, € (0, %). This is consistent with the conclusion of Theorem 1.3,
since for the space-time white noise, d = 1, u(d&) = dé, and condition (1.13)
holds for 8 = 1/2 + & with ¢ > 0 arbitrary.

(d) Finding anontrivial lower bound for the second moment of the solution to Eq. (1.1)
when the initial condition is the Dirac delta measure is an extremely challenging
problem. We postpone this for future work. When the noise is white in time, a
nontrivial lower bound has been recently obtained in [10].

We conclude the introduction with few words about the organization of the article
and the notation. In Sect. 2, we introduce the background material necessary for the
rigorous formulation of the problem. Section 3 is dedicated to the proof of Theorem 1.1,
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while Theorems 1.2 and 1.3 are proved in Sects. 4 and 5, respectively. The appendix
contains the proofs of some technical results.

Throughout this article, we denote by D(R?) the set of C*°-functions with compact
support in R, and S (Rd) the set of Schwartz test functions on R?, i.e., C*-functions
with rapid decrease at infinity along with all partial derivatives. We let Sc(R¥) be
the set of C-valued Schwartz test functions on R4, and S(’C(Rd) be its dual space.
We denote by L(IC(]Rd) the space of C-valued integrable functions on R?. The Fourier
transform of a function ¢ € L(}:(Rd) is defined by:

}"go(é):/ e ¥ p(x)dx, & e R
Rd

We say that a measure 1« on RY is tempered if

1 k
/ (1+|€|2_> wn(d&) < oo for some k > 0.
R4

2 Background

In this section, we introduce the definitions of the noise and solution, review some basic
facts of Malliavin calculus, and give some preliminary results related to the existence
of the solution, with emphasis on the Wiener chaos expansion of the solution.

We begin by recalling the definition of the noise from [2]. We assume that W =
(W(p): ¢ € DR x R%)} is a zero-mean Gaussian process, defined on a probability
space (2, F, P), with covariance

BW@OW @] = [ v =9 £ = g1 00205, nidrdydrds

R xR

=: J(¢1, ¢2),

where y : R — [0,00] and f : RY — [0, o] are continuous, symmetric, locally
integrable functions, such that

y(t) < oo ifandonlyif 7 #0,
f(x) < oo ifandonlyif x #0.

We denote by H the completion of D(R x R?) with respect to (-, -)3 defined by

(@1, @2)n = J (@1, ¢2).
We are mostly interested in variables W (¢) with ¢ € D(R4+ X RY).

@ Springer



J Theor Probab

We assume that the functions y and f are nonnegative definite (in the sense of
distributions), i.e., for any ¢ € S(R) and ¢ € S(R?),

fR @+ ®OyOdt =0 and /R (@D fdx = 0,

By the Bochner—Schwartz Theorem, there exists a tempered measure v on R such
that y is the Fourier transform of v in S(/C (R), i.e.,

f o)y @)dt = L/ Fo(r)v(dr) forall ¢ € Sc(R).
Rd 2 R

Similarly, there exists a tempered measure 1 on R such that f is the Fourier transform
of win SE(RY), i.e.,

/R P f(dr = f FoEue) forall peSc@®D. Q1)

@m)?

It follows that for any functions ¢1, ¢ € Sc(R) and g1, g2 € Sc(R?)

I 1 -
//V(t—S)¢1(t)¢2(S)dtds = 2—/ Fo1(v)Fa(r)v(dr) (2.2)
RJR T Jr
and

fRd /Rd fx = y)e1(0)e2(y)dxdy = / Fo1(&)Fer(E)u(dg).  (2.3)

@m)?
The next result shows that the functional J is nonnegative definite.

Lemma 2.1 (Lemma 2.1 of [2]) For any ¢1, ¢» € D(R x R%), we have:

J(p1, 92) = / Fo1(t, ) Fpa(z, £)v(dr)pu(de), 24

2 )d+1

where F denotes the Fourier transform in both variables t and x. In particular, J is
nonnegative definite.

At this point, we need to introduce some basic facts from Malliavin calculus, which
are necessary for defining the solution to Eq. (1.1). We refer the reader to [19] for
more details. It is known that every square-integrable random variable F' which is
measurable with respect to W, has the Wiener chaos expansion:

F:E(F)~|—ZF,, with F, € H,.

n>1

where H,, is the n-th Wiener chaos space associated with W. Moreover, each F;, can
be represented as F, = I,,(f,) for some f, € H®", where H®" is the n-th tensor
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product of H and I,, : H®" — H,, is the multiple Wiener integral with respect to W.
By the orthogonality of the Wiener chaos spaces and an isometry-type property of I,
we obtain that

E(IFP?) = @F)?+ Y E(L(f)1*) = EF)?+ Y nlll fall3en-

n=1 n>1

where f;l is the symmetrization of f, in all n variables:

~ 1
St X1, ooty X)) = ] Z Tno)s Xp(1)s -+ Lon)s Xp(n))-
" pES,

Here S, is the set of all permutations of {1, ..., n}. We note that the space H®" may
contain distributions in S’ (R"*(@+1D).

We denote by § : Dom(5) C L2(S5H) — L%(Q) the divergence operator with
respect to W, defined as the adjoint of the Malliavin derivative D with respect to W.
If u € Dom §, we use the notation

S(u) = /OO/ u(t, x)W(ét, éx),
0 R4

and we say that §(u) is the Skorohod integral of u with respect to W. In particular,
E[5(u)] = 0.
We are now ready to give the definition of the solution to Eq. (1.1).

Definition 2.2 We say thataprocessu = {u(t, x);t > 0,x € R4 }is a (mild) solution
of Eq. (1.1) if forany # > O and x € R4, u(z, x) is F;-measurable, Elu(t, x)|2 < 00
and the following integral equation holds:

t
u(t,x) = Jo(t, x) +/ /d Gt —s,x —y)u(s, y)W(Ss,dy), 2.5
0 JR

ie., v e Dom 8 and u(r, x) = Jo(t, x) +8(v®¥)) for all (£, x) € Ry x R?, where
v (s, y) =1lioa6)G@ —s,x —yu(s,y), s>0,y¢€ RY, (2.6)

We now state (without proof) a well-known criterion for the existence and unique-
ness of this solution, expressed as the convergence in L*($2) of a series of multiple
integrals. This result is essentially due to [15] (for a slightly different noise than here).
In its present form, it is similar to Theorem 2.9 of [2] (for the wave equation). We
define the kernel function f, (-, ¢, x) by:

fulti, xt, ooty X, 1, x) = MGt —ty, X — xp) ... G(t2 — 1, X2 — X1)
x Jo(t1, x1) L0<s <<t <1} - 2.7

Theorem 2.3 Suppose that f,(-, t,x) € H®" foranyt > 0, x € R andn > 1. Then
Eq. (1.1) gives a solution if and only if for any t > 0 and x € R,
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the series Z L,(fu(-, t, x)) converges in LQ(Q).

n>0

In this case, the solution is unique and is given by:

w(t,x) =y Ju(t,x), with Jy(t,x) = Li(fu(- 1, x)).

n>0

To show that the kernel f, (-, t, x) is in H®" we need an alternative expression of
this kernel, which is obtained as follows. Suppose that 0 < #; < --- < 1, < t. Using
the definition of Jy(z1, x1), we see that

Su(ti, x1, ..o by, Xn, 8, X) =)»”/ Gt —ty, x —Xxp)...
Rd

G(t — 11, x2 — x1)G (11, x1 — x0)uo(dxo).

The key idea (and the starting point of our developments) is to express the product
G(tp — t1,x2 — x1)G(t1, x1 — x0) above using the following result, whose proof is
based on the specific form of the heat kernel G.

Lemma 2.4 (Lemma A.4 of [6]) Fort, s >0andx, y € R4,

ts  sx +ty
t+s’ t+s

G(t,x)G(s,y) =G < > Gt+s,x—y).

Consequently, we obtain that

fn(tl’-xls""tﬂ3xn’t7x)z)“n/dG(t_t)’l!x_xn)"'
R

G(t3 — 1, x3 — x2)G (12, X2 — X0)

n n n
x G 1—— ), {1 ——)x0+ —x2—x1
15 15 [5)

up(dxo).

We now express the product G (13 — 12, x3 — x2) G (f2, X2 — xo) using Lemma 2.4, and
we continue in this manner. After n steps, letting 7,41 = ¢, we obtain that:

Sa(tl, X1, ooty X, 1, x) = A" /d uo(dxo) G(t, x — x0)
R

n
ti ti
<[1G 1——’)z~,<1—4>x0

L
+t.—)€j+1 - xj .
Jj+1
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Using the fact that fRd G(t,x — y)dy = 1 for any x € R, we see that

‘/ dfn(tl,xl,...,tn,xn,t,x)dxl ...dx
Rn

< )\"/ G(t,x — xo)|uol(dxo) = 1" J1(t, x) < o0.
]Rd

This shows that the function f,(t,-,...,t,, t,x) is in LI(R"”’). The next result
gives the Fourier transform of this function. For this, we need to recall that:

2
FG(t, ) (E) = exp (-%) forallz > 0, &£ € R?. (2.9)

Lemma 2.5 Forany0 <t <--- <t, <t =t,y| andforanyé&y,..., &, € RY, we
have

ffl’l(tla ) "'7tn7'7t7x)($l7"'7$n)

2

n . n
L fiy1 — e i
= A" ]_[eXp - E itﬁ/ exp 7 E :fjgj =
k=1 j=1 j=1

2 gt

n
t.
i 1—2L)e& |- G, x — dxo).
X/RdCXP i ;( t)éj xo ¢ G(1, x — xp)uo(dxo)
Proof By definition,
an(t],‘,...,tn,',t,.x)(gl,.--,Sn)

= / ) eI 'x'+"'+‘§"'x")ﬁ1(t1, X1y ennsln, Xn, t, x)dxy ... dx,.
Rn

We use the alternative definition (2.8) of the kernel f, (-, 7, x) and Fubini’s theorem.
We calculate first the dx; integral:

) t t t
/ iET G <(1 _ _1) f, (1 - _1) x0+ L - ) ax,
. 1 n
15 15
151
< FG ((1 - —) . ) @
5]

where we used the fact that for any t > 0, x € R4 and S R4,

FG(t,x — ) (&) = /d e VG, x — y)dy = e EFFG(1, ) (E). (2.10)
R

@ Springer



J Theor Probab

We calculate next the dx; integral, using again (2.10):

/ exp {—i <§2 + t—l«fl) -xz}
R4 15}
G <(1 — t—2> 1, (1 — t_z) X0 + t_2x3 — x2> dxo
13 13 13
= exp {—i (52 + %51) : |:<1 - %) X0 + ;—jm“
« FG ((1 - t—z) b, ) (%’2 + t—‘sl>.
13 15

We continue in this manner. At the last step, we obtain the following dx,, integral:
n—1
oo ool 7))
R4 tn
Iy ty Iy
Gl[1——)tn,[1—— —X — d
(=) (1) e a)on
n—1
= exp {—i (Sn + M) . |:<1 — —n) xo + ix]}
17 t t
n—1
1 i—11j&)
< FG <<1 _ ?”> . ) (gﬂ + @)
n

Putting together all these calculations, it follows that F f,, (¢, -, ..., tn, -, £, X) (&1, . . .,
&,) is equal to

‘ e YAtk
FG l1- —)g, || =22
,l:[l (( fk+1>tk ) ( Tk )

x}/ uo(dxo) G(t, x — x0)
R4

n—1 nel, o
xexp i Z(l—?)éj+<l—%’)(%‘n+w)

J=1

We note that
[, U ' AR tj
Z(l—t—’)sj+<1—7">(sn+"t—)= (1—7’)&.
]:1 n n i—1
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Using (2.9), we have

FG ((1 - t_k> ., ) (ZI;=1 fiff)
Tk+1 Ik

k
= exp ! (1 — t—k> Tk ‘—Zj:l 1S
- 2 t

Tk41

2

The conclusion follows. O

To apply Theorem 2.3, we first need to check that each kernel f, (-, ¢, x) lives in
the n-th Wiener chaos space H,, (and hence, its multiple integral with respect to W is
well-defined). The following result shows that Dalang’s condition (1.4) on the spatial
spectral measure of the noise is sufficient for achieving this, regardless of the temporal
covariance function y.

Theorem 2.6 If u satisfies (1.4), then for anyt > 0,x € RY andn > 1, fa(,t,x) €
HE and || fu (-, 1, X)|13 60 = an(t, x), where

] n
f,x) = —— [Tra —s;
ai‘l( -x) (zn)nd ,/Rnd /[‘0[]2’1‘ ly(] Sj)
s j=

ff?’l(tls “y "'1tn7 '7t1x)($17 "'15}’1)
X Ffu(StyyeeesSny -t x)(E1, ..., &)
dey ... diyds; ... dspyu(dE) .. u(dEy).

Proof We apply Theorem 2.10.c) of [2]. To see that f, (-, f, x) satisfies the conditions
of this theorem, we note that by Lemma 2.5, the map

(t17"'9tn7§1""7§1‘l) = ]:fn(tl,',-'-7tn,"t,x)(él,'-wgn)
= ¢S] ,,,,, E,,(n?""tn)
is measurable on R” x R Moreover, for any&p,....§, € R4, the map (1, ..., )
@%,,...6 (t1, .. ., 1) is continuous and bounded by A" J, (¢, x). Calculations similar to
those presented in Sect. 3 show that a, (¢, x) < co. O

For the remaining of the article, we assume that (1.4) holds. By Theorems 2.3
and 2.6, it follows that the necessary and sufficient condition for the existence of the
solution of (1.1) is the following: for any # > 0 and x € R4,

D fa Gt ) Fgen < oo @.11)

n>0

@ Springer



J Theor Probab

3 Existence of Solution

In this section, we give the proof of Theorem 1.1. This will be based on several
preliminary results.

In the first step, we will show that condition (2.11) holds forany t > O and x € R,
When this condition holds,

E(lu(t, x)*) = Y E(1Ja(t, 0)?) < oo.

n>0

We denote

E(Ly(fa(:, t, )%
n! fa Gt ) e

E(|Jy (2, x)[%)

= —au(t, x).
n!
With this notation, condition (2.11) becomes:

Z lan(t,x) < . (3.1)
n!

n>0

Using the definition of the norm in H®", we see that
a1, x) = /0 ]_[ y(tj — s (t, s)dtds,
12

where

(n)(t S) = / nf(x] yj)gt(f;?x(xl,...,xn)gsz),x(yl,...,yn)dxdy

1
~ emm /Hé Tl BT G gD - n(dE)
(3.2)
and we denote
8 (X1 Xn) = U f (1 X1 Xy £, X)
=" D Gt =ty ¥ — Xp(m)
PESK

- Gtp@) = 1p(1), Xp(2) — Xp(1))

X Jo(tp1y, Xp(1) Lo<tyyccr <t}

p(n)

@ Springer



J Theor Probab

To estimate o, (¢, x) we proceed as on page 11 of [16]. By the Cauchy—Schwarz

inequality and the inequality ab < %(a2 + b?), we have:

A

1lh(”l)(t S) < 1p(”l)(t t)l/2w(”)(s S)1/2

(0 +ue9).

I /\

Since y is symmetric, we obtain:

(n)
an(t, x)<— fo . 1:[)/([/ SHYL(L, tydtds

/ l_[)/(t, s (s, s)dtds
0,112

/0 2 l_[)/(tj s (¢, tdtds.
t n _=

We now use the following elementary lemma, which can be proved by induction.

Lemma 3.1 (Lemma3.30f[2]) Foranyn > 1 andforanynonnegative (orintegrable)

function h : [0, t]* — R, we have

[0,1]"

n
/O i [[7@ —sphwydtds < F;’/ h(t)dt,
[0,7]= =

j=1

where T'; is defined in (1.7).

Applying Lemma 3.1 to the function & (t) = v, (t, t), we obtain:
an(t, x) < T7 y (¢, tydt
[0,2]"

Yy /0 ¥ (e, tydt.

<lp(1)<'<tpmn) <t

PESH
Lemma 3.2 If0 < o)) <+ <lpm) <! =Ilpm+1) then

2n J2 (t, x)

()
tt)< — = ex
Vie O = =5 fou P
2
[ toarn) — Lo
-y | = Zmﬁ, 1(dgy). ..
Pl WIS LT (O e

(3.3)

3.4)

n(dgy).
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Proof By definition,

e = [
(271’)"d

Similar to Lemma 2.5, it can be shown that

2
p(dgr) ... pu(dén).

Felt (E1n. . 6

2
1 t —1
(") n p(k+l) (k)
1, 86D =2 exp | — fo(HE exp
8t,1,x n l_[ Lottt ]) jz:l p(HSP()
n
Dot |
j=I
n
. tj
xf exp § —i <1——>§j - X0
R4 " 1
j=1
G(t,x — xo)ug(dxp). 3.5)
The conclusion follows. |

Lemma 3.3 Foranyt > 0 and x € R?,
2 1 2npn 72
E (190( 02) = —an(t,x) < 2T 30, )
n!

/ I,(”)(tl, L t)de . dey,
O<ty <<ty <t
where
1™ t)-=Lf exp
G T S T
2

—Z k1 — Ik ths] w(dér) ... u(d&y)
=

Pl RZSALS

and ty41 = t.

Proof Using Lemma 3.2, it follows that

/ ¥ (¢, tdt
O<tpy<-<tpm)<t

1
sx%ﬂmm———/ M/ W) . . (dE)
* (2n)nd 0<tp(1)<m<tp(n)<l‘ nd "
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n
t —t
X exp _Z tp+1) — tp(k) th(])gj

Pl WRVICSS ST (O et

1
=22 / dt’/ dgy) ... u(dg,
(t, X)>— @ Joct et  (dgy) .. p(dEn)

n ¢ —¢ k
Tk+1 -k k
X €X — t; s
P2 |t e
i=1 +1 j=
where for the last equality we used the change of variable t} =typforj=1,...,n
and we denoted 1, 41 = t. The conclusion follows using (3.4). m|

We now use the following maximum principle, which is of independent interest.

Lemma 3.4 Let ju be a tempered measure on R? such that its Fourier transform in
Se (R?) is a locally integrable function f, i.e., (2.1) holds. Assume that f is nonnega-
tive. Then for any € S(Rd) such that r * 1; is nonnegative, where J(x) = Y (—x)
forall x € RY, we have:

sup f JFUE+nPus) = /R (&) Pu(de), (3.6)

neRd

In particular, forany a > 0 andt > 0,

sup / e g = fR e~ IEP 1L (dE). 3.7)

neRd JR

Proof Note that for any function g € L'(R?) and for any &, n € R?, we have
FgE+m = / e g (x)dx = F(e T g) (6).
R4

Applying this to the function g = ¥ * IZ, we obtain that

\FUE 4+ =FW *9)(E +n) = Fe (W +9))(E),

for any &, € RY. For each n € R? fixed, we apply (2.1) to the function ¢ =
e (Y % ) € Sc(R?). We obtain that for any n € RY,

0< f \FW (€ + n)Pude)
Rd

_ A CFE s D) En(s)
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— 2n) /R T )0 f (0

= (2n)?

/ e (Y % ) (x) f (x)dx
R4
< @n)! /R WP f (o)dx

_ / Fy @ Pude).
Rd

using the fact that | [...| < ['|...| and |e”7| = 1. This proves (3.6).
To prove (3.7), we fix t > 0 and consider the measure p; = o h,_1 on R?, where
hi(x) = t& forall € € RY, Using (2.9), it follows that

/e—alté+n\zu(dg)=f e—a\§+n|2m(dg’:)
R4 R4

zf IFG(a, )(E + )2, (dE).
]Rd

We note that u; is a tempered measure and its Fourier transform in S(E:(Rd) is the
locally integrable function f;, defined by f;(x) = f(tx) forall x € RY (see the proof
of Lemma 3.2 of [2]). Applying (3.6) to the function ¥ = G(a,-) € S (R?) and the
Fourier pair (u;, f;), we obtain that for any n € R,

fR J1FG@, )(E +mPpu(d) < /R 1FGa, )@ P (dg)

— /Rd elER L (dg).

This completes the proof of Lemma 3.4. O

Now we need to introduce some notation. Following [10], define

k(t) :=/ f(2)G(t, z)dz. 3.8)
R4

By (2.1) and (2.9), we see that

) = — Y L 3.9
0 = 57 [, 0 (‘T) (de), (3.9)

from which one can see that k(¢) is a non-increasing function. By the dominated
convergence theorem and condition (1.4), we see that & is continuous on (0, 00).

Using Lemma 3.4 and the definition of the function k, we obtain the following
estimate for the integral Il(")(tl, ..., ty) defined in Lemma 3.3.
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Lemma 3.5 Forany0 <t <--- <t, <t =:ty4+1, we have that

2(¢ 1)1,
I[(n)(tlv-~~vtn)SJt(n)(tly-- tn) —Hk( (l+1 l)l)’

li+1

and hence,

/ 1@, .. tde ... dey
O<ty<---<ty<t

< / J,(")(tl, L t)dey L de
O<ty<---<ty <t

Proof We denote a; = (tj+1 — t;)/(titi+1) foralli =1, ..., n and we write

1 _ 2 _ 2
I, ) = G /Rdu(d&)e alnsil /Rdu(dsz)e alnfiEnhls

Xf w(d&,) g—an|t1&'1+~--+tnén\2.
R4

For the inner integral, we note that for any &;,...,&,_1 € R4,

IA

/ emanlnsitngil ey < sup / el (dg,)
R R

neRd

_ 2
— A‘Qde an|tnén| w(dEy),

by Lemma 3.4. The other integrals are estimated similarly. Hence,

() .
", rn)_(zn)ndl_[/ ( i |r,s,|)u<ds,>. (3.10)

The conclusion follows by the definition (3.9) of the function k(¢). m|

Fort > 0, denote hy(¢) := 1 and forn > 1

t
hy(t) :=/ hy_1(8)k(t — s)ds.
0

Note that 4, (1) € [0, oo] for all # > 0 and A, is non-decreasing (by Lemma 2.6 of
[10]). Moreover, under Dalang’s condition (1.4), for any 8 > 0 and for any integer
n>0,

[ee] _ 1 [e}e] B n 1
/ e Plh,(ndt = = (/ e ﬁfk(t)dz) = —[2T2B)]" < oo. (3.11)
0 B \Jo B
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Hence A, (t) < oo for almost all # > 0. Since k,, is non-decreasing, it follows that
h,(t) < ooforallt > 0.

Lemma 3.6 For anyt > 0 and for any integer n > 1, it holds that
/ Jl(”)(tl, o t)dey L de, < 2R, ().
O<ty<---<ty<t
Proof We first show that for any n > 0 and > 0,

f " (2“:_”8> iy (5)ds < 2 (1), (3.12)
0

Fix n > 0. By symmetry, we see that for any ¢ > 0,

' _ t _
/k<2(t—s)s> hn(s)dS=/ k<M> h,(t — s)ds
0 t 0 !
5/ k<2s(t s)>hn(t—s)ds
0 t
+/ k(m )>hn(s)ds
12 t
_, f/Zk 2s(t —s) N
=2 T ) e = 5)ds.

where for the inequality above we used the fact that £, is non-decreasing and hence
hy(t —s) < h,(s) for s > t/2. Because k(¢) is non-increasing and 2s(t — s)/t > s
for s € [0, /2], we have that

1)2 1)2
/ k(Zs(t S))hn(t—s)dsff k (s) hy(t — 5)ds
0 t 0
t
< / k() hn(t — $)ds = 1 (0).
0

This proves (3.12).

Denote | = J™M (@, ..., t)dt ... dt,. By inequality (3.12),

f0<t1<-~<tn<t

! 2(t — ty)t In 2(ty, — th—1)tn—
Z/dlnk<( n)n)/ dt,1_1k<(n nl)n 1)
0 t 0 th
n 2(ty — 1))t
e [Pank(2amn)
0 2
! 2(t — ty)t In 2(ty — th—1)tn—
_2/ dm(ﬂ)/ dtn1k<M>--~
0 t 0 ty
13 2(tz3 — 0t
x/ dtﬂc(M)hl(tz)f-“S
0 13
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! 2(t — ty)t
< 2n71/ dt, k (%) Hu_1(ty)
0

< 2"h,(1).

This proves Lemma 3.6. O
The next lemma gives us more information about £, (¢).

Lemma 3.7 If condition (1.11) holds, then
hy(t) < [2Y(0)]" foranyt > 0andn > 1. (3.13)

Proof By Fubini’s theorem,

1 2 1 1 — e P2
_ —s|&7/2 _
h(r) = (2n>d/0 /Rde P = /R o).

Hence, by the monotone convergence theorem,

lim hy () = ! / “AS) v o).
—00 R

Qm)? Jgra [E]2/2
Because /1(¢) is non-decreasing, the above limit shows that 41(¢) < 27 (0). The
conclusion follows by induction on 7. O

We need to introduce some additional notation. For y > 0 and ¢ > 0, define
o0 o
H(ty) =Y y"ha(t) and H(t;y) =Y Jy"ho(t).  (3.14)
n=0 n=0

Note that H(t; y) € [0, oo] and ﬁ(t; y) € [0, oo] for all~t > 0 and y > 0. Since h,
is non-decreasing for all n, both # — H(t; y) and t — H(¢; y) are non-decreasing.

Lemma 3.8 Foranyt > Qand y > 0, H(t; y) < oo and ﬁ(r; y) < oo. For all
y >0,

1 1 ~
limsup —log H(t; y) <6 and limsup—logH(t;y) <90,
t—oo I t—oo I

where this constant 0 can be chosen as
. 1
0::9(7/)=1nf{,3>0: T(28) < > } (3.15)
14
Moreover, if Y(0) < oo, then forallt > 0and 0 <y < 1/[27(0)],

1 ~ 1
H(t,]/) < m and H(l,]/) < #\/m
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Proof The statements for H (¢; y) are proved in Lemma 2.5 in [10] (with v = 1). We
include the argument for the sake of completeness. Let y > 0 be arbitrary. By the
dominated convergence theorem, limg_. o Y () = 0, Hence, there exists 8 > 0 such
that 27 (28) y < 1. By (3.11), we have:

o0 o
/ e P H(t; y)dt :Zy”/ e P, (t)de

0 =0 0
=3 y"2YQHY < . (3.16)
n>0

Hence H(t; y) < oo for almost all # > 0. Since ¢ — H (¢; y) is non-decreasing, it
follows that H (¢; y) < oo for all + > 0. By Lemma A.1 (Appendix A), we conclude
that

1 o0
limsup — log H(t; y) < inf {ﬁ > 0; f e_ﬂ’H(t; y)dt < oo} =0(y),
0

t—o00 I
where 6(y) is defined in (3.15) and the last inequality is due to the fact that (thanks
to (3.16))

o0
/ e P H(t; y)dt <00 < 2yY(2B) < 1.
0

The results for H(r; y) are proved similarly. Notice that, due to the Cauchy—
Schwarz inequality and (3.11), for any g > 0,

Joemimm< (]

Ry

— l (/ e_ﬁtk(t)dt>n/2 — M
B \Jr, B .

12
e_ﬂ’hn(t)dt>

Therefore, for 8 > 0 such that 27T (28)y < 1, we have

o
/ e P H@t; y)dt = Zy”ﬂ/ e P /hy (t)dt
0

n>0

_1 Zy"/2[2T(2ﬂ)]"/2 < o0.

n>0

00
0

Using the same argument as above, we infer that H (t; v) < oo for any ¢ > 0 and
y > 0. By Lemma A.1 (Appendix A), we conclude that

1 ~
limsup —log H(t; y) < 0(y).

t—oo I
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When T (0) < oo, using (3.13), we have

Hy) = ) v'RYO) =

s —2yY(0)
~ 1
H(;y) < 2Ry = ————,
( y>_n§0y YOI = s
whenever 2y T (0) < 1. This completes the proof of Lemma 3.8. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 (a) We first show the existence (and uniqueness) of the solution.
As mentioned at the beginning of this section, this reduces to showing that condition
(3.1) holds for any t > O and x € R4, By Lemmas 3.3, 3.5 and 3.6,

1
E (1901, 1)) = —an(t,x) < A2 I2(0 0772 i (0):
Hence, by invoking Lemma 3.8, we see that:

1
> —on(t, x) < JE(t.x) Y 222 T, (1) = J3 (1, x)H(t; 24°T;) < oc.

n=0 n>0

This concludes the proof of (3.1).

Next, we prove (1.8). Let p > 2 be arbitrary. Recall that we denote by || - ||, the
L?(2)-norm. Since the norms || - ||, are equivalent on a fixed Wiener chaos H,, (see,
e.g., [18, Theorem 5.10]),

a0 < (p— D21 J (1, )2
< (p = D" e, 0T 2272 by 1), (3.17)

By Minkowski’s inequality,

(e, )l p < Z (2, )l p < J4 (2, %)

n>0
YOI = A2 by (1) (3.18)
n>0

— J.(t,0)H (t; 22(p — 1)r,) . (3.19)

By Lemma 3.8, the previous quantity is finite. This concludes the proof of (1.8).
Relation (1.9) follows since the function H (¢; y) is non-decreasing in ¢ and y and

D, = sup Ji(t,x) < o0. (3.20)
(t,x)eK,

Note that (3.20) is a consequence of Lemma B.2 (Appendix B).
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We now prove that u is L? (£2)-continuous on (0, 00) X R4 Note that by Lemmas B.2
and B.3 (Appendix B), u;,, = ZZ:O Jr is LP (2)-continuous on (0, 00) x R?. Leta > 0
be arbitrary. By relation (3.17), and the fact that ', and /,,(¢) are non-decreasing in ¢,
we have

sup ([ u(t, 0)llp < Da Y _(p — D"TRA"2" 2y (a)

>0 (t,x)EK, n>0

= DoH(a; 22*(p — T,) < oo,

which means that u, (, x) — u(t, x) in L?(2), uniformly on K,. Hence u is L? (2)-
continuous on K. Since a > 0 was arbitrary, u is LP(§2)-continuous on (0, 00) x R4,
(b) Since I'; < I'so for any ¢t > 0 and H (¢; y) is non-decreasing in y, by (3.19) we

have that:
lutt, )l = Tt 0 (1:222(p = Dlee ). (3.21)

The conclusion follows by Lemma 3.8, using the fact that:

1
lim sup n log J+(t,x) = 0. (3.22)

11— 00
Note that (3.22) is a consequence of (1.10). For a proof of this, see page 19 of [10].

(c) It is shown in [10] that T(0) < oo happens only when d > 3. Let y =
2A2(p — DI'so. By (3.21) and Lemma 3.8,

e, o), < —ED
1= /2770

provided that y < 1/[27Y (0)]. This last condition is equivalent to

| 1/2
e o] =
4(p = DT (0)

The conclusion follows from (3.22). O

4 The Riesz Kernel Case

In this part, we prove Theorem 1.2. For this, we build upon our previous estimate
(3.10) for the integral I,(n)(tl, ..., Iy), using the specific form of the measure . A
similar argument can also be found in Example A.1 of [10].

In this section, we assume that f is the Riesz kernel of order 0 < o < d, given by:

PPN N C=-3 N
_ _—d/2p—a_ N2/ o
f)y=m 2 NG x|, 4.1)
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Suppose that o < 2, so that (1.4) holds. It is known that

n(dg) = |&]79 e,

Hence, for any ¢ > 0,
_1E12 1 .—
[, e e = ey,

where Cg; = fRd e lEP |€]~@=*)d&. (This follows by the change of variable &' =
t1/2& ) Using (3.10), it follows that

_/2
h—1t Bh—=h =1ty 5, 2\
n
I[()(tl""ﬂtn)i led . t1t2"‘tn
’ 1t i3 tyt

= CL Pt — 1) (13 — 1) ... (t — 1)] /2, 4.2)
where Cy g = Qr)-4c S; We need the following elementary result.

Lemma 4.1 Forany h > —1, we have

/ [ti(t — 1) (13 — 1) ... (t — t)]"dry ... dty
O<ty<---<tp<t

_ T+ D)+
C((n+1)(h+1)) '

Proof We write the integral as an iterated integral of the form:

t th n
f(t—tn)h </ (t,,—tn_l)h...</ tf(l—tl)hdn)...dtn_l)dtn.
0 0 0

The inner integral is equal to B(h+1, h+ 1)t22h+1, where B(a, b) = T'(a)T'(b)/T'(a+
b) is the beta function. The second inner integral is B(h + 1, h + 1)BQ2(h + 1), h +
l)tg 2 We continue in this manner. After n steps, we obtain that the last integral is
equal to

Bh+1,h+ 1)BQ2h+ 1), h+1)...B(n(h + 1), h + 1)t +tDh+n,

The conclusion follows from the definition of the beta function. O

Recall that the two-parameter Mittag—Leffler function [21, Section 1.2] is defined
as follows:

o k

Z
Ea,ﬁ(Z) = kZ:(:) m, o > O, ﬂ > 0. (43)
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Lemma 4.2 (Theorem 1.3 p. 32 in [21]) If 0 < « < 2, B is an arbitrary complex
number and [ is an arbitrary real number such that

Ta/2 <pu<mwA(Ta),
then for an arbitrary integer p > 1 the following expression holds:

—k
k=1

|z] = oo, |arg(z)| <.

Proof of Theorem 1.2 Using Lemma 3.3, relation (4.2) and Lemma 4.1, we have

lue, 1B = Y [J26, )]

n>0

< Z AT (1, x)Cl gt

n>0

f [t1(t —11) ... (t — 1,)]"%2dty ... dt,
O<t)<---<ty <t

LA —a/2"0 e
AT ((n+ 1)1 —a/2))

=Y AT x0)C)

n>0

=J2(t, 0T = a/2)E1_g2.1-ap2 (kthCa,dT‘(l - a/2)t1_"‘/2)

< Cl 4 JE(t, x)exp (C&/,d|)»|4/(2*°‘)F12/(2_“)t> 7

where in the last step we have applied Lemma 4.2 (see the proof of Proposition 3.2
of [7] for a similar argument). The constant C l;’ 4 can be any constant that is strictly

bigger than [Cy 4T (1 — a/2)]2/(2_°‘) and the constant C&,d is defined as

E\—a2,1-aj2 (AT CoaT (1 — a/2)t17/2)

Cog=T(—a/2) sup

120 exp (c[; /| x|4/<2—a>r,2/(2*“>t)
Ei—ai—a (Coal' (1 —a/2)x1—/2
_ I — a/2) sup 1—ay2,1-a/2 (Ca,aT'( /2) ) .
x>0 exp (C(’x”dx)

As for the p-th moment, by Poicaré-type expansions of gamma function (see [20,
5.11.3 o p. 140]),

lim L0/2
x—o00 /T (x)

@ Springer



J Theor Probab

Hence, for some constant K, > 0, I'((n + 1)(1 — «/2))"1/? < K, T'((n + D2 —
o) /4)_1 for all n > 0. Therefore, from (3.18) and the calculations above, we see that

2 2
(e, 0l < 34 p — D200, 1, 0C s
n>0
r'(1—a/2)th/?2 n—a)/4
VI((n+ D1 —a/2))
n/2

2
< Ko y_ A" = "I 04, 0 CL

n>0
(1 —a/2)rth/2 pat
F((n+D2-a)/4)
= Kar(l — a/2)1/2J+(I, X)E(z_a)/4’(2_a)/4
(I)\I\/thCa,dF(l —a/2) t<2fa>/4>

< ClogJ+(t,x) exp (5{;11 |A|4/(2—0‘)p2/(2—a)Ft2/(2—oz)t) ’

where, by the same arguments as above, the constant C ", is any constant that is strictly
bigger than [Cy 4T (1 — a/2)]2/(2_°‘) and 5(;,0, is defined as

Eo—a)/4,0-ay4 (IMy/pTiCoaT (1 — /2) t370)/4)

Clg = KoT'(1 = a/2)'/% sup

120 exp (5(;’(1 |k|4/(2—a)pz/(2_a)th/(z—a)t)
Eo- - Coal'(l —a/2)x
= Ko T'(1 —a/2)'? sup 2-w)/4,2 a)/i( a,d ] ( /2) ) - oo,
x=0 exp (ng x4/(2*ot))
which does not depend on p. This completes the proof of Theorem 3.9. O

5 Holder Continuity

In this section, we give the proof of Theorem 1.3. For this, we need a preliminary
result.

Lemma 5.1 Let B € (0, 1) be arbitrary. Then

1
/Ls)ﬂ<oo if and only if f @ds<oo,
R (1+1€12) o s17F

where the function k is defined by (3.8).
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Proof In the proof, we use ¢ and C to denote general constants whose values may be
different at each occurrence. By the definition of k(s), we have that

1
[ 50 e =c f (de) f 0P exp (—3 1617) ds
0

€2 .
=C/ w(dg€) ( ) / sTU=P =5,
0

Denote g(x) := x~h fox s~ (=P e=5ds. Because

lim g(x)(1 +0f =1/ and  lim g0)(1+x)F =T(p),

both functions g(x)(1 +x)P and [g )1+ x)ﬂ] ! are continuous functions on [0, oc0].
Hence,

c C
o e)<—— forallx > 0.
Trnf =80 =y forallxz

Therefore,

1
C/ Lg)ﬂ S/ s_(l_ﬁ)k(s)ds < C/ Lé)ﬂ
Y (14181%) 0 Y (141€1%)

This completes the proof of Lemma 5.1. O

Remark 5.2 Let f be the Riesz kernel with & € (0, d A 2) given by (4.1). Example
A.1 of [10] shows that in this case, k(r) = Ct~*/%. In this case, fol Skl(fg, ds < oo for
all B € (a/2, 1).

Proof of Theorem 1.3 We proceed as in the proof of Theorem 4.3 of [2], using the
bounds obtained in the proof of Lemma B.3 (Appendix B). Let6 =1 — 8.

Step 1. (left increments in time) Let (¢, x), (', x) € K,. Say t' = t — h for some
h > 0. We have

lu(t =R, x) = ut, ), <Y (p = D" = b, %)) = Ju(t, )12

n>0

1/2
<Z(p )"/2< [A;(t,h,x)+B;,(t,h,x)]> ,
n>0

5.1

where A/ (¢, h, x) and B, (¢, h, x) are given by (B.21), respectively (B.22).
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To find an upper bound for A), (¢, i, x), we use (B.13). Notice that

2 ]
h n
1 1— D g
cxp (t—h)t,, Z i8i PN T2 = Z i8i
: ]:1
2 20
f—h—t, |
< D) g t
=P T =, Z i8] 2t(t—h) Z i5i
j=1
0 n n 20
h t—h—t
< gpexp | ———— > | | [2ouE
t (= | =

Now for A > 0 and x > 0, we see that
ex _A 2\ .20 _ _é 2 0 -0
p Ex x= =exp 2x +260logx ) < (20/e)” A™".

This can be seen by noticing that the function f(x) = — %xz 426 log x, x > 0 attains
its maximum at xo = /26 /A. Therefore, for some constant Cy > 0 depending on 6,

A
exp (—sz) x2? < CgA*G exp <—5x2) , forall x > 0. 5.2)

Hence, this inequality implies that
2 20
n

f—h—t, |
W\, [219] |20

j=1

t — ity \? t—h—t, | &
<Cy| —— _ ti&;
= 6<t—h—t,, PN T30 —m, JZ_:IJSJ

Thus, by denoting t,,4+1 := ¢t — h, and using (B.13), we have that

: / /
! d
Q2w O<t) <<ty <t—h JRM

2

n " _ k
k=1

2t |4

At h,x) S TP TE(t, x)n

Co ho
X T h D u(@)dn . d,
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Using (B.29), we have

n 11 t ’
—0 k+l k
/ t—h—1)"[]exp| - Zt,g,
O<ty<--<ty<t—h k=1 2 Tkt+11k =1
" 2
1t—h—t,
X ex —_ ti&; dey...de
Pl =2, |25 "
j=1
2
0 t—h o\ -y
-2 (505) Mew| 7 230
<t < <ty<t— k=1 ) j=1
2
t=h |,
2 2 J
X exp | == ZESJ dsy ...dt,
2 2 |j=1
2
f—h —g n—1 Y ¢ k
__~n—0hn Y, k+1 k ’
272 / ’ t—h < 2 t”) l_[ eXp t/ t/ thsj
O<t] <<ty < k=1 k+1% | =1
2
i—=h _ 1 n
2 n s / /
X exp —W théj dtl...dtn,
2 o |j=1

where the second equality follows from the change of variables #; = #;/2 for k =

zh, we see that

5 ]
(zn)nd O<t)<--<ty< Rnd

1, ..., n. Using the notation #, 1] =

ALt hyx) < TP T3t x)n2™?

2
n
Il — Ik
[Texp| - Zt@
el Ticli4-1 =
W o ft—h -0
x2"Cq h - th w(déy) ... u(d&y)dey ... dt
- r;’AZ"Ji(t,x)n!T@z"cehQ/ I, .t
0<t1<---<t,1<% 2
t—nh -0
(T —t,,) dep ... dt,
< r;’ﬂ"ﬁ(t,x)n!z—eznceﬁf J,(”,, (GIS)
0<t|<~~<t,,<%
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t—h -0
<T—t,,) dep ... dt,
t—h

=h -0
2
= r;’,\z"ﬁ(t,x)nzz—%”c@h(’/ <T —tn) k
0

2(5E — )ty
—h
2
X </ J,ff’ D(tl,...,tn_l)dtl...dtn_l) dt,
O<ti<-<ty_1<ty

t—h

2
5r;’/\Z"Ji(t,x)nzz—ez"cehez"—l/ B—1(tn)

0

t—h (205 — )t
<T — tn> k (T dtn,

where I,<") and Jt(") are defined in Lemmas 3.3 and 3.5, and for the last inequality
above we used Lemma 3.5
We claim that for any r > 0 and n > 0,

2(t —
/ (r — (7> hy(s)ds < 2/ s "k(s)h,(t — s)ds. (5.3)
0

This is proved similarly to (3.11):

t _ t
f (t — 9%k <M> i (s)ds = / s—ek(zs(’ )>hn(r—s>ds
0 t 0 t
)
5/ s~k (230 S))hn(t—s)ds
0 t
t
+/ s~k <2S(t )>hn(s)ds
/2 t
12
:/ s~ k<2s(t )>hn(t—s)ds
0 t

12
+f t —5)"k (zs(tt S)>hn(t—s)ds
0

t/2
< 2/ s_9k<zs(tt )>hn<r ~ 5)ds,
0

where for the first inequality above we used the fact that 4, is non-decreasing and
hence h, (t —s) < h,(s) for s > ¢/2, and for the last inequality we used the fact that
(t—s)"? <s%fors €0, t/2]. Because k() is non-increasing and 2s(t —s)/t > s
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for s € [0, /2], we have that
12 25t — /2
/ sk <¥> ho(t — s)ds 5/ 50k (5) by (t — s)ds
0 0
t
< / sk (s) hy, (t — s)ds.
0

This proves (5.3). We use inequality (5.3) with % instead of 7. We obtain:

t—h

2 t—h
ALt h,x) < TP 2, x)n!2—922”c9h9f s Ok(s)hp_1 <T — s> ds.
0
Using (3.20) and the fact that %, is non-decreasing, we obtain:
’ n 2n —0 0 ¢ k(S)
At h,x) <T 21" Dgn'27"Coh”hy—1(a) s—gds. (5.4)
0

We now treat the term B,;(t, h, x). We will use (B.31). Note that 1/t > 1/a and
t—s>t—h>1/aforanys € [0, h]. Since k is non-increasing,

h st — h 9 h 12
/k L =s) dsf/k = dsfh_‘)/k 2 )ds = nf
0 t 0 a? 0 a?
612 1_9'/~2h/a2 k(s)d
3 A 0 s.

Using (B.31) and (3.20), we obtain:

2\1=0 r2/a g
Bl(t.h,x) < T"A¥ Dyn! 2" 1,1 (@)h° <%) / %ds. (5.5)
0 S

Combining (5.1), (5.4) and (5.5), it follows that
lutt =, x) = u(t, ), < Ch*?Ha; y),
where C > 0 is a constant depending on a and §, and y is a constant depending on

p,a,A.
Step 2. (right increments in time) For h > 0, we have

lut +h,x) —u(t, )y < D (p = D" 1Jnlt +h, %)) = Ju (2, 0)l2

n>0
) 1/2
<> (p-1"? (; [An(t, h, x) + Byt b, x)]) :

n>0

(5.6)
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where A, (¢, h, x) and By (¢, h, x) are given by (B.9) and (B.10), respectively. These
terms are treated similarly to A (¢, &, x) and B;, (¢, h, x) as above. We omit the details.

Step 3. (increments in space) Let (¢, x) and (1, x") € K,. Say x’ = x + z for some
z € R?. Then

(e, x +2) = u(t, ), <Y (p = D"2a(t, x +2) = Ju(t, 0)l2

n>0
w2 1 1/2
=D (p =" (—Cult.x.2)
n>0 '
) 1/2
<> (p-n"? (;[C,E“(r, x,2) + CP(t, x, z)]) :
n>0 ’

where C,(t, x,2), C\"(t,x,z) and CP(t,x,z) are given by (B.35), (B.39) and
(B.40), respectively.
Notice that for some constant Ky > 0,

.2
’1 — ™| =2(1 — cos(x)) < Kg|x|*?, forallx € R.

Hence,

" 26

i
1 —exp - Etjéj 2| =Ko
=

Qi1 1j€)) -z
t

5 20
2|

< Ko~z [ 2_156j
j=1
From this, it follows that

22 J2 (¢, x + 7)n!
cV(t,x,2) < - + ) / /
O<t)<--<ty<t JRM

(Zn)”d
n ¢ ¢ k 2
k+1 — lk
[Tow -5k
k=1 klk+1 =1
20

|Z|29 n
X Ko~ [D_15&)| n(d&) . pn () .. diy.
Jj=1
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Now we bound the innermost terms of the product using inequality (5.2):

20

n n
t—t, 5
exp | —— 1Y g Do
n . .
j=1 Jj=1

2

) n
t—ty t—ty
= Co ( 7 > P o 21k
n n .
J=1

2
n

r—t
20 —0 n
< Cot™(t — ty)" " exp T E t;&;
n .
j=1

Using arguments similar to those used for A; (¢, h, x) above, we obtain that
) 1 20 —0 20 @ k(s)
C, (t,x,z) <T]Q2AM)"Dyn!27" KgColz|” hy—1(a) 7
0

Finally, to treat C,(,z) (t, x, z), we use (B.40). Recalling the definition (B.37) of
F(t, x, z), the conclusion follows from the following inequality, given by Lemma 4.1
of [8]:

IG(1,x) =G, y)| = GQ21,x)+ G2, )l lx —yl’. (5.7

ol
This completes the proof of Theorem 1.3. O

Acknowledgements The authors would like to thank an anonymous referee for reading the paper very
carefully, and for pointing out several typos.

Appendix A: A Technical Lemma

Lemma A.1 If H : [0, 00) — [0, 00) is a non-decreasing function such that
o0
y :=inf {ﬁ >0: / e P H®dr < oo} < 00,
0
then

1
lim sup " log H(t) < y.

11— 00
Proof We will prove this lemma by contradiction. Suppose that lim sup,_, ., t~!log

H(t) > y. Then there exist ¢ > 0 and a non-decreasing sequence {f,},>1 such that
0<t, 1 oocasn — ooand
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log H(ty) > ty(y +¢€p), foralln > 1.

Moreover, we assume that 7, > s:f_l for a certain sequence (s;;),>1 which will be
constructed below. By definition of y, we have that

oo
/ e YT H(1)dr < 0o, foralle > 0. (A.1)
0

We claim that there exits s; > #; such that H(s;) < e +€0/2s1_[f this is not true,
then

H(t) lypngyy > VT2

which leads to the following contradiction with (A.1):

o0 o
/ =0/ B (1)dr > / e He0/ A e/ Dt gy — o
1

131

Let ri = inf{s; > 11; H(s;) < eWT<0/2$1} Then H(t) > eW+/2! for any
t € [, r1). Since H (¢) is non-decreasing and H (¢1) > eVl the smallest possible
value for r| is obtained in the case when the function H (¢) is constant with value equal
to e F€0)l starting from # until it crosses the function e +€0/2" n this case, r = s}

* . .
where eV €0/2sT — e(r+e)ti For g general non-decreasing function H,r; > s7.
Hence,

N (y+eo0/2n N ith ¢ — €0
H(f)l{te[tl,sll} = e 1{t€[tl,s1]}’ with sy = (1 + 2y +60> f.

We now select £> such that t, > s]k and 7, > t1. In the same way, we have that

B (y+eo/2)t * i = —0
H(;)1{t€[t2’s2]} >e 0 21{,e[z2,s2]}, with sp = <l + 2+ 60) n.

In this way, we can find a sequence of disjoint nonempty intervals {[#,, s ]},>1 such
that

. €0
H(t)l{te[t,l,x;;]} > e teo/Di 1{1‘6[,‘"“?;]}, with S; = (1 + m) ty,

for all n > 1. Now we have that

oo o sy
/ e (> Y / o= (v He0/ Dt o (y+eo/Din g
0 ,
n=1

=1
=5 — (1 _ ef<y+eo/2><s;ftn>)
=V + €0/2
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& 1 €0t
ERrE——
Yy +€p/2

n=1
° 2 €of
3 (1 _ e—(}’+€0/2)2y+e0> — oo,
— 2y +¢€o
n=1
which contradicts with (A.1). This proves Lemma A.1. O

Appendix B: Continuity of J, in L? ()

The following result is an extension of Proposition A.3 of [6] to higher dimensions d.

Proposition B.1 Fix (¢, x) € (0, c0) x R?. Set

Bi.x ::{(t’,x/)e(O,oo)de: 0<t/§t+%, |x/—x|§l}

Then there exists a = a; x > 0 such that for all (t’, x’) € B, andall s € [0,1'] and
y € RY with lyl > a,

Git'—s5,x' —y) <Gt +1—s5,x—y). (B.1)
Proof By direct calculation, we see that inequality (B.1) is equivalent to

d / 2 2 /
(x; — i) (xi — i) t'—s
_ <d 1 _, B.2
Z( t—s +t+l—s =¢ 108 t+1—s (B-2)

i=1

where x = (x1,...,x4), x" = (x],...,x)) and y = (y1, ..., ya)-
We fix (¢, x). In order to find a = a; x, we will freeze d — 1 coordinates. Because

I D L+t —1

t—s t+1—s  (1+t—s)t —s)
X(1+t—s8)—x(t —5) 2+ ()ci—)clf)2
Y 1+t—1 1+t—1

x; —x))?
< Gim )" <2(x; —x))? <2,
1+t—1

we have
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for any index j = 1, ..., d. Hence, inequality (B.2) holds, provided that there exists
anindex j = 1,...,d such that
(x}_yj)z (xj—yj)z ' —s
— <d 1 — ) —=2d-1). B.3
t—s +t+1—s - Og<t+1—s) ( ) (B.3)
This shows that condition (B.2) holds, if for some index j =1, ..., d, we have:
(x}_yj)z ()Cj—yj)2 t—s
— <2d 1 ), B4
t—s +t+l—s - Og<t+1—s) (B4)
and

O =y)? (= y)?
_ ~’t,_sj + t-:rly_fs < _—4d—1). (B.5)

By Proposition A.3 of [6], there exists a constant a; = aj;x > 0 such that (B.4)
and (B.5) hold for any (¢/, x}) with0 < ¢ <t +1/2 and |x;. — x| < 1, and for any
yj € Rwith |y;| > a;.

Let a := a;+/d. Note that {y e R? : |y| > a} C U”;:l Bj, where

sz{yz(yl,...,yd)eRd:|yj|2a1}, j=1,....d.

Therefore, for any y € RY with |y| > a, there exists an index j = 1, ..., d such that
|yjl = ai. As we have shown above, this means that condition (B.2) holds for this y,
for any (¢', x") € By . O

Lemma B.2 Jj is continuous on (0, 00) x R4,

Proof Fixt > 0 and x € R?. By the definition of Jy, we have:

[Jo(t, x) = Jo(t', x")| < /Rd IG(t,x —y) = G(t',x" = y)| luol(dy) =: L(t, 7, x, x").

We claim that:
lim L@, ¢, x,x")=0. (B.6)

(', x")—(t,x)
To see this, we write L(¢,t', x,x’) = Li(t,t',x,x") + La(¢t, t', x, x") where
Lyt x,x) = / (Gt x — y) — Gt x' — )| luol(dy). and
[y|=a

Lot 7', x, x') =/ Gt x — y) — G(t' %' — )] Juol(dy),

lyl<a

and a = a, , is the constant given by Proposition B.1. By enlarging a if necessary, we
may assume that r > 1/a. By the dominated convergence theorem and the continuity
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of the function G, we see that L; (¢, ¢, x, x’) — Owhen (¢, x’) — (¢, x),fori =1, 2.
To justify the application of this theorem, we argue as follows. For L (¢, ¢/, x, x'),
we use Proposition B.1 to infer that for any (¢/, x') € B, and for any y € RY with
|y| > a, we have:

IG(t,x —y) = G(',x' —y)| <2G(@t + 1,x —y).

For L,(t,1', x, x"), we use the fact that for any ' > 1/a,x’ € R? and y € R? with
Iyl < a,

Gu'x' =y N <_ R y>2>
2t

Git,x—y) J¥ 2t
Vi |x[* + |a|?
< =:C s
= JTa exp ( ; ) t,x
and hence |G(t', x' —y) — G(t,x — ¥)| < (C;x + DG, x — y). O

Lemma B.3 Forany p >2andn > 1, J, is L?(2)-continuous on (0, 00) x R,
Proof We proceed as in the proof of Lemma 3.6 of [2]. We divide the proof in three

steps.
Step 1. (right-continuity in time) We will prove that for any r > O and a > 0,

lhil% 1 Ju(t +h,x) — Ju(t, x)]|, =0 uniformly in x € [—a, al?. (B.7)

For any h > 0, we have:

1 (t + h, x) — Ty (6, )12 < (p = D' 1 Jn(t + hy x) — Ju(t, X113
(P = D" faCot + 1) = fuCot, ) 3 gen

2
S ;(An(taxﬂh)_'_Bn(t’x’h))’ (BS)
where
An(t,x, h) = D2 fuCot + ) Lo — fa Gt 0) 3, (B.9)
By(t,x,h) = () fu G 1+ by ) 10,007 3 g6n - (B.10)

We evaluate A, (¢, h, x) first. We have:
n
antech = [ TTvt; = spulh, w9,
[0,¢]5 =
j=1
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where

n 1 n n
Vin®9) = /Rndﬂgi,,ih,x 8o )G B

x F 0 — 8 ) B (dED) - p(dEy).

Similarly to (3.4), we have:

At h,x) <T7 / Y todt=T7 ) / Y (vt
(0.m pes, Y0ty < <tpm<t
(B.11)
If ty(1) < -+ <lpm) <! =:lpm+1), then by (3.5),
F e s — 8 DL )
2
= ptt) — Loy
< A2 J2(t, x) exp LT o to(hEn(i)
* ,E Lo Tp(k+1) Z_‘: S
n 2 n 2 2
Lt+h—tow 1t —tow)
exp| —z————- ti&; —exp| —z——— ti&;
Pl =3 toe)(t + h) ; j&i L PRy ; j&
n 2
ptet) —lph)
= 22" J2(t, x) exp L) pu to(hEp(j)
i kl:[l tp ) p(k+1) 2:: e
2 2
h n
l—exp| ————— tiE; ,
p 2+ h) JX_; &)
and hence
l n
(n) n g2
2
oG+ — Ipk)
Io(jH§
ot Lot ) 1231 PSP ()
N 2
h n
X|[l—exp| ——— ti&; d&p). .. dé&y,).
) R rranys ; j&i| || gD - e (dEn)
(B.12)
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Using (B.11) and (B.12), it follows that

An(t, h,x) < TP J2 (1, x)n! / / exp
* (2 )nd O<ty<--<ty<t R”dl_[

2
1 — I
t
Tklk41 Zléj
j=1
2N 2
h n
1-— _ tE;
x PN T+ ; i8i
w(déy) ... u(dg,)de ... de,, (B.13)

with the convention #, 11 = . By the dominated convergence theorem and (3.20), we
conclude that
%i?(} Au(t,h,x) =0 uniformly in x € [—a, a]d. (B.14)

As for B, (t, h, x), note that

n
Bu(t, h,x) = / [1r@ —spvs t.9)1p,,®1p,,(s)dtds,
[0 [+h]2n 1

where D, , = [0, t + h]"\[0, ¢]" and

1
yth) (t.s) = Qn )nd/ gt[+hx(élv~-"g)

Fgn Elo e ED(ED - u(dEn).

Similarly to (46) of [2], it can be proved that
Bu(t,h,x) <T7, / v (. O1p,, (B)dt. (B.15)
[0,t+h1"

Iftp(l) <<ty <t + h, then by (3.5),

\FgtrtnxEL .. &)

2
n—1
Lptk+1) — Lok
<A J2(t, x) | |exp NSRRI AN E to(i&
= + PSP ()
el Iotlpte+1) |2

2

X exp ——t+h_tp(") Xn:tf-
t+mpm |7
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and hence, by Lemma 3.4

2
n—1
(n) 2 Lokt —lptk)
(t,t) <X J (t,x)—— / t
Yihx Qn )nd Rndl_[ oot ) jZ; p(HEP(j)
" 2
t+h—tym
X €X —_—_— ti&; d d
i v ; & | gD . pa(déy)
= totk+1) = Tp(k)
< AR X)——— / exp( LEE 20 |ty )u(dsk)
+ (zn)nd!:[l Rd tp(k)tp(k—i-l) |,0(> |
t+h— ton) 2)
x exp| ——— 2% | dg,). B.16
/R , p( U Tty ol ) & (B.16)

Using relations (B.15) and (B.16), and the fact that

D = U {1, ) 0 <tp)y <o <tpm) <t+h, tym >t}
PESn

we obtain that

t+h
B(zhx)<r,+h2/ /0

pES, <lp(1) <+ <lp(n—1)<lp(n)

Vz('/?x(t tdrpy - dfp(n 1)dtp ()

h
< F” hkznﬂ(’ x)n! g ft+ /
(2 )n O<ty<-<tph_1<ty

n—

Tet1 — Ik
[1 f exp (—*—mskﬁ) p(dén)
k1 VR Ticlk41

x/ exp (==t e ) e dry . deyde
iy p (t+h)tn hén n n 1- n—14l,

t+h
2n 32 (n—1)
F,+hx"1+(r,x)n!/ / V@, Dk
t O<t)<-<ty_1<ty

20t +h —
( (r + tn)tn)dtn
t+h

~ 2(t+h_tn)tn>dtn

t+h
2(h—s)(t+s)>
— " |ds
t+h

2n 72 | pn—1 o
A2, xn! 2 B 1 (t)k
t

h
rt+hx2"ﬁ(r,x)n!2"*1/ h,,_l(t+s)k(
0

2(h — s)t

<TI?
t+h

h
t+hﬂ”1ﬁ(r,x)nlzn—lh,,,](t+h)/ k( >ds (B.17)
0
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where the second last inequality is due to Lemma 3.6, and for the last inequality we
used the fact that 4,1 is non-decreasing and k is non-increasing. By the dominated
convergence theorem and (3.20), we infer that

%iir(} B, (t,h,x) =0 uniformly in x € [—a, al®. (B.18)

Relation (B.7) follows from (B.8), (B.14) and (B.18).
Step 2. (left-continuity in time) We will prove that for any t > 0 and a > 0,

}qi% (¢ — h, x) = Ju(t,x)]| , =0 uniformly in x € [—a, a]’. (B.19)

For any /& > 0, we have:
1t — hyx) — Ju(t, )1 < (p = D' [ Jn(t — hy x) — Ju(t, 013
(P = D" [ fult —h,x) = FuCot, ) 130

2 /7 /
- (A, (t,x, h) + By (1, x, h)), (B.20)

IA

where

ALt x by = DA (ot =1 x) = fulot, )10 —np 3gen,  (B.21)

B)(t,x, 1) = ()| fu . 1, ) o, 0,0—np 13 o (B.22)

We evaluate A; (t, h, x) first. We have:
n ’
At x) = / Ire - U (¢, s)dtds,
[0,t=h]=" 5
j=1

where

yly(ts) =

1 ) )
Gy fR G 8l )

x F(gl =8l ) ED gD . u(dEy).

Similarly to (3.4), we have:

ALt h,x) < F{Lh/ v (t, Hdt
]Vl

0.1k t,h,x
=TI,y / wl (¢ Hdt. (B.23)
pESn 0<tp(1)<-~-<tp(n)<t—h
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Ifty0) < -+ <tpm) <t —h,thenby (3.5),

F (g — 8y D EL L ED)

2
n—1
t (k+1) — tp(k)
< 22 g2 (t, x) exp Lptk+1) — Ip(k) -
+ ]!:[1 Lokl p(k+1) ]X; PSP ()
2 2
n
e Lt—h—tpm
o 2 ! X — 1:E;
p 2 l‘f,o(n) jzl 13 p 2 (t—h)tp(n) ; &)
‘ 2
! —t
= )@n]i(t, x) l_[ exp Lotk+1) — Tpk) th(/)gp(/)
k=1 Loty to(k+1) 1
- j=
n 2 . 2 2
t=h—tw i
Xexp | ———————— ti&; l—exp| ———— HEs ’
= Mtom ; 757 2t(t — h) ]2:; j&j
and hence
2
(n) n 12 t,O(k+l) _ t,O(k)
‘/f (t1 t) S F J (t,_x) / eX t é
th,x 4+ 2r )nd 1_[ Lot to(k+1) ]Z:l p(HSP(j)
" 2
t—h—1tw
bl Iy vl PSLL
2 2
h
X|1l—exp| —— tiE; déy) ... dé).
e JX—; s || #ED) ()
(B.24)

It follows that

Al(t b, x) <TIAPTE(t, x)n!

(2]-[)}1(1 O<ty<---<ty<t—h Rnd

n—1 ‘ i k 2
k+1 —
[Texe T >t
k=1 L I
" 2
t—h—t,
X ex e — t:E;
Pl =mn, ]X_: 75
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n

h
X 1—exp —m thfj

j=1

p(d&p) ... w(d&,)dey ... de,, (B.25)
We will now prove that

Li% A;(t, h,x) =0 uniformly in x € [—a, a]d. (B.26)

For this, we assume that & € [0, £/2]. Notice that:

n AT n 2 ?
t—h—t, h
exp (t — W)t ; jS] exp %G —h) ]2:; ji:j

2 2
n

t—h—t e
< exp —_—n théj min | — théj , 1
(& — M)ty j=I ! j=1

For this, we used the fact that (1 — e”“)2 <1—e ¥ <min(x, 1) forx > 0. Now we
move the exponential inside min(. . .) and consider the two competing terms separately.
For A > 0 and x > 0, we see that

A A
exp (—E;ﬂ) x% = exp <—5x2 + 210gx> < (2/e)A7" (B.27)

This can be seen by noticing that the function f(x) = — %xz + 2logx, x > 0 attains
its maximum at xo = /2/A. Hence, inequality (B.27) implies that

2 2
t—h—t, | h | &
xp | = |22 | |22k

¢ =mtn ‘= =

J= J=
" 2

20 (t — W)ty t—h—t,

Selt—h—np P 2(t — h)ty, JZ_;’E’

2

n

2h t—h—t,
B — - t:E:
S et—nh—1) P\ 20—y, ; i8i
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The second term is bounded by

2 2

. e | TN, g
P (z —h)tn Z L e R yrysvs 12_: 4]
Therefore,

t—h—ty | h v
exp (t—h)t théj min t—zjzltjfj 1

2

t—h t—h—1t . 2h
< exXp 2([ — h)t Zt]§] min (m, 1) .

Putting the above bounds back into the expression of A;, (t, h, x), we see that

1
Al (t, h,x) < TPA2J2(t, x)n! / dry .. .dt,
" ! + (zn)nd O<ty<---<ty<t—h "

/ n(dér) ... n(dgy,)
Rnd

2Uptet1

n—1 k
Ter1 — Ik
X Hexp _ E ti&;
k=1 j=1

t—h—1t, | & 2h
N g in(———,1
P T o, JX_; I <e(t—h—tn) )
=: TIA2 T2 (t, x)n! ALt h).

Relation (B.26) will follow from (3.20), once we prove that:

}}irrb Al(t,h) = 0. (B.28)
We will use the fact that
1 tk+1 tk k ? tkLl _ I k t: 2
_ 2 2 Jg.
2 filpgn théj B U{Tﬂ% Z 2 g (B2
= ]:1
forany k = 1,...,n, with t,, 1 = t — h. Using the change of variables 7; = #;/2
fork =1, ..., n, and recalling the definition of the integral It(")(tl, ..., 1;) given in
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Lemma 3.3, we see that

AZ(t,h) :ZH/ B min( h , 1) w(t, .o ty)dey ... dt
O<t1<-- <t"<T ( tn
h

= 2” / h min 11— h 4 1 Jt(nl)l (tlv . tn)dtl e dtn
O<ty<-<ty<5t ( — 1)

t—h
z h 2058 — )t
:2”/ min — 1]k ( — n)tn
0 ( — In) T
X (/ th,"_l)(tl» o teodf ...dtn_l) dt,
O<t)<-<ty_1<ty

t—h
it h 2(15h —
522”_1f ’ min| ———, 1% —( 2 $)s h,—1(s)ds
t—h t—h
0 e(= —s) 7z

2 = . (h
<2 ”/ min ( —, 1 ) k(s)h,_1(t — s)ds,
0 es

where the first inequality is due to Lemma 3.5, the second last inequality is due to
Lemma 3.6, and the last inequality can be proved similarly to (3.12). By the dom-
inated convergence theorem, the last integral converges to 0 as 7 — 0, because
fOt k(s)h,—1(t — s)ds = h,(t) < oo. This concludes the proof of (B.28).

As for B),(t, h, x), note that

n
B = [ Tt =591, 01, ©dts,
[ ,l] n . N N
j=1

where D , = [0, 1]"\[0, 7 — h]" and ") (t, 5) is given by (3.2).
Similarly to (B.15), we have:

B\ (t,h,x) <T" / vt )1 by, (Bdt. (B.30)
[0,7]" "
Using Lemmas 3.2, 3.4 and 3.6, and the fact that

Dt/,h = U {(t1, ... 10);0 < tp)y < -+ <lpm) <t, lym) >1t—h},
PESH

we obtain that

By (t,h,x) < T} Zf f Y Oty - b i)

0ES, 0<tpy < <tpm—1)<tp@m)

1 t
< T2 J2(t, x)n! —/ / dry ...dt,_ds,
! + Q2m)n=bd J,_, 0<t|<-<ty_| <My " "
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. ]‘[/ (-2 gl oy
! / _t”|ts|2 (dé,)
X [ J—
(27‘[)d i exXp ; nsn 12 n
! 2(t — ty)t
- kaz”.]_%_(t,x)n!/ dtﬂ(M)
t—h t
X / J,in_l)(tl,...,tn_l)dtl co.de
O<ty<-<th_1<ty
! 2(t — ty)t
= R aeom 2 [ bk (%) iy
t—h

h /st —
< F;’kznfi(t,x)n!2"71hn_1(t)/ k <¥> ds. (B.31)
0

By the dominated convergence theorem and (3.20), it follows that

}3?8 B! (t,h,x) =0 uniformly in x € [—a, a]¢. (B.32)

Relation (B.19) follows from (B.20), (B.26) and (B.32).
Step 3. (continuity in space) We will prove that for any r > 0 and x € RY,

\l|imo [Jn(t, x +2) = Ju(t, )|l = 0. (B.33)
zl—

For any 7z € R4, we have

In(t, x +2) = Ju(t, ) p < (p = D' [Jn(t, x +2) = Ju(t, 03

=(p— 1)"% Cult, %, 2), (B.34)
where
Ca(t,%,2) = D2 Fo (o tox +2) = FuCo 1,030
f[ - ]_[ y(tj —spw) . (t, s)dtds (B.35)
and

1
Wets) = 5 /R CFE e~ 8D G E)

x Fe v = e V& EOE) . u(dE).
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Similarly to the previous estimates, we have:

Calt, x,2) < r”/ w" (t, tydt =7 Z/ " (¢, tdt. (B.36)

peS, Y lp(="<lp)
If oy <+ <tpm) <t =1Ipm+l) then by (3.5),
F (8 e — 8 DL ED

n
ptet1) ~Ipk)
=22 [Texp | =221 " tunénii)
Hl To()Tp(k+1) ;

exp [—l; (Z tk%‘k) S+ z)i|
k=1
/ exp {_,- [Z <1 — _> gk] } G(t, x + z — xo)uo(dxo)
R? k=1
[l
k=1
Ad exp i—i |:Z <1 — —) §k:| -xo} G(t, x — x0)up(dxo)

k=1

X

2

Inside the squared modulus above, we add and subtract the term
i " ! t
. t . —7 1— = .
eXP[ t(Zkfk) X}Adexp{ I[Z( t>$ki| XO}
k=1 k=1
G(t, x + z — x0)uo(dxo).
We obtain that
I8y e — 8 DL EI

n k

Lotk+1) — Ip(h)

<2 [Jexp | —2=———25 D totéoti)
,El Lp(To(k+1) ]Z

X

2
. n
l
exp [_; (Z tkék) .z} —1| Jgt.x+2)+ FX(t.x.2) ¢,
k=1
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where

F(t,x,2) = L(t,1,,x +2) =fd Gt x + 2 — x0)
R
~G(t, x — x0)| luo|(dxo). (B.37)

Hence,

n . z
z(,x),z(t’ t) < 22 Ty /Rnd w(déy) ... u(d&y,) 1_[ exp
k=1

2

Lokt —lpt)
To(HEp(j)
Lok o (k+1) jzl

i) -

Using (B.36), it follows that

2

x Jet, x +2) + F2(t,x, 2)

Cottx,2) =2(CV0 3,9+ CR (1, x.2)), (B.38)
where

1 2n 72
C\V(t,x,2) = TP J2 (1, x+z)n'(2 i

2

n
e — Ik
| [ Tlew|- >k
O<ty<-<ty<t JRM Tklk+1 =

2
. n
L
x |exp [—- (Z tkgk> -zi| — 1| p(d&)...pn(dE)dr ... dty,
"\
(B.39)
and
CP(t,x,z) =T"A"F(1, x z)n!Lf / exp
" T ! T (27-[)nd O0<t)<--<ty<t JR
2
e I
1j§j
i ti+1 /2; 121
x w(d)) ... u(dgy)dr ... dty. (B.40)
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By relation (B.6), lim|;|—o J4 (¢, x + z) = J4 (¢, x). By the dominated convergence

theorem, lim;_,¢ C,(,l)(t,x, z) = 0. By (B.6), lim;o F (¢, x,z) = 0, and hence
lim;) o CY” (¢, x, z) = 0. Relation (B.33) follows from (B.34) and (B.38). o
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