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Abstract

In this note, we consider the parabolic Anderson model on R4+ x R, driven by a
Gaussian noise which is fractional in time with index Ho > 1/2 and fractional in space
with index 0 < H < 1/2 such that Ho + H > 3/4. Under a general condition on the
initial data, we prove the existence and uniqueness of the mild solution and obtain its
exponential upper bounds in time for all p-th moments with p > 2.
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1 Introduction

In this paper, we study the parabolic Anderson model (PAM):

ou 1 Ou .
—(t,z) = ==t t,x)Wi(t t>0 R
Sr(ta) = St fut o) W(ka)  t>0.2€R, an
’LL(O, ) = Mo,
with initial condition given by a non-negative Borel measure po on R such that
/ e_‘””Quo(dx) < oo foralla>0. (1.2)
R

Initial conditions of this type (called rough initial conditions) were introduced in [4]
and were considered later for the stochastic heat equation in various settings; see,
e.d., [2, 5, 6] and references therein. The noise W is assumed to be a centered Gaussian
noise that is fractional in time and space with indices Hj, respectively H in the following
range (see the gray area in Figure 1.1):

(Ho,H) € (1/2,1) x (0,1/2) and H+ Hy > 3/a. (1.3)
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PAM with rough noise and rough initial data
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Figure 1.1: The gray area — Area II - corresponds to the range of Hy and H in which the
noise W is rough in space. Area I corresponds to the case when the noise is non rough.

Rigorously, {W(p); ¢ € D(R; xR)} is a zero-mean Gaussian process with covariance!:

EW (W) =am, [ [ ft= P12 Fo(t, ) FOT @A) s = (. )

where ag, = Ho(2Hy — 1) and u(d€) = cy|€|*~2Hd¢, with ey = T'(2H + 1) sin(rH)/(27).
Since H < 1/2, we say that W is rough in space.

We denote by H the completion of D(R; x R) with respect to the inner product
(-,)2. Then W = {W ()} e is an isonormal Gaussian process and we can use Malliavin
calculus to define and analyze the solution to (1.1). We say that a process u = {u(t,z);t >
0,2 € R} is a Skorohod solution of (1.1) if it is adapted with respect to the filtration
induced by W, and forall¢t > 0 and z € R,

t
u(t,x) = Jo(t, x) +/ / Gt —s,x — y)u(s,y)W(ds, 0y), (1.4)
0o JR
where Jj is the solution to the homogeneous heat equation, i.e.,
:1:2
Jo(t, z) == / G(t,x —y)po(dy) with G(t,z) = (2mt)~ Y 2e 5. (1.5)
R

The stochastic integral in (1.4) is interpreted in the Skorohod sense, i.e. it is given
by the divergence operator from Malliavin calculus. We refer the reader to Section 1.3
of [12] for the definition of this operator, and to [2, 10, 9] for similar developments.

The following theorem is the main result of the present article.

Theorem 1.1. If (Hy, H) satisfy (1.3) and if uq satisfies (1.2), then equation (1.1) has a
unique solution u and this solution satisfies: forallp > 2,t >0 and x € R,

(1.6)

H+1 2HU+H—1>
)

E (Ju(t, 2)/") < CLIR(t ) exp (Cop™ T 7

where C7 > 0 and Cy > 0 are some constants which depend on Hy and H.

The novelty of our result is the fact that we consider rough initial condition. One
prominent example is the case pg = dy where J is the Dirac delta measure; see, e.g., [1].

Remark 1.2. When the initial condition is a bounded function or a constant, X. Chen
established, in Theorem 1.2 of [7], the well-posedness of the solution to (1.1) in LP(Q)
under conditions (1.3). Note that recently, Z.-Q. Chen and Y. Hu identified, in part (ii) of

In this note, we denote by Fp = Jra e~ %% p(z)dz the Fourier transform of a function ¢ € L' (R%).
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Theorem 1.3 of [8], the following necessary condition for the well-posedness of (1.1), in
the case when (Hy, H) € (1/2,1) x (0,1/2) and po(dz) = uo(x)dz with ug(xz) > ¢ > 0:

H + 2Hy > 5/a.

In the present paper, we extend X. Chen’s work to the rough initial condition case. This
extension is highly nontrivial. As we will see in the proof of Theorem 1.1 below, to
estimate the moments of the solution, we need to compute a spatial integral and a time
integral. In [7], X. Chen uses the Laplace transform to handle the time integral first and
then computes the spatial integral. This method does not work for the rough initial data.
In a nutshell, moving from bounded initial data to rough initial data, one essentially
changes the underlying motion from the Brownian motion to the Brownian bridge. The
time increments no longer take the linear difference form; see Lemma 2.1. To overcome
this difficulty, we compute the spatial integral first and then use Lemma A.1 to compute
the time integral. This leads to a complicated expression which contains a product ~,, of
ratios of gamma functions; see (2.9). The most delicate part is to estimate ~,,. For this,
we develop some novel combinatorial techniques. Unlike [7, 8] where (1.1) in R? was
studied, in this note, we only study on the one-spatial-dimensional case.

Recently, Hu and Lé obtained in Theorem 3.2 of [10] both the well-posedness and the
following moment asymptotics: 2

H+1 2Hpg+H-1

E (|u(t, )]?) < CPt PP+ exp (Cop ™ ¢~ 7 ), forallp>2,¢t>0,z€R, (1.7)

under weaker conditions on pg, namely, po is a Borel measure such that
/ (1 + |§\*<H*1/2>) e e Frg(€)|de < CtF forallt > 0, (1.8)
R

for some C' > 0 and 8 < Hy, where Fp is the Fourier transform of py. Condition (1.8) is
more restrictive than (1.2); see Remark 1.3 for one example. While our exponent in (1.6)
recovers that of Hu and Lé in (1.7), the factor Jé) (t,z) in (1.6) looks more natural than
the corresponding factor in (1.7). For example, when the initial condition is a bounded
function (resp. the delta initial measure), then as ¢ — 0, the factor Jg (t, z) will not blow
up (resp. blows up at the exact rate ¢t~%/2 for 2 = 0 and will not blow up for z #0). But
it is not clear whether the factor ¢ ?(8+2H-1)/4) in (1.7) would blow up or not, which
depends on the sign of the exponent of ¢.

Remark 1.3. Our condition on the initial data allows growing tails, for example, p(dx) =
z?dz. In this case, [, e~ 32dy = /7 2 1a=3/2 < oo for all a > 0. Hence, condition (1.2)
is satisfied. But this initial condition cannot satisfy condition (1.8) because F[z?%](¢) =
§”(¢) (in the generalized sense, see, e.g., Theorem 7.4 of [14]), which is a genuine
distribution and hence does not have module or absolute value.

Finally, this paper can also be viewed as a continuation of [2] where the case of rough
initial conditions and (Ho, H) € (1/2,1)? (see Figure 1.1) was covered.

2 Proof of Theorem 1.1

We denote by I, : H®™ — H the multiple Wiener integral of order n with respect to
W. It is known that the solution u exists if and only if ) -, I,(fn(-,t,z)) converges in

2This is relation (3.6) of [10] with ag =2 —2Hp and o« = 2H — 1; see also Remark 3.5 (ii) ibid.
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L?(Q), and in this case the solution has the Wiener chaos expansion:

u(t,z) = Jo(t,x) + Y In(fu(-t,x)) with

n>1

n
fn(tl’xlv ve - ,tn,xnatvx) = H G(tj+1 - tj’ Tj+1 — xj)JO(tlv$1)1{0<t1<...<tn<t}a
j=1

and t,4+; =t and z,,4+; = z; see for instance [2, 9]. By the orthogonality of the terms in
this series, the necessary and sufficient condition for the existence of solution is:

> o nlllfa(t2) [Fen < oo, (2.1)

n>1

where fn(-, t,x) is the symmetrization of f,(-, ¢, x), defined by:

fn(tlamlw- s by Ty SU ' Z fTL "atp(n)7mp(n)7t7x)a
pESH
where S,, is the set of permutations of {1,...,n}. For any t = (¢1,...,t,) € [0,t]",
s =(s1,...,8,) € [0,t]", we denote

(n)(t s) = (n!)g/ M(d§1)~-~u(d§n)fﬁ(t1,-,--- tns st ) (€10, 6n)
Rd
XTF fa(S1y sy Syt @) (Er, o En).

We will use the following result.
Lemma 2.1 (Lemma 3.2 of [2]). If0 < Loy <-on <Tpm) <t=tpnt1) then

(ks < B [ Hexp — et —Tolt) thm@ u(d) . p(dy).

p(k+1)t

We will also use the following estimate, which is a consequence of Holder’s inequality
with p = 1/H, and the Littlewood-Hardy-Sobolev inequality (see, e.g., [11]):

QHO/ H |t s |2Ho 2 p(t)p(s)dtds < b?lo (/]R"

+]1 +

2H,
|go(t)|1/H0dt> . (2.2

Lemma 2.2. Forn > 2 and =1, ...,x, € Ry, it holds that

n

S, =1 1_[(37;€ + Xp—1) = Z Hx?j, (2.3)

k=2 acA, j=1
where A, is a set of indices a = (ay,...,a,) such that card(A,) = 2"~ and
a € {1,2}, a,€{0,1}, ao,...,an—1 € {0,1,2}, (2.4a)
Y aje{ii+1} fori=1,--,n—-1Y a;=n, (2.4b)
=1 =
a; + a1 €{1,2,3} fori=2,...,n—2, (2.4¢)
a1 +as €{2,3} and an_1+a, € {1,2}. (2.4d)
ECP 27 (2022), paper 65. https://www.imstat.org/ecp
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14

14

Figure 2.2: The eight paths for n = 4, from (1, 1) to either (4,3) or (4,4), correspond
to the eight monomials in the expansion of Sy = z1(x1 + z2)(z2 + x3)(x3 + x4). All
paths should stay in the dashed envelope. The four digits correspond to the value of
(al,. .. ,a4).

An expansion similar to Lemma 2.2 can be found in [9, p. 488]. Our result is
slightly more precise. For example, instead of a1, a,, € {0,1,2}, we have a; € {1,2} and
an € {0,1}.

Proof of Lemma 2.2. Clearly it holds for n = 2. Assume that the statement is true for
n > 2. Then

n n n+1 ,
_ _ E a; +1 E a; . E a;
Sn+1 = Sn(l'n +£L’n+1) = fox;? + H$i7$n+1 = H xil.
a€A, i=1 a€A, i=1 @' €Ay i=1
The statement for n+1 follows by considering separately two cases: (i) a} = a1,...,a,,_; =
! !/ 33 / !/ !/
an-1,0, = ay +1,a;, 1 = 0; and (i) aj = a1,...,,a;, = ap, a1 = 1. O

Remark 2.3. Lemma 2.2 can also be proved using a path representation. Since this
representation will be used in the proof of Theorem 1.1, we explain it here. To each
monomial z{* ... z%" in the expansion of S,, one can associate a path starting from (1,1)
and going to (n,n) or (n,n — 1), depending on whether z,, is present or absent in the
monomial. This path is composed of n — 1 segments, which correspond to exponents
ai,...,a,_1 (in this order) and are constructed as follows:

-if the exponent is 0, the path moves 1 unit to the right and 2 units up;

-if the exponent is 1, the path moves 1 unit to the right and 1 unit up;

-if the exponent is 2, the path moves 1 unit to the right and 0 units up.

See Figure 2.2 for an illustration of this correspondence with n = 4. See also
Figure 2.3 for the properties in (2.4).

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Denote J,(t,z) = L,(f.(-,t,2)). Let C be a constant which de-
pends on Hy and H and may be different from line to line. The proof consists of five
steps:

ECP 27 (2022), paper 65. https://www.imstat.org/ecp
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Figure 2.3: Illustrations of properties in (2.4) with n = 7. Each monomial in the expansion
of (2.3) corresponds to a path from (1,1) to either (7,7) or (7,6). The dots indicate the
possible choices for the position of the path.

Step 1. Note that 1/}152,) (t,s) < u)t(z) (t, t)l/%,fj;) (s,s)'/? by the Cauchy-Schwarz inequality.
Combining this with inequality (2.2), we obtain:
~ 1 N
E (| 7,(t,2)) = nlll ful . 2) [pon = —ay / . H [ty = 50205 (1, 5)deds
- 0,¢]2n

2H,

1 " o
< E ?{0 Z / wwg,x)(tw t) 2Ho dt . (2.5)

pPES, 0<t (1) <...<tp(n)<t

By Lemma 2.1, for any p € 5, fixed, we have:

/ ) (¢, 1) 70 de < /0 (t,x)/ dt
0<tp(1) <o <tp(n) <t 0<t p(1) <o <tp(n) <t

L
2H,

- —t
/RHexp AGS C] th(g)é} u(d€r) .. p(den)

(et Lok 1) ok

Using the change of variables t;, = t,;) for k = 1,...,n, we see that the integral on the
right-hand side above does not depend on p. Hence,

(’I’L) gH 1/H0 (’I’L) ﬁ
Lt r)odt < Jy' 70 (L, x) I (t1, ... ty)# o dt,
0<tp(1)<...<tpn)<t {0<t:1<...<tp <t}

where

(e vt) = [ nHexp S Zt@ n(dgr) ... p(den)
2

tet1tk

ECP 27 (2022), paper 65. https://www.imstat.org/ecp
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and t,,1 = t. Taking the sum over all p € S,, and coming back to (2.5), we obtain:

2H,
(G 2)[?) < TR, 2)bT (nl)2Ho- ity t)Tdt| . (2.6)
E(lJ 2 J2 b 1\2Ho—1 I()
{

0<ty <...<tp <t}
This inequality is similar to Lemma 3.3 of [2].

Step 2. We now estimate I(")(tl, ...,tn). We use the change of variables z; = t;{; for
j=1,...,n, followed by n;, = Z 1z for k=1,...,n. We obtain:

It(n)(tlw";tn = CH <

<.
Il 3
—

~

S

k
teyr — e 1-2H
dzHexp — E Zj |2k
7=1

tk+1tk

k+1 — Uk 2 — _
(H e i |7 }) "2 T e = e |2

k=2

n N\ 2H-2 n —
k+1— Uk
SC%( ti) / (H { = I |}>77 "~ 2HH (e R e
i—=1

k=2

where dz'=dz; ...dz, and similarly dj = dn; ... dn,.
By Lemma 2.2 (see also Remark 2.3 and Figure 2.2 for more explanations),

n
m|* 2HH iR R B Hln ((=2as — N T T Iyl
k=2 a€A, j=1 a€D,, j=1

where D,, is the set of all multi-indices o = (ag, ..
j=1,...,n,and a = (ai,...,a,) € A,. Therefore,

.,0p) With o; = (1 — 2H)a; for all

2H—

n n s lj+1 a;
KV, ote) < ey | Tt Z H{/ exp< Jt++ JW )|nj| Jdm}.
i=1 !

aeD, j=1

Each of the integrals above can be computed explicitly. By Lemma 3.1 of [3],

1 14a
/ e—tlf|2|§ad§:1“< 42—Oé>t_J5 forany ¢t > 0 and @ > —1.
R

Hence,
2H-2 1o,
n —_
I™ (.. t,) < C" b 7t
¢ (t,.t H Z H t. t]+1
j=1 aeD, j=1
4H— 3+a1 N 4H-2+4aj_1+aj an+ n aj+1
Z I [Tt -t
€D, =2 j=1
Step 3. Taking power 1/(2H) and returning to (2.6), we obtain:
2Hg
anp+1
Jo(t,x) < J2(t,2)C™ (n))*Ho—1 t 4 / Ht‘“ (tir1 — t:)Pdt
€D, {0<t1 <. <ty <t} ;4
2.7)
ECP 27 (2022), paper 65. https://www.imstat.org/ecp
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where
4H — 3+ o

i=1 ~ a; +1
d 8, =—-2
and 5 4H, "’

< i o
Q=N 4H -2% a1 +ay j=1,....n.

4H,

Now we verify that the conditions of Lemma A.1 hold for the integrals in (2.7). Clearly,
& > —1. When a; = 2(1 — 2H), condition 3; > —1 becomes H + Hy > 3/1; see (1.3). Now
we verify that
k ~
> (@ +Bi)+k+1+0ax >0 forallk=1,...,n—1, (2.8)

i=1
using induction on k. For k = 1, using again the condition H, + H > 3/4, we see that

8H0+8H76+Ot1+012
4H,

G+ Bitas+2= > 0.

Suppose that (2.8) holds for £ — 1. We write
k _ k—1 _ _
(@ +B) +k+ 1+ appr = (Z(aﬁﬁiﬂakﬂc) + (ak+1+6k+1),
i=1 i=1

and we notice that a1 + B + 1 = (4Hy +4H — 3+ ag4+1)/(4Ho) > 0. Therefore, we can
apply Lemma A.1 to see that

/ l £ (tis1 — tz')gidt = F@i+1) @:1 LB+ 1) nt\&IHEHn’
{0<ti<..<tn<t} ;| F(|&\ + Bl +n+ 1)

n—1 r k ~ ’B" k 1 ~ (29)
(g +0i)+r+ 1+
it o ] T B 41 )
k=1 DY (@i +Bi) +k+1)
Step 4. In this step, we will show that v,, < 1. Note that
~ ~ H-1 - ~ 4H — 3 .
o+ 61 = 17 and oz;ﬁ—ﬁk:%, k=2,....,n.
Denote 6}, == Zle(&i + B:) + k + 1. Hence,
H-1
+2 ifh=1,
9 o k-1 (2.10)
k= 1 AHy +4H —3 1 —2H « ’
1—— 4k . ifk=2,...,n
am, 4H, *am, ;“ ' "
Note that Al 4l —3 1—2H
Op — Op 4 = 2ot =8 A2 ok =2, .m. 2.11)

4H, 4H,
We see that v, is a function of a;:

N1 (9k + 14—135 (ar + agy1 — 2))
Yular,. .. an) = H T (6;)
k=1 g

Recall that any choice of a; corresponds to a path as shown in Figure 2.3. We claim that

when we move the path downwards, the value of ~,, decreases. (2.12)

ECP 27 (2022), paper 65. https://www.imstat.org/ecp
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k 0, — 0k (a)+akyy) = (ar+ars1)  af —ay s
|
i+2 0 0 0 i+2+
- 1-2H . ) -
{ — — i T
4Hy
7 0 0 1 7T T
1—1 0 1 0 =1 °
| Tj—1
|
-t--— i % -
% i+1 i+2
4 Case II 4 Case III 4 Case IV
421 Tit+2 i+2 1 Tit2 @ i+2 T Tiy2 @
i+14 i+14 Tiga — i+14
/a S Cit1
’
it it T €= it
i—1 i—1 [ i—1
I I Ti—1 !
| | |
-1- - -t--— i : - -t--— i : -
i i+1 i+2 i i+1 i+2
Figure 2.4: Four cases for the positions of the paths (a1,...,a,) and (ai,...,a),) around

point (i + 1,4 + 1). The values of aj, — ax, (a}, +aj_,) — (ar + ary1), and 0; — 0 are the
same for all four cases.

As a consequence, the path that achieves the maximum for ~,, is the one going through

(i,7) fori =1,...,n, i.e., the straight diagonal line — the topmost line. In this case, we
have all a; are equal to one and hence a; + a;+1 =2 foralli=1,...,n — 1. Therefore,
(a1, ...y an) <v(1,...,1) =1 (2.13)

It remains to prove the claim (2.12). Note that all paths stay between the diagonal
and the line parallel to the diagonal, one unit down. If the path does not touch the
diagonal, then no action is taken (the argument below will show that the value of v, is
minimal for this path).

Let (a1,...,a,) € A, be a path which touches the diagonal on at least one point. Say
this point is (¢ + 1,4+ 1) with ¢ + 1 < n. (The case i + 1 = n is similar.) We compare
the value ~v,(a1,...,a,) with the value ~,(a},...,a]) corresponding to another path
(a},...,a,) € A, which is obtained by moving the point (¢ + 1,7+ 1) 1 unit down. There
are 4 possible cases for the shapes of the two paths around the point (i + 1,7 + 1), which
are illustrated in Figure 2.4. Since ay, gives the number of points that the path (a1, ..., a,)
has on line %, it follows that in all 4 cases, a; = a; + 1 (since line i received one point),
aj,, = a;41 — 1 (since line i 4 1 lost one point) and aj, = a;, for all k ¢ {i,7 4 1} (since the
rest of the path remains unchanged). Hence,

1 ifk=i—-1

1-2H . .
ifk=i+1
(a), + ajpq) — (ar +app1) =< —1 ifk=i+1 and 6] —0, =3 *Ho S
. 0 otherwise
0  otherwise
ECP 27 (2022), paper 65. https://www.imstat.org/ecp
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By direct calculation, we see that

1-2H 1-2H 1-2H
j —— (@ i=2) =01+ ——(ai-1+a; -2 d
z—1+ 4HO (az—1+az ) 1+ 4HO ((1 1+a )+ 4HO an
1—2H 1—2H _
9;+H(a;+a;+1—2):0k+ I, (ar + ary1 —2) forallk #4— 1.
Therefore,
y(al, - ap) H L(0; + 40t (0 + afy =2) H r(6))
'7((11,"‘ 7CLn) — F(Qk—F 1413 (ak—l—ak_H —2)) e F(G;ﬂ)

k=1 1
I (01'_1 + 14]3H(a2 1+ta; — 2) 4130H) F(e'

X )
r (91'—1 + 1413H (@i—1 +a; — 2)) r (91‘+1 + 1&35)

By applying Lemma A.2, we see that the above ratio is always less than or equal to
one. For this, we need to check that

1-2H
4H,

z1 = 91 1+ (ai,1 +a; — 2) S Z9 = 9i+1~

This is clear, since by (2.11), 0,11 = 0;_1 + 24H°L§ff3 + 1455 (aj—1 + a; — 2). Here we

use again condition (1.3). This proves the claim in (2.12).

Step 5. We claim that for n large enough,

- ~ 2Ho+H-—1
C (@l + 18] +n+1) > C"(nl)~ 0. (2.14)
Indeed, by (2.10),
~ > 2H()+H—]. 1+Ctn 2H0+H—1 1-H
1= — 1> — 1.
la| + |8l +n+ n ST, v +1>n ST, ST, +

We use the fact that for any a > 0,b € R, there exists N,;, € IN depending on a and b
such that I'(an + 1+ b) > C,(n!)® for all n > N, . Since I' is increasing on (2, 00), we
see that (2.14) holds true. Therefore, thanks to (2.14), we see that for n large enough,

n
2Hg+H—1 _2Hg+H—-1 1tap

1% (g — )Pt < CM(nl) ™ B0 ¢ B g

/{0<t1<...<tn<t} i=1

Returning to (2.7), it follows that E (|J, (¢, z)|?) < JZ(t,z)C"(n!)~H¢(2Ho+H-1)  Finally,

by hypercontractivity, the || - ||,-norm on L?(?) is equivalent to the || - ||-norm (see e.g.
page 62 of [12]), and hence
Hu tx H;D < Z n/2||J (t, m)HQ < Jo(t, x)Z(p_ )n/ZCn/QiH/zt»,ﬂHoJerl
n>0 n>0 ( )
< Cexp (C’pl/HtZHMH 1) ,

where for the last line we used the fact that - o (n,)a < Cexp(cz!/®) for any » > 0 and
a > 0. We conclude the proof of Theorem 1.1 by taking power p. O
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A Some auxiliary results
Lemma A.1l. Suppose thata; > —1, 3; > —1 foranyi=1,...,n, and

k
D (i+Bi)+k+1+a >0 forallk=1,...,n—1. (A.1)
i=1

Then by setting t,,+ =" ,a; and|B| =>""_, B;, we have that

Lot an,...,cm, By .., Bn) = Ht (tig1 —t;)%dt
{o<ti<...<tn<t} j_y

_ Dlaa + DI, T8 + 1) 1:[ P(Eia(0s+6:) +h+1+041) jopjapin
Pllal +18l+n+1) 5 T(S (@ +B) +k+1)

(A.2)

Proof. The lemma is proved by induction. For n = 1, we have:

I(a; + I8y + 1)ta1+ﬂ1+1
(o + 1 +2) .

t
Lt o, B) = / £ (¢ — 1) dty =
0

For the induction step, we use the fact that

t
In(t7a17--~7an7617--~76n):/ tgn(t_tn)ﬁnln—l(tnvaly-~-aan—1aﬂ17~-~aﬁn—l)dtn
0

This proves the lemma. O
Lemma A.2. For any a > 0, the function z — I'(z 4+ a)/T'(z) is non-decreasing on (0, c0).

Proof. Let f(z) =T'(z+ a)/T'(z). Note that f'(z) = f(z) (¢¥(z + a) — ¥(z)), where ¥(z) =
I'(z)/T(z) is the psi function; see 5.2.2 on p. 136 of [13]. By the following expression

1
=— _— for an >0,
7+kz>:1(k+l kE+z ) y.os

with v = lim,, 0o (35— k7! — Inn) ~ 0.5772 being the Euler’s constant (see, e.g., 5.7.6
on p. 139 ibid.), we see that ¢ is a nondecreasing function on (0, c0). Hence, f'(z) > 0
for all z > 0, which implies the desired result. O
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