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Abstract

We consider nonlinear parabolic stochastic PDEs on a bounded Lipschitz domain
driven by a Gaussian noise that is white in time and colored in space, with Dirichlet or
Neumann boundary condition. We establish existence, uniqueness and moment bounds
of the random field solution under measure-valued initial data v. We also study the
two-point correlation function of the solution and obtain explicit upper and lower
bounds. For C!*-domains with Dirichlet condition, the initial data v is not required
to be a finite measure and the moment bounds can be improved under the weaker
condition that the leading eigenfunction of the differential operator is integrable with
respect to |v|. As an application, we show that the solution is fully intermittent for
sufficiently high level A of noise under the Dirichlet condition, and for all A > 0 under
the Neumann condition.
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1 Introduction and main results

In this paper, we study nonlinear parabolic stochastic partial differential equations
(SPDESs) on a bounded Lipschitz domain U in R?. By a domain we refer to a connected
open subset of R?. Consider a second-order differential operator

3 3
L=-) E(ai‘/(x)gj), (1.1)

ij=1 """

where [a;;(x)];,j is a real-valued symmetric matrix that is Holder continuous on U
with some exponent 0 < y < 1 and uniformly elliptic, i.e., there exists a positive
finite constant C such that

d d
CUEP <)) aij(x)EE < Clg|*  forallx € Uand§ € RY, (1.2)
i=1 j=1

where || := /& 12 + -+ 55. We consider operators of the form (1.1) because our
approach in this paper is based on heat kernel estimates for operators in divergence
form (see Sect. 3.3 below). We consider the following SPDE with (vanishing) Dirichlet
boundary condition:

Dut,x)+ Lut,x) =xro (t,x,ut,x)) Wt,x), t>0, xeU,
M(O, ) = V(')v X € U, (13)
u(t,x) =0, t >0, x edU,

as well as the same equation with (vanishing) Neumann boundary condition:

Dut,x) + Lu(t,x) =ro (t,x,u(t,x)) Wt,x), t>0,xeU,
u(0, ) =v(), xeU, (1.4)
Cn?—nu(t,)c)zo, t>0, xedlU,

where n is the outward normal to the boundary dU of U.
We make the following assumption on the noise and correlation function:

Assumption 1.1 The noise W is a centered and spatially homogeneous Gaussian noise
that is white in time with the covariance given by

E[W@E, x)W(s, »)] =8t —s) f(x — ), (1.5)

where § is the delta function and f is a nonnegative and nonnegative definite function
on RY. We assume that there exist constants 0 < Cy < oo and 0 < < 2 A d such
that

Cillx =y P < flx—y) <Cslx —y|™F forallx,yeU.  (1.6)
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For example, f may be taken as the Riesz kernel f(x — y) = |x — y|~#. In both
Egs. (1.3) and (1.4), > > 0 is a constant parameter representing the level or intensity
of the noise.

We need some regularity and cone conditions on the diffusion coefficient o, which
is given by the following assumption:

Assumption 1.2 We assume thato : (0, 00) Xx U x R — Rinboth Egs. (1.3) and (1.4)
is a non-random function such that o (¢, x,0) = 0 for all (¢, x) € (¢,00) x U and
there exists a constant L, > 0 such that

lo(t,x,u) —o(t,x,v)| < Ls|lu — v| forallt >0, x e Uandu,v € R. (1.7)
In particular, Assumption 1.2 implies that
lo(t,x,u)| < Lys|u| forallt >0, x € U andu,v € R. (1.8)

Besides, we will need the other side of condition (1.8) in order to derive some lower
bounds later: there exists a constant /, > 0 such that

o(t,x,u) >Ilylul forallt >0, x e U andu € R. (1.9)

Our results will also cover the important case—the parabolic Anderson model (PAM)
[5]:
o(t,x,u)=u forallt >0, x €e Uandu € R. (1.10)

In this case, our results hold with L, = [, = 1.

We assume that the initial condition v is a non-random, locally finite, signed Borel
measure on U. Denote |v| := vy +v_, where i = 4 — u_ is the corresponding Jor-
dan decomposition of p with 4 being two nonnegative Borel measures with disjoint
support. The exact blow-up rate of the locally finite measure near the boundary will
be controlled via an integrability condition by the leading eigenfunction; see (1.14).
Initial conditions of this type will be called rough initial conditions. An important
example is the Dirac delta measure, which plays an important role in the studying the
long-time asymptotics of the solution; see, e.g., [1] and [16].

For stochastic heat equations on RY, the probabilistic moment bounds and the
two-point correlation function, both under rough initial conditions, have been studied
in [7-10, 14]. As for bounded domains, Foondun and Nualart [24] considered the
stochastic heat equation on an interval (0, L) with space-time white noise and either
Dirichlet or Neumann boundary condition, and studied the moments and intermittency
properties of the solutions. Nualart [33] and Guerngar and Nane [26] extended the
results in [24] to fractional stochastic heat equations with colored noise, but only to
the case when the domain is the unit ball in R¢ plus a Dirichlet boundary condition. In
all these works [24, 26, 33], the initial conditions are assumed to be a bounded function.
Important initial data, such as the Dirac delta measure, have not been properly studied.

One of the main objectives/contributions of this paper is to study the moments and
correlation function of the solution of parabolic SPDEs (1.3) and (1.4) under rough
initial conditions with a uniformly elliptic operator .Z on a bounded domain U C R¢.
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1.1. v/ 1.2. / 1.3. v/ 1.4. v/ 1.5. X

Fig.1 Various bounded domains on R2: Fig. 1.1-1.4 are Lipschitz domains (either convex or not); Fig. 1.5
is a typical example of the non-Lipschitz domain where there is a cusp

For the parabolic Anderson model (i.e., o (¢, x, u) = u) on R4, Chen and Kim [14]
have shown that the two-point correlation function can be expressed as

Elu(t, x)u(t, x)] = 12 // vdy)v (dy') K(r,x —y,x" =y, y =)
R4 xRR4

(1.11)
for some kernel function /C; see also [9] for the space-time white noise case withd = 1.
Under the conditions (1.8) and (1.9) for o, the correlation function also admits upper
and lower bounds of the same form as the right-hand side of (1.11). By establishing
sharp upper and lower bounds for the kernel /C, one can then obtain sharp bounds for the
correlation function. The formula (1.11) is established in [14] by using a convolution-
type operator . It is natural to ask if one can obtain similar formula and bounds for the
correlation function in the case of bounded domains. The convolution-type operator
> on a bounded domain U C R? has been considered by Candil in [4], where this
operator is used to study the localization error between the solution of the stochastic
heat equation on U and the solution of the same equation on R¥.

In [33], it is mentioned that the extension of the moment estimates from the unit
ball—a smooth, convex and bounded domain—to other bounded domains is not
straightforward. One may expect that some geometric and regularity conditions on
the domain would be required. The majority of our results below work for a general
Lipschitz domain (see examples in Fig. 1(1.1-1.4). Convexity of the domain will be
only required for the lower bounds of the moments in case of the Neumann boundary
conditions. Domains with more regularity than the Lipschitz condition on the domain,
such as the C'%-domain (¢ > 0), will allow us to obtain sharper upper moment
bounds under Dirichlet boundary condition. See Table 2 below for a summary of our
results.

For the Neumann boundary condition, there have not been many results except
those in [22, 24, 29], which are concerned with the stochastic heat equation driven
by the space-time white noise on an interval (0, L) in one spatial dimension. In the
Neumann case, they prove that full intermittency occurs for all levels A > 0 of noise.
This suggests the formation of tall peaks for the solutions even when the noise level
is small. However, the precise intermittency behavior has not been well studied for
general domains under the Neumann boundary condition.

Another main contribution of the paper is about the weak conditions, namely, the
rough initial conditions, that we impose on the initial data v. When U = R?, i.e.,
the boundary is at |[x| — o0, and in case of L = —%A, the rough initial condition
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refers to locally finite (signed) measure on R that satisfies the following integrability
condition:

/Rd e~ Py (dx) < 00, foralla > 0, (1.12)

which is equivalent to the solution to the homogeneous heat equation exists for all
time:

x|

(pr % V) (x) :=/ Q1) %e™ 2 |v|(dy) < co, forallz > 0andx € R?.
Rd
(1.13)

Initial conditions of this type were studied in [8, 12, 13]; see also [15]. When the
domain U is bounded, we will show that the integrability condition (1.12) should be
replaced by

/Udmy) widy) < oo, (1.14)

where @ (-) is the eigenfunction corresponding to the leading eigenvalue of the oper-
ator L. In particular, for the Neumann boundary condition case (see Theorems 1.4
and 1.5), since @ (x) is a constant function that does not vanish at the boundary, con-
dition (1.14) is equivalent to |u|(U) < oo, i.e., |u| is a finite measure on the domain
U. In case of the Dirichlet boundary condition (see Theorem 1.7 and Corollary 1.9),
condition (1.14) allows locally finite measure with certain growth rate near the bound-
ary. For specific domains, condition (1.14) can be made more explicit; see examples
in Table 1.

In order to obtain precise moment results and allow rough initial conditions, we
start by considering in Lemmas 4.3 and 4.4 the following heat kernel integral:

//(;2 G(t,x, )G (t,x',y') f(y =) dydy'.

By using the heat kernel estimates in Proposition 3.6, we find that the sharp bound for
this integral is e 2L A ) P2 In particular, the factor of (1 A 1)~h/2 improves the
estimates in [33]. Furthermore, we consider the convolution-type integral of the heat
kernel

// G —5.x,9G( =, x', 2 f(z=2)G(s, 2, y)G(s, 2/, y)dzdd
U

and obtain optimal bounds with a similar factor of (1 A (t_t—m) —h2 . Also, based on these
optimal bounds and the convolution-type operator > as considered in [4], we extend
the two-point correlation formula (1.11) and related bounds in Proposition 6.2, and
establish explicit upper and lower bounds for the kernel function in Propositions 6.5
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and 6.7. In Theorem 1.5, we use these kernel bounds to obtain sharp bounds for the two-
point correlation function. In case of C !**-domains with Dirichlet boundary condition,
we improve the above bounds, in Lemma 7.1 and Proposition 7.2, by including a factor
which contains @ (x)®(x" )P (y) P (y').

As some applications of our moment bounds, in Theorems 2.5 and 2.8, we establish
the full intermittency property for sufficiently large A under the Dirichlet boundary
condition, and for all A > 0 under the Neumann boundary condition. This extends
significantly the results in [24]. We also apply our moment bounds to study the L2-
energy of the solution as a function of the parameter A. This property has been studied
in [22] and [29] on (0, L) in the large A regime, i.e., as A — oo, under the Neumann
boundary condition. In this paper, we study this property in both large and small A
regimes and for a general bounded domain with Neumann boundary condition. We
find that, at a fixed time, when A > 0 is small, the L?-energy of the solution on U has
the exponential rate exp(CA2), which is different from the rate exp(CA* 2~#)) when
A is large (see Theorem 2.8 and Corollary 2.10).

Remark 1.3 Since the domain U is bounded, it is natural to study the SPDE in (1.3)
or (1.4) under the framework of infinite-dimensional stochastic differential equations
as in Da Prato and Zabczyk [17]; see also Cerrai [6] and Prévot and Rockner [37].
However, in order to obtain sharper pointwise estimates of the probabilistic moments
with both ¢+ > 0 and x € U fixed, and in order to demonstrate how the geometric
and analytic properties of the boundary dU affect the solution especially through the
initial conditions, we adopt the random field approach in this paper. The random field
approach was pioneered by Walsh [43] and extended by Dalang [18]; see [19] for a
comparison of the two approaches.

Before we state our main results, let us first introduce some notations. Throughout
the paper, Gp and Gy denote the Dirichlet and Neumann heat kernel, respectively.
We use G to denote either Gp or Gy when we do not need to distinguish the two
cases. We use || - ||, to denote the L” (£2)-norm. Moreover, a A b = min{a, b} for any
a,beR.

1.1 Main results

Our first theorem concerns the existence and uniqueness of random field solution (see
Definition 3.2 below) and the p-th moment bounds of the solution. For any ¢ > 0, set

1 ol
Jc(t,x) Z/UTtd/ze t |V|(dy) (115)

It is clear that J.(f,x) < coforallt > 0 and x € U if and only if |v|(U) < o0, i.e.,
|v| is a finite Borel measure on U. Let w1 be the smallest positive eigenvalue of the
operator . with Dirichlet boundary condition on U, and ®; be the corresponding
eigenfunction such that

(1.16)

LO1(x) = P1(x), xeU,
o (x) =0, x € dU,
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with @; chosen to be positive and usually normalized || @1 |2y = 1; see Sect.3.3.

We use the following convention for the constants u, ¢, and ¢’ in Theorems 1.4, 1.5,
and 1.7. In case of Dirichlet (resp. Neumann) boundary condition, we set © = w1,
c =cp, ¢ =cy(resp. u = 0,c = c3, ¢’ = c4) as the constants given by (3.6)
(resp. (3.7) and (3.8)) in Proposition 3.6 below.

Theorem 1.4 IfU is a bounded Lipschitz domain, the noise W satisfies Assumption 1.1
and o satisfies Assumption 1.2, then there exists a random field solution to (1.3) with
Dirichlet boundary condition (and (1.4) with Neumann boundary condition, respec-
tively). Moreover:

(i) If v has a bounded density, then for all T > 0 and all p > 2,

sup sup |lu(t, x)||, < oo. (1.17)
0<t<T xeU

(ii) If v is a signed Borel measure with |v|(U) < 0o, then there exists a positive finite
constant C such that forallt > 0, x € U and all p > 2,

2 4 ﬁ
t(Cpszngcpfﬂxfﬂ Ly —;.L)

luz, )|, < Ce J.(t, x). (1.18)

In both cases, the solution is unique among all random field solutions such that for
each T > 0, there exists C7 < oo such that

lu(t, x)|l2 < CrJc(t,x) forall (t,x) e (0, T] x U. (1.19)
Parts (i) and (ii) of Theorem 1.4 are proved in Sects.4 and 5, respectively.
The next result is about the upper and lower bounds for the two-point correlation
of the solution. We need a few more notations: for x € U, denote

dist(x, 0U) :=inf {|x — y| : y € U}, U, :={x € U :dist(x,dU) > ¢}, (1.20)

and accordingly,

1 lx—y?
Jee(t, = — e ¢ T dy). 1.21
o1, ) /U e ) (1.21)

Theorem 1.5 (Two-point correlation) Suppose that U is a bounded Lipschitz domain
and the initial data v is a finite nonnegative measure on U. Assume that the noise W
satisfies Assumption 1.1 and o satisfies Assumption 1.2. Let u be the solution to (1.3)
with Dirichlet boundary condition or (1.4) with Neumann boundary condition.

(i) Assume (1.10) or the nonnegativity of the solution, namely, u(t, x) > 0 a.s. for all
(t,x) € (0,00) x U. Then there exists a positive finite constant C such that for
allt > 0and x,x" e U,

4

A i
20| CAPLZH+CAZTB Ly P —
) < Ce

E (u(r, x)u(t, x") M> Jo(t, x)J. (¢, x)).  (1.22)
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(it) Assume (1.9) or (1.10). Then, in case of Dirichlet boundary condition, there exists
0 < gy < 1 such that for all 0 < & < g, there exists C = C(e) > 0 with
limg_,o C(¢) = 0 such that for all t > 0 and x, x' € Uy,

4 A
b =2 (aZzg +CAZF ;P fu)
E(u(t, x)u(t,x’)) > Ce

le—x'?

e 10T Jiaw o (1, ) 1o o (1, X1). (1.23)

In case of Neumann boundary condition, if the heat kernel lower bound (3.8) below
holds (which is the case, for example, when U is a smooth, convex domain and
% = —A; see Proposition 3.6 below), then there exists a constant C > 0 such
that (1.23) holds with e = 0 forallt > 0 and x, x' € U.

Theorem 1.5 is proved at the end of Sect. 6.

Remark 1.6 (Nonnegativity and comparison principle) The condition u > 0 a.s. in
Theorem 1.5 should be interpreted as u(f,x) > O a.s. forallr > Oand x € U. Itis
generally believed that under condition (1.8), if the initial condition is nonnegative,
then the solution to the stochastic heat equation (SHE) is nonnegative or even strictly
positive, which is indeed a consequence of the well-known sample-path comparison
principle for SHE. In particular, Mueller [31] established the sample-path comparison
principle for the case of SHE on [0, 1] with Neumann boundary conditions and space-
time white noise. Later, Shiga [41] proved the case of SHE on R with space-time white
noise. The case of SHE on [0, 1] with Dirichlet boundary conditions was proved by
Mueller and Nualart [32]. The case of SHE on R with a fractional Laplace, space-time
white noise, and rough initial conditions was established in [13] and the case of SHE
on R¢ with rough initial data and with a noise that is white in time and homogeneously
colored in space was proved in [12]. The sample-path comparison principle under the
settings of the current paper is left as a future project.

The last set of results focus on the case of C!'%-domains with the Dirichlet boundary
condition and some variations. Note that C-%-domains are a special case of Lipschitz
domains. We need to introduce some notations:

le—yP?

D (x) T

e
. * . —
W) =1A g and JEG ) ._fU\Iz(t,y)—IMd/2|v|(dy), (1.24)

where @ is the leading eigenfunction. In this case, we are able to improve the previous
results by giving a new condition (1.25) below, namely ®; € LY (U, |v]), which is
weaker than the above condition |[v[(U) < oo in Theorem 1.4 for existence and all
moments of solutions with measure-valued initial data. This new integrability condi-
tion indicates the rate of blow-up for the initial data which is allowed near the boundary
oU (see Examples 2.1-2.4 and Remark 1.8 below), and hence v is not necessarily a
finite measure. Moreover, because

W(t, x) =0 and J'(t,x) < J.(t,x),
xedU
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the bounds in (1.26), (1.28) and (1.29) below strengthen the previous bounds (1.18),
(1.22) and (1.23), respectively, especially near the boundary of the domain. Indeed,

(1) forany? > 0 fixed, when x is close to the boundary of U, the term W (¢, x) in (1.18)
and (1.22) plays the dominant role in pushing the moments to zero;

(2) for any x € U fixed, since W(-,-) < I, when t — 0, the term J (¢, x) =
(pr * [v])(x) defines the behavior of the moments. Here, p;(x) is the heat kernel
on R9 and “+” refers to the spatial convolution; see (1.13).

Theorem 1.7 Let U be a bounded C'*-domain for some o > 0 with the Dirichlet
boundary condition at 0U. Assume that the noise 14 satisfies Assumption 1.1 and
o satisfies Assumption 1.2. If the initial condition v is any locally finite and signed
measure that satisfies the following integrability condition

1Pl w, vy = /U @1(y) Iv(dy) < oo, (1.25)

where @ (-) is the leading eigenfunction of the differential operator £ on the domain
U, then we have the following:

(i) There exists a random field solution to (1.3). The solution has the property that for
some C < oo, forallt > 0and x € U,

N
Z(CPA2L§+C17 FATF L, —#1)
[u(t, )|, < Ce

\ll(t,x).lz”‘q/3(t,x), (1.26)
where |1 and cy are the constants in Proposition 3.6 below. Moreover; the solution
is unique among all random field solutions such that for each T > 0, there exists
Cr < oo such that

lut, x)l2 < CrW(t,x)J (1, x) forall (t,x) € (0,T] x U. (1.27)

(ii) Assume (1.10) or the nonnegativity of the solution, namely, u(t, x) > 0 a.s. for all
(t,x) € (0,00) x U. Then forallt > 0 and x,x" € U,

E(u(t, x)u(r, x'))
4 4
zt<cszg+cxfﬂL§’ﬁ —;u) - * ’
<Ce W, x)W(t, x )qu/3(t» x)J2C1/3(t, x").

(1.28)
(iii) Assume (1.9) or (1.10). Then, there exists C > 0 such that for all t > 0 and
x,x eU,
4 _4
B 2z<6x21§+am1}‘5 —M1>
E(u(r, x)u(t, x')) = Ce

x—x'|?
t

e 10T W (1, )W (1, ) T, (1, X) T, (6, X)), (1.29)
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Remark 1.8 Condition (1.25) holds if and only if
JX(t,x) <oo foralle >0, r>0andx € U.

which is the consequence of the following bounds:

_ _?
((coD) " A De™ T NP1l 1w,

1Pl Lrw, vy

*
=Jo@x) = 1 A td+D)/2

forallt > Oand x € U, (1.30)

where D := sup{|x — y|, x, y € U} and we have used the fact that ®1(-) is bounded
(see Remark 3.7). The proof of (1.30) is straightforward and is left as an exercise for
interested readers.

In fact, Theorem 1.7 can easily be extended for Cartesian products of bounded
C1%_domains to allow some Lipschitz domains; see Example 2.1 below.

Corollary 1.9 Let U be a bounded domain in the following Cartesian product form:

m
U=UixUyx--xUp SR withm =1, Uy SR, d; > 1, and Y d; =d.

i=1

Assume that each U; is a bounded C "% -domain for some o; > 0. Let £, be a uniformly
elliptic differential operator on U; of the form (1.1) satisfying the condition (1.2).
Consider the SPDE (1.3) with & = 4 +- - -+ %, on U with the Dirichlet boundary
condition. Suppose o satisfies Assumption 1.2 and the initial measure v on U satisfies
the following integrability condition

/ [ ]! @lvidr) < oo, (1.31)
Uiz

where CD?" (x;) is the eigenfunction corresponding to the leading eigenvalue pcf]i of the
Dirichlet operator £; on U;. Let J}(t, x) be defined as in (1.24) but with V replaced
by

m q)Ui ;
WH(t, x) i= ]_[ (1 A #ﬁ/;) ) (1.32)
i=1

Then, the statements (i) and (ii) in Theorem 1.7 above hold with @, = sz=1 ufj i
which is the leading eigenvalue of the Dirichlet operator £, and with V defined
in (1.24) replaced by V* defined above in (1.32).

Theorem 1.7 and Corollary 1.9 are proved at the end of Sect.7. Finally, Table 2
below summarizes the main results of this paper.
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1.2 Outline of the paper

The rest of the paper is organized as follows. In Sect.2, we first give some concrete
examples and apply our moment bounds to establish the full intermittency of the
solution and discuss its L?-energy. Then in Sect. 3, we give some preliminaries which
include the definition of the mild solution in Sect. 3.1, the cone condition for the domain
in Sect. 3.2, and the heat kernel estimates for the Egs. (1.3) and (1.4) in Sect. 3.3. Then
in Sects. 4, resp. 5, we derive the moment bounds in case of bounded, resp. rough,
initial conditions, and prove the two cases in Theorem 1.4. The two-point correlation
function is studied in Sect.6, where Theorem 1.5 is proved. The case of bounded
C1-?_domains with Dirichlet condition is studied in Sect.7, at the end of which we
prove Theorem 1.7 and Corollary 1.9.

2 Examples and applications

In this Section, we give some examples of our main results and apply our moment
bounds to study the intermittency property and the LZ-energy of the solutions.

2.1 Rough initial conditions under Dirichlet boundary condition
In this part, we give a few examples to illustrate Theorem 1.7 and Corollary 1.9.

Example 2.1 (Interval for d = 1) Consider the stochastic heat Eq. (1.3) with £ =
—3%/8x2 on an interval U = (0, L) with Dirichlet boundary condition. This is a
smooth, and hence C1¢ domain. The first eigenvalue is u; = (r/ L)? and the corre-
sponding eigenfunction is ®(x) = (2/L)"/? sin(7rx/L). In this case, W (z, x) defined
in (1.24) reduces to (see Fig.2(2.1))

B (2/L)'/? sin (wx/L)
Ui, x)=1A W 2.1
and condition (1.25) becomes
L L
/ sin(rx/L) [v|(dx) < o0 < / x(L —x) |v|(dx) < o0. 2.2)
0 0

Due to the dissipative or cooling-down effect of the Dirichlet boundary condition,
one can inject, at time zero, more heat flow into the domain from the boundary. For
example, the following nonnegative measures with compact support satisfies (2.2) or
equivalently (1.25):

10,1)(x)

10,0)(x)
[sin(zx/L)]P

v = (L — 0

dx or v(dx) = dx, withg <2. (2.3)

@ Springer



Stoch PDE: Anal Comp

Fig.2 Some plots of the function W(z, x) in case of d = 1 in Fig. 2.1 with L =2, x € [0,2] and 7 € [0, 3]
and W(z, r) in case of d > 2 in Fig.2.2 withd = 4, r € [0, 1] and ¢ € [0, 3]. The normalization constant
Cy for the plot in Fig. 2.2 is chosen to be the one in (7.8) so that max; ,)e(0,00)x(0,1) ¥, 1) = 1

But since examples in (2.3) neither have bounded densities nor are finite measures on
the domain being considered, both parts of Theorem 1.4 fail to apply for such initial
conditions.

Example 2.2 (Unit ball in R) Consider the stochastic heat Eq. (1.3) with Z = —A
on the unit disk U = B(0,1) in R?, d > 2, with Dirichlet boundary con-
dition. The first eigenvalue is pu; = z%, where zo is the first positive zero of
the Bessel function Jz2)/2(-), and the corresponding eigenfunction is ®(x) =

Cldlxl(z_d)/ 2J(d_z)/z(zolxl); see Remark 7.4 below for more details. In this case,
W (¢, x) defined in (1.24) reduces to (see Fig.2(2.2) with r = |x|)

x| =72 J 42 12 (z0x])

Cd(l/\\/;)

Similarly to the previous example, we claim that the following locally finite nonneg-
ative measure on R? with compact support

W, x)=1A (2.4)

b(dx) = 150,1)(x)

= md)&', with ‘8() < 2 and ﬁ] < 2, (25)

satisfies condition (1.25). Indeed,

0<

/ |x|(2_d)/2-](d—2)/2(20|x|)dx _ d/‘l r(z_d)/zf(d—z)/z(zor)dr
BO.) x| (1—|xpF o rhld—ph
<CyxCxlI,
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where

e-d)2 1 d

r _ z0r r

C := max C 2)/2(0)<oo and I::/ —_— < 0.
re(0,1) 1—r 0 rbo=1(1 — r)f1-1

Note that the above maximum is finite thanks to Lemma 7.3 below. By the same reason,
condition (1.25) in this case reduces to

/ (I —1|x]) [v[(dx) < oo. (2.6)
B(0,1)

Example 2.3 (Annular domain in R?) Consider the stochastic heat Eq. (1.3) with & =
— A on the following annulus with Dirichlet boundary condition.':

Uz{xeRz:R1<|x|<R2}, 0 < R < Ry < +00.

Note that U is a nonconvex, but smooth, bounded domain. The leading eigenvalue is
n1 = z(z), where z¢ is the first positive zero of the cross-product Bessel functions

Jo(R12)Yo(R22) — Yo(R12) Jo(R2z) =0, 2.7

where Jy(-) and Yy(-) are the Bessel functions of the first and second kind of order
zero, respectively. The corresponding eigenfunction is

®1(x) = CZ(Ix]) with Z(r) := Jo(R120)Yo(rz0) — Yo(Ri120)Jo(rzo);  (2.8)

see Fig.3(3.1) for a plot of ®(x). Similarly to the previous example (2.2), we claim
that

B |x[P01 (x)
(Ry — |xDP2 (Ix| — RP!

v(dx) dx, withgi <2, i=1,2, and By € R,

2.9)

satisfies condition (1.25). Indeed,

@ (x)|x|Podx Ry Z(r)rfotldr
< 5 A= 2 5 7 <2n xCxI,
v (R — [xP* (|x| = R R (Ry—1)2 (r — R)™
where
Z(r) Ry rPotldy
C:= max —— —— <00 and I::f — — < 00.
re(Ri.R) (Ry —r) (r — Ry) R Ry =)=l (r = RpP

I The explicit form of the fundamental solution can be found, e.g., in [36, Section 4.1.2 on p. 418].
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3.1. Annular domain. 3.2. Rectangular domain.

Fig. 3 Some plots of the leading eigenfunction & (x) with x € IR2 both in case of the annular domain in
Fig.3.1 where Ry = 1 and Ry = 3 and of the rectangular domain in Fig.3.2 where L =2

Note that the finiteness of the above constant C is due to the fact that R; and R, are
both simple zeros of Z(r); see Lemma 7.5 below. By the same reason, in this case,
condition (1.25) can be equivalently written as

/ (R2 — |x]) (Jx] = Ry) [v[(dx) < oo.
Ri<|x|<R2

Example 2.4 (Rectangular domain in R? with d > 2) Consider the stochastic heat
Eq. (1.3) with £ = —A on the rectangular domain U = (0, L)d CRYd>2
and L > 0, with Dirichlet boundary condition. Note that for d > 2, U has corners
and hence, is not a C**~domain, but only a Lipschitz domain. The first eigenvalue is
w1 = d x (7r/L)? and the corresponding (normalized) eigenfunction is given by (see
Fig.3(3.2) for a plot)

d
®1(x) = (2/L)* [ [ sin (ﬂ) . forx = (x1,...,xq) € (0, L)%
i=1 L
Similar to Example 2.1, by Corollary 1.9, W* (¢, x) defined in (1.32) reduces to

d

(2/L)"/? sin (mx; /L)
W* (¢, x) = (1 A ) , (2.10)
E 1AW

and condition (1.31) becomes

d d
TX;
‘ "\ d i(L —x; )
\/(O,L)d |V|( x)gsnl( L ) <0 — \/(AO,L)d |V|( x)il](x ( X, )) < 0
(2.11)

Locally finite measures similar to (2.3) can be constructed component-wise.
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Other Lipschitz domains can be considered as an application of Corollary 1.9 as
well. For example, for the cylinder domain

U = {(xl,xz,x3) eR3 :xlz—l—x% <land0 < x3 < 1},
as an easy exercise (which is left for the interested readers), condition (1.31) becomes

fR} (1 - xg) x3(1 = x3) |v|(dx) < oo.

2.2 Intermittency

Following [23] and Definition III.1.1 of [5], we say that u is weakly intermittent if, for
allx e U,

1
lim sup — log E(Ju(¢, x)|*) > 0 and (2.12)
t—>oo0 I
1
lim sup ;log]E(|u(t, x)|?) < oo forall p > 2, (2.13)
t—00

and u is fully intermittent (or simply intermittent) if (2.12) can be strengthened to
.1 2
liminf — log E(Ju(z, x)|7) > 0. (2.14)
t—o00 t

The following two theorems extend the corresponding results in [24] and [33].
Recall that p is the first eigenvalue of the operator . with Dirichlet boundary
condition. Also, recall the definitions of J.(¢, x) and J. (¢, x) in (1.15) and (1.21),
respectively. The following theorem provides moment bounds for the solution and
shows that full intermittency occurs when X is sufficiently large, but not when X is
small.

Theorem 2.5 Let U C RY be a bounded Lipschitz domain. Let u be the solution
to (1.3) with Dirichlet boundary condition. Suppose (1.8) holds. Suppose v > 0 and
v(U) < oo. Then, there exist positive finite constants C, ¢ and ¢’ such that for all
p>2,2>01t>0xeU,

2 4 4
t(epr2L24+¢pT BT Ly P - )
E(lu(t, ©)|P) < CP(Jey (1, %)) e” <C” or "), (2.15)
Moreover, if (1.10) or (1.9) holds, then there eiists 0 < e9 < 1 such that for all
0 < & < g, there exist positive finite constants C, ¢ and ¢ depending on & such that
forallp >2,A>0,t>0,x €U,

4 A
D224 TP ﬁ“)

E(lu(t, x)|") > F”(Jucz,ga,x))”ep’( (2.16)
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Consequently, if 0 < v(Ug) < v(U) < 00, then there exist 0 < Ao < A1 < 00 such
that u is fully intermittent on U, when A > A1, but not when A < Ao as

1
lim sup log]E(|u(t,x)|2) < 0,

—>00

where

- SM},

Q |

2 4
Ao := sup {/\ > 0:2eA2L2 +27FATFL
4

_ s L2212 | ooy g TR
A= A(e) :i=inf (A > 0: A7l +CcAZFly " > gy

Proof The upper bound (2.15) follows from Theorem 1.4. The lower bound follows
from Theorem 1.5 and Jensen’s inequality E(|u(z, x)|?) > E(lu(t, x)|*)?/2.
It remains to prove the last statement of full intermittency. First, since v(U) < oo,

lim sup — 1og (Je, (2, )" < lim sup? (— log(1 A t9) + log v(U)) =0.

—00 —00

Then, (2.15) implies that for all x € U and A > 0,

2 4 A
lim sup 10gE(|u(l x)P) < p(cpksz +c pTFATFLy —/u), (2.17)

t—00

which proves (2.13). Moreover, v(U,) > 0 implies log v(U,) > —o0, hence

| 2
lltm_)})gf ; log (lecz,é‘(t’ -x))

2
> liminf—(— log(1 A 141%y — 4¢, sup |x — y|2 + log v(U€)> =0.
t—o0 t x,yeU

If A > Ay, then it follows from (2.16) that for all x € U,
o] 2 20 | e gt TR
htmmf " log E(Ju(t, x)|7) > 2<ck I+ APl " — ,ul) > 0,
—00
which proves (2.14). Hence, u is fully intermittent on U,. On the other hand, by (2.17),

lim sup - log E(lu(t, x)|*)
11— 00
4

212 Lo B LT _
<2(2cA°L; +27Fc A FLs n1) <0, whenX < Ag,

which completes the proof of Theorem 2.5. O

Similarly, we get the following result from Theorem 1.7 for C!:%-domains.
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Theorem 2.6 Let U C RY be a bounded CY%-domain, where o > 0. Let u be the
solution to (1.3) with Dirichlet boundary condition. Suppose (1.8) holds. Suppose
v>0and ®; € L! (U, v). Then, there exist positive finite constants C, ¢ and ¢’ such
that forallp >2, A >0,t>0,x € U,

]
)1, pt(cpA2L2+c —P 2B Lffﬂ —/,L])

(2.18)
Moreover, if (1.10) or (1.9) holds, then there exist positive finite constants C,cand?¢
such that forallp > 2, A > 0,t >0, x € U,

E(lu(z, x)|7) < CPWP (1, x) (I3, /3(t, x)

4

22 i,s 2-B
p Pt cAcl; +eA 2P — . (2.19)

E(u(t, x)|?) > C’ WP (s, x) (I, (8. x)) e
Consequently, if 0 < || @11y, ) < 00, then there exist 0 < Ao < A1 < 00 such that
u is fully intermittent on U when A > A1, but not when A < Ao, where

4

2 4
A0 sup{k>0 2eA2L2 427 FIATR Ly S,ul},

i

4
A1 :=inf {A >0: c)»zl2 +onEL P > ul}.

=

Asin [24, 26, 33], it is not clear whether the solution is intermittent if A € [Ag, Aq]
in Theorems 2.5 and 2.6 above. Instead, we propose the following conjecture for future
investigation.

Conjecture 2.7 Under the settings of either Theorem 2.5 or Theorem 2.6, there exists
A* € [Ag, 1] such that when A > A%, the solution u(z, x) to (1.3) is fully intermittent;
when A < A*, the solution has all p-th moments (p > 2) bounded in time and is not
fully intermittent.

Theorem 2.8 Let U C R? be a convex bounded Lipschitz domain. Let u be the solution
to (1.4) with Neumann boundary condition. Suppose (1.8) holds. Suppose v > 0 and
v(U) < oo. Then, there exist positive finite constants C, ¢ and ¢’ such that for all
p>2,1>0t>0,xeU,

N et
)p pt(cp)» L2+¢ pZT B L2-F L )

E(lu(r, x)|7) < CP(Jes (2, x) (2.20)

Moreover, if (1.10) or (1.9) holds, then there exist positive finite constants C,cand?¢
such that forallp > 2, A > 0,t >0, x € U,

ii
)p pt(clirc)» -B12 ’3)

E(lu(t, x)|7) = C” (J12¢, (2, x) 2.21)

Consequently, if 0 < v(U) < 00, then u is fully intermittent on U for all » > 0.
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Proof The proof of (2.20) and (2.21) is similar to that of Theorem 2.5. Finally, (2.20)
and (2.21) imply that

4

1 ~ A5
liminf - log E(Ju(r, x)[?) > 2(&213 AT f‘) =0
t—>o00 t

and
~ 1 272 4 o2 iy TR
lim sup — log E(Ju(z, x)|7) < p(cpA L.+ pTP AP L, ) < 0
t—oo I
for all p > 2 and all A > 0. Hence, u is fully intermittent for all A > 0. O

2.3 L2(U)-energy of solution

Following [24, 29, 30], the Lz—energy of the solution u at time ¢ > 0 is defined as

1/2
ém):(Ef |u(t,x)|2dx> ,
U

and the excitation index (at infinity) is defined as

. loglog & (})
lim ———
A—00 log A

provided the limit exists. Note that, for ¢ > 0,

Vol(U,) x inlf] E(lu(t, x)[*) < EX(0) < Vol(U) x sup E(lu(t, x)|?).
xeU,

xeU

As a result of Theorems 2.5 and 2.8, we see that the solution is intermittent for A
large under Dirichlet or Neumann boundary condition, and the energy of the solution
behaves like

4

-8
&) ~ CeC* P for large.
Under Neumann boundary condition, the solution remains intermittent even when

A > 0 is small. However, in this case, the energy of the solution has a different
exponential rate in A than the one above, namely,

&) ~ CeC™ for A > 0 small.

In other words, the excitation index “at zero” is different. We obtain the following
corollaries:

Corollary 2.9 Let u be the solution of (1.3) with Dirichlet boundary condition.
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(1) If the conditions of Theorem 2.5 hold, then for all t > 0,

loglog &;(A) 4
m = .
A—>00 log A 2-p

(2) Moreover, if the conditions of Theorem 2.6 hold, then for all t > 0,

x o dx )2

and

loglog & (h) 4
r—oo  logh  2—p

Note that &; (1) < C&;*(A) for some constant C.

Corollary 2.10 Let u be the solution of (1.4) with Neumann boundary condition and
the conditions in Theorem 2.8 hold. Then for any t > 0,

loglog &; (1) 4 . loglog & (X)
m = and lim ————— =2
A—>00 log A 2—-8 A—>0F log A

3 Preliminaries
3.1 Mild solutions

Let W be a centered and spatially homogeneous Gaussian noise that is white in time
defined on a complete probability space (2, .%#, P) with covariance given in (1.5).

Remark 3.1 Let f be any spatially homogeneous correlation correlation function on
R?; see (1.5). When restricted on the domain {x — y : x, y € U}, f(-) is still a non-
negative definite function. Indeed, for any test function ¢ defined on U,

J[ #ere = sy

B /‘/de @)1y () f(x = y) (@M 1y(y)) dxdy = 0.

Let Z(U) denote the Borel o-algebraon U € R?. Let {W;(A); t > 0, A € B(U)}
be the martingale measure associated to the noise W in the sense of Walsh [43]. Let
{F:, t > 0} be the underlying filtration generated by W and augmented by the o -field
N generated by all P-null sets in F, namely,

Fr=0{W;(A):0<s<t,Ae BU)}VN.
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Definition 3.2 A processu = {u(t, x); t > 0, x € U}iscalled a random field solution
to (1.3) (or (1.4), respectively) if:

(1) u is adapted, i.e., foreacht > 0 and x € U, u(t, x) is .%#;-measurable;
(i1) u is jointly measurable with respect to Z((0, co) x U) x .F,;
(iii) foreacht > Oand x € U,

t
]E(/O as [[ avay 6 =s.x oy uts, 0 16 = )
G(t—s,x,y)a(s, ¥, u(s,y'))) < oo; 3.1

(iv) u satisfies

t
u(t,x) = J(, x)—l—)»f f G(t—s,x,y)o(s,y,u(s,y)W(ds,dy) as. (3.2)
0 JU

foreacht > Oandx € U, where G = Gp (or G = Gy, respectively), and J (¢, x)
is the solution to the homogeneous equation, namely,

J(t, x) :=/ G(t, x, y)v(dy). (3.3)
U

Note that in (iii) above, the condition (3.1) ensures that the Walsh stochastic integral

t
/ / G(t—s,x,y)0(s,y, u(s, y)W(ds, dy)
0o Ju
is well-defined and the square of its || - ||>-norm is equal to the expression in (3.1).

3.2 Regularities and geometric properties of the domain

The definition of the Lipschitz domain is standard; see e.g. Section 1.2.1 of [25].

Definition 3.3 A bounded domain U C R is called a Lipschitz domain if there exist
positive constants Ky and ro such that for every ¢ € 9U, there exist a Lipschitz
function F : RI-1 5 R satisfying |Fy(x) — Fy;(*¥)| < Kylx — %] forall x,X €
RY~! and an orthonormal coordinate system with origin g such that if z = (x, y),
x e R4-L y € R, in this coordinate system, then

U N B(g.r0) = B(g,r0) N{z = (x,y) 1y > Fy(x)}

and

AU N B(q.r0) = B(g.ro) N {z=(x,y) 1y = F;(x)},

where B(q, ro) is the open ball centered at g of radius ro. We call Ky the Lipschitz
constant of U and rg the localization radius of U.
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Fig.4 Illustration for the §-cone property in Definition 3.4

Definition 3.4 (Definition 2.4.1 of [27]) For § > 0, we say that U has the §-cone
property if, for every x € dU, there exists a unit vector &, € R such that for all
y € U N B(x,§), we have € (y, &,8) C U, where € (y, &, §) is the §-cone defined
by

Gy, £,8) = {zeRd:0<|z—y| <8and(z—y)-§2|z—y|cos(8)}. (3.4)

See Fig. 4 for an illustration.

It is clear that if U has the §-cone property, then it also has the §’-cone property for
0 < &’ < 6. 1tis known that for a bounded domain U C R4 ,itis a Lipschitz domain if
and only if it has the §-cone property for some § > 0; see, e.g., [27, Theorem 2.4.7] or
[25, Theorem 1.2.2.2]. In particular, according to the above definitions, one can easily
see that if U is a Lipschitz domain, then it satisfies the §-cone condition with

8 = arctan(1/Ky) A rg. 3.5)

The §-cone property gives us a convenient way to handle the Lipschitz domain.

Example 3.5 Any C'“-domain with @ > 0 is a Lipschitz domain; see, e.g., [35].
The unit ball in R? is a smooth domain and also a C1*-domain. U = (-1, l)d is a
Lipschitz domain but not a C'%-domain for any & > 0. Domains with cusps are not
Lipschitz domain; see Fig. 1(1.5).

3.3 Heat kernel estimates

Recall that . is the operator defined in divergence form (1.1) satisfying the uniformly
elliptic condition (1.2). It is known that the operator . with Dirichlet boundary
condition on U has a discrete spectrum with a sequence of positive eigenvalues 0 <
U1 < uo2 < ... suchthatthe firsteigenvalue 1 is simple and its eigenfunction | can
be chosen to be positive and || D ||L2<U) = 1; see, e.g., [20]. Moreover, we have the
following heat kernel estimates under Dirichlet and Neumann boundary conditions.

Proposition 3.6 Ler U C RY be a bounded Lipschitz domain. Then the following
estimates hold.
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(i) Dirichlet heat kernel estimates: There exist positive finite constants c1, ¢z, C1, Ca
and 0 < a; <1 < ay such that forallt > 0and x,y € U,

@y (x) Qi(y) | e M i
€2 <1 "TA t”2/2> <1 AEUNTE RN

=Gpl(t,x,y) (3.6)
D1(x) D1(y) et ki
=G <1/\ 1/\[‘“/2> <1/\ N AV '

Moreover, if U is a bounded CY% -domain with o > 0, then (3.6) holds with
a) =ay = 1.

(ii) Neumann heat kernel estimates: there exist positive finite constants c3 and C3 such
that forallt > 0and x,y € U,

2
Gyt x,y) =C3 T (3.7

1
1 Ad/2
In addition, if U is a smooth convex domain and £ = — A, then there exist positive
finite constants c4 and C4 such that forallt > Q0 and x,y € U,

1 oy =
Gy(t,x,y) > C4Ttd/2€ AT (3.8)

Proof The Dirichlet case is proved in [38] (see Theorem 2.1 and Remark 1 on p.123).
For the Neumann case, the upper bound in (3.7) can be found in Theorem 3.2.9 of [20],
where we note that the extension property referred in that theorem (ibid.) is satisfied
by the Lipschitz domain (see either Proposition 1.7.9 of [20] or Theorem 1.4.3.1 of

[25]). The lower bound in (3.8) follows from [40, Theorem 3.1 and Examples 3.3];
see also [39]. O

Remark 3.7 In the Dirichlet boundary condition case, by [38, (1.2)], there exists a
finite constant ¢y > 1 such that forall z € U,

cg ! [dist(z, 3U)M < By (2) < e [dist(z, dU)]™ (3.9)

where a; and a; are constants from part (i) of Proposition 3.6.

Remark 3.8 In general, Theorem 3.1 of [40] states that the following conditions are
equivalent:

e The two-sided bound (3.7) and (3.8) holds for the Neumann heat kernel on U, that
is, forallr > Oand x,y € U,
1 lv—y[? 1 L=y

—cy —C3 .
1Ald/2e 7 fGN(t,x,y)§C31/\td/ze T

Cy (3.10)
e The parabolic Harnack inequality holds;
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e The domain U has the volume doubling property and the Poincaré inequality holds.

The results of the present paper under the Neumann boundary condition, especially
the lower bound results, remain valid for U satisfying any one of the above equivalent
conditions.

In the rest of the paper, the lower case constants c1, c2, ¢3, c4 are reserved for the
constants given by Proposition 3.6 above.

Before the end of this subsection, we prove that the Lipschitz domain U satisfies the
lower bound in (3.11) below. The following lemma may well be buried in the literature.
Since its proof is short, it will be given below. Let Vol(A) denote the volume (or d-
dimensional Lebesgue measure) of any measurable set A in RY.

Lemma 3.9 Suppose that U is a bounded Lipschitz domain in RY. Then, there exists
positive finite constants C and C' such that for all y € U and r > 0,

CA AR <Vol(UNB(y,r) <C'(1Ar¢. (3.11)

Proof The upper bound is trivial since Vol(UNB(y, r)) < Vol(U) AVol(B(y, r)). We
only need to prove the lower bound. It is known that the Lipschitz domain U satisfies
the 6-cone property with § given in (3.5).

We first consider the case of 0 < r < §. If dist(y, dU) > r, then B(y,r) C U and

Vol(U N B(y, r)) = Vol(B(y, r)) = Vg rd = Va1 Ar)¢,
where V; = n4/2/T(d/2 + 1). If dist(y, 9U) < r, then y € B(x,§) for some
x € 9U, and by the §-cone property, we can find a unit vector £ = &, € R? such that

€ (v,&,6) C U. It follows that

Vol(U N B(y,r)) = Vol(€¢(y,£,8) N B(y, r))
=V01{zeRd:0< lz—y|<rand (z—y)-& > |z — y|cosé}

=CasVard,

where Cs 4 € (0, 1]. Therefore, whenr € (0, §), Vol(UNB(y,r)) > Cq5Va (1 A re.
Finally, the case of » > § follows from the previous case because

Vol(U N B(y, r)) > Vol(U N B(y,8)) > CysVy 8> CysVy 841 Ar)e.

This implies the desired lower bound with C = C4 sV (1 A S)d. O

Next, we need to replace U in (3.11) above by a subset of U with some specific
properties. Take 0 < &1 < 1 such that U;; # & (see (1.20)) and let

g0 = &1 A (8/2). (3.12)

By the compactness of U, find and fix a finite collection of open balls {B(y;, £0)}7_,
with centers yi, ..., yn € U such that (J'_; B(yi, £0) D U\Ug,,2. Then, for any
x € U, we have one of the following cases:
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—| ||— 60/2

Fig.5 Illustration for the two cases of V(x) in (3.13)

(1) Ifx € Ui, B(i, €0), choose the smallest i such that B(y;, o) > x. Then, by the
8-cone property of U, we have € (x, &,,, 60/2) C U.
(2) Ifx ¢ U7, B(yi, €0), then dist(x, dU) > &9/2 and thus B(x, £9/2) C U.

Accordingly, we define (see Fig. 5 for an illustration)

_)E(x,&y,e0/2) incase(1),

Vi) =1-— """ _ .
B(x,¢e0/2) in case (2).

(3.13)

The next lemma will be used later together with the heat kernel estimates to derive
the lower bounds in Lemmas 5.1 and 5.2 below.

Lemma3.10 Let U C R? be a bounded Lipschitz domain with the 8-cone property.
Let gy € (0,1) and V(x) C U, for x € U, be defined by (3.12) and (3.13) above.
Then, for each ¢ € (0, &g] there exists c. > 0 with lim,—.oc. = 0 such that for all
x € Ug, we have

d(z) :=dist(z,0U) > ¢, forall z € V(x) (3.14)
and
Vol(V(x)NB(x,r)) > C( A r)d forallr > 0, (3.15)

where C > 0 is a constant depending on d and &.

@of Let ¢ € (0, &9]. We first prove (3.14). On the one hand, for each i and x €
U N B(yi, €0/2), by the §-cone property of U, we have € (x, &,, 9/2) C U, which
implies that

dist (%(x, £, 50/2). au) = inf {|z — V2 €Tk &y 80/2). v € aU} 0.
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Since the function x — dist(%'(x, &,,, €0/2), dU) is continuous on the compact set
U, N B(yi, €0/2), we can find ¢, ; > 0 such that dist(%'(x, &y,, £9/2), 0U) > c,; for
all x € U, N B(y;, €0/2).

On the other hand, for x € 78\ Ulm:l B(yi, €0/2), we have B(x, &9/2) C U, and
hence

dist(B(x, 9/2), 8U) > 0.

Then, by the continuity of x +— dist(B(x, &y/2),0U) and the compactness of
Fg\ U;"Zl B(yi, 0/2), we can find c.0 > 0 such that dist(B(x, g0/2), dU) > ce 0
forall x € U, \ U, B(i, €0/2).

Therefore, by taking ¢, = min{c,; : 0 < i < m}, we getthatdist(V (x), dU) > c.
Also, note that for 1 <i < m,wehave 0 < ¢;; < ¢e,5s0c, — 0ase — 0. This
proves (3.14).

As for (3.15), if V(x) = €'(x, &y,, £9/2) in case (1) of (3.13), then

Vol(V (x) N B(x,r)) = Vol(€(x, &,, 0/2) N B(x, 1))
= Vol{z € RY:0 <l|z—x| < (e0/2) Ar and (z — x)
- &y, > |z — x| cos(e0/2)}
= Ca,e0((20/2) AT)" = Caeg(e0/2) (1 A1)

If V(x) = B(x, &09/2) in case (2) of (3.13), then

Vol(V(x) N B(x,r)) = Vol(B(x, (e90/2) A1) = Cq((g0/2) A r)d
> Caleo/2)" (1 A1)

This shows (3.15) and completes the proof of Lemma 3.10. O

4 Bounded initial condition case

In this section, we give some computations to show how the noise interacts with the
differential operator. Let us first give a general definition, which is not only restricted
to the heat equation.

Definition 4.1 Let U be a general domain in R4 and let G (t, x, y) be the fundamental
solution to the corresponding partial differential equation. Let f be a nonnegative,
nonnegative definite function. Let hg (t) be a locally integrable function defined on
R4 := [0, 00). Define formally the following functions:

KV @t) = Zﬁ”hf{(r) (4.1a)
n=0
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where
hY (1) = (kU * hf{,l) (t) forn > 1and, (4.1b)
kY (1) := sup // G, x, )G, x',y)f(y —y)dydy'. (4.1c)
x,x'eU U2

These functions depend on the fundamental solution G. When it is clear from the
context, the superscript U will be omitted.

wn

In the above, “x" is the standard convolution in the time variable:
t
h*xk(t) = / h(t — s)k(s)ds.
0

For n > 1, we will also denote by k*”* the n-th convolution power of k, i.e., k*! =k
and

t
KD (1) = / K (¢ — $)k(s)ds.
0

Remark 4.2 In [14] and [12], the kernel function k(#) is defined as
k() = / f(@G(t, 2)dz,
R4

where G(t, x) is the heat kernel on R<. This is consistent to (4.1c) (up to a factor of
2):

K¥'(0) = sup //de Gt,x — )G, x' —y) f(y—y)dydy

x,x'eRd

= sup // G, x —y)G(t,x' —y +2) f(z)dzdy
R2d

x,x'eRd

= sup / G(Zt,x—x’—z)f(z)dz=/ G(2t,2) f(2)dz.
R4 R4

x,x'eR4

The following two lemmas provide estimates for kU (¢) in the case of the Dirichlet
and Neumann heat kernel, respectively. In particular, for the case of .Z = —A, our
lower and upper bounds generalize (3.3) and (3.5) of [33] from U being an open ball
to more general domains.

Lemma4.3 If U is a bounded Lipschitz domain, then we have the following integral
estimates for the Dirichlet heat kernel:

(i) There exists a positive finite constant C such that for all t > 0, for all x, x' € U,

/ / Gt x. V)Gt 2, y) f(y—y) dydy' < Ce 411 An~F/2. (42)
UxU
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(ii) There exists 0 < g9 < 1 such that for any 0 < e < g, there exists a positive finite
constant Cy such that for all t > 0, for all x, x" € U, with |x — x'| < /1,

// Gp(t,x,y)Gpt,x',y) f(y—y)dydy > Cee 2“1 (1A1)"P/2. (4.3)
UxU

Proof

(1) Let I be the left-hand side of (4.2), By (1.6) and the upper bound in (3.6),

I< Ce‘”“"([/(]2 ly =y 17 dydy 1=y

1 —el k—y2 1 —c 1x/—y/|? /—B ,
) ape T ape Ty =Y T dydy pay ).
U

The first integral is a finite constant since B < d. For the second integral, we can
enlarge the domain of integration to RY x R“ and use the Plancherel theorem to
get the upper bound

c / omi=E ~ 1R g p-dge < ¢ / e P g pdag = /P2,
RY R4

The last equality can be obtained by scaling. This proves the upper bound (4.2).
(ii) We now turn to the proof of the lower bound (4.3). Let t > 0 and x, x’ € U, be
such that [x — x’| < /7. By (1.6), we have

I> Ce—zf“f(// Gt %, )Gt X', ¥)ly — | P dydy sy
UgxUg

+// Gt x, Gt x's )y — ¥/ # dydy’l{,<1}>.
UxU
“4.4)

We estimate the two integrals separately. Since U is bounded, sup,, /ey [y — vy <
M < oo. By the lower bounds in (3.6) and (3.9), the first integral in (4.4) is bounded
below by

Cia A (c()_la“l))4e_2czM2M_ﬂ[Vol(U,s)]zl{,Zl} = Cely>1).

By the lower bound in (3.6), the second integral in (4.4) is bounded below by

/f C31 A D)L A D) A D)1 A D)
V(x)xV(x') 4.5)

1 .
X g€y ez Y = YT dydy Ty,
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Since |x —x'| < 4/t, wehave |y—y'| < 3y/fontheset{|x—y| < /1, |x'—Y'| <1}
By (3.9) and Lemma 3.10, for 0 < ¢ < g9, (4.5) is bounded below by
o N D R P (oD o e N
x Vol(V (x) N B(x, /1) x Vol(V (x') N B(x', V1)) 121y
> Cot P21y,

With this, we complete the proof of Lemma 4.3. O

Lemma 4.4 If U is a bounded Lipschitz domain, then we have the following integral
estimates for the Neumann heat kernel:

(i) There exists a positive finite constant Cy such that for all t > 0, for all x, x' € U,

f / G X MG fly =) dydy < CIaAD PR (46)
U

(ii) If (3.8) holds, then there exists a positive finite constant Cy such that for all t > 0,
forall x,x" € U with |x — x| < /1,

/ / G X GNLX)(— Y)dydy = G AR @)
U

The proof of Lemma 4.4 follows the same strategy as that of Lemma 4.3. We will
leave it to the interested readers.
Lemmas 4.3 and 4.4 suggest the study of the following functions.

Definition 4.5 Let K 1 () and 71\,1 (t) be defined as (4.1a) and (4.1b), respectively, except
that hg () and kY (¢) in (4.1¢) be replaced, respectively, by
ho(t) =1 and k(r) = (1 A1)~ withp € (0, 1), (4.8)

namely,

o
K@) =Y 3h,(t) and Ty(t) == (K" 1) (1) forn > 1.
n=0

Before proceeding to the next lemma, we recall some useful formulas and inequal-
ities:

e From the Beta integral (see, e.g., [34]), we have that for all r > 0, n > 2, and
10, Flye.nsly > —1,

/ dsy / dsy - - / ds,(t —s1)"0(s1 —52)"" ... (Sp—1 — s) " LSy

_ —o ' +r) Yo
F(n + Zi:O ri+1)

(4.9)
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e For any a > 0, there exist positive finite constants C and ¢ depending on a such
that

"(n)* <Tan+1) < C"(n)H)?, for all integers n > 0. (4.10)

This inequality can be easily verified using Stirling’s formula; see (68) of [2].

e The following result is proved in [2, Lemma A.1] and [3, Lemma 5.2]: For any
a > 0, there exist positive finite constants Cy, Ca, C3, C4 depending on a such
that for all x > 0,

0 n

Crexp(Cox/) < " (:')u < Cexp(Cax /%), 4.11)
n=0 :

Lemma4.6 Let ) > 0. Let I/(\A (t) and ﬁn (t) be defined as in Definition 4.5. Then:

(i) The function t — ﬁn (t) is nondecreasing for each n > 0.
(ii) There exist positive finite constants C1 and Cy depending only on p such that for
allt > 0, for all integers n > 1,

n Ck —kp n C2 —k
1—p)/2)"t" L L —— 4.12
(1= p)/2) ;0( R Z oo @12
(iii) There exist positive finite constants C3, . .., Cg depending only on p such that for

allt > 0,

2 2 ~ 2 2
Cs exp (r (c4x + Csw—p)) < K1) < Cgexp (t (C7A + ng—p))
(4.13)
(iv) Forany p > 1 andt > 0, it holds that tho:o [Aznﬁn (t)]l/p < oQ.

Proof

(i) Obviously, 7[0 is nondecreasing. Suppose ﬁn is nondecreasing. Then

t

t
Rng1 (1) = f (LA (1 = $) 7" hy(s)ds = f (1 A8) ™ T (t — s)ds,
0 0

which is also ngndecreasing (see also the proof of Lemma 2.6 of [14]).
(i) By expanding /4, (¢) recursively, we see that

- t 51 Sn—1 n
hn<z>=/0 dS1/O dSzm/() sy ] A Gt — s,
i=1

where 5o = t. Note that

1
5(1 +x ") <A Ax)P<1+4+x"" forallx >D0. (4.14)
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So, in order to prove (4.12), it suffices to prove that

n,n . thik * CZ 7kp
(1 — p)'t ZW <h'@t) <1" Z T (4.15)

k=0

where
n

h* (t)—/ ds1/ dsy - - / ds,,l_[(1+(si_1—s,~)_p).

i=1
We observe that

n n k
[Ja+Gia=s0 =) > [T6i-1 =57,
i=1 k=0 1<ij<ip<--<ix<n j=1

where we have used the convention that when k = 0 the summation and product inside
gives one. Then, by (4.9), we have

k

h* (;)_Z 3 / ds1/ ds, .. / dsy [T (sij1 —si,)"

k=0 1<iy<ip<--<ix<n j=1

:Z<n> - _—p)k ke
2 \k) T —kp+ 1)
(4.16)

By the recursion identity of the Gamma function I'(z 4+ 1) = zI'(z), we have
P —kp+1) =T (k(l-p)+1 H k(1= p) +J).

Because 0 < p < 1,forall0 < j < n,itholdsthat (1 —p)(k+j) <k(l1—p)+j <
k + j and hence,

(1—py 7 1*(1’6(1—;0)+1)<F(n—/’<,0+1)<—1*(16(1—p)+1)

Also, by (4.10), ¢k (k)= < T'(k(1 — p) + 1) < C*(k!)!=P. Hence, it follows that

ok ok M kp 1) < CF 4.17
(I=p) e = (n—kp+1) e (4.17)
Putting this back into (4.16), we get (4.15) with C; = C™'T'2 — p) and C; =
¢ 11 = p)~'I'(1 — p). Hence, (4.12) follows.

As for part (iii), using (4.12), interchanging the order of summation and apply-
ing (4.11) yield (4.13). Finally, for part (iv), after an application of the sub-additivity
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of the function x > x !/ to the far right-hand side of (4.12), one can carry out the
same arguments as the proof of the upper bound of (4.13) to show that the series in
question converges. This completes the proof of Lemma 4.6. O

The above lemma plays the same role as, e.g., Lemma A.2 of [11] where the kernel
function k(¢) takes the form of (¢ — s)~*. In that case, the computations can be made
explicit by using the Mittag-Leffler function. Indeed, Lemma 4.6 can be rephrased as
the Gronwall-type lemma below.

Lemma 4.7 (Gronwall-type Lemma) Let .. € Ry, p € (0, 1), 7c\(t) = (I At)"" and
b : Ry — Ry be a nonnegative function. Suppose that H : Ry — Ry is a locally
integrable nonnegative function such that for all t > 0,

t
H(@) <b@t) + /\2f k(r — s)H(s)ds. (4.18)
0
Then

H(t) < b(t) + Y 22" (k" % b) (). (4.19)

n=l1

Remark 4.8 The following variation will not be used in this paper but it is worth noting
that if b(¢) > 0 and “<” in (4.18) is replaced by “>" (resp. “="), then we will obtain
the conclusion (4.19) with “<” replaced by “>" (resp. “="). This can be shown by
the same proof below.

Proof of Lemma 4.7 Using (4.18) inductively, we get that for any ¢ > 0, forany N > 1,

N—1
H() < b+ Y 22 @ b) (1) + 22N (E*N % H) ).

n=1
Similarly to the proof of Lemma 4.6(ii), we can use (4.9) to deduce that
N _ Nk
ey <3 (V) 22 vk,
= k) T(N —kp)

Then, by (4.17) and the bound (2’ ) < 2V we have

(B 1) ) </ H(t—s)Z N,)l _sNIokegs,

Since 0 < p < 1, if N is large enough, then N — 1 —kp > N — 1 — Np
=N —p)—1>0forallk < N, and hence

(2)N

(NDI=F

t
AN (E*N * H) (1) < N (V! +rN<‘*P>*‘)f H(t — 5)ds.
0
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Since H is locally integrable, AN (k*N % H)(t) — 0 as N — oo and (4.19)
follows. =

4.1 Proof of part (i) of Theorem 1.4

Now we are ready to prove Theorem 1.4 for the case where the initial data is bounded.

Proof of Theorem 1.4 (the bounded initial data case) Here we assume that the initial
condition v is absolutely continuous with respect to the Lebesgue measure with a
bounded density g, namely, v(dx) = g(x)dx and g € L°(U). The proof follows a
standard Picard iteration scheme. Let uo(t, x) = J (¢, x) (see (3.3)) and forn > 1,

'
uy(t,x) = J(@, x)+ A/ / Gt —s,x,y)0(s,y, up—1(s, y))W(ds, dy).
0 JU
By Burkholder’s inequality and Minkowski’s inequality, for all p > 2, n > 2,

2
sup [t (s, %) — tt—1 (s, 0|
O<s<t

t
< chf,)\Z/O ds //2 Gt —s,x,9)f(y —yY)G({t —s,x,Y)
U

X sup [Jun—1(s. 2) = ty—2(s. 2)| |5 dydy’,
zeU

where C), is a constant depending only on p. By Lemma 4.3 (for the Dirichlet case)
or Lemma 4.4 (for the Neumann case),

sup // Gt —s,x,9)f(y—y)G@t —s,x,y)dydy
U2

xeU
< Ce U A (1 —5) P2,

where ;© = w1 in the Dirichlet case and ¢ = 0 in the Neumann case. Let

Hy(0) := e sup  |lun(s, x) = uy_1(s, )]
(5,x)€(0,t]xU

It follows that for all n > 2,
t
Hy(t) <a f Hy_1()(1 A (8 — 5))"P/ds, (4.20)
0
where a = C,,CL%)?, and forn =1,

t
Hi(t) <a ||g||%oc(U)/ M (1A (t —s5))P/2ds.
0

@ Springer



Stoch PDE: Anal Comp

For any ¢ € [0, T] with T fixed, using the notation in Definition 4.5 with p = 8/2,
the above bound can be written as H; (t) < CTa(7<\>x< iz\o)(t) for some constant C7, and
we have H, (1) < CTa”iz\n (t) for all n > 0. Hence, we can apply Lemma 4.6(iv) with
p = 2 to see that Z;’lo:l H,}/z(t) < oo. This implies that u, (¢, x) converges to some
u(t, x) in L?(2) which satisfies (3.2) and (1.17).

For the uniqueness, suppose that u and u are two mild solutions satisfying (1.17)
with p = 2. By Burkholder’s inequality with p = 2 and similar calculations to those
above, we get that

t
H(@) < CA2L§/ H(s)(1 A (t —s))"P/?ds, forallt >0,
0

where H(t) = SUP (s x)e(0.1]x U [u(s, x) —u(s, x)II%. The condition (1.17) implies
that H is locally bounded. Then we can apply the Gronwall-type Lemma 4.7 with
b(t) = 0 to see that H(t) =0, i.e., u(r, x) = u(t, x) a.s. This completes the proof of
Theorem 1.4 in the case where the initial measure has a bounded density. O

5 The p-th moment bounds and rough initial data

Our next task is to establish more bounds for the convolution-type integrals of the heat
kernels. Specifically, we seek optimal upper and lower bounds for the integral:

// Gt —s5,x,200Gt —s5,x',2)f(z—7)G(s,z, )G (s, 7/, y')dzdzZ'.
UxU

The following identity plays a key role in the estimation of the above integral: for all
0<s<tandv, w € RY,

vl v — w]? lw|? lv—Fwf
expl -C—— Jexp| - C—— | =exp|{ - C— Jexp| - C—— | .
t—s s t (t —s)s/t

5.1
This identity can be verified by direct calculations; see [14, p.657]. It can also be
interpreted as an expression for the density of the Brownian bridge in terms of a
conditional density; see [4, Chapter 6].

Lemma 5.1 If U is a bounded Lipschitz domain, then we have the following integral
estimates:

(i) There exists a finite constant C such that for all0 < s < t, forallx, x',y,y' € U,

e—Zul(t—S) . x—z24lx/ =212 e—2u.1s e lz=y[241 =12 , ,
——— e ——e o f(z—2)dzdz
UXU]/\(I—S) I1As
e 21t oy P =2 (t —s)s —b2
! i 1A .

<C e
1 Atd t

(5.2)
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(ii) IfU is convex, then there exists 0 < ey < 1 suchthat forall0 < ¢ < g, there exists
a positive finite constant C, such that for all0 < s < t, forall x,x',y,y’ € U,

with |x —x'| </t —s)s/tand |y — y'| < /(t — 5)s/1,
// éD(t — S5, X, -x/3 Z, Z/)GD(S, Z, Z/3 ys y/)f(Z - Z/) dZ dZ/
UxU

—2;1,1[ 2 12 _ —}3/2
e =y =y r—35)s
e i 1A ( ) )
LAtd t

(5.3)
> C

Proof

(i) Denote the left-hand side of (5.2) by 1. By (1.6),

1
(IA (=95 AsT)

=12

I T ST
_Cl(\x;\ PR el ) o /
e |z —2'|7"dzdz
U2

_Cl(w—x|2+\y’—x’\2)
= C;Cle e ' '
1
X
(A (=501 Asd)

G- -0 | | =)= 175 ()2

—Cl( p— + —s ) _
// . (=N (=N iz — 2| # dz dz.
U2

I < CfCi‘ o2t

For the last equality, we have applied the identity (5.1) with v = z — x and
w=y—x,and alsowithv' =7/ —x"and w’ = y' — x'. Set t = (¢t — 5)s/t.
We claim that there exists a finite constant C such that for all a, a’ € RY, for all
T >0,

I = // e‘“‘( r i >|z—z/|*ﬁdzdz/SC(lm)d*ﬁ/? (5.4)
U2

Indeed, if T > 1, then (5.4) holds since 8 < d. If T < 1, then by the Plancherel
theorem,

7a/|2

o [l I )
I/ < // e 1( T T |z—z/|_ﬂdzdz/
. , _2 2
— CTd /l\{d e*l(d*ﬂ )Ee qugl |§|,37ddé

2
S Cfd/ e_;T‘SP'%.'ﬂ—ddé — C/rd—ﬁ/2’
R4
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where the last equality can be obtained by a scaling argument. This verifies (5.4)
and hence the following:

e |y—x\2+|.v/—x/|2> P —B/2
1 < come (5 h(m)(m( S)S) ,

t

where

- 1 (t —s5)4sd
s D = T oD AsD) (1 N )

It can be verified by straightforward calculations thatif# —s < 1 and s < 1, then
h(s,t) < +~4; otherwise, h(s,t) < 1. Therefore, we obtain the upper bound (5.2).

(ii) To prove the lower bound (4.3),let 0 < s < ¢t and x, x', y, y' € U, be such that
lx — x'| </t —s)s/t and |y — ¥'| < /(t — s5)s/t. Denote the left-hand side
of (4.3) by I. By (1.6), (3.6), (3.9) and (5.1), we have that

o e o)
= e zZaz
A=) (1 Asd) UxU

_CZ(\(z—x)—'%(.v—x)\z+|(z’—x/)—’7—5<y’—x’>\2)
X (1A D1(2)2(1 A D)) %e o e lz— 2|8
=: A, witht = —s)s/t.

Now, we consider the following two cases: T > 1 and 7 < 1. In the rest of the
proof, the constant C, above will be used to denote a generic constant that depends
on ¢, whose value may change at each appearance.

Case I. Suppose T > 1.0bserve that (1A(r—s5)?)(1As?) < 1A% and (1AT) P2 = 1.
Also, by supy, vep |y — y'| < M < oo and (3.9), we see that

2t _, (nytx\Z_i_M)
LAt XU,

—x2 2
o2t ey =i N%l) o
e 7€ (IA7) ,
IAt

which proves (5.3).
Case 2. Suppose T < 1. In this case, 1 A T = 7. Notice that

t—s s t—s
(z—x)—T(y—x):z—a, where a := ;x—}—Ty,

and a’ is defined similarly. The convexity assumption on U ensures that both a and @’
are in U,. By Lemma 3.10, for 0 < ¢ < ¢,

2 S 12
| o2t ,Cz(\y =T )
>

Z e A = Da ~shH®
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e "—B /
X e 1,._ ' lz — | P dzdz.
//;(Q)XE(a’) {lz—al <7, |2/ —a'|</T)

Since |x —x'| < \/Tand |y—y'| < /T,wehave [a—a’| < /T.Hence, |z—7'| < 3/T
on the set {|z — a| < /T, |7/ —a’| < /T}. Also, by (3.15), it follows that

2 12
A e 2t *C2<%+M)
>

d—p)2
Z2 e A =)D A v

To finish the proof, it remains to show that the following bound holds for some constant

c>0:

‘L'd c

(IA (=85 Asd) = IAtd

(5.5)
Indeed, for t < 2, we can use the bound

111
(t—s)dsd — td T 2 A4 T 2(1 A1)’

For t > 2, consider the following two cases. If s < ¢/2,thent —s > ¢/2 > 1 and
hence

¢ 74 . t — )4 1 1

AAG—DUrsd) 5@~ =24~ 24 agdy

If s > t/2, which is > 1, then

74 74 54 1 1

AAG—D(Ash  (G—sd =20~ Q1 ned)’

This proves (5.5) and completes the proof of the lower bound (5.3). O

Lemma 5.2 If U is a bounded Lipschitz domain, then we have the following integral
estimates:

(i) There exists a positive finite constant C such that for all 0 < s < t, for all
x,x',y,y eU,

// Gn(t—s,x,x',2,2)GNn(s, 2,2y, YY) f(z —2)dzdZ’
UxU

I, _ -B/2
_ C s \x—.\|2+’\x -2 | A (t —s)s .
1Atd t

(5.6)

(ii) If U is convex and (3.8) holds, then there exists a positive finite constant C such
that for all0 < s < t, forall x,x',y,y € U with |x — x'| < /(t —s)s/t and
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ly =y <@ —9)s/t,

// Gyt —s,x,x',2,2)GNn(s, 2,2y, y) f(z — 7)) dzdZ’
UxU

Rl R _ —-B/2
- C e_c“w L A (t—s)s .
1A t

5.7

The proof of Lemma 5.2 is similar to that of Lemma 5.1, which will be left to interested
readers.

Lemma5.3 Let 0 < p < 1. Define ﬁo(t) = land forn > 1

~ ¢ 5 Sn—1 L (sj—1—sj)s;\ "
Tin () :=/ dslf dsz.../ dsnl_[<1 /\M) , (5.8)
0 0 0 $j-1

j=1

where we use the convention that sy = t. Then, for all t > 0, for all integers n > 0,
o~ ~ n .~
27 n(0) < () < (2'%7) (o), (5.9)

where h,(t) is as defined in Lemma 4.6. Moreover, for any A > 0, there exists positive
finite constants C3, ..., Cg such that

o0
2 ~ 2
C3exp (t (CM2 + Cskﬁ)) <3 A2, (1) < Ceexp (z (07)\2 + cg,\ﬁ)) .
n=0
(5.10)

Proof The estimate (5.9) can be deduced using Lemma 4.17 of [4]. For completeness,
we provide a direct proof. We prove (5.9) by induction. Clearly, it holds for n = 0.
Suppose it holds for some n > 0. Since (t — s)s/t > s/2 for s € [0,7/2] and
(t—s)s/t > (t —s)/2fors € [t/2, t], we have

t _ P _
Enﬂ(t):/ (1/\“ ts)s) 7 (s) ds
0

/2 .
< 2P(2‘+P)”/ (1 A 5) Phy(s)ds
0

t
+20QMP) [ (LA (t = $) Phy(s) ds
t/2
t t
=22 (AA@G—=9)"Phyt—s)ds +2° | (1A —s5)) Phy(s)ds.
1/2 t)2
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Since t —s < s fors € [t/2,¢], and ﬁn(-) is nondecreasing by Lemma 4.6, we see
that

t
Bps1 (1) 520(2“0)”/ (A At —$) Phy(s)ds
12

t
+20" Py [ (1A (= ) Ph(s)ds
t/2

t
<altrltoyn / (LA (¢ = $)PTon(s) ds
0
< @Y (1),
where we have applied (4.14) in the last step. This proves the upper bound of (5.9).
On the other hand, for the lower bound, it holds clearly for n = 0. For general n > 1,

by the bound (r — s)s/t <t —s forall s € [0, ¢], the induction hypothesis and (4.14),
we have

t
T (1) 2 27" / (LA (= ) PTn(s) ds
0
t
=2 [ (14 =97 R s
0
=277, ().

Finally, (5.10) follows clearly from (5.9) and (4.13). This proves Lemma 5.3. ]

Recall the following form of Burkholder’s inequality [28, Theorem B.1]: For any
p € [2, 00) and any continuous Lz—martingale {M;,t > 0},

E(M,|7) < (4p)PPE(M)!?), (5.11)
where (M), denotes the quadratic variation of M,.
5.1 Proof of part (ii) of Theorem 1.4

Now we are ready to prove the second part of Theorem 1.4.

Proof of Theorem 1.4 (the rough initial data case) We first assume the Dirichlet bound-
ary condition. Let ug(¢, x) = J(¢, x) and

t
uy(t,x) = J(t,x) +Af / G(t—s,x,y)0(s,y,up—1(s,y))W(ds,dy) forn > 1.
0 JU

Leta = Sp)LzL(Z,C, where C is the constant in (5.2). We claim that, for all n > 0,

n 1/2
i (2, X) || p < V2611 T (2, x) (Z al E,»(t)) forallr >0,x € U, (5.12)

i=0
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where En () is defined in (5.8). By Proposition 3.6, (5.12) holds for n = 0. Suppose
that (5.12) is true for some n > 0. By Burkholder’s inequality (5.11) and Minkowski’s
inequality, we get that

lin 1 (£, )5 < 2022, x) + 8pA>Ly (. x),
where
t
Ln(t, x) :=/O ds //yz dydy'Gp(t —s,x, )Gp(t —s,x,¥) f(y = y)
e (s, ) pllten (s, ¥ p-

By the induction hypothesis,
t

e =2 [ s [[ vy s =9Got = sx Gt = sxy)
0 U2

x | (s, I 1T (s, )] (Zai Exs))

i=0

< ZZa‘/O ds h;i(s) //Uz dydy' f(y = y)Gp(t —s5,x,)Gp(t —5,x,y)
i=0
X //2 [v[(d2)[v|(dz)Gp(s,y,2)Gp(s, v, 2).
U

Now interchange the order of the two double integrals and apply Lemma 5.1(i) to get
that

n t
e =2)d [Cashio [[ @)
i=0 Y0 u?

e~ 2mt oy =P 2 (t —s)s\ P2
T ! i 1A
I At t

S (t—s)s\ P2
=2Ce M J2 (t,x)Za’/ ds (1 n— ) hi(s)
i=0 0

n
=2Ce M2 (1, x) Y a hi ().
i=0

Recall that a = Spkng C. Hence,

n
it (£, )13 < 267210 2 (2, ) + 16pa2 L2 Ce™ M J2 (1, %) Y ' i1 (1)
i=0
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n+l1 )
=2 21 J2 (1, x) Za' hi (1).
i=0

This proves (5.12).
Next, we prove that u, (¢, x) is a Cauchy sequence in L?(€2). Let u_; (¢, x) = 0.
By Burkholder’s inequality (5.11) and Minkowski’s inequality,

et (2, %) = un (2, )15
t
< 4p)»2L(2, / ds //2 dydy'Gp(t —s,x,¥)Gp(t —s,x, ) f(y — )
0 U
X [lttm—1(s, y) = ttn—1(s, Wlplwm—1(s, ¥") — n—1(s, Y p-

Then, similarly to the above, we can show by induction that, for all 0 < n < m,

m 1/2
it (2, X) — (8, 1)1 p < V2671 J, (2, x) ( Z a' ﬁi(t)) forallt > O0andx € U.
i=n+1

By Lemma 5.3,

2
Cra+Cga?—P )
< 0.

Za" hi(t) < cﬁe’<

i=0

This implies that u,(z, x) is a Cauchy sequence in L?(£2), and hence converges in
LP(£2) to some u(t, x) which satisfies (3.2). In particular, by (5.12) and Lemma 5.3,
we have

0o 172
(e, )1l < V2e™1 Ty (2, x) (Z(Spm%‘,cr hi (r))

i=0

2 2 4 A
8C7CpAtLE+Cy(8C) B pT-B 2B L27P —,“)

1
7’(
< \/ECGJC1 (t,x)e

For uniqueness, suppose that u(z, x) and (¢, x) are mild solutions of (1.3) satis-
fying (1.19). Let T > 0. Then, forall ¢ € (0, T'], forall x € U,

t
e~ 0B <2222 [ as [[ ayayGow = sovxonairo =)
0 U

X |luCs, y) —u(s, y)ll2lluls, y) —uls, y) .
(5.13)
We claim that there exists C7 < oo such that for all n > 1, for all ¢ € (0, T'] and all
xeU,
lu(t, x) — (t, x)||3 < 4C2I2(t, x)(ALo )" hn (1), (5.14)
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where /1, is defined in Lemma 5.3. We prove this claim by induction. First, consider
n = 1. Using the condition that u and u both satisfy (1.19), we get that

llu(t, x) — G(t, x)|13
t
§4C%>~2L3/0 ds /fzdydy’G(t—S1,x,x,y1,yi)f(y—y’)Jc(s,y)Jc(s,y’)
U

=4Ca’Ls f / RUICRINICES
U

2y 2

| | s |
(4 §

1 Asd

t
x/(; ds//zdydy’G(t—sl,x,x,yl,yi)f(y—y’)
U

Then, by Lemma 5.1(i),

~ 2 2,272 12 " ; (t—s)s\ 72
llu(t, x) —u(t, x)||; < 4C7A"L; J; (t,x)/ e 2 t=s) (1 A ; ) ds
0

, s\ A2
S4C%ch(t,x)()»Lg)2/ (1/\( t”) ds.
0

This proves (5.14) for n = 1. Assume that (5.14) holds for some n > 1. We apply
the induction hyposthesis to [|u(s, y) — u(s, y)|2 and |lu(s, y') — u(s, y')||> on the
right-hand side of (5.13) to get

t
Jult, x) — WGt )3 < 4C3(LLy) 20D f ds i (s)
0

X //2 dydy'G(r — s1,x, %, y1, V) f (v — ¥)Je(s, y)Je(s, ¥).
U

Then, by similar calculations to those in the n = 1 case, we obtain

~ r f— —B/2
llu(r, x) =z, x)||5 < 4C2J2(, x)(ALg)Z(”+1)/ ) (1 N tS)s) "
0

= 4C2T2(t, x) (ML) "V, ().

This proves the claim (5.14). FirEllly, by Lemma 5.3, we have Zf’io()\LJ)Z"ﬁn (1) <
oo, which implies that (ALG)Z"hn (t) > 0 asn — oo. Hence, by (5.14), u(t, x) =
u(t, x) as.

The case of the Neumann boundary condition can be proved in the same way except
that Lemma 5.2 (i) is applied in place of Lemma 5.1 (i). This completes the proof of
part (ii) of Theorem 1.4. ]
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6 The two-point correlation function
6.1 A general formula for the two-point correlation function

The authors in [ 14] have defined and studied the space-time convolution-type operator
“>” for the heat kernel in the whole space Rd, where the heat kernel G (¢, x, y) can
be written as G (¢, x — y). However, when the domain is not the whole space RY, for
example when it is a bounded domain, this translation invariant property is no longer
true and one has to keep the fundamental solution in the form of three parameters. This
natural generalization of the operator “>" for fundamental solutions from those with
two parameters to those with three has been carried out by the first author’s thesis; see
[4, Chapter 5]. Here, let us first briefly recall this generalization.

For two measurable functions k1, k : Ry x U 4 - R, we define

(ky > ko) (2, x,x", y, y)
t
= [ ds //2 dzdz ki(t —s,x,x", 2, Dka(s, 2,2, y, V) f(z —=Z)  (6.1)
0 U

whenever the multiple integral is well-defined. For & : Ry x U 2 - R, we define
ki>h =k >h,where h(t,x,x',y,y) := h(t, x, x).

Remark 6.1 In [14], where U = RY, the operator “r" is defined by

t
(k1> ko) (t, x, x5 y) = / ds // dz dz’kl(t —s,x—z,x =7y —(z— Z/))
0 R4 x R4

xka(s,z, 25 ) f(y — (2 —2))

for measurable functions k; : Ry x R? — R, i = 1, 2. The prototype of the function
kis k(t,x,x’;y) = G(t,x — y)G(t,x' — y), which corresponds to (and actually
equals to) J(z,x)J (¢, x’) when the initial condition is v = §,. But when there is
a lack of space invariance, one has to write this function k as k(z, x,x’, y,y) =
G(t,x,y)G(t,x', y"). Indeed, introducing one more parameter in the definition of the
convolution operator “>" makes the associative property much more straightforward:
Provided that one can apply Fubini’s theorem to interchange of the order of integration,

one gets that for any measurable functions ki, k2, k3 : Ry x U 4 SR,

(k1o (ka>k3)(t, x,x", y,¥') = ((k1 > ko) > k3) (2, x, x", y, y'). (6.2)

Therefore, it makes sense to write kj > k> > k3 without parentheses to specify the order.
Moreover, for any n > 1, we define k" by k*"" := k> - - > k.
—

ntimes
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Now we apply this operator to the function G (7, x, X', y, y') = G(t, x, )G (1, X', y').
Forany A > 0 and x, x’, y, ¥ € U, define formally the function C* by

o0
K, x,x', y,y) == ZAZ"GD”(I, x,x', vy, ). (6.3)

n=1

Specifically, we w111 write IC and G p when G = Gp is the Dirichlet heat kernel,
and write IC)‘ and Gy when G Gy is the Neumann heat kernel. Upper and lower
bounds for IC’\ and ICA will be proved later in Propositions 6.5 and 6.7. In particular,
the upper bounds there imply the convergence of the series in (6.3).

The connection between the two-point correlation function and the function KC* is
given by the next proposition.

Proposition 6.2 Let U be a bounded Lipschitz domain and u(t, x) be the solution
of (1.3) or (1 .jl). Recall that J(t, x) is the solution to the homogeneous equation;
see (3.3). Let J(t,x,x") = J(t,x)J (¢, x").

(i) Ifo(t,x,u) =uforallt >0,x € U andu € R, then

E(u(t, x)u(t,x') = Tt x, x') + Y 2G> D)(t,x,x',0,0).  (6.4)

n=1

(ii) If there exists a constant I, > 0 such that o (t, x,u) > l,|u| forallt > 0, x € U,
u € R, then

E(u(t, Ou(t, x)) = T, x. ) + Y (o)™ (G & T)(t. x,x',0,0). (6.5

n=1

(iii) If o(t,x,u) < Lou forallt > 0,x € U, u € [0, 00) and u(t, x) > 0 a.s. for all
t >0andx € U, then

E(u(t, )u(t, x")) < Tt x,x) + Y (L) (G & )(t, x,x',0,0).  (6.6)

n=1

Moreover, for any a > 0, we have

J, x, x)+Za2"(G>”>J)(z x,x',0,0) —a*2// K, x, X', y, y)v(dy)vdy).
n=1
(6.7)

Remark 6.3 Note that case (i) in the above proposition covers the important special
case—the Anderson model. In this case, the two-point correlation function enjoys an
explicit formula, having an equality in (6.4). For the nonlinear case, one needs to either
introduce a cone condition, o (¢, x, u) > I, |u|, for the lower bounds as in case (ii) or
assume the nonnegativity of solution for the upper bounds as in case (iii).
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Proof of Proposition 6.2 Let ug(t, x) = J(t,x). Forn > 1, let

t
un(t,X)=J(t,x)+>»/ /G(t—s,x,y)a(s,y,un_l(s,y))W(ds,dy).
0 JU

Let p,(t, x,x") = E(u,(t, x)u,(t, x")). From the proof of Theorem 1.4, we have
uy(t, x) — u(t,x)in L2(Q) as n — oo, and u(z, x) satisfies (3.2). It follows that
on(t,x,x") — p(t,x,x") asn — oo, where p(t, x, x") = E(u(t, x)u(t, x)).

(i) Suppose that o (¢, x, u) = u for all u € R. Then, we have
E(un (t, X)un(t, x'))

t
=J(t,x,x’)+)»2/ ds
0

//yz dydy' Gt —s,x, ) f(y —Y)G(t — s, x", Y Elup—1(s, y)un—1(s, y")]

=Tt x,x") + 223G > pp_1)(t, x,x', 0, 0).
Iterating this, we get
pl’l(t7~x9 x/) = j(t,x,x/) +)"2(5 l>/0n71)(t7xa x/a 07 O)

n
=T, x, 2y + ) 0PMG" > Dt x.x',0,0).

m=1
Then, we let n — oo to get (6.4). Note that this also implies that the series

o0
Z,\Z" (G™" > J) (t,x,x,0,0)

n=1

is convergent for any A > 0,¢ > Oand x, x’ € U.
(ii) Suppose that o (¢, x, u) > I, |u| forallt > 0, x € U and u € R. We have

ot x,x') = J(t, x, x)

t
+A2/O ds//zdydy/G(t—s,x,y)f(y—y’)G(t—s,x’,y’)
U

X E[U(Sv yv ui’l—l(sv y))U(Sa y/v Mn_](S, y/))]

Foranys >0and y,y € U,

E[G(S1 yv un—l(sv )’))O'(S’ y/v un—l(sv y/))] Z 12 E('“n—l(sv y)Mn_l(S, y/)l)
= 13 Eun—1(s, Yun-1(5, ).
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It follows that

pn(ta -xv -x/)
> J(t, x,x') + (hly)?

t
/O ds //2dy dy' Gt —s,x, ) f(y = Y)G(t —s,x", y)pu—1(s, y, ¥
U
= J(t, x,x') + (L 1s)? (G & pu_i) (2, x, X', 0, 0).
By induction,
n
put, x,x") = J(t,x, )+ ) (M) (G > T) (1, %, X', 0, 0).
m=1
Then, we let n — oo to get (6.5).

(iii) Suppose o (¢, x,u) < Lyu forallt > 0, x € U and u € [0, 0o0). By the nonnega-
tivity assumption of the solution, we see that

p(t,x,x")
=K@, x)u(t, x"))

= .7(t,x,x/)—i—)»z/()tds//(]zdydy’G(t—s,x,y)f(y—y/)G(t—s,x’,y’)
x E[o (s, y, u(s, y)o (s, ', uls, y')]
< J(t,x,x') + (ALo)? /Otds
/fm dydy' G(t —s,x, ) f(y = y)G(t =5, x", Y)E[u(s, y)uls, y1)]
= J(t,x,x') + (A\Lo)? (G & p) (t, x, %', 0, 0).
Iterating this, we get,
n—1

p(t,x,x') < T(t,x,x') + Y (ALe)™™ (G T) (1, x,%,0,0)

m=1

+ (L) (G™" > p) (1, x,x',0,0).

Finally, we let n — oo to complete the proof of part (iii).

It remains to prove (6.7). Recall that [v|(U) < oo. By Proposition 6.5(i) or 6.7(i),
forany r > 0 and x, x" € U,

/ 2IC“(t,x,x’,y,y’)|v|(dy)|v|(dy’) < oo0.
U
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Then, by the definition (6.3) of K% and Fubini’s theorem,
0 / Ky vy
U

o0
=> a"? // G (t, x, X', y, y)v(dy)(dy).
n=l1 U?

We compare the right-hand side above with (6.7). Forn = 1,
ff G(t,x,x', y, ywyvdy) = T, x, %),
U2

For n > 2, by expressing G™" = G"™ D G and interchanging the order of integra-
tion, we have

f/ ) G™"(t,x,x', y, y)v(dy)v(dy)
U

t
:// v(dy)v(dy')f ds
U2 0

f/ ,dzd?! G*M V(¢ —s5,x,x,2,2) f(z = )G (s, 2,2, 9, Y)
U

t
:/ ds// dzdz’ GVt —5,x, %', 2,2) f(z = )T (5,2, 7)
0 U2

- ((N;»(nfl) . 7) (t,x,x',0,0).
This proves (6.7) and completes the proof of Proposition 6.2. O

6.2 Estimation of the resolvent kernel functions /C

From Proposition 6.2, we see that it is possible to estimate the two-point correlation
function once we have some useful bounds for &*. Therefore, our goal is to establish
explicit upper and lower bounds for KC*. To this end, we first prove a lemma which
strengthens Lemma 3.10.

Lemma6.4 Let U C RY be a bounded Lipschitz domain with the §-cone property.
Let 0 < g9 < 1 be defined by (3.12), and recall that, for each x € U, V(x) is
the subset of U defined in (3.13). Then, there is a positive constant C such that the
following property holds: For any € € (0, go], for any x € U,, for any r, s such that
0<r<s<ey/2 foranyz € V(x) N B(x, s), we have

Vol(V(x) N B(x,s) N B(z,r)) > C(1 Ar)e. (6.8)
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Proof First, suppose that case (2) in (3.13) holds. Then for all z € B(x,s) and 0 <
r <s <egp/2, we have

Vx)NB(x,s)NB(z,r) = B(x,s) N B(z,r).
This intersection clearly contains a ball of radius /3, and hence has volume which is
bounded from below by C(r/ 3)4.
Suppose that case (1) in (3.13) holds. Let
6 =1{ye R0 < ly] < landy-& > |y|cos(go/2)}.

Note that ¢} is a bounded convex domain, so it satisfies the 8-cone property for some
8 > 0 by Proposition 2.4.4 of [27]. By scaling and translation, we see that

Vol(V (x) N B(x, s) N B(z, 7)) = s¢ Vol (?m B((z — x)/s, r/s))

with (z — x)/s € % and 0 < r/s < 1. So, it suffices to prove the existence of a
constant C > 0 such that

Vol(é, N B(w,r)) > Cr?, forallw € € and r € (0, 1]. (6.9)

To proveL6.9), we first consider the case that 0 < r < 5.1f dist(w, 061) > 5, then
B(w, r) C %) and hence

Vol(%, N B(w, r)) = Cyr¢.

If dist(w, 36)) < 8, then w € € N B(v, §) for some v € IE). By the 8-cone property
of €, we can find a unit vector n = 1, € R such that € (w, 1, §) C %). Then,

Vol(%, N B(w, r))
> Vol(€¢'(w, n,8) N B(w, 1))
= Vol{y € RY:0 < ly —w| <rand (y —w)-n > |y —w|cos(en/2)}

> Czrd.

Finally, consider the case that § < r < 1. We have ?1 N B(w,r) D ?1 N B(w, d).
Then, by the first case that we just proved,

Vol(%, N B(w,r)) > (C1 A C2)8% > (C1 A C2)89r1.

This completes the proof of Lemma 6.4. O
Now, we are ready to establish upper and lower bounds for IC)}) and ICIA\,.

Proposition 6.5 Let U be a bounded Lipschitz domain. Then:
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(i) There exist positive finite constants C, ¢, ¢’ such that for all t > 0, for all
x,x',y,y eU,

2y 4
C2 —cl(—‘x’}' 2 ) 2z(cx2+c’)\2ﬂ‘3 —m)
e .

Kht, x,x',y,y) < e
bl »Y) =T

(6.10)

(ii) For all ¢ > 0 small, there exist positive finite constants C, ¢, ¢ depending on &
such that forallt > 0, forall x, x', y, y’ € U,,

_ 2 12 S
C}\'2 _16¢, Le—/ 2 —126‘2("* t)\ +|X ty | ) 2t<C)\.2+C)\. b —Ml)
e t e e

Kk tx,x,y,y) >
bl YY)z a

B 6.11)
andC - 0,¢ - 0and¢ — 0ase — 0.

We first make a few remarks:

Remark 6.6
(1) Under the conditions of Proposition 6.2, for the delta initial condition v = §y, we
have

o) 2Kk (1, x, %', y, y) < B(u(t, xu(t, x')) < (ALy) 2 Kiy (2, x,x', v, y).

(2) Proposition 6.5 applies to all bounded Lipschitz domains. But in case of C1*-
domains, we will improve the bounds (6.10) and (6.11) in Proposition 7.2 so that
the moment estimates will be consistent with Dirichlet condition at the boundary,
namely,

lim  E(u(t, x)u(t, x’)) = 0.

xorx'—aoU

(3) Incase of U = R, the factor exp(—c|x — x’|2/t) in (6.11) also appears in the
lower bound in Lemma 2.7 of [14]. We think that a sharp upper bound for IC)L")
would have this extra exponential factor as well.

Proof of Proposition 6.5

(i). We claim that, foralln > 1, > Oand x, x', y,y € U,

_ _v2 _ 2
e 2u1t —el B3 t)l X" =y

1/\tde ' )hn—l(t)v (612)

Glt.x.x' y.y)<C"

where 71, (1) is the iterated integral defined in Lemma 5.3. We prove this by induc-
tion. For n = 1, this follows from the upper bound in (3.6). Assume that (6.12)
holds for some n > 1. Then, by the induction hypothesis, the upper bound in (3.6)
and Lemma 5.1(1),
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az(n—&-l)(t’x’x/,y,y/)
t
=/ ds //ZGD(I—s,x,x/,z,z/)GE"(s,z,z/,y,y/)f(z—z/)dzdz/
0 U

t
<c" / ds Tiu_1(s)
0

e 2ms 2=y 2417 =y

//zdzdz’éD(t — 5, x,x, Z,Z/)We_cl s f(z—2)dzdZ
U

() o (= )5\ P~
- cn1¢ e al = 7 / i1 (s) (1 A ( S)s> ds
Int 0

t
—) r_2
—q(‘* ST
e

' )En(t).

This proves the claim (6.12). Then, by Lemmas 5.3 and 4.6,

(e.¢]
Kt x,x' 3,y =Y 22"GH (@t x, %'y, y)

n=1

2t (\x W2 v\2> o

e +

< C——ge Z(cﬂ)” i1 (1)
- ey o »

Y. 21“16_01(‘ oo Wy ) (C)L2+C)Lz ,3)

- 1A

This proves the upper bound (6.10). ~
(ii). Toprove the lower bound (6.11), we need to derive lower bounds for G';)” (t,x,x',y,

y') foreachn > 1. Lett > 0 and x, x, y, y' € Uk. First, by the lower bounds
in (3.6) and (3.9),

_v2 2
—2ut _2(|x ST )

N

GD(txx yy)>C£

For n = 2, we have

sz(txx yy)>/ ds// dzdZ
4 [V@)NB(x,v/D]?

xGp(t —s,x,x',2,2) f(z—2)Gp(s, 2.2y, ¥,

where V (x) C U is defined in (3.13). By (3.6), for t /4 < s < t/2, we have

Gp(t —s5,x,x,2,7) = C3 (1 AD1(x) (1 A D1(x)) (1 A D1(2) (1 A D1(2))
N =

“TAG—9d¢
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and

Gp(s,2.2,y,Y) = C3 A A®1(2) (1 AP1(2)) 1 ADI() (1 AD1O))
TS = .

X ——e
1 Asd

Forz, 7/ € V(x) N B(x, /1), by the triangle inequality and Cauchy—Schwarz inequal-
ity, we have

x—zP + I =P <lx—z +20x — x>+ ]x = 1)

<2x — x> +3t
and

lz =y +12' =y P <2(z — x> + |x — y)
+307 = xP +lx =X P+ X =y
<5t4+2x — y> +31x" = y')7 +3]x — x>
By applying the bounds above, (3.9) and Lemma 3.10, we get that

—2u

t 2 2012

~ e _ [ I B SO C e U e o & e | _

G';)z(t,x,x/,y,y/)>C4—e 16625 p=12e2 7 =812,
N

~o(n+1)
Gp

For n > 2, expanding in its full integral form, we have

GV, x,x v, )

t N Sp—2 Sn—1
2/ ds1/ dsz»~-f dsn_l/ ds;,
0 0 0 0

x // dz1 dz) Gp(t —s1,x,x', z1,2) f(1 — 2)
U2
I~ / ’ /
X //2 dzpdzy Gp(sy — 2,21, 21,22, 29) [ (22 — 25)
U
XX [/2 dzp—1dz),_; Gp(Sp—2 = Sn—1, Zn—2, Tp_2> Zn—1> Zn_1) S @n—1 — Zp_1)
U

X /fzdzn dz), Gp(Sn—1 — Sns Zn—1s Zy_1> Zns 2) S @n — 2)G DSy Zns Zps ¥, Y-
U
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Then, we derive a lower bound by integrating on the smaller intervals

[ 1\« ¢t
s1 € 1—— )=, =1,
(1-5)53)
. i 1 1\ ¢ t
U T2 2 T
i 2\ ¢
§3 € _<1—5) 5,32—(S1—52):|, (6'13)

i n—1\1t
Sp € I 1 - n E»sn—l_(sn—Z_sn—l) .

Let0 < g9 < 1 be given by (3.12). For each ¢ € (0, g9) and x € Ug, recall the subset
V(x) C U defined by (3.13). Consider

71,21 €A1 =V (X)NB(x, /(t —51)/(5n) A (g0/2)),
72€ Ay =VX)N B, /s1 — 852 A (€0/2)) N B(z1, /51 — 52 A (€0/2)),
e A, =V@)NBX,/s1— 52 A (0/2) N B(Z], /51 — 52 A (e0/2)),

n € Ay = V(x) N B(x, VSn—1—38Sup A (50/2)) N B(zy—1, VSn—1 =8 A (80/2)),
z, €A, = V)N B, /sp—1 = $u A (£0/2) N B(zy_15 /Sn—1 = sp A (£0/2)).

Note that by (6.13), we have (r — s1)/(5n) < t/(8n) < 51 — 52 < §sp — 53 <
- < Sp—1 — sp, which ensures that for 2 < i < n, both z;_; and z;_, lie in

V(x) N B(x,  /si—1 — si A (g0/2)). Then, by Lemma 6.4, for2 <i <n,
Vol(A;) A Vol(AL) > C(/sizi — si A (e0/2)* = Ce0/2) ((si—1 — 5:) A DY/,

By Lemma 3.10 and (3.9), we have

d
Vol(A1) > C (,/’ ;ns‘ A (80/2)> > C(e0/2)? (5m) ™2 ((t — 51) A D2,

LA®I(2) = 1A (g e™) forall z € V(x).

Also,on Ay x Ay, we have f(z1 —2}) = C(((t —s1)/n) A 1)7P/2, and on A; x A,
where 2 <i <n,wehave f(z; —z}) = C((si—1 — 5i) A 1)=#/2. Then, by the lower
bound in (3.6) and the inequalities

2 2
lzn — zn—11” + 12, — 2117 < 2(sp—1 — sn),

20 — yI2 412 — ¥'1* < 51 — sn) + 21x — y[> +3]x" — y'12 4+ 3lx — 1)

)
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we have

f/ dz, dz), Gp(Sn—1 — Sns Zn—1, Zy_1+ Zn> Zp) f @n — 2)G D (S Zns 2y ¥, V)
Ay x A,

1 . 3l 43—y 24312 =y 455, 1
—c

_ . _B
> Cle I UA (snt = 50) 2 g g

Fori =2,....,n—1,by|z; — zi >+ |z} — zl’»_ll2 < 2(sj—1 — s;i), we have
// dz; dz; G p(si—1 — Si» Zi—1,Z/_1» Zi» 2) f (i — 2})
A,'XA',-
> Cle MU (LA (i1 — 8i) 7 2.

For i = 1, by the inequality

lz1 — x>+ 12} — x> < 3@t — s1) + 2lx — ¥,

we have

// dz1dz} Gp(t —s1,x,x', 21, 2)) f(z1 — 2))
A1 xA;

C? 26, B2 f—si\ "7
> Lo s 20
> nd/ze e 1A . .
Combining these estimates and using (4.14), we get that
G, x, 1y, ¥
ot plk _ -4 2
e 2 t Ky _ Jx—x"]|
>t —— / ds 1+< ! e 2T
1At (I_L)L n
4n’2
S1—gn 8 s2—(51—52) 8
xf ds» (1 + (s —sz)—f) xf dss (1 ¥ (5 —53)—7) X -
(I=30% (1-3)%

Sp—2—(Sp—3—5p—2) B
. X / ds,_1 (1 + (Sp—2 — Sn—l)_7>
(

n—2\1
1-57)3
Sn—1—(Sn—2—Sn—1) LB\ gy amx Py 231 oy s
X ds, (1 + ($p—1 — Sp) 2) e /4
1—n=lyr
( 2n )2

. Sn. By (6.13), wehave s; 1 —s; >

Let I denote the above multiple integral for sy, . .
Eandsi —(1—£)5 >0 -5H5— (1 —4£)5 =L for2 <i < n. Fixing

sie[(1— ﬁ) £, 5], by the change of variables s, > Su—1 =S, Su—1 = Sp—2—Sn—1,
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..., 5 > 51 — s, we have

n—1\1¢ t 1t
sne_sn—Z_sn—l,Sn—l_(l_ n )E}D[E,E}a
S3E_S1—sz Sz—(l—i)i}D[L Li|

L ' 2n) 2 8n’ 4n |’

[t 1 ¢ t ot
S2€_§,S1—<1—%)§:|D|:§,E:|.

It follows that

2 2y 2
/> 8_10526_1662%6_1262w

t

2 r— 51 _g 4n _B
x/ ds;y (1+ xf dso (145, % ) x---
_ 1yt n *
(I=7)3
ﬁ _B 4n _B
x/ ds,—1 (1 +sn_21> x/ ds, (1 + 5, 2>
L *

As for the ds; integral, we have that

B

3 r—1/2\ 2
I > ds; {1+ >c

(=305 n
Therefore, we see that
’ _— o n —B/2 n
[ > "' P27 1002 =160 = : em1% ‘r)‘zt‘x - <£> <1 + (£> )
n n

"ol 1\ kP2
kl(n — k)! <Z) '
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n ﬂ/2 kv)ﬂ/

By Stirling’s formula, > cn”

that

forallk =0,1,...,nand n > 2. It follows

=21t /2 2 12
+ lx—x"] IR el el B
GD(H 1)(t X, x v, y) = CZ(n+l) n€ 1/\ td —16¢3 e 12¢; 7

n (—kB/2

kzz(:) (n — k)!(k)1=B/2

Finally, recalling the definition of K%, interchanging the order of summation, and
using (4.11), we get that

K, x, x',y,y)

—Azzkz"GD(nH)(t x,x,v,y)
n=0

2,2¢ o162 =2 —12¢y = L=yl 4 =y 12 +|x e & 5 .2 t—kB/2
>C; A N e X(:)(Cckt) ZOW
n —

4
—2uqt 2 2 _J2 ( 2 7)
e _ x=x"1> \x »|+\\ V2 t| KA*4+K'A
> CZC)LZ— 16¢> e e .
1At
The proof of Proposition 6.5 is complete. O

Proposition 6.7 Let U be a bounded Lipschitz domain. Then:

(i) There exist positive finite constants C, ¢, ¢’ such that for all t > 0, for all
x,x',y,y eU,

o2 2 L
a2 *3(@+M) (L)Lzﬂ/k ,3)
e .

K (@,
Nt x, X, yy)_lmd

(6.14)

(ii) If U is convex (or if (3.8) holds), then there exist positive finite constants C, ¢, ¢
such that forallt > 0, forall x,x’,y,y € U,

C)‘2 \A V2 —12¢4 (M+M) I(E)LZ+EA%)
4 1
Kt x,x',y, ) > 164 . , |

N
(6.15)

Proof The proof is similar to that of Lemma 6.5. O

6.3 Proof of Theorem 1.5
Proof of Theorem 1.5 The correlation bounds (1.22) and (1.23) under Dirichlet condi-

tion (or Neumann condition, respectively) follows immediately from Propositions 6.2
and 6.5 (or 6.2 and 6.7, respectively). O
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7 The case of bounded C':?-domains with Dirichlet condition and
some variations

In the case of C1?-domains, one can expect better moment estimates under Dirichlet
boundary condition because the heat kernel estimates in (3.6) hold with a; = a; =

1. This implies that the Dirichlet heat kernel estimates in (3.6) are sharp, yielding

matching upper and lower bounds with the same factor (1 A f)‘—(f‘/)z) (1 A 21 )
At

IAt1/2

7.1 Better estimates for the resolvent kernel /C

In this part, we study the case of bounded C'**-domains with Dirichlet boundary
condition. For the points x, x’, y, y’ that are close to dU, the lemma below provides
more precise estimate than what one gets from the upper bound in Lemma 5.1.

Lemma 7.1 IfU is a bounded C'-*-domain for some a > 0, then there exists a positive
finite constant C such that for allt > 0, forall x,x’, y,y € U,

!
/ ds // dzdzZ Wt — s, X)Wt — s, x W (t —s5,2)V( —s,7)
0 U?

=21 (t—s) 22
e —c1 lx—z|"+x"—2'|

_— 1—s
TAG—s)¢
, , , —2u1s 2e) ey Py
X fz=2)W(s, 2)W(s, 2)W(s, )VW(s, y) 7¢ ;
1As
, eI ey ey Py
SOV, )V, XY@, Y, y) 3 g

e
1 Atd

t (t —5)s —B/2
f <1 A ; ) ds, (7.1
0

where V (¢, x) is as defined in (1.24).

Proof We first derive the following bound: for all s, » > 0 and v, w € U,

\U—w\z

(s, W (r, wye™ 8 7 < CoW(s, w). (7.2)

Since U is a C1®-domain for some o > 0, (3.9) holds with a; = ay = 1. By (3.9)
and the triangle inequality,

@1 (v) < co(dist(w, JU) + v — w]) < P (w) + colv — w].

It follows that

W(s,v) = 1A

TAsl2 = ®,(w) EUNLE

1 (v) <1/\<C(2)<1>1(w)+€o|v—w| <1>1(w)>
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v —w|
< <C%+ %) (s, w).

Thus,

W(s, V)W (r, w) < <c(2)+ M) (1 A 21w) )\I—’(s, w)

d(w) LArl/2
5 Colv—w|
< (co + Tz ) (s, w).

—X

. . 2.
Moreover, since the function xe is bounded, we have

ep Jo—w[? colv —w| _ep p-w?

‘I’(s,v)\lf(r,w)e*?‘ 3 §<C(2)+C0|U_w|+1—/ze 6 )W(s,w)
r

= CoW (s, w),

where Cy is a finite constant depending on cp, c¢; and the diameter of U. This
proves (7.2).

In order to prove the lemma, we split the integral over [0, 7] into the sum of the
integral over [t/2, t] and the integral over [0, /2]. Denote these two integrals by I
and I, respectively. By (7.2), we have the following two bounds

el Jx—z)?

\If(t—s,x)\ll(s,z)e_(»T1 = < CoW(s, x),
¢ lx;f,/‘z

W(t— 5, X W(s,2)e™ T T < CoW(s, x').

These bounds and W (r — s, 2)W (¢ — s, z’) < 1 imply that

t
I < cgf ds W(s, )W (s, X)W (s, Y)W, )
t/2

—2uq(t—s) 261 r—r2aty! — o2 —2u1s e 22
e 2 =zt = e _ 2 Jz=ylt I =y
X dzd7 ————¢7 73 i=s (z—7)——e 3 5 .
//Uz IAG—s5)d ! TAsd

Then, using the bound W(s, x) < W(r/2,x) < \/E\IJ(t,x) fort/2 < s <t and
Lemma 5.1, we obtain

—2uqt

_20) r—y P =y
e 3 [
1 Atd

I <CY(t, x)¥(t, X)W, y)W(t,y)

t _ —B/2
[ (=)
12 t

For I, we use the bounds

lz—y

c '-|2
W(t— 5, )W(s, y)e 0 5 < CoW(t —s, y),
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o /=y

W(r— s, 2 W(s, y)e 85 < CoWlr —s. ¥,

and W (s, 2)W(s, z) < 1 to get that

t/2
L < c§/ dsW(t —s, )Wt —s5, X)Wt —s, V(@I —s5,y)
0

=21 (t—s) 22 —2u1s o2t 2

e B o el P | e PN i e e |

x /f dzde ———— ™1 = fr—) e B
U2 1A —5) 1As

For 0 < s < t/2, we apply the identity (5.1) with ¢ and s replaced by #' = ¢ + s and
s’ = 2 s respectively, and with v = z — x and w = y — x. This gives

— =z 24— 2

oy ey =y
e t=s e 1 2s

!’ ! / /
1= =72 (=0 2 )= T (o =)
!/

oy P 2
= e 1 1+s e T

r_ r_

Iz T (v P —x))— 55 (=) 2
1 7

e T s

_ 201 o=yl —y'1?
<e 3 t

where T/ = (' — s)s’/t’. It is easy to see that for 0 < s < t/2,

o\ d-B/2
(1 A 7)dP/2 < 2d <1 Al ts)s> .

Hence, we can follow the proof of Lemma 5.1(i) and use the bound W (¢t — s, x) <
\/E\IJ(I, x) for 0 < s < /2 to deduce that

—2pt 2 =y 241/ =y |2
3 t

/ /
L = CW@E )W, OV, )V, y) T —7e

/2 _ —B/2
[y
0 t

The proof of Lemma 7.1 is complete. O

We can now strengthen the bounds (6.10) and (6.11) for IC}L") (t,x,x',y,y’) in the
case of bounded C'®-domains. Note that W(s, x) = 0 for all x € dU, hence (7.3)
and (7.4) below provide more precise estimates than (6.10) and (6.11) for x, x’, y, y’
that are close to dU.

Proposition 7.2 If U is a bounded C'-*-domain for some a > 0. Then:
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(i) There exist positive finite constants C, ¢, ¢’ suchthatforallt > Qand x, x',y,y’ €
U,

2

K, x, %', y,y) < W, X)W, XY (t, )V, y)

1 Atd

(73)
2¢p (s | W—y'2 2, 0 TR
S ) 2 et AR
X e e .

(ii) There exist positive finite constants C, ¢, & such that for all t > 0, for all
x,x',y,y eU,

A2

Kt x,x', v, y) = W, X)W (t, XY, )W, y)

1Atd

2 2 4 _
Lo, bt —12cz<@+@) 2:(5A2+5ﬂ—3 "1>
X e 2T e e .

(7.4)

Proof

(i). Similarly to the proof of Proposition 6.5(i), the upper bound (7.3) can be proved
by applying Lemmas 7.1, 5.3 and 4.6.
(@i1). To prove the lower bound (7.4), we claim that for each n > 0,

GV x, 1y, )

> C"HW (@, )W (@, X)W, )V, ) s
—2mt /12 2 g2 .
¢ 160, BT g, oylTHe =y
SEUNZ e t 1;

(n—kB/2
(n — k)\(kH)1=F/2"

Indeed, forn = 0, (7.5) follows from Proposition 3.6(i). Forn > 1, we can prove (7.5)
by modifying the proof in Proposition 6.5(ii) and we outline the major changes as
follows. Instead of V (x) defined in (3.13), we now consider

TG (c0/DEy &y, £0/H) incase (1) of (3.13),

Vix) = B(x, 20/4) in case (2) of (3.13),

SO th~at I7(x) C V(x) C U and there exists 69 > 0 such that for all x € U, for all
z € V(x), dist(z, dU) > §p. Hence, (3.9) implies that

inf inf @(z) > ¢;'8 > 0. (7.6)
xeU zeV(x)

For any x € U, define X by

=

) x + (e0/4)§y, incase (1) of (3.13),
]« in case (2) of (3.13).
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Then, as in Lemma 6.4, we can show that there exisis Co > O such that for all > 0,
forallx € U, forall0 <r <s <¢gg/4,forallz € V(x) N B(X, s),

Vol(V(x) N B(%, s) N B(z, 7)) > Co(1 A1), (1.7)

For n = 1, similarly to the proof in Proposition 6.5(ii), we have

Gy (t,x, %', y, ¥

> / ds f/~ dzdZ Gp(t —s,x,x',2,2) f(z—2)Cp(s, 2,2, v, Y)
/4 (FONBG VP

2/4][

Nz
X/ ds.//~ dzdz' (1 A @1(2)*(1 A @12z — 2P,
t/4 [V)NBE VDI?

Then, by using (7.6) and (7.7), we obtain (7.5) forn = 1.

For n > 2, we first restrict the integrals of s1,52,53,...,5, to the smaller
intervals [(1— )5 4], [1— )5 s —&] [A=E)s. 50— (51 —s2)], ..,
[ - %)%, Sn—1 — (Sp—1 — sn_l)], respectlvely, sothat £ < L <5 — s <
§s2 — 83 < .- < s,_1 — S,. We can then modify the proof of Proposition 6.5(ii) by
considering

2 2
= O el e et
—16c2 =—; e 12¢2 7

> CW(t, X)W (t, X)W (t, )W (t, y)—

2.2y € Ay = V() NBE, V(1 —s1)/(Gn) A (g0/4)),
p ey =V@NBGE V51— 52 A (e0/H) N B(z1, /51 — 52 A (80/4)),
e Ay =V NBE 51 —s52 A (0/4) N B, /51— 52 A (£0/4)),

n € Ay v x)N B(x VSn—1 —38p A (80/4)) N B(zp—1, VSn—1 =8 A (80/4))7
€Al = V@) NBE, /sn_1 — 5 A (0/4) 0B, \/Sn_1 — su A (60/4)).

Then, along the lines of the proof of Proposition 6.5(ii), we can deduce (7.5) using (7.6)
and (7.7) above.
Finally, recall that

oo
Ko x.x' y.y) =22 Y a6 V x.x' y, ).
n=0
By using (7.5), interchanging the order of summation, and using (4.11), we can obtain

the lower bound (7.4) as in the proof of Proposition 6.5(ii). This completes the proof
of Proposition 7.2. O
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7.2 Proof of Theorem 1.7

Proof of Theorem 1.7 In Remark 1.8, we have seen that v satisfies condition (1.25) if
and only if 12*6,1/3 (t,x) < ooforallt > 0and x € U. The proof of the existence, p-th
moment bounds and uniqueness of the solution is similar to the proof of Theorem 1.4
in Sect. 5, with the use of Lemma 7.1 instead of Lemma 5.1 (i). The correlation bounds
follow immediately from Propositions 6.2 and 7.2. O

7.3 Proof of corollary 1.9

Proof of Corollary 1.9 Note that the Dirichlet kernel kernel for ¥ on U =[]/, U; is
given by

m
Gh.x. ) =]]6H ¢ xi.y)
i=1

forr >0and x = (x1,...,xn),y = (V1, ..., ym) € U, where G%"(t,x,-, y;i) is the
Dirichlet heat kernel for .%; on the % -domain U;. This and Proposition 3.6 applied
to each G%i (t, x;, y;) imply the following heat kernel estimate

—ut ) |)(_),‘2

e _
G, x,y) < Cl\ll*(t,x)lll*(t,y)me 1

with suitable constants Cy and cj, where W* is as defined in (1.32) and pu is the
sum of the leading eigenvalues of the Dirichlet operators .Z;. By the proof of (7.2) in
Lemma 7.1, for each i, we have

U; Ui Ui
Y (vp) D (wi)\ e imwl? D (w;y)
1 \Yi 1 i . ) 12
<1/\—1/\S1/2)<1/\1/\r1/2>e 6 < Cy, 1A1/\s1/2

for all s, > 0 and v;, w; € U;, where Cp; is a constant. Taking products over
ief{l,...,m}gives

cp lv—wp?

W*(s, V)W (r,w)e” o 7 < CoW*(s, w)

for all s, > 0 and v, w € U, where Cy = I—[;”=1 Co,i. Then, the same proof of
Lemma 7.1 shows that the estimate (7.1) holds with every W replaced by W*. This
implies that the estimate (7.3) also holds with every W replaced by W*. Using these
estimates, the statements (i) and (ii) in Theorem 1.7 with W replaced by W* can
be proved for the product domain the same way they are proved in Theorem 1.7.
Condition (1.31) ensures that J(¢,x) < oo forallt > Oand x € U. O
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7.4 Some auxiliary results related to examples in Sect. 2.1

Lemma?7.3 Forv > —1, let J,(-) be the Bessel function of first kind and of order v
and let zy be any positive zero of J,,(+). Then,

r=V 1y (rzo)
sup —————=
re@ 1y 1—r

Proof Set f(r) = %, which is a continuous function on (0, 1). By Eq. 10.7.3
of [34], we see that lim,_,o f(r) = T'(»)~! (£)" < oco. Because all zeros of J,,(-)
are simple (see Section 10.21 ibid), we see that lim,_1 f(r) = —z0J}(z0) < o0.
Therefore, f(r) is a continuous function on [0, 1], from which the desired result

follows. O

Remark 7.4 In the setting of Example 2.2, the leading eigenfunction is given by
1L e-an
D1(x) = C—dIXI Ja-2y2 (zolx]) ,

where 7 is the first positive zero of the Bessel function Jz—2)/2(x), and Cy is some
normalization constant. One may refer to §34.2 in Chapter III of [42] for the case
d = 2 and Section H in Chapter 2 of [21] for the general case d > 3. In particular,
the leading eigenfunction @ (x) corresponds to F,ﬁ’" (x) in Theorem 2.66 (ibid.) with
k=0, =1and m = 1. Here are a few comments:

(1) The multiplicity for the leading eigenvalue z( is one since dy = 1; see Corollary
2.55 (ibid.).

2) Y(} (x) in Theorem 2.66 (ibid.) is a constant function.

(3) In Fig.2(2.2), we have chosen the following normalization constant:

Ca = lim r® 2 Ju (o) =272d T (1 +d/2) 7 5 22 (18)

where the limit is due to [34, Eq. 10.7.3 on p. 223], so that maxy|<; W(1, x) = 1.
The following Lemma is used in Example 2.3.
Lemma 7.5 Ry and R, are two simple zeros for Z(r) defined in Example 2.3.
Proof 1t is straightforward to check that Ry and R; are two zeros of Z (). To show that

they are simple, one needs to prove that Z’'(r) # 0 for r = R} and R;. By Eq. 10.6.3
of [34], we see that

25 Z'(r) = Jo(R120)Y{(rzo0) — J§(rz0) Yo(R1z0)
= —Jo(R1z0)Y1(rzo0) + J1(rzo)Yo(R120).
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Table 3 Three cases in the proof of Lemma 7.5

(a) Case 1. (b) Case 2. (c) Case 3.

Jo 1 Yo N Jo N Yo 1 Jo 1 Yo Y
Rizg #0 — =0 #0 Rjzg =0 #0 #0 — Rizg #0 — #0 —
Ryzp #0 — =0 #0 Ryzp =0 #0 #0 — Rz #0 — #0 —

By setting r = Rp and applying Eq. 10.5.2 (ibid.), we have that

25" Z'(R1) = —Jo(R120)Y1(R120) + J1(R120)Yo(R120) =

T R1z0 #

which proves that R; is a simple zero of Z(r).
Let F(z) denote the function in (2.7). By setting r = R;, we have

25 Z'(Ro) = —Jo(R120)Y1(Raz0) + J1(R220) Yo (R 20). (7.9)

Because JOZ(Z) + Yoz(z) > 0 for all z > O (see, e.g., Eq. 10.9.30 ibid), we see that if
Yo(R1z0) = 0, then Jo(R1z0) # 0. Because all zeros of Y, (-) are simple, we see that
Y1(R1z0) = —Y;(R1z0) # 0. But since z is a zero of F(z), i.e.,

0 = Jo(R120)Yo(R220) — Jo(R220) Y0 (R120) = Jo(R120)Yo(R220)-

Hence Yy(R2z0) = 0, which further implies that both Jy(R2z0) # 0 and Y1 (R2z0) =
—Y(R2z0) # 0. This proves Case 1 in Table 3a. Applying the same arguments with
Yo(R1z0) = 0 replaced by Yo(R2z0) = 0, Jo(R1z0) = 0, and Jo(R2z0) = 0, we see
that only three cases can happen, which are listed in the following Table 3:

Cases 1 and 2: From the expression of Z'(R») in (7.9), we see that in these two cases,
Z'(Ry) # 0.

Case 3: Since both Yo (R;z0) and Yo(R>z0) are nonzero, and since F(zg) = 0, we see
that

Yo(R Jo(R
Jo(R120) = 0(R1z0)Jo(R2z0)
Yo(Raz0)
This and Eq. 10.5.2 (ibid.) imply that
1o Yo(R1z0)
79 Z'(Ry) = ———— (=Jo(R2z0)Y1(R2z0) + J1(R220) Y0 (R220))
Yo(R2z0)
_ Y(Rizo) 2

"~ Yo(R2z0) T R220

Therefore, combining the above three cases, we have proved that R; is a simple zero
of Z(r). O
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