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NONLINEAR STOCHASTIC TIME-FRACTIONAL DIFFUSION
EQUATIONS ON R: MOMENTS, HOLDER REGULARITY
AND INTERMITTENCY

LE CHEN

ABSTRACT. We study the nonlinear stochastic time-fractional diffusion equa-
tions in the spatial domain R, driven by multiplicative space-time white noise.
The fractional index 8 varies continuously from 0 to 2. The case 8 =1 (resp.
B = 2) corresponds to the stochastic heat (resp. wave) equation. The cases
B €10,1] and B €]1,2[ are called slow diffusion equations and fast diffusion
equations, respectively. Existence and uniqueness of random field solutions
with measure-valued initial data, such as the Dirac delta measure, are estab-
lished. Upper bounds on all p-th moments (p > 2) are obtained, which are
expressed using a kernel function (¢, x). The second moment is sharp. We
obtain the Holder continuity of the solution for the slow diffusion equations
when the initial data is a bounded function. We prove the weak intermittency
for both slow and fast diffusion equations. In this study, we introduce a special
function, the two-parameter Mainardi functions, which are generalizations of
the one-parameter Mainardi functions.

1. INTRODUCTION

Viscoelasticity is the property of materials that exhibit both viscous and elastic
characteristics when undergoing deformation (see e.g. [I5l2TL29] ). Viscosity mainly
refers to fluids and elasticity to solids. A linear theory to bring these two properties
together has been achieved using fractional calculus by Mainardi and his coauthors;
see [23] for an introduction to this subject. It has wide applications to fields such
as chemistry (e.g. [I6L[I7]), seismology (e.g. [1]), soil mechanics (e.g. [20]), arterial
rheology ([12]), biological tissues (e.g. [22]), etc. In this linear model, the system
is governed by the partial differential operator

L= IDg_ th>

where the space derivative ,D§ is the Riesz-Feller fractional derivative of order

a and skewness 0, and the time derivative th is a Caputo derivative of order
B €]0,2]. These three parameters vary in the following ranges:

a€l0,2], B€]0,2], |0]<an(2—a),
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where a A b := min(a,b). We are interested in this linear model driven by multi-
plicative space-time white noise:

Lu(t,x) = 1]°17° [p(u(t, 2))W (¢, x)} . teR% :=10,400], 7 €R,

where [(] is the smallest integer not less than 3, W is the space-time white noise,
the function p : R — R is Lipschitz continuous, and I;* is the Riemann-Liouville
fractional integral of order a:

I f(t) = I’L) /Ot(t —5)* !f(s)ds, fort>0and a>0,

(a
and I? = Id, where Id denotes the identity operator. When f3 is an integer, then
It[m_’@ = Id. The case where p(u) = Au, 8 =1, and a = 2 (hence § = 0), is called
the parabolic Anderson model; see [21[3]. The logarithm of the solution gives the
Hopf-Cole solution to the famous Kardar-Parisi-Zhang equation [19].

Due to the time-fractional derivative, the semigroup theory does not work ex-
cept for the case § = 1. These studies heavily depend on the properties of the
fundamental solutions or the Green functions to Lu = 0. In [24], some of these
Green functions are obtained through inverse Fourier transform of some special
functions, among which the following three cases are more tractable: (1) space-
fractional heat equation: {0 < a < 2, f = 1}; (2) time-fractional heat/wave equa-
tion: {a = 2,0 < 8 < 2}; (3) neutral fractional diffusion equation: {0 < a = 8 < 2}.
The first case has been recently studied in [8,9]. In this paper, we will study the
second case, i.e., we will study the following nonlinear stochastic time-fractional
diffusion equations (formally):

(1.1)

2 .
(th—%) ut.a) = 1171 [p(ut.e) Wi(t2)| . Beln2 teRy z e

The Caputo fractional differential operator th is defined as

: / t ARG

— | it ——— ifm-1<f8<m,
1DEF(t) = l;(m =B)Jo  (t—m)priom

We refer to [I4L24] for more details of these fractional differential operators. When

B=2,Df = g—; and (L)) reduces to the stochastic wave equation (SWE)

2 2 .
(1.2) (% - 52%> u(t,z) = p(u(t,x))W(t, z),

with the speed of wave propagation x = 1. When § = 1, DP = % and (LI)
reduces to the stochastic heat equation (SHE)

o v o?
1. =22 =
(1.3 (5~ 5z ) ) = platt. )iVt 0),
with the diffusion parameter v = 2. The above two special cases have been studied
carefully; see [AH7LI0]. The case 8 € ]0,1] is called the slow diffusion, 5 € |1,2] the
fast diffusion, and 8 = 1 the standard diffusion. In the following we will also call
the case 8 €10, 1] slow diffusion and the case 8 €]1,2[ fast diffusion. For the slow

Licensed to Georgia Inst of Tech. Prepared on Tue Oct 1 13:52:42 EDT 2019 for download from IP 143.215.38.56.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NONLINEAR STOCHASTIC TIME-FRACTIONAL DIFFUSION EQUATIONS 8499

and standard diffusions, we only need to specify the initial data «(0,x). For the
fast diffusion, we need to give 8t u(0,x) as well. Note that another related equation
is the stochastic fractional heat equation (SFHE)

(1.49) (5~ +D8 ) utta) = ptutt ) (.0).

which has been studied recently in [8,9]; see also [I3]18].
All investigations on SPDEs of the above kinds require a good study of the
corresponding Green functions. By Green functions, we mean the solutions to the

equations
92
<th—@>U(t,x)—O, teRY, z€R,
(1.5) u(0, ) = do(x) , zeR, fO0<p<1,

u(0,2) =0, gt (0,z) =6p(x), z€eR, fl<pf<2,

where d¢ is the Dirac delta function with a unit mass at zero. We use Gg(t, z)
to denote these Green functions. The Green functions for slow diffusion equations
and their properties can be found in [24]. As far as we know, there is no literature
studying the Green functions of the fast diffusion equations. Note that in [24], the
Green functions for the fast diffusions are not the ones we need. To obtain the
Green functions for the fast diffusion equations, one needs to generalize the one-
parameter Mainardi function (see [23/24]) to the two-parameter settings (see (£4)
below), based on which corresponding properties for the Green functions of the fast
diffusion equations need to be proved (see Lemma E] below).

If we denote the solution to the homogeneous equation by Jy(t,x) (see (Z3)
below), then the rigorous meaning of (LI]), which is the actual equation that we
are going to study, is the following stochastic integral equation:

u(t,z) = Jo(t,z) + I(t,x), where

N N / (t— 5,2 — ) p (u(s,y)) W(ds, dy),

where the stochastic integral is the Walsh integral [34]. To motivate the relation
between the SPDE ([IT]) and the integral equation (LH), we need the time-fractional
Duhamel’s principle (see [33, Theorem 3.6]). If we replace the right-hand side of
(I by a nice forcing term g(t, ). Then by [33, Theorem 3.6], the solution to (1))
with vanishing initial conditions 2=u(0,z) =0 for m =0,...,[8] — 1 is

t
u(t,z) = / ds / dy Gt — 5,2 — ) DI Py (s, ),

where ;D¢ for a > 0 is the Riemann-Liouwville fractional derivatives of order a:

1 m ot
7d—/dTL ifm—-—1l<a<m,

DY f(t) = I;ET —a)dim (t—r)oti-m
—f(t) fa=m.
dtm
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Then if one replaces g(t, z) by Itrmfﬁg(t,x) and uses the fact that ;D¢ o I{* = 1Id
for all &« > 0, then one can see that the solution to

2
(102 = 5 ) utr) = 17 P lotta)], 50,2l e, e R

—u(0,z) =0, form=0,...,[B8] -1,
is
t
u(t,x):/ ds/dyGﬂ(t—s,x—y)g(s,y)-
0 R

We will establish the existence of random field solutions to (L)) starting from
measure-valued initial conditions. Let p be a Borel measure and p = py — p—,
where, from the Jordan decomposition, p4 are two nonnegative Borel measures
with disjoint support and |pu| = py + p—. Define an axillary function

(1.7) (@) = exp (_gmlﬂm) , forzeR,

where | 3] is the largest integer not bigger than §. Let M(R) be the set of signed
(regular) Borel measures on R. For 0 < 5 < 2, define

(1.8) M? (R) := {u € M(R) : (|p| * fy) () < 400 ,for all n >0 and = € R},

where * denotes the convolution in the space variable. Then ML (R) = Mg (R),
where Mg (R) is the notation used in [5l[6] for the admissible initial data for the
SHE ([I3). Note that even though the initial data can be Schwartz distributions for
the heat equation without noise, but for the SPDE, initial data cannot go beyond
measures; see [4, Theorem 3.2.17] or [7, Theorem 2.22]. We will prove the existence
and uniqueness of random field solutions to (L)) for all initial data in Méi(]R) As
in [6H]], we will obtain similar moment formulas expressed using a special function
K(t,z). For the SHE and the SWE, this kernel function IC(¢,2) has an explicit
form. But for the space-fractional heat equations [§] and the current time-fractional
diffusion equations, we only have some estimates on it. In particular, for the slow
diffusion equations, we will obtain both upper and lower bounds on K(¢,x). For
the fast diffusion equations, we will only derive some upper bounds.

After establishing the existence of random field solutions, we will study some
properties of the solutions. The first property is the sample-path regularity (for
the slow diffusion equations). Given a subset D C Ry x R and positive constants
B1, B2, denote by Cj, g,(D) the set of functions v : R; x R — R with the following
property: for each compact set K C D, there is a finite constant C' such that for
all (¢,z) and (s,y) € K,

lu(t, ) —v(s,y)| < C (|t — s|” + |z —y|*).

Denote

Cﬁlf’fbf(D) = m ﬂ Cal,OQ(D) °
a1€]0,81[ az€ 10,82[

We will show that for the slow diffusion equations, if the initial data is a bounded
function, i.e., u(dx) = f(z)dz with f € L>*°(R), then

(1.9) u(-,0) € C’¥ (Ry xR), as.

1
’ 2
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Moreover, if f is bounded and a-Hélder continuous (a € 10, 1[ ), then

(1.10) u(~,o) S C¥ (Ri X R) N C(%/\%)— )_ (RJr X R) , a.s.

. (aBAg
When S = 1, the above results partially recover the results for the stochastic heat
equation in [5]. Note that the regularity results in [5] is more general since the
initial data can be measured.

The second property that we are going to study is the intermittency. More
precisely, define the upper and lower (moment) Lyapunov exponents as

(1.11)

log E [Ju(t, )[?
7tp() i=lim sup BRI LT Hi( )]

logE t P
and  m,(z) := liminf log B [Ju(t, 2)["]
t—+o0 t

When the initial data are spatially homogeneous (i.e., the initial data are constants),
the Lyapunov exponents do not depend on the spatial variable. In this case, a
solution is called fully intermittent if m; = 0 and my, > 0 (see [3, Definition ITI1.1.1,
on p. 55]). As for the weak intermittency, there are various definitions. For
convenience of stating our results, we will call the solution weakly intermittent of
type Iif my, > 0, and weakly intermittent of type II if iy > 0. Clearly, the weak
intermittency of type I is slightly stronger than the weak intermittency of type II,
but weaker than the full intermittency by missing m; = 0. The weak intermittency
of type II is used in [18].

The full intermittency for the SHE and the SFHE, and the weak intermittency
of type I for SWE are established in [2], [9] and [7], respectively. Conus, et al.
prove the weak intermittency of type II for the SWE in [11l Theorem 2.3]. We will
establish the weak intermittency of type I for the slow diffusion equations and the
weak intermittency of type II for the fast diffusion equations. Moreover, we show
that

1=y

if 8€]0,1],
if Be]1,2[,

[N
= W

6—

|

(1.12) ity < {Cp _
P

which reduces to the SHE case (see [2,[6,[18]) when 8 = 1, i.e.,, m, < C p3, and
to the SWE case (see [7]) when 8 = 2, i.e., m, < C p*2. Note that the above
constants C' may vary from one inequality to the other.

At the final stage of this work, we notice some recent works by Mijena and
Nane [25126], who have also studied this equation in a more general setting where
the Laplacian is replaced by —(—A)a/ 2 and the space dimension can be any d <
a(2AB871). When 8 €]0,1[, « = 2 and d = 1, they obtain the same rate as in (LIZ).
The main differences of our work from [25,26] include: (1) our initial data are more
general (measures), which entails more calculations; (2) we cover the case 5 €]1, 2],
to which most efforts in Section M are contributed; (3) we derive both upper and
lower moment bounds, which can be handy for proving many other results; (4) we
prove the weak intermittency of type I for the slow diffusion equations, thanks to
our lower bound on the second moment.

These studies are far from being conclusive. Many aspects can be improved,
such as the Holder regularity for measure-valued initial data and for fast diffusion
equations, full intermittency for both slow and fast diffusion equations, the SPDE
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(CI) without the fractional integral operator, etc. Finally, one interesting ques-
tion is whether the sample-path comparison principle holds for the slow diffusion
equations; see the recent work [9] for the SFHE (I4) and references therein.

This paper is structured as follows. We first introduce some notation in Section 2l
The main results are stated in SectionBl In Section ] we prove some useful proper-
ties of the Green functions. Section [f] gives a general framework on calculating the
function IC(¢, z), based on which Theorem [3.4]is proved. The proof of the existence
and uniqueness results with moment estimates, i.e., Theorem [B.I] is presented in
Section [61

2. SOME PRELIMINARIES AND NOTATION

Recall that the Green functions Gg(t,x) solve (LH). Note that in [24], the
fundamental solution is defined with the initial conditions u(0,z) = do(x) and
%u((), z) =0 forall 8 €]0,2]. Let Gj(¢, z), which is also called the Green function,
be the solution to ([LH) subject to the initial data

u(0,x) = dp(z) and %U(O,ZE) = 0.

Here are some special cases. If 8 = 1, then Gg(t,x) reduces to the heat kernel
function, i.e.,

1 z?
2.1 Gi(t,z) = —=exp | —— |, for (t,z) € Ry xR.
(2.) ) = e (< ) for () € R
If B = 2, then G(t,z) and Gj(¢, r) reduce to the heat kernel functions, i.e.,
1 1
(2.2) Go(t,z) = El{mgt} and Gi(t,z) = 5 (0u(z) + d_i(z)).
For p and v € M?(R), the solution to the following homogeneous equation
32
(tD*ﬁ_@> u(t,z) = 0, teR:, z€R,
u(0,-) = p(-), ifo<pB<1,
0

u(0,-) = u(), au((),-) =v(), ifl<pf<2,

will always be denoted by Jy (¢, z), which is equal to

/u(dy)Gﬁ(t,w—y% ifo<pB<1,
(2.3) Jo(t,z) =%
/Ru(dy)Gﬂ(t,x—y)—i—/R,u(dy) Gh(t,r—y), if1<pB<2.

Remark 2.1. For the slow diffusion equations (0 < S < 1), the Green function
Gp(t, ) is the same as the function Ggﬁ (z,t) in [24], Section 3] with @ = 2 and § =
0. For the fast diffusion equations (1 < 8 < 2), our function G%(¢,z) corresponds
to the function G¥, 5(,t) in [24, Section 3]. In these two cases, the Green functions
Gp(t,x) and Gj(t,z), and their properties are mostly known; see [24] and [23)
Appendix F]. However, for the fast diffusion equations, the Green function G(t, x)
and its properties need to be proved, which is done in Lemma 1] below.
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Let W = {W(A): A€ B, (R),t> 0} be a space-time white noise defined on a
complete probability space (€2, F, P), where By, (R) is the collection of Borel sets
with finite Lebesgue measure. Let

Fi=0(Ws(A):0<s<t,AeB,(R))VN, ¢>0,

be the natural filtration augmented by the o-field N generated by all P-null sets in
F. We use [|||, to denote the LP(€2)-norm (p > 1). In this setup, W becomes a wor-
thy martingale measure in the sense of Walsh [34], and ff[O,t]x]R X(s,y)W(ds,dy) is
well-defined in this reference for a suitable class of random fields {X (s, y), (s,y) €
R+ X R}

Recall that the rigorous meaning of the SPDE (ILT]) is in the integral form (LG).

Definition 2.2. A process u = (u(t,x), (t,xr) € RY x ]R) is called a random field
solution to ([T if
(1) w is adapted, i.e., for all (t,z) € R% x R, u(t,x) is Fy-measurable;
(2) w is jointly measurable with respect to B (Ri X R) x F;
(3) (G% * ||p(u)\|§) (t,z) < 400 for all (t,z) € R% x R, where * is the convo-
lution in both space and time variables. Moreover, the function (¢,z) —
I(t, z) mapping R% x R into L*(Q) is continuous;
(4) u satisfies (LG) a.s., for all (¢,z) € R% x R.

Assume that the function p : R — R is globally Lipschitz continuous with Lip-
schitz constant Lip, > 0. We need some growth conditions on p: assume that for
some constants L, > 0 and ¢ > 0,

(2.4) Ip(z)* < Li (c®+2%), for all x € R.

Sometimes we need a lower bound on p(z): assume that for some constants [, > 0
and ¢ > 0,

(2.5) Ip(z)> > li (¢* +2%), forallz e R.

For all (t,z) € R xR, n € Nand X € R, define
Lo (t,x;N) = AzG%(t,x),

(2.6) Ltz N) = (Lox---xLy) (t,z), forn >1 (n convolutions),
(2.7) K(tad) = Ly (t,z;)).
n=0
We will use the following conventions to the kernel functions IC(t, z; A):
K(t,x) :== K(t,x; A), K(t,z):=K(t,z;L,),
K(t,x) =Kt x;1,), lep(t,ac) =K (t,z;4/pL,), forp>2.

3. MAIN RESULTS

Our first theorem is about the existence, uniqueness and moment estimates of
the solutions to (II]). It possesses a general form as [6, Theorem 2.4], [7, Theorem
2.3], and [8, Theorem 3.1].
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Theorem 3.1 (Existence, uniqueness and moments). Suppose that

(i) 0< B <2

(ii) the function p is Lipschitz continuous and satisfies the growth condition ([24);

(iii) the initial data are such that p € M5 (R) if 8 €]0,1], and p, v € M5 (R)
if B€]1,2[.

Then the SPDE (1)) has a unique (in the sense of versions) random field solu-
tion {u(t,x) : (t,x) € R% x R}. Moreover, the following statements are true:

(1) (t,z) — u(t,x) is LP(Q)-continuous for all integers p > 2.

(2) For all even integers p > 2, allt > 0 and z,y € R,

s I3t )+ ([ +J3] K) (t,2), ifp=2,
= 2J3(t,x)+([52+2J3]*/€,,>(t,x), ifp>2.

(3) If p satisfies [Z0)), then for allt >0 and x,y € R,
(3:2) [lu(t, o)l > J3 (¢ 2) + ((° +J5) xK) (t,) .

(3.1) [lu(t, )]

The following Theorem [3.2] gives the Holder continuity of the solution for the slow
diffusion equations. We cannot prove the Holder regularity for the fast diffusion
equations due to the less precise results in Proposition[6.4] than those in Proposition
0.9

Theorem 3.2. Suppose that f €]0,1]. If p(dz) = f(z)dz with f € L>® (R), then

(3.3) sup ||u(t,x)||z < 400, forallT >0 andp > 2.
(t,z)€[0,T]xR

Moreover, we have

(34) I(',O) S C¥_v%— (R+ XR) N a.s.,
and (L3 holds. If f is bounded and a-Hélder continuous (a € 10,1[ ), then (LI0)
holds.

Proof. The bound ([B3) is a simple consequence of (BI). The proof of [B) is
straightforward under B3)) (see [5, Remark 4.6]). The remaining parts are due to
Proposition O

In only very few cases, one can derive explicit form for (¢, x). A first case is
when 3 = 1; see Example A second case is given in Example 5.4l A third case
is when 8 = 2:

A2 A2((kt)? — 22
’Cwavc(t7x;)\) — IIO ( %) 1{|x‘§,‘{t}’

where Io(x) is the modified Bessel function of the first kind of order 0; see [7].
Hence, in order to use the moment bounds in (B and (32, we need some good
estimates on the kernel function XC(¢, ). For this purpose, we define some reference
kernel functions:

1 |z] .
Wexp(—m) 1f0<6<1,

(3.5) gﬁ(t,x) = 2
> if1<pg<2.

T
antp P\ wP
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Note that when 1 < 8 < 2, Gg(t,z) = G4 (tﬁ,x). For convenience, when 0 < 8 < 1,
denote

(3.6) Gep(t,x) == Gga(t, ),

where the subscription “e” refers to the exponential function. Clearly, Gg(t, x) is
nonnegative and fR dz Gg(t,z) = 1. For 0 < 8 < 1, define

1 x2
ex - .

(3.7) gs(t,x) =Gy (t°,2) =
‘We need some constants:

~ 98/2 1
(38) Cﬂ = m exp (_W) s for B > O,
and

_ @3 if0<f<1,
(39) CB = -1

2% if1<pB<2.

Remark 3.3. The constant éﬁ as a function of 8 €]0,2] is decreasing with Cy =
2e71/2  1.21306, Cy = (2+ v2) e V% ~ 1.68344, and limg o, Cjg = 0.

Define
(3.10) Vg := sup w <400, for0<p<2
ek Gp(1,2) 7 ’
and
(3.11) Vg := inf w >0, for0<p<Ll
- zeR Gp(1,z) ’

Proposition 5.8 below shows that ¥3 < 400 and g > 0.

Theorem 3.4. Fiz A > 0.
(1) For B €]0,2[, there is a finite constant C := C(8,\) such that

(3.12) K(t,z;\) < t% Gs(t,z) (1+ 17 exp (1)) |

where

(3.13) o=8/2+201—[8]) and T = ()\2 Vs Cy r(l—a))l+
(2) For B €]0,1[, there is a constant C := C(8,\) > 0 such that

(3.14) K(t 55 0) = C Gy(t,) exp (T 1),

where

1—0o

c=6/2-1 and T= (272N ¥;T(1-0))

Proof. Apply Proposition 0.8 below with AGg(t,z). Note that introducing the
factor A changes the constants Cy and Cj by a factor A2. |

The last set of results are the weak intermittency and the bounds in (L12).
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Theorem 3.5 (Weak intermittency of type I for slow diffusion equations). Suppose
that 8 €0,1[ and p(dz) = cdx. If p satisfies (Z4) and |c| + |S| # 0, then

1 ~ 25 a=s
my, < 3 [24 Li Cpl¥g F(l—ﬂ/2)}2 p2=6, for allp > 2 even.
If p satisfies 20) and |c|+]|s| # 0, then the solution is weakly intermittent of type
I:
2
D (o =5
mp25<2vwigﬁm2—ﬁmg . forallp>2.
Proof. Clearly, in this case, Jo(t,z) = c¢. Hence, by 1) and 312,
C ~ ™
2 _ - o
Mdtxﬂp§62+¥;(e+28)<l+texp(P4L§C%WﬂFﬂ—wﬂ} phﬂt>),

with 0 = /2. Then increase the power by a factor p/2. This proves the upper
bounds. As for the lower bound, by (3.2) and (314),

a2 > lu(t.a)l > 4 € () exo ([ B s T = )] )

with ¢ = g — 1. This completes the proof. |

Theorem 3.6 (Weak intermittency of type II for fast diffusion equations). Suppose
that 8 €]1,2[, u(dx) = edz and v(dz) = ¢'dx. If p satisfies @Z4) and |c|+|c'|+|5| #
0, then

2

1 -7 —
my < 3 [29/2 Li Vg I’(3—6/2)} or p%, for all p> 2 even.

Proof. By Lemma [LILiii), Jo(¢t,2) = ¢t + ¢/. The condition |c| + |¢/| # 0 implies
Jo(t,z) # 0 for large t. Hence, by (3.) and [B3.12),

C
Ju(t, 2)l[, < (ct+)?+ 2 (P +2(ct+)?)
X (1 + t7 exp ([2465 L;Q) Ve I'(1 — U)} e pﬁ t))

with ¢ = g — 2. Then increase the power by a factor p/2 and use the fact that
Cﬂ < \/5 O

4. SOME PROPERTIES OF THE GREEN FUNCTIONS

We need some special functions. The following two-parameter Mittag-Leffler

function
o0 k
z
4.1 E, = = ) 5
(4.1) 8(2) égﬂm+6) a>0,8>0

is a generalization of exponential function, E 1(z) = €*; see, e.g., [30, Section 1.2].
Another special casd] is

(4.2) Eij21)2(x) = % +zx e“zerfc(—x), for x > 0,

L Proof of @&2). By [27, 41:6:6], \/1_2 +e”20rfc(—az) = 3712- > #72) Then apply (510).0

T
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where erf(z) = % Jy dy e=V" is the error function and erfc(z) = 1 — erf(z) is the
complementary error function. We will use the convention that E,(z) = E4 1(%).
A function is called completely monotonic if (—1)" ™) (z) > 0 for n = 0,1,2,...;
see [35] Definition 4, p. 108]. An important fact [32] that we are going to use is
that

(4.3) xeRy— E,g(—) is completely monotonic <= 0<a<1AB.

Let W (%) be the two-parameter Wright function of order A defined as follows:

oo Zn
W)\VH(Z)::ZOm, for A\>—-1, peCand z€C;

see, e.g., [23] Appendix F| and references therein. We define the two-parameter
Mainardi functions of order A € [0,1[ by

(4.4)
- (=2)"

M u(2) = Wi ma(—2) = n;) n T (p—(n+ 1))

for y € Cand z € C,

and we will use the convention that My(z) = My 1(z). In particular, M/ (z) =
\/L; exp (—22 / 4). The one-parameter Mainardi functions M) (z) are used by Mainardi

et al. in [23]24]. This two-parameter extension is necessary for the Green function
Gg(t, ) of the fast diffusions.

Lemma 4.1 (Properties of the Green functions G(t,r) and Gj(¢,x)). For B €
10,2[, the following properties hold:
(i) The Green function Gg(t,x) has the following explicit form:

(4.5)

AR || 0l
¢181-1-5/2 12| 5 Mss2\j52) »  HO<B=1,
Ga(t,a) = g Mo (W) _

t1-8/2 || _
5 Mﬁ/2,2 (W) , ifl< <2

The function Gj5(t,z) has the same form as ([@3) except that all [B]’s in (EI)
should be replaced by 1, i.e.,

" P ]
Gﬁ(t,x):TMB/Q W 5 fOT’1<ﬂ<2

(ii) Ga(t, ) has the following scaling property:
— ¢[B1-1-/2 L
(4.6) Ga(t,z) =t Gs (1, tm) .

The scaling property of Gj(t,x) is the same as 8] except that the [B] in (ES)
should be replaced by 1.

(iif) For any t > 0 fized, both functions x — Gg(t,x) and x — G3(t, x) are sym-
metric and nonnegative, i.e., Gg(t,x) = Gg(t, —x) > 0 and Gj(t,x) = Gj(t, —x) >
0, for all x € R. Moreover,

(4.7) /Rdx Gs(t,z) =t"P171 and /Rdx Ght,a)=1.
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In particular, the functions x — Gg(t,z) with B €10,1] and z — Gj(t,x) are
probability densities.
(iv) Gg(1,x) has the following asymptotic property:

1 e
(48) Ga(1,2) = Mg a1 (Jo) = Al e, as |a] = +o0,
where

T = - 1

4.9 R I = L |
(4.9) (2-9"=" 8 > =

1+3-2[p]
41 _1+B8-208] _
( 0) a 5 ﬁ < O ,

2

411 _ )
(4.11) c=5-5 > 1
(4.12) b= (2—B)2-¥ =B s/~ ¢ o, 1].

G5(1,x) has the same asymptotic property except that all [B]’s in @8), @EI) and

[@I0) should be replaced by 1, the range of a is | — 1/2,4+00[ and the range of A

is [1/v/8em,1/2[. See Figure [ for the plots of these parameters as functions of 3.
(v) Ga(t,x) satisfies the following moment formula:

r 1

(4.13) / dz |z|*Gp(t, z) = % tB/2HIBI=0 - fora > —1 and t > 0.
R r (= +161)

The moment formula for G%(t,z) is the same as (EI3)) except that all [B]’s should

be replace d by 1.
(vi) The Fourier transform of the Green function Ga(t,z) is

(4.14) /d;v e Gyt x) = t1P17 By 1oy (—tP€%) . fort>0and E€R.
R

The Fourier transform of Gj(t,x) is the same as @I except that all [3]’s in
EI4) should be replaced by 1.
(vii) the Laplace transform of the function Ry 3 x— Gg(1,z) is

> 1
(4.15) / dz e **Ga(1,x) = EEB/ZW](—z) , forallzeC.
0

The Laplace transform of Ry > x+— G3(1,2) is the same as [I3) except that the
[B] in @ID) should be replaced by 1.
(viil) The function x — Gg(t,x) attains its mazimum value at © = 0:

tIB1-1-8/2 B -1
@10)  swGalta) = Golt0) =yt (18- 5)
rER 2 2
The function x — Gg(t, x) attains two symmetric mazimums that move apart from
the origin with time.
(ix) The function x — Gg(t,x) is continuous at x = 0 but in general not differ-
entiable there. Its n-th derivatives are equal to

(_1)nt(ﬁ1—1—(n+1)ﬁ/z . ‘
41T o a B Msg/2,181-np/2 (W) ifx>0,
. —_— t =
( ) Oxn [3( 730) t[B1-1—(n+1)5/2 . .
fMB/Q»fmfnﬁ/Q (_m) ifx<0.
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\/8777 T

V3] V8 T
2ﬁ< 2\/71— ]
2 2]

L: 1

ﬁ/%/4~ 8 1/4
-1/21 -1/2 4
—od .
(a) Gp(1,z) (b) G3(1,z)

Figure 1. The parameters of the asymptotics of the functions
Gp(1,z) and Gj(1, ).

Proof. Denote

v [Gata) £Be)0,1],
Gﬁ(t,f) = {Gg(t,x) if B e€]1,2].

All these properties for G5(¢,z) can be found in [24] and [23) Appendix F]. The
expression (L3) for G(¢,z) can be found in [24] (4.23)]. The scaling property (E.G)
for G5(t, z) can be found in [24, (3.7)]. The asymptotic property of G;(¢, ) can be
found in [24] (4.29), (4.30)]. The moment formula (.I3) for G(¢, ) can be found
in [24] (4.31)], where one can extend integer n to all @ > —1. The Fourier transform
of G(t,z) can be found in [24, (4.21)]. The Laplace transform (I3 of G;(t, z)
is due to the Laplace transform of the Wright function of the second kind (see e.g.,

23, (F. 25), on p. 248]): W_, u(—x) = Ex apu(—2) for 0 < A < 1, which implies

(4.18) My () =5 By p(—2), for0<A<1.

The statements in both (iii) and (viii) for G(¢,z) can be found in [24, p. 22].

It remains to prove properties of the Green functions Gg(t,z) with 8 € ]1,2[.
Since the arguments for Gg(t,z) with 8 € ]0,1] are similar to those for Gg(t,x)
with 5 €]1, 2], in the following, we will prove both cases altogether. We will mostly
follow the arguments by Mainardi et al. in [24]. Let f and g denote the Fourier
transform in the space variable and the Laplace transform in the time variable,
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respectively. Apply the Fourier transform on the initial data of (LX):
Gs(0,,6) =1, fo<p<1,

_ o —~

Apply both the Fourier and the Laplace transforms on both sides of the main
equation in (LH):

Gs(s,)s” ="~ 171 4 £2Cs(5,6) = 0,
where we have used the equivalent definition of the Caputo fractional differential
operator of order 3 through the Laplace transform (see [24, (2.12)]):

m—1
LD (s)=5"fF= > "R f00y), ifm-1<B<m.

k=0
Hence,
g Sﬁi( -‘
Gﬁ(s,f):m, for0<pB<2.
By the scaling rules for the Fourier and Laplace transforms, we have that
P p— s 1= 1 (%)ﬁfﬂﬂ
Gp(bt,ax) — ~Gg(bt,-)(§/a) — —Gp(s/b,&/a) = ———"——
a ab ab (E)ﬁ + (é)
b a
1 sB—181 -1 1 _— [pB/2
- £ o) (— )
abl— 8] o (bﬂ(/l’zg)z abi—181 P a

FL p—B/2+[8]-1 ( a )
— b Gﬁ t, bB/QI 5

which proves the scaling property (£6). Now use the following Laplace transform
(see [30, (1.80, p. 21)])

k! @8
(SO‘ ¥ )\)kJrl ’
where Ec(yk,()a(y) = %Ea 5(y). We see that Ga(t, ¢) = t/F1-1 Eg 151 (—€*t?), which
proves ({I4). Then an application of the inverse Fourier transform using Lemma
gives the Green function (£H]). As a consequence, the function z — Ga(t, ) is
symmetric and

/ dt etk A1 ER) (L) = R(s) > AV,
0

/ dz Gg(t,z) = Ga(t,0) = t/F1-1 |
R

which proves ([@7)). By the scaling property and the symmetry of z — Gg(t, x),

/ dz |z|"Ga(t,x) = 2/ dz 2"Ga(t,z) = Qt%BHm*l/ dy y" Gg(1,y).
R 0 0

Then the moment formula [@I3)) is proved by applying Lemma [£.4]

The asymptotic property of Gg(1,z) is a direct consequence of the asymptotics
of the Wright function (see [23] (F.3), p. 238]): For 0 < A < 1, and u € R,
(4.19) My aiu(x) = Woy (=) = Ag Ya(z)?* P exp (=Ya(z)), asz — +00,

where R .
Ya(z) = (1 =N AT52Tx and A= (27 (1—\)" Y2 .
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Note that the constant Ag can be found in [36}37].

The Laplace transform in ([@IH) is proved by ({I8). Bernstein’s theorem on
monotone functions (see Theorem[d.6]) and (3] prove the positivity of Gg(1,z) for
x > 0. Then by symmetry of Gg(1,z), Gg(1,z) > 0 for all x € R. By (£I5) and
the property of the Laplace transform, we see that

d z

where we have also used the fact that Gz(1,0) = [2I'([8] — 8/2)]" and the re-
currence relation of the Mittag-Leffler function E, g(z) =T B+ 2B a+48(%).
Notice the function Eg/s 15)-/2(—2) is completely monotone for » € R, because
[B] — B/2 > /2 and B/2 € ]0,1]. Hence, by the same reason for the positivity of
Gg(1,z), we can conclude the nonpositivity of %Gg(l,x), which proves that the
global maximum of Gg(t, x) is achieved at = 0.

As for (m by differentiating term-by-term (see also [23], (F. 8), p. 239]), we
see that LW, ,,(z) = Wi x4,(z), from which one can easily derive that

dn
(4.20) EM/\M(Z) = (—1)"My y—nxr(2) .
Hence, ([@I7) follows. This completes the proof of Lemma ETl O

Remark 4.2. Note that in general, the function x — Gg(t,x) is not differentiable
at x = 0. But we have

Gﬁ(t 0-) = (=1)"5- nGﬁ(t 0+)

_ 1\ [Bl-1=(n+1)B/2 -1
(=1)"t . F(w_ﬁ(nﬂ)) |

8n

-1
because MB/Q w]_nﬁ/g(o )= MB/z (5]—"3/2 (0+)=T ( [8] — ) . When

B8 =1and n > 1 is an odd integer, then M1/21 ny2(0) = F( ) = 0, which
explains why the heat kernel function (21 is smooth at z = 0.

Remark 4.3 (Wave equation case § = 2). By definition of M) ,(z) in (44)), the
parameter A should be strictly less than 1. Hence, the Green functions Gg(t, x)
and Gj(t,z) in @3) do not cover the case where 8 = 2. However, the wave
equation case § = 2 is a limiting case as 8 1 2, which can be seen from Figure [3
Another way to see this is through the Fourier transform (£I4]). By letting § = 2
in ([@I4), one has that

/ do e Gyt ) = LBy o(—12€%) = Sinétg),
R

/ dz e %G5 (t, x) = Baq(—t2€%) = cos(t€),
R

which equal the Fourier transforms of the wave kernel functions: %1{‘x|§t} and
1 (8:(z) + 6_4(z)), respectively. Hence, in the limiting case, we have (Z.2).

We draw some of these Green functions Gg(1,z) in Figure 2l The range of x is
from —5 to 5. From these graphs, one can see that when (3 tends to 2, the Green

Licensed to Georgia Inst of Tech. Prepared on Tue Oct 1 13:52:42 EDT 2019 for download from IP 143.215.38.56.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



8512 LE CHEN

— 18
- 12

— 32
— 5/3
— 158

b) Graphs of log;y Gs(1,x).
(a) Graphs of Gg(1, ) (b) b g10 Gp(1, )

in the linear scale.

Figure 2. Some graphs with 8 =1/8, 1/2, 1, 3/2, 5/3 and 15/8.

(a) B =6/5. . (c) B =15/8.

Figure 3. Graphs of the Green functions Gg(t, z) for 1 < 5 < 2.

function tends to the wave kernel function %1{|x‘§1}. Note that these graphs are
plotted by concatenating the truncated summations for n < 23 in the asymptotic
representation ([.8]), and hence there are some truncation errors, which can be seen,
in these graphs.

In Figure Bl we draw some Green functions in space-time coordinates for the
fast diffusion equations (8 € ]1,2[). The ranges for z and ¢ are [—5,5] and |0, 5],
respectively. When S tends to 2, these graphs become closer to the wave kernel
function Gg(t,.r) = %1{\z|§t}~

At the end of this section, we list some technical results used in the proof of
Lemma [£.11

Lemma 4.4. The following integral holds:

*° I'(a+1)
dr z°My ,(v) = ——~, ora>—-1, A€ |0,1], and p € C.
/ o) = Fol 0,11, and

Proof. By the integral representation of the Wright function,

1 dt
W,\M(z):%/H —exp(t—l—ztik), A>-1, pueC,

tH
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where H, denotes the Hankel contour (see [23], (F.2), on p. 238] for more details).
Notice that M) ,(z) = W_y u—a(—2). Then

i i 1 dt
/ dx M) ,(x) :/ dz z® {—/ —_/\et””tk}
0 0 211 H, th
L dt /00 dz e 20 ¢
211 H, 0 t'u'i)\
2mi Jy,  tretA greA

:F(a+1)/ dt et I'(a+1)
H

211 -

thatr  T(Na+pu)’

a

where we have used the definition of the Gamma function in the third equality
(which requires that a > —1) and in the last step we have used the Hankel integral

representation of the Gamma function 7y = 55 [; dt e't77; see, e.g., 28, 5.9.1,
p. 139]. O

I'(z)

Lemma 4.5. The Fourier transform of the function M) ,(|z|) is

1 )
F [33ul1 D] © = [ e (i)
= Fop (—§2) , forallAe[0,1] and p € C.

Proof. By developing in series the cosine function and the moment formula in
Lemma [4.4]

1
]-"{ M (]| } dz cos(§x) My ()

/

o0
/ dz 2°" M, ,(z)

N Z T 2n)\ + 5 = B (=6
O

Theorem 4.6 (Bernstein’s theorem [35], Theorem 12al). A necessary and sufficient
condition that f(x) should be completely monotonic in 0 < x < +0o is that f(x) =
fooo e~ *tda(t), where a(t) is bounded and nondecreasing and the integral converges
for 0 <z < +o0.

5. CALCULATIONS OF K(t,xz) AND PROOF OF THEOREM [B7]

Let G: Ry X R? — R with d € N, d > 1 be a Borel measurable function.

Assumption 5.1. The function G : Ry x R% — R has the following properties:

(1) There is a nonnegative function G(t,x), called reference kernel function,
and constants Cy > 0, 0 < 1 such that

(5.1) G(t,2)* < % G(t,x), forall (t,z) € Ry x RZ
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(2) The reference kernel function G(t,x) satisfies the following sub-semigroup
property: for some constant Cq; > 0,

(5.2) / dyG (t,xz —y)G(s,9) <C1 G(t+s,2), forallt,s>0 andzx c R
Rd
Define

Lo (t,z) == G(t,2)*, forall (t,x) € RY xR?.

Recall that “x” denotes the convolution in both space and time variables (space-
time convolution). For all n € N* := N\ {0} and all (¢,z) € R} x R?, define

L (t,z) = (Lo*---xLo)(L,x),

n + 1 times of Lg
(5.3) K(t,x)=> Ln(tx).
n=0

Denote

r (1 - 0)n tn(l—a)—l

B, (t;0,Cy,Ch) := CSC?_IW 7

foralln>0.

For simplicity, we write B, (t; 0, Co, C1) simply by B, (t).

Proposition 5.2. Under Assumption [5.11, the following properties are true:
(i) L (t,z) is nonnegative and satisfies the following inequality:

(5.4) Ln(t,x) < Bup1(HG(t,x),  for alln >0 and (t,z) € RY x RY.

Moreover, (4] becomes an equality if both (B1) and (B2) are equalities.

(ii) For allt > 0 and X\ > 0, the following series > - | L (t,x) converges uni-
formly over x € R? and hence K(t,x) in (5.3) is well-defined.

(ili) B, (t) are nonnegative and for all m € N*, 3°°0 | B, (t)'/™ < +cc.

(iv) For allt >0 and x € RY,

(5.5) K (t,z) < G(t,x) %El_ml_a (y21)
(5.6) < tg" G(t, ) (1 + 17 exp ('yﬁ t)) ,

where v = CoC1I'(1 — o) and the constant C = C (o,7) can be chosen as

El—a’,l—o’ ,Ytl_a
(5.7) C (o,7) := sup ( - )
t20 1 +t7 exp ('y i-o t)

< +o00.

Moreover, (50) becomes equality if both (1)) and (B2) are equalities.
(v) If there ezist a kernel function G(t,x) and some constants Coy > 0, C1 > 0,
and o < 1 such that for all t,s > 0 and x € R?,

G(t,x)* > Co t77 G(t,2),
and G(t,x) satisfies the sup-semigroup property

Rd
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then for all t > 0 and x € R?,

(5.8) K(t,2) 2 Glt,2) = B1 g1 (11177)
(5.9) >Cg(te) exp (177 1)

where v = CoC1I'(1 — o) and

Proof. (i) The nonnegativity is clear. The case n = 0 is trivially true. Suppose
that the relation (54 holds up to n — 1. Then by the Beta integral,

¢
,C,L(t,ft) :/0 dSAd dy ‘Cn—l (t—s,x—y) G2 (s,y)
¢
SCO/ dan(t—s)s_”/ dyG(t—s,x—y)G(s,y)
0 R4

n+1,n F(l — U)n /t _ \n(l—0o)—1_—0
<Gyt g(t,z)ir(n(l_a)) ; ds (t — s) s

_ rm+1l,m F(l B 0-)”+1
=G5 ey I((n+1)(1—-0))

= Bh1(t)G(t,x) .

t(n-‘rl)(l—a)—l g(t7 .’L')

(ii) It is a special case of (iii).
(iii) The nonnegativity is clear. By (54)),

Ly(t,x) < Buy1(t)t™7 sup G(t,z) < o0 .
zER

Thus, if the series ) B, (t)Y/™ converges, then it does so uniformly over z € R
Denote 5 :=1 — 0. Use the ratio test

Bu(t) \'™ _ ayi/m (T =11 =)\
() - @aro™ (Mt |
By the asymptotic expansion of the Gamma function ([28] 5.11.2, p. 140]),

P((n—l)(l—a))%(e>ﬁ (1_1><”1>"i%;

I'(n(l—o0)) B n nf  (Bn)s

for large n. Now clearly, 8 > 0 since o < 1. Hence, for all ¢ > 0 and for large n,

Ba(t) '™ jm 1
(Bn_l(t)> ~ (0001F (ﬁ) tﬁ)l (ﬂn)ﬁ/m,

which tends to zero as n — +oo.
(iv) The bound (B3) is because

(5.10) i

k=1

=2E44(2),

Zk
(ak)
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and the bounds in (i):

K(t,z) < g(t,x)iBn (t) = i (CoCiL( 11—_03;)1")
= C() F(l - 0’) t 7 g(t,l‘) El_gvl_g (C()Ol (1 - O')tlig) .

As for (B0, we only need to show that the constant C' defined in (5.7 is finite.
Let

n=1

B0 (7t'77)
1+toexp <7ﬁ t)
By Lemma with real nonnegative value z = 4t~ and p = 1:

ft) =

_ 1 1 - 1
VB 01— (VH77) = =77 7 exp (71-” t) +0 <|tl—a> .t oo,

we see that lim; o f(¢) = ﬁ’yﬁ. Then because the Mittag-Leffler function is
an entire function on complex plain [I4] Theorem 4.1, p. 68], we can conclude that
Suppsg (1) < +00.

(v) The proof is similar to (i) and (iv). We only need to show that C' is strictly

1
positive. Because the function g(t) = F; ! (’y tl_g) t? exp (71*5’ t) is contin-

l1-0,1—0

uous over ¢ € [0, +00] with g(0) = 0 and lim;— ;0 g(t) = (1 — @) 771 < +o0, this
function is bounded from above for ¢ € [0, 4+oc] and hence inf;>o g~ !(¢) > 0. This
completes the proof of Proposition |

Example 5.3. For the heat kernel p, (¢, z) = (27vt)~ /2 exp (—%) with v > 0,

Assumption 5] holds with both inequalities (5.1)) and (B2) replaced by equalities,
and

1
g =

\/ma 5; g(t,l’) = pu/Q(t,x)a Cl =1

Then, v = (4v)~'/2. Therefore, by @EZ) and erfc(—z) = 2®(v/2z) where ®(z)
is the distribution function of the standard normal distribution, Proposition

implies that
K(t,x)—gf_x) [\} \/\f_f( fi)—]

which recovers the results in [6].

Co =

Example 5.4. Let us consider the following SPDE:

(%- %)Qu(t,x) = p(u(t,2))W(t,z), (tz)€R: xR,
u(0,) = (-).

The Green function is G(t,z) = \/‘{1; exp ( ) see [3T), Section 9.2.5-2]. Assump-

tion [5.1] holds with both inequalities (B.1) and [B2) replaced by equalities, and

Cop = — S Gha) = ——e ( $2> Cr =1
= —, g=—=, N = X _— s = 1.
0 V8T 2 V2t P 2t !
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Then, v = \/—— I'(5/2) = 3‘/_ Therefore, Proposition [5.2] implies that
3v2 3v2
Kt z) = 6 32 G(t, ) Es/25/2 ( 5/2>

In particular, if p(u) = u, then E (u?(t,z)) = JE(t,x) + (J§ x K)(t,z), where
Jo(t,z) = (u* G(t,-))(x). Note that the initial data can be more general than the
SHE (L3)): It can be any distribution u such that it is the (distributional) derivative
of some measures in Mg (R), i.e., for some pg € My (R), u = p. More details of
this SPDE, which will not be pursued here, are left to interested readers.

Here are three natural choices of the reference kernel functions G(t, ):
(1) the Gaussian kernel function
]

gg(t,.’L’) = (47Tt)_d/2 exp <__

m ) for all (t,2) e Ry xRY, d > 1,

where |z|? = 23 + - + 2%;
(2) the Poisson kernel function:

t
gp(t,I) = Cn (t2 + |I|2)(d+1)/2’

for all (t,2) € Ry x R4 d > 1,

where ¢, = 7~ "+tD/2T((n 4 1)/2);
(3) the exponential kernel function G, (¢, z) defined in (3.6]).

Clearly, we have the following scaling properties for these reference kernel func-
tions:

Gy(t,x) =t=¥2 G, (1,672 ),
Gp(t,x) =t~ G,(1,t " 2),
ge’g(t,x) = t_ﬁ/zge’g(l,t_ﬁ/zﬂ;‘).

Both G,(t,z) and G, (¢, z) satisfy part (2) of Assumption Bl with C; =1 and “<”
replaced by “=". By Lemma [5.I0 below, G, s(t, z) satisfies part (2) of Assumption
BTl with Cy = C’g, where Cﬁ is defined in (&38).

Proposition 5.5 (Gaussian reference kernel). Suppose the function G : Ry x R
R satisfies the following two properties:

(i) The scaling property: for some constants y3 € R and y3 > 1/2,
Gt,z) = "G (1, t%) . forall (t,z) € Ry x RY.

(ii) The function x — G(1,x) is bounded such that sup,cga % < +00.
Then G(t, ) satisfies Assumption 51 with G(t,z) = G,(t*72,x) and
G(1,z)?
(5.11) Co = sup ﬂ, Cy =207V and o= —(2v1 + dys).
z€R? gg( z)
Proof. Notice that by the scaling properties of G4(¢, z) and G(¢, x), we have that
G(t,x)* Gto? G(Ly)p

sup — T = sup = ,
(t,z)ER4 xR4 t Ug(tu :E) (t,z)ER4 xRe 12 gg (t272> 117) yERd gg(1> y)

Licensed to Georgia Inst of Tech. Prepared on Tue Oct 1 13:52:42 EDT 2019 for download from IP 143.215.38.56.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



8518 LE CHEN

which is finite by (ii). Hence, part (1) of Assumption Bl is satisfied with the
constants Cy and o defined in (EIT)). As for part (2) of Assumption ] by the
semigroup property of G4(t, z), we have

/ dy g(t,I - y)g(s,y) = / dy gg (t272’ y) gg (5272%% - y) = gg (tQ’Yz + 52727$) .
R4 R4

Notice that the function [0,1] > r — f(r) = (1 — r)®2 + 7272 is convex because
2799 > 1. By solving f/(r) = 0, we find that

jmin () = f(1/2) =2'"0* and - max f(r) = (1) = f(0) = 1.

Hence,

(5.12)  21W(f4 5)22 <2V 4 202 = (¢ 4 5) 202 (%) < (t+ )2,
S

Finally,

G, (12 + 5, 2) — [dr (27 + 522)] 2 exp (—— 1T
g Lt P\71 (t272 + 5272)

2
d(y2—1/2) 2v2\1~4/2 _ Ed
— 9d(2=1/2) g ((t + 3)2%,@ ,
which completes the proof of Proposition a

We will not use the Poisson reference kernel in this paper. We prove the following
result for the future reference.

Proposition 5.6 (Poisson reference kernel). Suppose the function G : Ry xR? — R
satisfies the following two properties:

(i) The scaling property: for some constants y1 € R and 0 < vo <1,
G(t,z) =t"G <1, t%) . forall (t,x) € Ry x RY

(i) The function x — G(1,z) is bounded such that sup,cpa gﬁf; < +o00.

Then G(t,x) satisfies Assumption B.I] with G(t, x) = G, (172, ) and
(5.13) Cp = sup G(l—,x)z’
vera Gp(1, @)
Proof. Notice that by the scaling properties of G, (¢, z) and G(¢,x), we have that
sup G(t,z)? _ sup G(t,x)? — sup G(l,y)Q’
(ta)erxkd 1 7G(6T) (1 aer, xra TTOGp(12,2)  yere Gp(1,Yy)

which is finite due to (ii). Hence, part (1) of Assumption [l is satisfied with the
constants Cy and o defined in (BI3). As for part (2) of Assumption ] by the
semigroup property of G, (¢, z), we have

/ dy Gt — y)G(s,y) = / dy Gy (£22,) Gy (22,2 — ) = Gy (£ + 527, 2).
Rd R4

Then because 0 < v, < 1,
(5.14) (t+5)72 <72 4572 <2172 (¢ 4 5)72,

C, =272 and o= —(2v +dy).
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Therefore,
e (B2 + 572)
((tr2 + 572)2 + |x|2)(d+1)/2
Cn 28772 (t45)7
Tt sy a2
which completes the proof of Proposition O

gp (t'm + 872,1‘) —

— 9l=72 gp((t 4 5)”2,30),

Proposition 5.7 (Exponential reference kernel). Let 8 € ]0,2]. Suppose the func-
tion G : Ry x R — R satisfies the following two properties:

(i) The scaling property:
x

G(t,z) = tP2G (1, o

) ,  forall (t,x) e Ry x R.
(ii) The function x — G(1,x) is bounded such that sup,cp % < 400.

Then G(t,x) satisfies Assumption B1] with G(t,x) = Ge g(t, x) and

G(1,7)? B
5.15 Cp = sup ———2—, =
(5.15) 0T R Gos(L, ) 2

where 65 is defined in (B.8).

Ch :ag, and o =

Proof. Notice that by the scaling properties of G, g(t,z) and G(t, ), we have that

G(t,x)? G(Ly)
sup ol oy - Sup o/,
(t,z)ER4 XR 3 Ug(ta JI) yeR g6,[‘3(17 y)

which is finite due to (ii). Hence, part (1) of Assumption 51]is satisfied with the
constants Cp and o defined in (B.I5]). Part (2) of Assumption [E.lis due to Lemma
E.10 below with C7 = Cg. This completes the proof of Proposition B.71 a

Now we apply Proposition to the Green functions Gg(t,z) with 0 < 5 < 2.
More precisely, we will apply Proposition (resp. B7) with Gg(t, ) defined in
@A) in the case of fast (resp. slow) diffusions for the upper bounds of K(t,z),
and Proposition with Gg(t,z) defined in (7)) in the case of slow diffusion for
the lower bound of K(¢,z). Recall the constants Uz and ¥g defined in (310) and

B11), respectively, and the constant 6’5 defined in (B.9)).
Proposition 5.8. (1) Proposition B2(1)—(iv) hold for Gg(t,x) with 8 €10,2[ and
d=1, o=p/2+20-[8]). G(t,2)=0Gs(t.x), Co=Ts, C1=Cy.

(2) Proposition v) holds for Gg(t,z) with 8 €]0,1[ and

-~

d=1, o=75-1, Gt z)=gstz), Co= Vg, Q1:2%~

Proof. (1) We begin with the case where 5 €]1,2[. By (L), Gs(t, x) satisfies the
scaling property with v = /2 > 1/2 and v, = 1 — /2. Notice that

™
Vs = sup % exp (y*/4) M35 (y).
y>0
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Since the parameter ¢ in (@8] is strictly bigger than 2 (see also Figure [I), we see
that
T 2 2
yEI}rloo o5 exp (Z/ /4) M5 /o (y)=0.
Since the function y — exp (y?/2) M§/2 (y) is an entire function, we see that the
above supremum does exist. Therefore, one can apply Proposition with d =1,
Co=Vg, C = 206-1)/2 5 — B/2 —2 < —1, and the above v; and ,.

The proof for the slow diffusion equations can be proved similarly using Proposi-
tion .7 with y2 = —y1 = 8/2 < 1/2, Cp = ¥g = sup,»( 1/2 eyMg/2 (y), C1 = Cp,
and 0 = /2 < 1.

(2) We claim that if 8 €]0,1[, then for all (¢,x) € Ry x R and s > 0, we have

that
(5.16) G3(t,x) > Ugt' P2 Gy(t, ),
B2
(5.17) [ @Gt = 9Gals) 2 2% Gatt + 5.0).
R
1-8/2
By the scaling property (@), sup(; ,)cr, xr W = SUDPyer %, which

is finite by the same reasoning as above, where the parameter ¢ in (£I1]) is strictly
less than 2 in this case. Thus, Cy = ®g > 0 and (E10) follows with 0 = /2 -1 <
—1/2. The inequality (5I7) is proved by the semigroup property of the heat kernel
function and [.14). So C; = 2(#=2)/4, Then apply Proposition 5.5l This completes
the proof of Proposition (.8 O

At the end of this section, we list two technical results that are used in this
section.

Lemma 5.9 (Theorem 1.3, p. 32 in [30]). If 0 < a < 2, 8 is an arbitrary complex
number and p is an arbitrary real number such that ma/2 < p < A (7wa), then for
an arbitrary integer p > 1 the following expression holds:

1
E,p(z) = az(lfﬁ)/o‘ exp (zl/o‘)

—k

p
> ﬁ +0(]2I777), |zl = oo, arg(2)| < p.
k=1

Lemma 5.10. Suppose 8 € ]0,2]. The exponential reference kernel function
Ge p(t,z) defined in BH) satisfies the sub-semigroup property, i.e., for all t > 0,
5§>0 and z € R,

(ge,ﬁ(tv ) * ge,ﬁ(sv )) (.’L’) < Cﬁ ge,ﬁ (t + 87‘7") )
where the constant ag is defined in (B.8).
Proof. Fix a > b > 0 and let § = 5/2. Because

J L PO o e () ¥ e ()

r 4a’b? x a? w )Y 2(a? + %) a? —b? ’
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we only need to prove that

(5.18)

a’ exp (—lf—@‘) —b? exp (_\biJ)
b — 1P

< Chpexp (—ﬁ) , forall (t,z) e Ry x R.

By setting 7 = b/a and 1 = |z|/a?, (5I8) is equivalent to

0
e —rlemn/r

=0 < Cyp exp <—L) , forallre€]0,1] andn >0.

(147)?

Denote

e " — rle—n/r n
f(Tﬂ?)— 1_ 0 exp<(1+r)0)-

Some simple calculations show that

lim f(r,n)=1 and lim f(r,n)=(1+ ?’])67(17279)” ’
r—04 r—1_

and also

lim f(r,n)=1 and ngrfoof(r,n) =0.

n—04
Fix r € ]0,1[ . By solving
- n7f- B
or ) _ " (e (e =) — (0 e
on (L+r)P(1—rP) ’

which has one finite solution

rf (1+7r)0f—1
5 log 0 _ 0
1—r (I1+7r)?f—r

n=-

we find the local maximum of the function n — f (r,n). This local maximum is
indeed the global maximum. Hence

0
14+7)? == 1—r?
f(ryn) <h(r):= %exp #log (1 - (1—|—r)—9—r9>

Since h'(r) > 0 for all € ]0,1[ and 6 € |0, 1], we have that

r—1

_ 2° 1 ~
h(T’) < lim h(?") = ﬁexp <—2—0> = 029.
Therefore, f (r, 3) < Cag. This proves (5.18).
Apply (BI8) with a = (tVv s)?* b = (t/\s)ﬁ/2 and § = 5/2 €]0,1], and use
(t+ 5)P/2 <18/2 4 sP/2 to obtain

/ dy Ges(t, — y) Gep(s,y) < C Geg(t + 5, 2),
R

which completes the proof of Lemma 510 O
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4A-[8D+8
f(8) = (2(£—}3))

1/2 A-iiiiiiiiiiiii::_i_i— *
--------- ; — 8
1 2
S0 Yoo

Figure 4. Plot of the function f ().

6. PROOF OF THEOREM [3.1]

The proof of Theorem [B.1] will be presented at the end of this section. Before
proving Theorem Bl we need several results. The first one is related to the tails
of the Green functions. The corresponding results for the SHE, the SFHE, and the
SWE can be found in [6l Proposition 5.3], [8, Proposition 4.7], and [7, Lemma 3.2],
respectively. First, we need some notation: for 7 > 0, @ > 0 and (t,z) € R} xR,

denote
Biora ={{t',2)eERLxR: 0<t' <t+7, |z—2'|<a}.
Proposition 6.1. Suppose that § € 10,2[. Then for all (t,x) € RY x R, there

exists a constant A > 0 such that for all (t',2') € By z1/2,1 and all s € [0,t'] and
y € R with |y| > A, we have that Gg (' —s,2’ —y) < Gg(t+1—s,2—y).

Proof. Fix (t,x) € RY x R. By the scaling and asymptotic properties of the Green
function Gs(-,-), we know that

Galt+1—s,2—y) ( v _ s )ﬁ/2+1—m1 Gg (1,%)
’_ ’_ - _ 2 —
Gt — s, —y) t+1—s Gy (17 (t/_s)%/Q)

N s S41-181+% |z —ylo
t+1—s | — y|®

bz’ —y|° blar — yl°
* exXp ((t’ —§)Bel2 (t+1-— s)ﬁc/2> ’
as |y| = 4oo where a = %, b €]0,1[ and ¢ > 1 (see (EI0), EIZ) and
(@1d)). Denote
_80+a) _H-[p)+5
fB)=—=5—+1-16]= 22-5)

which is plotted in Figure[d Simple calculations show that f (8) > 0if 0 < 8 <1,
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and f () < 0if 1 < B < 2. Notice that
t+1—s t+1-—+¢ t+1-—+¢ t+1

6.1 _— =14+ ——>1 > = _— >

61 == L e e R A

Hence, if 1 < 8 < 2, then

; F(B) _ £ (B
t'—s _ t+1—s -1
t+1—s t'—s -

If 0 < B <1, we have that

t—s \/® ¢ — g\ B
(t—l—l —s> = <t+1> = (t+1)7‘f(ﬂ)‘eXP(|f(ﬂ)| log(t' —s)).

Assume n > 1. When |y| > |z| + n, we have |z — y| > n and then

1.

n |z —yl |z —y| |z — y] n
n+l = je—y[+1 7 |2~y " jz—y[-1"n-1"

: -1
Since HLH > “—= for all n > 1, we have that

o o (1)

" =yl n
which holds for all a € R.
The above bounds (61 and ([62) imply that

. 1 ‘x/_y|c - (14 1 Be/2 . 1 c+1 |$_y|c
n) (t—s)be/2 = 2t +1 n (t+1—s)Be/2”

By choosing n large enough, in particular,
-1

we have that

Thus,

exp bl —yl* bz —yl
(t — s)ﬂc/Q (t+1-— 3)ﬁ6/2
|z —yl° blz’ —yl°
Z €xp <b(77 - 1) (t + 1— 8)60/2 + n(t/ — 3)50/2

|z —yl° b(n—1)°
> exp <b(77 - 1) (t + 1)50/2 + n(t/ _ S)Bc/2 !

Finally, if 1 < 8 < 2, then

Gg(t' — sz’ —y)

lal c ¢
> (1-7) e (0D e * o)
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as |y| — +o0o0. Hence, we can choose a large constant A, such that for all |y| > A,
the inequality
Ggt+1—s,2—vy)
Gg(t' —s,z' —y)
holds for all (#',2') € By 4121 and s € [0,¢']. If 0 < § <1, then

Ga(t+1—s,2—y) _f 1\
’ >(t+1)fP (1=
Ga(t' — s, 2’ — y) > (t+1) n

>1

X exp <b(17 -1) Qi_;;é:m + né)tsn__s)lﬁ)CQ + £ (B)log(t' — s)) .

The function
C
g(t) = 71 + Cylogt, fort>0and C;,Ce >0,

has its global minimum at ¢ := Cy/Cs:

gﬂi@r} g(t) = g (to) = C2 (1 +1og (C1/C2)) ,

because ¢'(t) = Cot=2 (t — ty), which is negative when t < t; and positive when
t > ty. Hence,
b(n—1)°
n(t' — s)be/2

e

%(f) <1+1og (%)) '

+ f(B)log(t' — s) =

Y

Therefore,

Gﬁ(t+ 1 — S, T — y) *f(ﬁ) ]. la‘
>(t+1 1-—
Ga(t' — s, 2’ — y) z(t+1) n

<o (0 -0+ 50 (1% (a1 ) ) ) >+

as |y| = +oo. We can choose a large constant A, such that for all |y| > A, all
(t',2') € By z1/2,1 and s € [0,1],

Gg(t+1—s,2 —y)

> 1.
Gg(t' — s, 2’ —y)
This completes the proof of Proposition |

The second set of results, Propositions and [6.4] give some continuity proper-
ties of the Green functions. We need a bound of the two-parameter Mittag-Leffler
functions, which will be used in the proof of Proposition

Lemma 6.2. If0 < a <1 and 8 > «, then there exists a constant C, g > 0 such
that
(6.3) 0< Eqp(—2z) < Las_ , forallz>0.

’ 14z -
Proof. Nonnegativity is due to (£3). The upper bound is due to [30, Theorem 1.6,
on p. 35] with z = —z®. Clearly arg(z) = 7 satisfies the required condition. O
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Proposition 6.3. Suppose 0 < 3 < 1. Let Cg o be the universal constant in Lemma
62l Then the following two properties hold:

(i) For allt >0 and z,y € R,
4
(6.4) // drdz (Gg(t—r, o —2) —Gg(t —ry— 2))? = 4Cs2 Pz —y.
Ry xR 0

(ii) For all s,t € RY with s <t, and x € R,

(6.5) / dr/ dz(Gg(t—r,x—2z)—Gg(s—r,z — 2))° = 2035 (t — s)'7P/%
0 R
and
t OﬁZ

(6.6) / dT/Rde%(t—r,x—z):T’(t—s)lfﬁﬂ.

Proof. (i) Fix t > 0. By Plancherel’s theorem and ({£.14), the left-hand side (1.h.s.)
of ([64) is equal to

t
2i dr/ d¢ e By (=(t —r)?€) — e By, (—(t — )P
T Jo R
t
= %/ dr/ d¢ E[%J (—(t — r)ﬁ§2) |eii5m — eﬂ'gylz
T Jo R

1 t
= /R d¢ (1 —cos(é(z —y))) /0 dr B3, (—(t —7)7¢%).
By @3),
/O dr B3, (—(t—1)P¢?) < Eﬁyl(o)/0 dr Eg (—(t —1)P€?) =t B (—1°¢?),

where the last equality can be obtained by integration term-by-term (see also [30}
(1.99), p. 24]). Then use the bound (G3) and the fact that 1 —cos(z) < 2 A (2%/2)
for all € R to see that the Lh.s. of (G4) is bounded by

-8 _ 2 1-8 oo 2
Cpat /Rdfmm vE/ V2] :ﬁcfft |x_y|/0 du 200

T £2 u?

4Cp ot1 =5
= 2z -y

(ii) Denote the Lh.s. of ([G5]) by I. Apply Plancherel’s theorem and use [@3) to
obtain

I :%/0 dT/Rdf |67i5$EB,1 (_(t — 'r)ﬁé“Q) — e*i§IEﬁ71 (—(S _ r)ﬂ£2)‘2
:% /0 dr/ﬂ{dg |Ep1 (=t =1)7€%) = g1 (=(s = 7)°¢?)[*

S%/OS dr/Rd§ 2E31(0) [Eﬁ,l (_(t _7«)[3§2) — Es, (—(S —’I“)’Bgz)] )

Integration term-by-term gives that
t

[ arBas (-0 = [ ar B (¢
0

t—s

=t Egy (—t°€%) = (t —s) Eg o (—(t — 5)°¢?) .
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Hence, by ([£3)) again,
1<~ [ A6 (tBan (-9 = sBsa (=€) = (4= 9)Bpa (~(t = 5)°€%)
< %(t—s)/}Rdf (Epo (7€) + Ego (—(t — 5)°€%)).
Then by the bound in (6.3) and the integral [, d¢ ﬁ = m/|c| for ¢ # 0, we find

that

1 1 )
I'<Cpa(t—s) (W + m) < 2055(t —s)1 P2,

As for (6.0]), by similar reasoning, we have

/Stdr/Rde%(t—r,:p—z)g i/tdr/dgEgl (_(t_r)ﬂ§2)

§—/dr/d§Eﬁl (—=(t—r)Pe?) < /dgEﬂg( (t—s)7€?)
t—s Cs,2 Cs2 1-8/2
< : =22
< / U g = A=
which completes the proof of Proposition |

For the fast diffusion equations, we are only able to prove the following less
precise results in Proposition [6.4] due to the lack of complete monotonicity for
E,p(—x) with o > 1; see (@3] for the necessary and sufficient conditions for
E, g(—x) to be completely monotonic.

Proposition 6.4. For all (t,z) e Ry xR and 1 < f < 2, we have
lim // dsdy (G (' —s,2" —y) — Gg(t—s,x —y))* = 0.
'z )= (t,x) Ry xR

Proof. We only need to consider the case where ¢t > 0. Fix (¢,z) € R% x R. Denote
A :=sup,cp Gp(1,z). We are going to apply the Lebesgue dominated convergence
theorem. Clearly, by the continuity of the Green functions, for all (s,y) € R} x R,

Gg(t'—s,2' —y)—Gp(t—s,x—y) =0, as(t',2') = (t,).

We need to find an integrable bound. Choose A > 0 according to Proposition [6.1]
and suppose that (#',2') € By ;121 If |y| > A, since 1 — 3/2 > 0, by Proposition
6.11

IGs(t —s,2" —y) —Ga(t— s,z —y) < 4G (t+1—s,2—y)
<AN(t+1—8) PG (t+1— 5,2 —y)
<ANE+D)IPRGy(E+1 - 5,0 —y).
If |y| < A, we have that
Gs (' —s,2’ —y) = Gg(t—s,x—y)|° < 2G5 (V' —s,2" —y) + 2G5 (t — s,z —y)
<20 [(t —8)2 P+ (t—5)* 7]
<AN(t+1)27F0
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Hence,
G (t' = 5,2’ —y) = G (t—s,2 —y)[’
<A+ 1)TPRGE (4 T—s5,2—y) Liysay H407(E+ 1) 1y 1ca, 0<o<it) -
Denote this upper bound by f(s,y). Clearly, this upper bound is integrable:

/ ds/dyf(s,y) §4A(t+1)1_’6/2// dsdy G (t+1—s,2 —y)
R, Jr Ry xR

+4A2%(t 4+ 1)*F // dsdy
[0,t+1]x[—A,A]

=2A(t + 1)37P/2 L 8AAN%(t +1)37F < +00.

Therefore, this proposition is proved by the Lebesgue dominated convergence the-
orem. (]

The third result, Proposition [6.6] is about solutions to the homogeneous equa-
tion. We need to prove a lemma first. Recall the function f,(x) defined in ().

Lemma 6.5. Suppose 3 € ]0,2[. Let b €]0,1[ be the constant defined in ([EI12).
Then for all n > 0, the three functions

X —1 X * —1 £
fo (—W)  Gult,) f (—tm) , and G(ta) (—tm)
are Lipschitz continuous over R x R; that is, for all z,y € R and t,s > € > 0,
there exists a constant C. > 0 such that

(6.7) 2 (557) = 1o () | < Celle =yl +1t =5
68)  |Gatt.0)fi ! (o) — Gals it ()| < Cella—ul +1t—s])

xT

69 |staf; (5) - Gosnlit ()] < o=yl + 1t =)
Proof. (i) We first prove (67). Denote
A . T e
ot:2) = fy (57) = e (g lel’) -
where ¢ = % Fix x # 0. Clearly,

n clz|ct cn 1
= — <
5 e 9) < o5 Zléﬁ'y' fa(y)

0

and 5 Bl
_ npelx|° c c
i9(0.0)| = () < " s lu ).

Note that the two suprema are finite because ¢ > 1. Hence, by the mean value

theorem,
lg(t,z) —g(s,y)| < lg(t, =) — gt y)| + |9(t,y) — g(s,9)]
C1 C2
< m|f—y\+?|t—5|

for zy > 0 (i.e.,  and y have the same sign) and ¢, s > € > 0, where

Ci =

n i nB =
2_Bzgg|y| 7 fp(y) and Cy = 52— B)suplyl =5 f,(y) -
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When z and y have different signs, we use the fact that
lg(t, ) — g(t, )| < lg(t,2) — g(t,0)[ +[g(t,0) — g(t, )]
Cl Cl
(6.10) < o (lal + 1) = 5 o — ol
(ii) Now let us prove (G.8)). Denote
— -1(_*_
ht,2) = Gs(t.a)f; " (5575 ) -

We assume that both z and y are nonnegative. The case where zy < 0 can be
covered by a similar argument as in (€10). By @I7),

P ¢[81-1-8 T bz |°

8—$h(t,x) =-— TMﬁ/Nﬁ]—ﬁ/? (W) oxp (5 ’W )
bet! 17170 g et by x| M .
i lwal e (3lanl ) Momi (7m)

Since the exponent of the asymptotic of M) g(z) in (£19) depends only on the first
parameter A\, we have that

b
Ca,p :=sup |y|® |M[3/2,g(y)‘ exp <§|y|c> <400, forall@ eRand a>0.
yeR

Note that [8] — 1 — 8 < 0. Therefore,

}gh(t,z) <!, forallz€Randt>e>0,
x
where [B] B [B1 B
elPl=1= bcelPl=1=
e=—5Corpr-ppt ———Corol -
By (20)), we have
9 Bl -1-8/2 [B1—2—5/2 r
5 08t0) =—————t Mp 2,161 (W>

153 x —2—3/2 a
n 5 (W) tI81-2-5/ Mgys, 18152 (W) ’
Vo B s e (21
1 \18/2 2 |8/2
Hence,

0 [B1—1—08/2 157 o_ x b| x
L ht,z) =L TR B 82 (W) exp }

Notice that

0 b|
ot P §’W

2 2 |62 )
B & ra1—2-p/2 x b x |°
ot M0z () o (5
Beb (@ \ 128/ T b| =
-5 (pm) 1 Maps o1 () o 5 | 7

Note that [8] —2 — 8/2 < 0. Therefore,

y

0
8—h(t,x) <C!, forallzeRandt>e>0,
T
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where

L —1-3/2 cb
C! = lP1-2-5/2 (M%m + gCl,rm—ﬁ/z + %%rm) :

Finally, apply the mean value theorem to conclude this case. The argument is the
same as (i).

(iii) (E3)) can be proved in the same way. We will not repeat here. This completes
the proof of Lemma |

Proposition 6.6. Suppose that 0 < 3 <2 and p € M? (R). Denote

Ji(t, @) := (Gp(t, )« p) (@) and  Jo(t,x) = (Gs(t,-) * ) ().

(1) Both functions Ji(t,x), i = 1,2, are locally Lipschitz continuous on RY x R,
that is, for all compact sets K C R} x R, there exits a constant Cx > 0 such that

[Ji(t, 2) = Ji(s,9)| = Ck ([t = s| + [x —yl),  for all (t, ) and (s,y) € K.

Hence, the solution Jo(t,x) in Z3)) is locally Lipschitz continuous on R x R.
(2) If 0 < B <1 and if p(dz) = f(z)dz where [ is a-Hélder continuous with
a €0,1], then Ji(-,0) € Cap/2, ap (Ry X R).

A similar proof for part (2) for SHE can be found in [0, Lemma 3.8].

Proof. (1) We first show the Lipschitz continuity of the function (¢,z) — Ji(¢, )
for 0 < 8 < 2. Let € = inf{s:(s,y) €e K}, T = sup{s:(s,y) € K} and k =
sup {|y| : (s,y) € K}. Since K is a compact set of R} x R, we know that ¢ > 0,
T < 400 and k < +0o. Suppose € <t,s < T and z,y € [—k, k]. Notice that

|J1(t, ) = Ji(s,y)| S/Rlul(dZ) |Gs(t,x — z) — Ga(s,y — 2)|
and

|Galt,w = 2) = Gyls,y - 2)]
s‘cﬁ(t, ;! (W2> Gals,y - )fl(ym)fb(ﬁ;j>

fb(t5/2> fb< g/z)‘Gﬁ(Sy f <ysﬁ—_/22>’

where b > 0 is defined in (#I2). By Lemma [63] there is a constant C. > 0 such
that

Ga(t,x —2) = Gpls,y —2)| < Ce (|t — | + |z —y]).
By the asymptotics of Gg(s,y) with s fixed, we know that for some constant C' > 0,

(6.11) Gp(s,y—2)f, " < ><05W 1= 5/2fb/2< 5_/2> for all z € R .

Notice that f, (

5) < fpeverz(x) if t > €, where ¢ = 2% Since

l\DI)—l

S <81-1-p/2

we have

sIBI=1=812 < \/Tvel, fore<s<T,

Licensed to Georgia Inst of Tech. Prepared on Tue Oct 1 13:52:42 EDT 2019 for download from IP 143.215.38.56.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



8530 LE CHEN

where @ V b := max(a,b). Therefore,

1(t,2) = Tu(s, )| < C [(1l + fy 002) (2) + CVIV T (Il % fy coe2) (0)]
x (It = sl + o =yl

for all z,y € R and t,s > e. The function « — (Ju| * f,;) (z) is well-defined be-
cause | € M?(R) Moreover, it is continuous, which can be easily proved by the
dominated convergence theorem thanks to the continuity and boundedness of f, (z).

As for the function Jy(t, x), we simply change the power of s in (1) by —/53/2
and so

sPR<e B <l fors>eand1<f<2.

Hence, we need to replace the term VT Ve~! by e !. Clearly, VT Ve lve ! =
VT V e !, Finally, we can choose the following constant for both Ji(¢,z) and
Jo(t, x):

Ck = 2C. ( sup  ([u] * fy eser2) (2) + C (\/T\/ 671) sup (|p| * fy ever2ya) (15))

z€[—k,k] z€[—k,k]
< 400

(2) Fix (t,z) and (¥',2") € Ry x R with ¢ > t. Then we have that
[Ju(t, @) = Ju(t,2)| < [Nt @) = It @) + | Lt 2) — Tt 2)]
=Lt t2)+ L z,2).

By a change of variables and the Hélder continuity of f, for some constant C' > 0,

hts) = | [ @y Gattor —) —Gm’,x—y))f(y)\

/Rdz Gs(1,2) (f(:p — 172 2) — f(z — (")) Z)) ‘

<clwr - (t’)ﬁ/z‘a/dz (1, 2)[2]°,
R

where the integral is finite by ([@I3]). By subadditivity of the function z € R} —
xP/2 (#")P/2 — /2 < |t/ —|P/2. The arguments for I(';x,x') are similar. We will
not repeat them here. This completes the proof of Proposition ([l

The last result, Lemma [G.7 is about the initial data. Similar results for the
SHE, the SFHE, and the SWE can be proved in [0, Lemma 3.9], [8, Lemma 4.9] and
[7, Lemma 3.4], respectively. Recall that Jy(¢, z) is the solution to the homogeneous

equation; see ([23).

Lemma 6.7. Suppose 0 < 8 < 2. For all p and v € Méi (R), all compact sets
K CRi xR,
sup ([1+J3] *K) (t.z) < oo.
(t,x)EK
Proof. We need only consider the part JZxK because the part 14K can be obtained

by the special case where p(dz) = dz. Assume that p > 0. For general u, we simply
replace p below by |u|. The case 5 =1 is covered by [0, Lemma 3.9]. Note that by
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(E6) and Proposition 5.8 for the two constants ¢; and ¢y > 0, one has that for all
(t, CE) S R+ X R,
(6.12) K(t,z) < Gs(t,x)h(t), with h(t):=c (t77 +e27),
where Ga(t, ) is defined in (B0 and o < 1 is defined in (3I3)). In the following,

denote zZ = (21 + 22)/2 and Az = z; — 2.

Slow diffusions. Fix 8 €]0,1[. By the same argument as Proposition [B.8 for
some nonnegative constant Cz < oo, Gg(t,x) < C3G. g(t,x) for all (t,2) € Ry xR.
Thus,

T(o) < 3 [ [ ne)nden) 6oy = 200G s(sy = 22)

Because K (t,x) < Cg Ge (t, z) h(t), we see that

¢
(J§ *K) (t,z) §Cg/ ds h(t — s) / dy // p(dzr)p(dze)
0 R R?
X Gep(s,y — 21) Gep(s,y — 22) Gep(t — 5,2 — y).
By the inequality

a+b
2

we see that Ge g(s,y — 21) Ge g(s,y — 22) < Gep($,y —2) Gep(s,1/2Az). Then
we integrate over dy using Lemma [5.10]

(6.13)

a—2>
2

K

\ < la] + bl

t
(J§*K) (t,x) < C3 Cg/ ds h(t — s)
0

X // p(dzr)p(dze) Ge g(s,1/2 Az) Ge g (21/Bt,x — 2) .
.
By (6.13) again,
=l o= o) + o= )| 2 [ o= 20 + o 2) = (a1 - )
#lplo =)+ = m) 1 = )]
=k~ al+le -2

and thus
Gei(5,1/2 82) Go (27,0 - 2)

_ 1 exp =z [(@—2) + (2 — 2
4V/2 (st)P/2 2 s8/2 V8 t8/2

L (amal ez @)
T 42 (st)B/2 VS t8/2 NTEE

< 1 exp<_|x—zl|_|x—22|>
42 (st)5/2 V8tB/2 /8 B/2

=4V2G. 4 (26/'8t,x - zl) Ge.3 (26/ﬁt,x — 22) .
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Denote I(t,z) = (1 * Ge 5 (26/5t,)) (z). Clearly, u € M?(R) implies that I(¢,z) <
+oo for all (t,x) € RY x R. Therefore,
¢
(2 %K) (t.2) < 42 C3 Gy I(t,2)? / ds h(t — s).
0
Clearly, the ds-integral is integrable because o < 1.

Fast diffusions. Fix 5 €]1,2[. By ([23]), we only need to consider two cases: Case
I—p=0and v#0, and Case I — p # 0 and v = 0.

We first consider Case I. By the same arguments as in Proposition 5.8 for some
nonnegative constant Cz < +00, G(t,z) < Cgt G1(t?, ). Thus,

J2(s,y) < 35 / / V(de)u(dzs) Gr(s”y — )G (5P, y — 22).
]R2

By (612)), we see that

(Jg *K) (t,z) §C§ /Ot ds h(t — 8)32/Rdy //R2 v(dz1)v(dzs)

X Gl(sﬁ,y —2z1) Gl(s'@,y —2z9) G1((t — s)'@,x —y).
By [6l Lemma 5.4],

sB

Gi(s?,y— 1) G1(s®,y — ) = G4 <7,y—2) G1 (255,Az)

<V2G (sﬁ,y—z) G, (235,Az) .
Integrate over dy using the semigroup property of the heat kernel function to obtain

(J2 %K) (t, x)<cﬁf/ ds h(t — s)s>
//2 (dz1)v(dze) Gy (257, A2)G1((t — s)° + 5P, 2 — 7).

By (B12) and [6] Lemma 5.5],
Gi((t—5)P + 5% 0 —2)G1(25%,Az) <2

1

Gl(tﬁ x— %) G1(25°, Az)
4B/
21+ﬁ/2 A2 G1(4tP . — 20)G1 (45, 2 — 23).

Denote I(t,z) = [, v(dz)G1(4t°,x—z). Clearly, v € Mg(R) implies that I(t,z) <
+oo for all (t,x) € R% x R. Therefore,

t
(J2 %K) (t,2) < C2 2 6121 (s, a:)Q/ ds s> P/2n(t — s).
0
Clearly, the ds-integral is integrable because 0 < 1 and 2 — §/2 > —1.

As for Case II, by the same argument as Proposition (.8, for some nonnegative
constant Cg < oo, Gj(t,z) < Cg g(t,x) for all (t,z) € Ry x R. Therefore, this
case can be proved by the same arguments as the slow diffusion case with Gg(t, x)
replaced by G;(t, ).

Finally, we remark that in both cases, by the continuity of the function R% x
R > (t,z) — I(t,z) (see Proposition [6.6]), for all compact sets K C R} x R,
sup(; »yex (1, x)? < +o00. This completes the whole proof of Lemma [6.7] O
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Proof of Theorem Bl The proof follows the same six steps as those in the proof
of [6, Theorem 2.4] with some minor changes:

Both proofs rely on estimates on the kernel function K(¢,2). Instead of an
explicit formula for the SHE (see [6l Proposition 2.2]), Theorem [B4] ensures the
finiteness of (¢, x) and provides a bound on it.

In the Picard iteration scheme, i.e., Steps 14 in the proof of [6, Theorem 2.4], we
need to check the LP(Q)-continuity of the stochastic integral, which then guarantees
that at the next step, the integrand is again in Py, via [0 Proposition 3.4]. Here, the
statement of [6, Proposition 3.4] is still true by replacing in its proof [6], Proposition
3.5] by either Proposition [6:3] for the slow diffusion equations or Proposition [6.4] for
the fast diffusion equations, and replacing [6, Proposition 5.3] by Proposition G.11

In the first step of the Picard iteration scheme, the following property, which
determines the set of the admissible initial data, needs to be verified: for all compact
sets K C Ry x R,

sup ([L+ J5] xG3) (t,x) < +oo.
(t,x)eK

For the SHE, this property is proved in [6, Lemma 3.9]. Here, Lemma gives
the desired result with minimal requirements on the initial data. This property,
together with the calculation of the upper bound on K(¢,z) in Theorem [34] guar-
antees that all the LP(9)-moments of u(¢,x) are finite. This property is also used
to establish uniform convergence of the Picard iteration scheme, hence LP(£2)-
continuity of (¢, z) — I(t,z).

The proof of (3.2) is identical to that of the corresponding property in [6, The-
orem 2.4]. This completes the proof of Theorem [B11 O
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