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Abstract We study space-time regularity of the solution of the nonlinear stochastic
heat equation in one spatial dimension driven by space-time white noise, with a rough
initial condition. This initial condition is a locally finite measure u with, possibly,
exponentially growing tails. We show how this regularity depends, in a neighborhood
of t = 0, on the regularity of the initial condition. On compact sets in which ¢ > 0,
the classical Holder-continuity exponents le_ in time and %— in space remain valid.
However, on compact sets that include r = 0, the Holder continuity of the solution is
(% A 4—1‘) — in time and (a A %) — in space, provided p is absolutely continuous with
an o-Holder continuous density.
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1 Introduction

Over the last few years, there has been considerable interest in the stochastic heat
equation with non-smooth initial data:

(1.1)

[Gl Mﬂ)wtm—pwaxnwux) xR, 1R,

In this equation, W is a space-time white noise, p : R — R is a globally Lipschitz
function and Rj_ = ]0, oo[ . The initial data p is a signed Borel measure, which we
assume belongs to the set

My (R):= ] signed Borel measures u, s.t. / e’ |](dx) <+oo, forall a>0
R

In this definition, |u| := w4+ + w—, where w = w4 — u— and py are the two non-
negative Borel measures with disjoint support that provide the Jordan decomposition
of u. The set Mg (R) can be equivalently characterized by the condition that

(Il % Gy(2, +)) (x) =/Gu(l,x — V)|pul(dy) < 400, forallt > 0and x € R,

R
(1.2)

where * denotes the convolution in the space variable and G, (¢, x) is the one-
dimensional heat kernel function

Gy(t,x) =

2
exp[—%], (t,x) e R x R. (1.3)

1
V2mvt
Therefore, M g (R) is precisely the set of initial conditions for which the homogeneous
heat equation has a solution for all time.

The use of non-smooth initial data is initially motivated by the parabolic Anderson
model (in which p (1) = u) with initial condition given by the Dirac delta function
u = &o (see [2], and more recently, [6,7,13]). These papers are mainly concerned with
the study of the intermittency property, which is a property that concerns the behavior
of moments of the solution u(z, x). Some very precise moment estimates have also
been recently obtained by the authors in [5].

In this paper, we are interested in space-time regularity of the sample paths (¢, x)
u(t, x), and, in particular, in how this regularity depends, in a neighborhood of {0} x R,
on the regularity of the initial condition s.

Given a subset D € R, x R and positive constants 1, B2, denote by Cg, g, (D)
the set of functions v : Ry x R — R with the following property: for each compact
subset D C D, there is a finite constant ¢ such that for all (¢, x) and (s, y) in D,

[, x) — v(s, M| < c (It — 5P+ 1x — y1P).
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Let

Cpi—.p— (D) := Naye 10,411 Naze 10,821 Cary,2 (D).

When the measure p has a bounded density f with respect to Lebesgue measure, then
the initial condition is written u(0, x) = f(x), for all x € R. When f is bounded,
then the Holder continuity of u was already studied in [28, Corollary 3.4, p. 318]. In
[2], it is stated, for the parabolic Anderson model, that if the initial data satisfies

sup sup «/;(,u ¥ Gy(t,0)) (x) <oo, forall T >0,
te[0,T] xeR

then u € Cl_,L_(Ri x R), a.s. In [21,26], this result is extended to the case where
the initial d:iita 2is a continuous function with tails that grow at most exponentially at
400. Holder continuity properties for more general parabolic problems, but mainly on
bounded domains rather than R, and with function-valued initial conditions, have aso
been obtained using maximal inequalities and stochastic convolutions: see [3,20,25].

Sanz-Solé and Sarra [24] considered the stochastic heat equation over RY with
spatially homogeneous colored noise which is white in time. Assuming that the spectral
measure it of the noise satisfies

/% < +o00, forsomen € ]0, 1], (14

R4
they proved that if the initial data is a bounded p-Holder continuous function for some
p €10, 1[, then

€ Cipn—my—pnt-n- R xR, as.,
where a A b := min(a, b). For the case of space-time white noise on Ry x R, the
spectral measure [t is Lebesgue measure and hence the exponent 7 in (1.4) (with
d = 1) can take the value % — € for any € > 0. Their result ([23, Theorem 4.3])
implies that

4 EC(1g)- (1np)- Br X B) . s

More recently, in the paper [6, Lemma 9.3], assuming that the initial condition w is
a finite measure, Conus et al obtain tight upper bounds on moments of # and bounds
on moments of spatial increments of u at fixed positive times: in particular, they show
that u is Holder continuous in x with exponent % — €.

Finally, in the papers [11,12], Dalang et al. considered a system of stochastic heat
equations with vanishing initial conditions driven by space-time white noise, and
proved that u € C%i%f Ry x R).

The purpose of this paper is to extend the above results to the case where © €
Mg (R). In particular, we show that u € C . (Ri X R). Indeed, it is necessary

to exclude the line {0} x R unless the initial data  has a density f that is sufficiently
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smooth (see part (2) of Theorem 3.1). Indeed, in this case, the regularity of u in the
neighborhood of = 0 can be no better than the regularity of f.

Recall that the rigorous interpretation of (1.1), used in [5], is the following integral
equation:

u(t,x) = Jo(t,x)+ 1(t, x),
I(t,x) = // Gy(t—s,x=y)pu(s,y) W(ds,dy), (1.5)

[0,/]xR

where Jo(t, x) := (u * G, (¢, -)) (x), and the stochastic integral is interpreted in the
sense of Walsh [28]. The regularity of (¢, x) — Jo(z, x) is classical (see Lemma 2.3),
so the main effort is to understand the Holder-regularity of (¢, x) — I(¢,x) att =
0. This is a delicate issue. In Theorem 3.1 and Proposition 4.3, we give sufficient
conditions for sample path Holder continuity of this function at r = 0 . However, we
have not resolved this question for all initial conditions p. We do, however, show that
for certain absolutely continuous p with a locally unbounded density f, the function
t — u(t, x) from [0, 1] into LP (2, F, P), can have an optimal Holder exponent that
is arbitrarily close to O (see Proposition 3.5).

The difficulties for proving the Holder continuity of u lie in part in the fact that for
initial data satisfying (1.2), E [|u (t, x)|P ] need not be bounded over x € R, and mainly
in the fact that the initial data is irregular. Indeed, standard techniques, which isolate
the effects of initial data by using the L” (£2)-boundedness of the solution, fail in our
case (see Remark 3.2). Instead, the initial data play an active role in our proof. We
also note that Fourier transform techniques are not directly applicable here because 1
need not be a tempered measure.

Finally, it is natural to ask in what sense the measure  is indeed the initial condition
for the stochastic heat equation? We show in Proposition 3.4 that u(¢, -) converges
weakly (in the sense of distribution theory) to u as ¢ | 0, so that w is the initial
condition of (1.1) in the classical sense used for deterministic p.d.e.’s [14, Chapter 7,
Sect. 1].

The paper is structured as follows. In Sect. 2, we recall the results of [5] that we
need here. Our main results are stated in Sect. 3. The proofs are presented in Sect. 4.
Finally, some technical lemmas are listed in the appendix.

2 Some preliminaries
Let W = {W, (A), AeBr(R),t > 0} be a space-time white noise defined on a
complete probability space (2, F, P), where By (R) is the collection of Borel sets
with finite Lebesgue measure. Let

F =0 (Wi(A),0<s<t, Ae Bf(R) VN, >0,

be the natural filtration of W augmented by the o -field N generated by all P-null sets
in F. For t > 0, define F; := .7-",0+ = /\s>,.73?. In the following, we fix the filtered
probability space {2, F, {F;, t > 0}, P}. We use [|-|[,, to denote the L7 (£2)-norm
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(p = 1). With this setup, W becomes a worthy martingale measure in the sense of
Walsh [28], and ff[O,t]xR X (s, y)W(ds, dy) is well-defined in this reference for a
suitable class of random fields {X (s, y), (s, y) € Ry x R}.

In this paper, we use * to denote the simultaneous convolution in both space and
time variables.

Definition 2.1 A process u = (u(r,x), (t,x) € R* x R) is called a random field
solution to (1.5) if the following four conditions are satisfied:

(1) u is adapted, i.e., for all (¢, x) € Ri x R, u(t, x) is F;-measurable;

(2) u is jointly measurable with respect to B(R* x R) x F;

3) (G% * ||p(u)||%) (t,x) < +ooforall (£, x) € RY x R, and the function (¢, x) >
1(t, x) mapping R x R into L?() is continuous;

(4) u satisfies (1.5) a.s., for all (£, x) € R x R.

Assume that p : R — R is globally Lipschitz continuous with Lipschitz constant
Lip, > 0. We consider the following growth conditions on p: for some constants
L, >0and< > 0,

P <12 (Ez +x2) . forall x € R. .1)

Note that L, < V2 Lip »» and the inequality may be strict. Of particular importance
is the linear case (the parabolic Anderson model): p(u) = Au with A # 0, which is a
special case of the following quasi-linear growth condition: for some constant ¢ > 0,

P2 = A2 (5‘2 +x2) ., forallx € R. 2.2)

Define the kernel functions:

22 At , [t
K, x) =K, x;v, 1) := G%(t, X) Nz + o™ e Py A 5 1) 2.3)

H@) =Ht; v, A) = (1 *xK)(t,x) = Ze)fJQJ(Az L) — 1, 2.4

2v

where ®(x) = ffoo(2n)_l/ze_y2/zdy, and the formula on the right-hand side is
explainedin[5, (2.18)]. Some functions related to & (x) are the error functions erf (x) =
% fo e‘yzdy and erfc(x) = 1 — erf(x). Clearly, ®(x) = (1 + erf(x/ﬁ)) /2.

Let z,, be the universal constant in the Burkholder-Davis-Gundy inequality (see [8,

Theorem 1.4], in particular, z; = 1) which satisfies z, <2,/p forall p > 2. Leta, z
be the constant defined by

20=D/pif 240, p>2,
apz = 12 ifc=0, p>2,
1 if p=2.
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Notice that a, z € [1,2]. Denote K@, x) = K@, x; v,Ly), Iep(t,x) = K, x;
v,ap<czpLy) and H(t) :=H(t; v, L)), Hp(t) = H(t; v, ap 22, Ly).

The following theorem is mostly taken from [5, Theorem 2.4], except that (2.7)
comes from [5, Corollary 2.8].

Theorem 2.2 (Existence, uniqueness and moments) Suppose that the function p is
Lipschitz continuous and satisfies (2.1), and i € M g (R). Then the stochastic integral
equation (1.5) has a random field solutionu = {u(t, x), (t,x) € Rj_ x R}. Moreover:

(1) u is unique (in the sense of versions).
(2) (t,x) — u(t,x) is LP(2)-continuous for all integers p > 2.
(3) For all even integers p > 2, allt > 0and x,y € R,

J2(t,x) + (JE*K) (t,x) + T2 H(), if p=2,
(e, 0)l13 < {707 (s 2_)A o P 2.5)
2Jy(t, x) + (2J0 *le) (t,x)+<c Hp@), if p>2.
(4) In particular, if |p(u)|*> = A* (g2 +u2), then forallt > 0and x,y € R,
e, 1B = I3, ) + (G * K) (0,0) + 62 H. (2.6)
Moreover, if @ = &g (the Dirac delta function), then
2 1 2
u(, )|l = F/C(t,X) + g7 H(1). 2.7)

The next lemma is classical. A proof can be found in [5, Lemma 3.8].

Lemma 2.3 The function (t, x) — Jo(t,x) = (u* G, (¢, ) (x) withu € MgR) is
smoothfort > 0: Jo(t,x) € C* (Ri X R). If, in addition, u(dx) = f(x)dx where f
is continuous, then Jy is continuous up tot = 0: Jy € C*® (Ri X R) N C (Ry x R),
and if f is a-Holder continuous, then Jy € C* (Rj_ X R) N Cup2.a0 (Ry x R).

For p >2and X € L? (R; x R, L?(R)), set

X3, , = // 11X (s, 9112 dsdy < +00.
R xR

When p = 2, we write || X||), instead of || X||57.,. In [28], [[ XdW is defined for pre-
dictable X suchthat || X ||y, < +o00.Let’P, denote the closure in L2 Ry xR, LP(2))
of simple processes. Clearly, P, 2 P, 2 P, for2 < p < g < +00, and according to
1t6’s isometry, f f XdW is well-defined for all elements of P,. The next lemma, taken
from [5, Lemma 3.3], gives easily verifiable conditions for checking that X € P».
In the following, we will use - and o to denote the time and space dummy variables
respectively.

Lemma 2.4 Let G(s, y) be a deterministic measurable function from R x R to R
andlet Z = (Z (5,y), (s,y) € RY x R) be a process with the following properties:
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(1) Z is adapted and jointly measurable with respect to B(R?) x F;
(2) E [ff[O,z]xR G*(t—s,x —y)Z%(s,y) dsdy] < oo, forall (t,x) e Ry x R.

Then for each (t,x) € Ry x R, the random field (s,y) €]0,t[ xR >
G(t—s,x—y)Z(s,y) belongs to P, and so the stochastic convolution

(G x ZW) (1, x) ::/ G(t—s,x—y)Z(s,y) W (ds,dy)
[0,£]xR

is a well-defined Walsh integral and the random field G x ZW is adapted. Moreover,
for all even integers p > 2 and (t,x) € Ry x R,

1@ * ZW) (. 0|2 < 211G — . x =) Z(. o)y, -

3 Main results

If the initial data is of the form p(dx) = f(x)dx, where f is a bounded function, then
it is well-known (see [28]) that the solution u is bounded in L”(2) for all p > 2. In
addition, by the moment formula (2.5),

sup lu(t, 02 <2C* + (2 foc +§2) H,(T) < +oo, forall T > 0,
(t,x)€[0,TTxR

3.1

where C = sup, g | f(x)| = SUP(; x)eR, xR Jo(7, x). From this bound, one can easily
derive that thatu € Cy/4—1/2— (Ri X R), a.s.: see Remark 4.6 below. We will extend
this classical result to the case where p can be unbounded either locally, such as
u = &g, or at o0, such as u(dx) = e""”dx, a € ]1,2[, or both. However, for
irregular initial conditions, Holder continuity of u will be obtained only on R* x R,
and this continuity extends to R4 x R when the initial condition is continuous.

We need a set of initial data defined as follows:

*(R) := { u(dx) = f(x)dx, s.t. 3a € 11,2, sup | f(x)]e ™" < +o0t .
xeR
Clearly, M7}, (R) C Mg (R), and M7, (R) includes all absolutely continuous mea-

sures whose density functions are bounded by functions of the type cje?** with
c1,cp >0anda €]1,2[ (see Lemma 5.1).

Theorem 3.1 Suppose that p is Lipschitz continuous. Then the solution u(t,x) =
Jo(t,x) + I(t, x) to (1.5) has the following sample path regularity:
(1) If u € Mg@R), then I € C% 1 (Rj_ X R) a.s. Therefore,

2

@ Springer



Stoch PDE: Anal Comp (2014) 2:316-352 323

(2) Ifn € M*I‘{(R), thenl € C%_,%_ R4 x R), a.s. If, inaddition, u(dx) = f(x)dx,
where f is a continuous function, then

*
ueC(RerR)ﬂC%f 1 (RL xR), as.

°2

If uw € M} (R) and, in addition, u(dx) = f(x)dx, where f is an a-Holder
continuous function, then

MGC( 1)_,(QA%>_(R+XR)OC%—i—(RiXR)’ a.s.

77 2
This theorem will be proved in Sect. 4.2.

Remark 3.2 The standard approach (e.g., that is used in [9], [10, p. 54 —55], [24,26]
and [28]) for proving Holder continuity cannot be used to establish the above theorem.
For instance, consider the case where p (1) = u and u = &g. The classical argument,
as presented in [26, p. 432] (see also the proof of Proposition 1.5 in [1] and the proof of
Corollary 3.4 in [28]), uses Burkholder’s inequality for p > 1 and Holder’s inequality
with g = p/(p — 1) to obtain

vt r/a

|1, x) = 1, )| |50 <Cpr // dsdy (Gu(t — s, x —y) = G(t' —s,x' — )’
0R

vt

X // dsdy (Gv(t —5,X—Yy)— Gt —s,x' — y’))2
0OR

x (14 G 1) -

However, by Holder’s inequality, (2.7) and (2.3),

1
(s, VI3, = luls, IE = Gupals, ) :
y 2p y 2 v/ y m

Therefore, ||u(s, y)| |§§ > CGyyap(s, y)s 1/2=P The second term in the above bound
is not ds—integrable in a neighborhood of {0} x R unless p < 3/2. Therefore, this
classical argument does not apply in the presence of an irregular initial condition such
as §p.

Example 3.3 (Dirac delta initial data) Suppose p(u) = lu with A # 0. If u = §o,

then neither x — Jy(0, x) nor x +— lim,_o, ||/(z, x)||, is a continuous function.
Indeed, this is clear for Jo(0, x) = 8o (x). For lim, ., |[1(z, x)|l, by (2.7),

A2 4 t
@, )13 = ude, 0|3 — I3, x) = e cb(ﬁ,/E)Gv/z(t,x).
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Therefore, lim; o, [|1(, x)ll% equals 0 if x # 0, and 400 if x = 0. (We note that
1(0, x) = 0 by definition).

Example 3.3 suggests that ||/ (z, x)ll% tends to %So(x) as t — 04 in the weak
sense, i.e.,

, 22 -
Jim (7. 91B.¢()) = 7-6(0), forall p € CZ(R),

where CZ°(IR) denotes smooth functions with compact support. Furthermore, the fol-
lowing proposition shows that the random field solution of (1.5) satisfies the initial
condition u(0, o) = u in a weak sense.

Proposition 3.4 Forall ¢ € C°(R) and p € My [R),

lim /dx ult, ) (x) = / w(dx) ¢(x) in L2(S).
t—04
R

R

The proof of this proposition is presented in Sect. 4.5. In the next proposition, rather
than considering sample path continuity, we shows that the map ¢t — I (z, x), from
[0, 1] into LP (2, F, P), may be quite far from %—Hélder continuous at the origin,
and in fact, the Holder-exponent may be arbitrarily near 0.

Proposition 3.5 Suppose p(u) = lu with A # 0 and pn(dx) = |x|7%dx with 0 <
a <1, so that Jy(0, x) = |x|~¢ is not locally bounded. Fix p > 2. Then:

(1) Ifa < 1/2, then for all x € R, lim; o, [, 0)|l, =0.

(2) Thereis ¢ > 0 such that for all t > 0, ||1(z,0)|[, > ¢ t%.

In particular, when % <a < 1, limq, [[I(t, 0)||[, = 400, and when 0 < a < %

t — I1(t,0) from Ry to LP(2) cannot be smoother than 1742“ —Holder continuous (in

this case 124 €10, 1/4] ).

Proof (1) By the moment bounds formulas (2.5) and (2.6), it suffices to consider
second moment and show that lim, ¢, |1 (¢, x)||; = 0. For some constant C, > 0,
the Fourier transform of p is Cq|x|~!7¢ (see [27, Lemma 2 (a), p. 117]), which is
non-negative. Hence Bochner’s theorem (see, e.g., [15, Theorem 1, p. 152]) implies
that p, and therefore x — Jy(¢, x), is non-negative definite. Such functions achieves
their maximum at the origin (see, e.g., [15, Theorem 1, p. 152]), and so

+o00 2
ey /v
O<Jot,x)§Jo(t,0)=/d Gt,)=2/d _
( Y [yl* vy yy”«/vat

R
Then by a change of variable and using Euler’s integral (see [19, 5.2.1, p.136]),

+00

i V2vt r (e
Jo(t,0)=2/du ¢ v _T(5Y)
0

= , 3.2
Quiw)a/22mvi 2Ju /T ()2 G-
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where I (x) is Euler’s Gamma function [19]. By (2.6) and the above bound,

1
22 2 e C
1 0lR = (12 %K) . </d (——1——@)—.
@0l = (52K) 0.0 < [ @ (s + e ) 5
0

The integral converges if and only if @ < 1. Finally, using the Beta integral (see [19,
(5.12.1), p. 142])

t

r'r
/ds sl — vl = t’””*lM, fort >0,u>0andv >0, (3.3)
/ T'(u+v)

we see that [|1(, x)||3 < Cy t'/27% 4 Co 1179, s0 lim, ., | (t, x)||5 = O when
a<1/2.

(2) Now consider the function ¢ +— (¢, 0) from Ry to L?(€2). Since (x — V)2 <
2(x2 + yz), as in (3.2), we see that

1 1 2\ (54 1
Jot,x) = | dy — G, (t,x —y) > —exp| ——
R

Lyl V2 vt ) Jm (vl
Hence,

t
J§(t,x) > CGyp (5, x) ¢,

Since K(t, x) > Gy (t, x) by (2.3),

22
VAamvt

C’ex (—E) f 2
||I(f»x)||22¥ ds s1/27% = " ex —zi [%_
? t P vt

0
If x = 0, then for all integers p > 2, since 1 (0, x) = 0,

1-2a

11(t,0) — 1(0,0)[12 > |[I(t,0)|13 >C"t 72 .

When 0 < a < 1/2, the function ¢ — I (¢, 0) from R, to L?(£2) cannot be smoother

than n-Holder continuous at 1 = 0 with n = 1_42“ €10, 1/4[. O

4 Proofs of the main results

Establishing Holder continuity relies on Kolmogorov’s continuity theorem. We present
a formulation of this result that is suitable for our purposes.
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4.1 Kolmogorov’s continuity theorem

For x = (x1,...,xy)and y = (y1, ..., yN), define

N
Tayomay (6, ¥) 1= D5 — yil* . withey, ..., ey €10, 1]. 4.1

i=1

This defines a metric on RY that is not induced by a norm except when o; = 1 for
i =1,..., N. We refer the interested readers to [16, Theorem 4.3] or [22, Theorem
2.1, on p. 62] for the isotropic case («; = - - - = ). For the anisotropic case (where
the «; are not identical), see [17, Theorem 1.4.1, p. 31] and [11, Corollary A.3, p. 34].
We state a version (Proposition 4.2 below), which is a consequence of these references
and is convenient for our purposes.

Definition 4.1 (Holder continuity) A function f : D +— R with D € RY is said
to be locally (and uniformly) Holder continuous with indices (a1, ..., ay) if for
all compact sets K < D, there exists a constant Ag such that for all x,y € K,

If(x) = fFO)l < Ax 2N i — il

Proposition 4.2 Let {X(t,x) : (t,x) € Ry x R?} be a random field indexed by
Ry x RY. Suppose that there exist d + 1 constants o; € 10,1],i =0, 1,...,d, and
p > Zf‘l:o ai_l such that, for all n > 1, there is a constant Cp, , such that

X x) — X (s, VI, = CpnTag,...aq (1, X), (5, ¥)),

forall (t,x) and (s, y) in K,, := [1/n,n] x [—n, n)4, where the metric Tag,..oq 1S
defined in (4.1) with N = d + 1. Then X has a modification which is locally Holder
continuous in R’j_ x RY with indices (Bao, ..., Bag), for all B € ]O, ,3,,[, where

By=1-— p! z;izo afl. In addition, for all 0 < B < B,

P
X(t, — X (s,
E sup |X(,x) (s, )| .
(), (5. )€Kn [Tag, oo (1, ), (5, ¥)1P
(t,x)#(s,y)

Ifthe compact sets K,, can be taken to be [0, n] x [—n, n1?, then the same local Holder
continuity of X extends to Ry x R¢ and the moment bound on increments of X applies
with this new K,,.

4.2 Moment estimates

The main moment estimate that is needed for this proof is the following.

Proposition 4.3 Fixc € Rand u € Mg ([R).

@ Springer



Stoch PDE: Anal Comp (2014) 2:316-352 327

(1) Forall p > 2andn > 1, there is a constant Cy, , such that forall t,t" € [1/n, n]
and x,x’ € [—n, n],

10 =16 D < Cop (=11 +1x=x17) . (42
(2) If, in addition, u € M*H(R), then there exists a constant C,f’ such that for all

(t,x), (', x") € [0,n] x [—n, n], (4.2) holds with C,,_, replaced by Co

The proof of this proposition will be given at the end of this section. We note that
by Proposition 3.5, the conclusion in part (2) above is not valid for all u € Mg (R).
Assuming Proposition 4.3, we now prove Theorem 3.1.

Proof of Theorem 3.1 By Lemma 2.3, we only need to establish the Holder-continuity
statements for / instead of u. Part (1) (respectively (2)) follows from Proposition 4.3(1)
(respectively Proposition 4.3(2)) and Proposition 4.2. This proves Theorem 3.1.

The next two propositions are needed to establish Proposition 4.3.

Proposition 4.4 Givenc € R and u € Mpg(R), let J(;‘(t, x) = (|| * Gy(t, ) (x)
and h(t,x) = > +2 [Jé"(t, x)]z. Then we have:

(1) For all n > 1, there exist constants Cy;, i = 1,3,5, such that for all t,1' €
[1/n,n], witht <t', and x,x’ € [—n, n],

// dsdy h(s,y) (Gv t—5,x—y)—G,(t' —s,x — y))2§Cn,1«/t’ —t,

[0,1]xR
423)
// dsdy h(s, y) (Gy (t —s,x —y) = Gy (t — s, x' — y))szn,g ’x —x'|,
[0,£]xR
“4.4)
/ dsdy h(s, y)G2(t' —s5,x" —y) < Cosv/t' — 1. 4.5)
[t,t/1xR

(2) If, in addition, p € M7, (R), then there exist constants C); ., i = 1,3,'5, such that
forall (t,x),(t',x") € [0,n] x [—n, n], (4.3)—=(4.5) hold with Cy; replaced by

Crii=13,5.

Proposition 4.5 Given' ¢ € R and p € My®R), let Ji(t, x) = (|ul * Gu(t, -)) (x).

Then:

(1) Foralln > 1, there exist three constants

A/Tn A/Tn ATTn
Cn,2 = mcn,la Cn,4 = mcn,& and Cn,() = mcn,S’ (4.6)
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such that forall t,t" € [1/n,n] witht <t and x, x' € [—n, n],

‘((Ez 2 |J6"|2) £ G2 % (Gy(0) — Gy + 1/ — 1. o))z) . x)‘ <Coai =1,

“.7)

‘((Ez 2 |J§‘|2) £ G2+ (Gy(-0) = Gy(o+ ' — x))z) t, x)‘ <Cpalx’ —xl,
4.8)

// dsdy ((§2 42 ng|2) N Gﬁ) (5,9) G2(t' —5,x' = y) <CpoV1' —1. (4.9)

[t,t/]xR

(2) If, in addition, i € M7, (R), then there exist constants

2= 7l G = =G and Cn,é—ﬁ .5

such that for all (t,x), (f',x") € [0,n] x [—n,n], (4.7)~4.9) hold with Cy, ;
replaced by C:;,i’ i=2,4,6.
The proofs of these two propositions are given in the Sects. 4.3 and 4.4. Assuming
Propositions 4.4 and 4.5, we now prove Proposition 4.3.

Proof of Proposition 4.3 We first prove part (1). Without loss of generality, assume
that & > 0. Otherwise, we simply replace w in the following arguments by |u|. Fix
n > 1. By parts (1) of Propositions 4.4 and 4.5, there exist C,,; > Ofori =1,...,6

such that for all (z, x) and (¢/, x") € [1/n, n] x [—n, n] witht’ > t, the six inequalities
in Propositions 4.4 and 4.5 hold. By (2.1) and Lemma 2.4, for all even integers p > 2,

||I(t,x)—l (t’,x/)||§§2p_lzg Lﬁ I (t, v, x, x’)p/2+2p_lzg Lg I (t, t; x’)p/z ,
where

I (t, t’,x,x’) = // dsdy (Gv t—s5,x—y)—G,(t' —s,x" — y))2

[0,1]xR

x [+l s, IR (4.10)

L(t, 1 x) = // dsdy G2 (' —5,x" — y) (§2+ [|u (s, y)llf,) . 41D
[t xR

By the subadditivity of x — |x|*? and since 22(P~D/? < 4,
HI(I, x)—I1(t, x’)Hf7 < 422 Lf) [11 (t, t, x, x’) + 1 (t, t; x’)] .
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Notice that

K, x;v,0) =Y (t;v,1) G2(t, x),

t 4 1t
(v, 2) = A2 + A“,/”—eﬁ\f@(xz‘/— )
% 2v

Denote Yy (t) := T (t 5V, apep Lp) < 400, for all ¥ € Ry. Clearly, Ty (f) <
Y. (n) for t < n. Hence, it follows from (2.5) and (2.4) that

with

i (5. )11, = 203 5.9+ Yulw) (242 43) # G2) (5. 3). fors <1 =n.
(4.12)

We shall use this bound in order to estimate /; and I5.
We first consider the case where x = x’. Set h =t — t. Then

Lt 7, x,x) < ((g2 +2102) « (Go(-,0) — Gol- + I, o))z) t, %)
Yo (n) ((EZ +2102) « G2 % (Gy(-,0) — Gy(- + 1, o))z) . x).
By parts (1) of Propositions 4.4 and 4.5,
L.t x,x) < (Cot + Tu(n)Cr2) [h|'V2.
Similarly, we have that
L.t x') < (Cus + Tu()Cue) h]'2.

Hence, forall x € [-n,n]and 1/n <t <t <n,

11.2) = ¢ 0)||2 <422 L2 (Cat + Cus + () (Cuz + Cug)) |1 =12

(4.13)

Now consider the case where t =t > 1/n.Denote ¢ = x’ —x. Inthis case, I, = 0.
By (4.12) above and parts (1) of Propositions 4.4 and 4.5,

2
1@t x) = 1, D[ < 425 LY [Cos + Yum)Cra] 151,
Combining this with (4.13), we see that

1/2

1160 = 16 = Cpn (1 =12+ 5 = 5]).

forall 1/n <t <t < n,x,x’ € [—n,n], where FCVp,n is a finite constant. This
proves (1).
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The conclusion in part (2) can be proved in the same way by applying parts (2)
of Propositions 4.4 and 4.5 below instead of parts (1). We simply replace all C, ;
above by C;;; fori = 1,..., 6. The remaining statements follow immediately. This
completes the proof of Proposition 4.3.

Remark 4.6 (Case of bounded initial data) In the case where the initial data is bounded:
u(dx) = f(x)dx, where f is a bounded function such that | f(x)| < C, the con-
clusions of Proposition 4.3 follow from the following standard (and much simpler)
argument: By (3.1),for0 <t <t <T,and x,x’ € R

Lt 1, x,x") < Ar // dsdy (Gy(t —s,x —y) = G,(t' —s,x' — y))z,
[0,¢/TxR

where 11 (¢, t', x, x') is defined in (4.10) and A7 is a finite constant. Then by Propo-
sition 5.2, for some constant C’ > 0 depending only on v,

I (1.1, x,x") < ArC’ (|x — x|+ VI = t|) )

Similarly, I, (t, t, x, x/), defined in (4.11), is bounded by A7C’\/|t’ — t| with the
same constants A7 and C’. Therefore,

1160 = 16D <4347 ([x = |+ 1 = 1112)

forall0 <t <t < T and x, x’ € R. The Holder continuity follows from Proposi-
tion 4.2.

4.3 Proofs of part (1) of the Propositions 4.4 and 4.5

Lemmad4.7 Forall L > 0,8 €]0,1, ¢t >0, x € R, v > 0, and h with |h| < BL,
we have that

|Gyt x +h) — Gy(1, x)|

_ |h|( C n 1 )
- J2ve - (1—=B)L
X I:Gv(t, x) + e% {G,({t,x —2L)+ G, (t,x + 2L)}i|

and

|Gy(t,x +h)+Gy(t,x —h) —2G,(t, x)|

C 1
=2l («/—zw TG —ﬁ)L)
X |:Gv(t, x)+ e% (G, (t,x —2L)+ G, (t,x + 2L)}:| ,

where C := sup, g |71||e—x2/2 — 1] &~ 0.451256.
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Proof Fix L > 0 and g € ]0, 1[. Assume that |h| < BL. Define
f(t7x3 h) = G\)(tv-x +h) + Gl)(trx - h) - 2Gv(t1 x)v
1% B) WL Gyt x — D[Gy(t,x +h) — Gy(t,x)]  ifx >0,
X, h) = .
W' Gl x+ D[Gy(t,x +h) — Gy(t,x)]  ifx <0.
Clearly,
f@t, x, h) ’
< |I(t,x,h)|+|I(t,x,—h)| . 4.14
‘h(G.,(t,x+L)+Gv(t,x—L)) = (¢ )+ ) ( )

We will bound |1 (¢, x, h)| for —BL < h < BL.If x > 0, then

1 Gth)? | a=1)? 2 @-L)?
I(t,x,h)=—| e X;vt + X2vt — e7%+ X2vt
h
and so
0 1 _a? | o-1)? L
—I(t,x,h)y=——e 20 oo — — [(t,x,h).
ox vt vt
Hence,

yi? | (=L)?

X X
0 L
1t x, )| s/(vr)—le—*zw +og dy+;/|1(r,y,h>|dy+|1(r,0,h>|.
0 0

Let C be the constant defined in the proposition. Then

c 12
[1(t,0,h)] < e, forall h € R.
t
Since |h| < BL,
X o0 L2—112 L2
I _om? | o-L? 1 _otm? | o-L? e 2 e
—e 2w 20t dy < —e " 2ut 20t dy = < .
vt vt L+h (1- ﬂ)L
0 0
Therefore,
X
L
[1(t,x,h)| <Cirp+ o [1(z,y,h)|dy,
0
with

s = (e )
= e 2vr
“L.p v (1—B)L
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Apply Bellman—Gronwall’s lemma (see [18, Lemma 12.2.2]) to get

Lix|

It x,h)| < Crrpet =Crppe,

and so, by definition of 7 (¢, x, h),

Llx|
1Gy(t,x +h) — Gy (t, )| < Crp plh] (Gu(t, x + L)+ Gy(t,x — L)) e .
(4.15)

By symmetry, for x < 0, we get the same bound for |/ (¢, x, h)|. Hence, from (4.14),

[f(@, x, )| <2C L glhl (Gy(t,x + L)+ G,(t,x — L)) exp (%f') . (4.16)

Finally, some calculations show that

(Gu(t,x + L)+ Gyt x — L))e
_L2 3.2 312
=G,(t,x)e” 27 + Gy(t,x —2L)e T 1jx>0y + G (t, x +2L)e 27 1 (<)

2 2
< G,(t, x)e B + (Gy(t, X—2L)+ Gt x + 2L))e%.

The desired conclusions now follow from (4.15) and (4.16). O

Proof of Proposition 4.4 Assume that ¢ = 0. Set z = (z1 + z2)/2. Set

1t xt, %) = // dsdy [J5 (5, ] (G (1 =5, x — y) = Gt/ —5,x' — ))°.
[0,£]xR

Write [J§ (s, y)]2 as a double integral and then use Lemma 5.3 to get

t
I1(t,x;t',x") =/ds/ [l (dz )l (dz2) Gau(s, z1 — 22)
0 R

x/dyGV/z(s,y—E) (Gu(t—s,x—y)—Gv(t/—s,x/—y))z.

R
(4.17)
In the following, we use [ dy G(G — G)? to denote the dy—integral in (4.17). Expand
(G — G)* = G? = 2GG + G* and apply Lemma 5.3 to each term:

(Gy(t —s5,x —y) — Gp(t' —s5,x" —y))?

1 1
= mGV/Z (t—s,x —y)+m6v/2 (’/ —s5,x" — )’)
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t+t 2(t — s)(t' —s) (t —s)x'+ (' —s)x
-2G —s,x—x") G ,y — .
2”( 2 07 x) ”/2( itr—2s 7 141 —2s

Then integrate over y using the semigroup property of the heat kernel:

/dy GU/Z(Svy_Z) (Gv(t -5 X _)’) _Gv(t/ —S,.X/ _y))2
R

! 1
G (X -t —— Gyt X —Z
Timva o X T D F gy Ol )
t41 ,
_2G2v — 5, X —X
2
20 =)' =) (t=—s)x"+ @ —s)x  _
¢ ’ -z 4.18
X v/Z( f+1 —2s + s PR z ( )
Property (4.3) Set x = x’ in (4.17) and let & = ' — ¢. Then % L5 =
I+ 2((; SA))ih and (4.18) becomes
2 1 1 |
dy G(G - G)" = ; (t_))%+4 (ﬂ_)%_ | :
TV s (4mv 5)) (m) (IJEI —s))

X Gv/z (t,x —2)

N 1 Gop (1, =2)
Varv(@ —s)\ Gup (t,x —2)

X Gyp(t,x —2)

s)h =
1 G2 (f + S X Z) |
T (lzt/ S) GU/2 (t5x_z)
X Gyp(t,x —2)
=L+ 0L - I

We first consider I. Because 1/n < t < t' < n, we have that & € [0, n2t], so by
Lemma 5.7, we find after simplification that

3V1 2
|| < %Gu(wnz) (t,x—72) \/E,
TV —-s) — 2
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and so

t

3V1 +n?
/ds G (s, 21 —22)| | < Vh /ds m

XGv(1+n2)/2 (t, x —2) Gay(s, 21 — 22).

0

Apply Lemma 5.4 to Gv(1+n2)/2 (-++) G2, (---) and integrate over dz;dz; to get

t
// IMI(dZDIMI(de)/dS GoylDo|
RZ

3(1+n?)Vh
< (2\/_) (111 % Gy (1, ) (x)/ﬁ

By the Beta integral (see (3.3)), the ds—integral is less than or equal to 7. So

// I,ul(dm)lul(dzz)/ds G-+ Dol

<3(1+n)ﬁ

2
<= (W% Gaugrany @:9) 0V (4.19)

As for I3, notice that since s € [0, t], 2((;:;))111 < % < n?t forall h > 0. Apply

Lemma 5.7 with r = 2((: f))ih

to obtain that

Gv/z(t—i- - ”h,x—Z) 2(x =2\ Vh
2(—s)+ 1 n“(x —2) )[ for all h > 0,

- S exp >
Gy (t,x — 2) 2V2 vt (1+n2) ) Vi

where we have used the inequality 28__;))_}:_ 5 =< % Multiplying out the exponentials,

we obtain

| | = 2 > ! (t
1 2 X —
3 vt(t v(1+n )/2

Then by the same arguments as for /5, we have that

2) Vh.

t
3(14+n) 7 2
// Iul(dm)lul(dzz)o/ds Gaulls| = (\/27) (1% Gau (1) 12 9) @IV,
R
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Now let us consider /1. Apply Lemma 5.4 to G2, (5, 21 — 22) G2 (8, x — 2) to get

t

NG
O/ds Ga(s,z1 =221 = \/——qu(t,x — 210G (1, x — 22)

_1
(s(t —s))_% + (s(’ —s))_% —2(s |:t—;t —si|) ’ )

t
x/ds
0

The integrand is bounded by

(s(t — s))_% - (s |:t -;t/ ])_2 + (s(t/ —s))_% — (s I:t-;t/ —si|)_2 )

Taking into account the signs of the increment, this is equal to [s(r — s)]_l/ 2 _

[s(t/ —s)]fl/ 2, Integrate the r.h.s. of the above inequality using the formula

_ NG ’
= 2 arctan (m) for all ' > ¢t > 0 to find that

ft ds
0 /s(t'=s)

t

[

0

1

(s(t—s))’% + (s(t’—s))*%—z (s |:t —; a i|)_2 <m —2arctan (\/t/h) .

Itis an elementary calculus exercise to show that the function f(x) := x (7 — 2 arctan
(x)) for x > 0 is non-negative and bounded from above, and f(x) < limy_, 1~ f(x)
= 2. Hence, 7 — 2arctan (v/7/h) < 2./h/t. Therefore,

t
{2/ |M|(dZ1)|M|(dZ2)/dS Gav(s,z1 —22) 1] < \/—\/—_ (Il % Gy (1, )% (x).

(4.20)

We conclude from (4.19)—(4.20) that for all (¢, x), (t/, x) € [1/n, n] x [—n, n] with
t'>t,

2
16,230, %) < (cmm # Gy, D7 () + Gy (115 Gy 1) (1) (x)) Vi,

where
) 3ﬁ(1+«/§) (14 n?)
C; = , and C) = :
) ’ 2J/v
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As for the contribution of the constant ¢, it corresponds to the initial data u(dx) = ¢ dx
and we apply Proposition 5.2. Finally, by the smoothing effect of the heat kernel
(Lemma 2.3), we can choose the following constant

2
o1 =3 {/ﬁ +sup2 (€3 (2] % G2 (5,9 )

+ Gy (1815 Gy 5.9) ),

for (4.3), where the supremum is over (s, y) € [1/n, n] x [—n, n]. This proves (4.3).

Property (4.4)Sett =t"in (4.17) and x = "Jg"/. Consider the integral in (4.17)

t

/ds Gons, 21 —Zz)/dy G(G - G,

0

which is denoted by [ds G [ dy G(G — G)? for convenience. By (4.18),

/dy Gupa(s,y = 2) (Gult — 5,5 — y) = Gu(t — 5,5 — )’

1
= JAmo(i—s) [Gua (t.x —2) + Gypa(t, x' —2)] 4.21)

—2Go(t—s,x —x/)Gv/z(t,)f —2).

Then apply Lemma 5.5 to integrate over s:

1 - - lz1 — 22|
dsG [ dy G(G = G)>=— (Gup (t,x = 2)+Gypo(t, x' — fo | ——=
/ s / y G( ) 4v( v2 (8, x —=2)+Gypl(t, x z))erc( Tt )

1

Gon (1.5 — Dyerfie| —— | P =22l [x—
20, X — — .
2v v/ V2t V2v v 2v

)
It follows from the definition of erfc(x) that erfc (|x| + &) > erfc (|x]|) — 25/7'7 h for

h > 0 and we apply this inequality to the last factor to obtain

/dsG/dyG(G—G)2
1

o x =X 71 — 22)?
=< ;Gv/z(t,x—z)| ieXp(—(l ) )

ZE 4vt
1 _ . . |21 — 22|
—| Gy (t, x — Gy (t,x' —2) —2Gyp (1, x — fc| ——— ).
+4v|: w2 (t,x =2+ Gyp (1,x" —3) vt X z)}erc( it )
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Now apply Lemma 4.7 with & = x/g X L =2nand B = 1/2: there are two constants

Cyn 1
Cl = sup Conijovs = + 2. €~ 0451256,
" se[l/n,n] /s J2v  n
" ’ 6n’
Cn = sup C2n 1/2,vs = Cn eXp\— )
se[l/n,n] v

/
)C

where C/ L.pvs and CZ B.vs ArC defined in Lemma 4.7, such that for |£

<BL =n,

‘GV/Z (t.x =2+ Gy (t,x' —2) =2Gyp (1, % — 2)

<{C) [Gvp(t, 5 —Z—=2L)+ Gypp (t,x —Z+2L)]
+Cp Gyt 5=} |x —x].

Note that ¢ > 1/n is essential for this inequality to be valid. By Lemma 5.5, we have

that erfc (%) amvt Gy (t, 71 — 22), and so

‘/dsG/dyG(G—G)z

1t
(EWR
+\/ECZ
Vav
«/_CN
U

Now apply Lemma 5.4:

‘/dsG/dyG(G G)?

<

C;) |x —x'| Gy (t,% — 2) Goy (£, 21 — 22)
[x = x'| Gy (8, % =2 —2L) Gay (1, 21 — 22)

|x—x| Gy, x—2+2L)Gy (t,21 — 22) -

1 Jmn
< (; + EC’) |x —x'| Gay (1. %1 — 21) Gay (1. %1 — 22)
Jrn C! _ ~
+ Tn |x —x'| Goy (1, %2 — 21) Gy (1, %2 — 22)
%
Jan C - ~
+ W |x — x| Gay (1, %3 — 21) Gay (1, %3 — 22)

where X; = X, x; = x — 2L and X3 = X + 2L. Clearly, X; € [—5n, 5n] for all
i =1, 2, 3. Finally, after integrating over |u|(dz1) and ||(dz2), we see that

I(txtx)<C 3|x—x|
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forall t € [1/n,n], and x, x’ € [—n, n], where the constant is equal to

1 an

1 / " 2
=(-+ Ccl +2C ) sup (Il * Gav(s, )™ () -
"3 (V V4v ( ! n) (s,y)€[l/n,n]x[—5n,5n] '

As for the contribution of the constant ¢, it corresponds to the initial data |p|(dx) =
¢ dx and we apply Proposition 5.2. Finally, one can choose, for (4.4),

=2
S 2 Jmn

Crs="+ (- + = (Gt ZCZZ)) sup (It % Gaus. )? () -
v v Vv (s,y)e[l/n,n]x[=5n,5n]

This constant Cy, 3 is clearly finite. This completes the proof of (4.4).
Property (4.5) We first consider the contribution of Jj(z, x). As before, let
I (t, x;t, x’) = // dsdy []6k (s, y)]2 G%(t’ —s5,x' = ).
[t,/'1xR
Set 7 = (z1 + z2)/2. Similar to the arguments leading to (4.17), we have

/

t

I(r,x;t',x") = [ds [[|ul(dz)|ul(dz2) Gau(s, 21 — 22)
:r  R2

x [dy Gy (s,y —2) G? (t’ —s5,x = y) . (4.22)
R

Apply Lemma 5.3 to G2 (t' — s, x" — y) and then integrate over y,

t/
1
I(t,x:t,x =/ds/ dz dz2) ——=—
( ) Il @zDlpl(de) s
1 R2
xGay(s, 21 — 22)Gypa(t', x' = 2).

Now apply Lemma 5.4 to G2, (s, z1 — 22)Gy)2 (¢/, x’ — Z). Then by Lemma 5.8 and
the fact that arcsin(x) < wx/2 for x € [0, 1], we see that

22V [P =1 ) [w
1 (t,x; t’,x’) < ‘Jg‘ (2t’,x’)‘ \/ﬁarcsm( 7)5 ’JS‘ (2t’,x’)’ \/;«/t/ —t.

Therefore,

I (t,x; t’,x’) < C,’Z’S«/t/ —t, with C,;’S = /z sup M;“(Zs, y)|2.

YV (s,y)ell/n,n]x[—n,n]
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As for the contribution of ¢, it corresponds to the initial data | |(dx) = < dx and we
apply Proposition 5.2. Finally, we can choose

=2

9 T 2
= +2./— sup J52s, y) (4.23)
VTV V (s,y)ell/n.n]x[—n,n] } 0 |

Cn,S

for (4.5). This completes the proof of (4.5) and therefore part (1) of Proposition 4.4.
]
Proof of Proposition 4.5 (1) We first prove (4.7) and (4.8). Denote
I, x;t,x) = // dsdy (|J6‘|2 * G%) (5, ) (Gt —s,x—y)

[0,/]xR
—Gy(t' —s,x" — y))z.

Let 7 = (z1 + z2)/2. As in (4.17), replace |J§(u, z)’2 by the double integral. By
Lemma 5.3,

t N
1
I(t,x;1',x") 2// |M|(d21)|l/~|(d22)/ds du mGh(u, 71 — 22)
R2 0 0

X//dydz Gupp(u,z2—=2) Gypls —u,y —2)
RZ
X (Gv(t—s,x—y)—Gv(t’—s,x’—y))z.

We first integrate over dz using the semigroup property and then integrate over du by
using Lemma 5.5 and use the fact that s < ¢ < n to obtain

t
mn
I(txit ) < —V/ds // 112l (de2) Gau(s. 21 — 22)
Nz 5o

X /dy Gyp(s,y—2) (Gu(t -5, x—y)—G,({t' —s5,x' — y))z. (4.24)
R

Comparing this upper bound with (4.17), we can apply Proposition 4.4 to conclude
that (4.7) and (4.8) are true with the constants Cy, 2 and C, 4 given in (4.6). As for
(4.9), let

I(t,x;t',x') = // dsdy (|Jg|2*G§) (s, ) G(t' — 5, X" — y).

[t,/1xR
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By arguments similar to those leading to (4.24), we have that

l/
an
1(t.x: 0. x) s—vé‘v/ds // (2]l (d22) G s, 21 — 22)
R2

t

X /dy Gupa (s,y —2) G2(t' — 5, x" — ).
R

Comparing this upper bound with (4.22), we can apply Proposition 4.4 to conclude

that (4.9) is true with the corresponding constant C, ¢ given in (4.6). This completes
the proof of part (1) of Proposition 4.5.

4.4 Proofs of part (2) of the Propositions 4.4 and 4.5
Lemma 4.8 Fora > 1andb > (a 6)7], we have that |x| < el forall x € R.
Proof The case where x = 0 is clearly true. We only need to consider the case where

x > 0. Equivalently, we need to solve the critical case where the graphs of the two
functions log x and b x¢ intersect exactly once (x > 0), that is,

1
logx =bx“ and — = abx® !,
x

which implies x = ¢!/* and b = (a ¢)~!. When b is bigger than this critical value,
the function b|x|* will dominate log x for all x > 0. O

Lemma 4.9 Let g(x) = ¢ with¢ > 0 and a > 1. For all n > 0, the following
properties hold:

(1) Forallx,z e R,0<t <t <n,
’g(x—«/fz) —g(x—\/?z)‘ <ac exp(cilx|* + c2lz]) |t’—t|1/2,

where the two constants ¢ := ci(a, c) and ¢y := cr(n, a, ¢) can be chosen as
follows:

ae ae

-1 1
ci(a,c) = (c + a_) 2“_1, and c>(n,a,c) =ci(a,c) n? 4+ —.

(2) Forallx,x' € [-n,n),z € Randt € [0, n],
‘g (x — «/;z) —g (x/ — \/;z)‘ <c3 exp (C4|z|“) |x’ —x|
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where the two constants c3 := c3(n, a, c¢) and c4 := c4(n, a, ¢) can be chosen as
follows:

c3(n,a,¢) i=ace™, and ca(n,a,c) = cyn>.

Proof (1) Because a > 1, the function g belongs to C L(R), is convex and gx)=0
for x > 0. Hence,

g (v = Vi) g (x = Vi2)| = [ (bl + Vi la)| - [Vi 2 = Ve
Leth = (ae)~!. By Lemma4.8, |g'(x)| =ac Ix|9lecl! < g ¢ elet@=DBIXI® Thyg
|g/ (|x| + «/ﬁlzl)| <a Ce(c+(a—1)b)(|x|+ﬁ\z|)" <a Cecl\x|”+cln"/2|z\“’ (4.25)

where we have applied the inequality (x 4+ y)* < 2471 (x* + y%) for all x, y > 0.
Clearly,

Wi — i < V=1 (4.26)

Finally, apply Lemma 4.8 to |z|, and combining all the above bounds proves (1).
(2) Similarly to (1),

)g(x—x/;z)—g<x/—«/?z)‘ <lg' (Inl+Vnlzl)| - |x = x|,

and by (4.25), |g’ (In| + V/n |z])| <ac ecn® ezl Thig proves (2). ]

For ¢ > 0 and a € [0, 2[, define the constant

Kac(t) i= (ecl"” Gy, -)) ©) .

For 0 <t < n, we have that

Kac() = / dy VD G (1, y) < / dy WD G (1, y) = Ky o (un).

R R
4.27)

Proof of Proposition 4.4 (2) Because u € M7, (R), there are a function f(x) and
two constants a € [1,2[ and ¢ > O such that u(dx) = f(x)dx and ¢ =
SUp,cRr |f(x)|e_|x|a < +o00. In the following, we assume that x, x’ € [—n, n], and
t,t €[0,n]. Set g(x) = e2'1¥1* and assume that ¢ = 0. From (4.17),

@ Springer



342 Stoch PDE: Anal Comp (2014) 2:316-352

t
I(t,x;t',x") Scz/ds // dzydzy 121Gy (s, 21 — 22)
0

RZ

_ 2
X/dva/z(S,y—Z) (Go(t—5,x =) = Gu(t' — 5,5 —y))".
R

We shall apply the change of variables z = z and w = Az: since

a

w
|z1]% + |z2|* = )z +>

tle= 3| =2t (1 + | F]) 2= 2021 + i,

we see that

a a 26{ a a a
el Hl" < 2Tzl Gl gy

and it follows that

I(t,x;t,x) < c2

s [z (&1 4 Gauts. ) 0020@)
R
G

x [ dy Guals,y —2) (Gt —5,x — y) = Go(t' — 5,5 — ))°

P — o —__

<c? Ka,l(zun)/ds/dz 2(2)
R

x /dy Gupa(s,y = 2) (Gult — 5,5 —¥) = Go(t' —s.x" = 1))°,
R
(4.28)

where the second inequality is due to (4.27).

Property (4.3) For the moment, we continue to assume that ¢ = 0. Set x = x’. Apply
(4.18) with x = x’ and 7 replaced by z, integrate over dz, and use (4.28) to see that,

(g% Gup(r, ) ()

t
1
I1(t,x:t',x) <c? K, 12 /d(—
Gt 0 < Koo [ as( s
0

1 /
+ m (g * Gyp(t, )) (x)

_;( e (HM.))(X))
4! )g U 2=+

4711)( 5 — S
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< Koy (2vm) / ds (i + b+ 1),

where, letting h =1’ — 1,

=it o~ (o (252-) ]

x (g% Gyp(t, ) (x),

1 /
L= N A=) [(g* G, ) () = (g% Gupa(t, ) (0],

o 2 (t—s)h
3——) g*xGyp l‘+m,' (x)
s

1+t
4711)( 5

— (g% Gup(t, ) (x)] :

Set7 = % By (4.26),

t

[ 105 = S (Vi VT = V2V 20T 1) (g5 G ) )

0

tl

IA

\/jlﬁ(‘\/;—\/t:‘-i-‘\/?—\/t:‘—\/z—i-Z\/g) (g*GU/z(t’ ))(x)

1 h
= JTv (4\/; - ‘/Z) (8% Gup(t. ) (x).

By Lemma 4.9, for some constants ¢; > 0,i = 1, 2,

121 = ot [ 4 [o (6= Vi) =g (v = V7' 2) [ Gt )

< ma 0a et x| (eL’zH" % Gyl .)) (0) V.

Hence, forall0 <t <t <nandx € [—n, n],

t

aZaﬁ a v
i = 2 ek, (2) R
/S|2|_ \/ﬁe a,c 2 \/_

0
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(t—s)h

h l
s S p-forall0<s <7<t <nandx € [-n,n],

Similarly, because

t

2 S
/ds L] < %e‘”"' Kac, (3) Jh .

2w v
0

Therefore, forall 0 <t <t <nandx € [-n,n], [(t,x;t,x) < 5:1 t/ —t with

2
~. c” Kq4,1Q2vn) (\/— ) u c1lnl® (U)
= 241 2 1 K, =
;) = S Eell +1) a2 e K, (4

+ (4 - ﬁ) sup (ezal"a * Gy(s, ')) (Y):|-

(s,y)€l0,n]x[—n,n]

Finally, as for (4.3), the contribution of the constant ¢ can be calculated by using
Proposition 5.2. Therefore, one can choose

* —2\/5_1 o
nl=§ +2Cnl'
s \/ﬁ 5

x+x’

Property (4.4) Assume again that ¢ = 0. Set# = ¢’ and X = *=*-. Recalling (4.21),
we see that the inequality (4.28) reduces to

1
m [GU/Z(ts X —2)

1
I(t,x;1,x') <c? Ka,1(2vn)/ds/dz g(Z)[
0 R
+ Gv/z(l‘, x/ — Z)] -2 sz(l‘ — S5, X — x/) Gv/z(t, X — Z)]
Then integrate over ds using Lemma 5.6:

I(t,x;t,x) <c* K, 1(2vn)/dz g(z)[i [Guja(t,x —2) + Gypa(t, x' = 2)]
R vy

1 _ I
a2 Gyt — iy — = aerte (FY [ 6,005 — oL
2v N, /

Denote F(x) = (g * Gyo(t, ~)) (x). Then integrating over dz gives

I, x;t,x') < 2 Ka’l(Zvn)I\/% [F(x) + F(x/)]

t x—x')? 1 —x’
_2|: Vi e~ 57 ——|x—x’|erfc(|x x|):| F()E)]
TV 2v Javt
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NG

<c? Ka,1<2vn)[% IF0) = F@I+ = |[F6) = F )|

+ j% (1 _ okt )F(x)+ Ix — x| F(x)]

Noticethat) < 1— e‘xz/ 2 < Cc |x|, where the universal constant Cis given in Lemma
4.7. By part (2) of Lemma 4.9, for some constants ¢;, i = 3, 4,

F(x) — F@)| < /dz o (r = viz) —g (= viz)|Gupti 0

R
< a3 (¢4 5 Gua(1,9) () 1 = 5

c3 v
=5 K, (5) lx — x].

F(x') = F(X)| < $ Kae, (5) Ix — x'|. Hence,

Similarly,

I, x;t,x") < c2 [(a’l(zvn)[%l(w4 (g) + (fJ/E_ 1))F(x)] lx —x].

Therefore, forall0 <t <nandx,x’ € [—-n,n], I (¢, x;1t, x)<C*g|x—x‘w1th

~ 5 c3/n v
C:;’?’ = C Ka,1(2vn)[ﬁl{a,c4 (5)

CV2
+ Gyyals, ) ( )],
(U\/_ )(A y)e[OSlr:]px[ nn]<g>x< /28 ) Y

and 5:1"3 < 400 by definition of g. Finally, the contribution of the constant ¢ in (4.4)
is given in Proposition 5.2. Therefore, one can choose

—
g ~
w3 = o +2C, 5

Property (4.5) As for (4.5), notice that Ji (¢, x) < ¢ (/" % G, (z, ) (x). By check-
ing the proof of part (1) (see (4.23)), one can choose,

. 2
5= o=t 22 /7) sup (e"l % Gy(2s, -)) ).
x/ ¥ selomiion

This completes the proof of part (2) of Proposition 4.4.

O
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Proof of Proposition 4.5 (2) If u € MZ(R), then by Proposition 4.4 (2), the Lh.s. of
(4.7) is bounded by

t
C,T)]\/t’—t(l*G‘z))(t,x)z i {T_VVt,_tSC:‘I\/{riv\/ﬂ_t'

Hence, C;, = \/%C:!l. The same arguments apply to the other two constants C,; 4
and C:f 6 1-€., (4.8) and (4.9). Note that it was not possible to use the above argument in

the proof of part (1) of Proposition 4.4. This completes the proof of Proposition 4.5 (2).
4.5 Checking the initial condition

Proof of Proposition 3.4 Because u(t, x) = Jo(t, x) + 1 (¢, x), and because it is stan-
dard that (see [14, Chapter 7, Sect. 6] and also [4, Lemma 2.6.14, p.89]),

im [ dx Jo(t, )b (x) = / J(dx) ¢ (),

t—04
R R

we only need to prove that

11%1 dx I(t, x)¢(x) =0 in L*(Q).
t—04
R

Recall that the Lipschitz continuity of p implies the linear growth condition (2.1). Fix

¢ € CX(R). Denote L(t) := fR 1(t, x)¢(x)dx. By the stochastic Fubini theorem
(see [28, Theorem 2.6, p. 296]), whose assumptions are easily checked,

t
L(t) =// /dx Gyt —s,x = y)p(x) | pluls, y)W(ds, dy).

0 R R
Hence, by (2.1),

' 2

lew?] <2 [as [ay( [arGuu—sx- o | (2+1enIB).

0 R R

By the moment formula (2.5), we can write the above upper bound as
E[L0?] S L2110 + L) + L3 + La®)],
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where

t 2
Li(t) = /ds/dy de Gyt —s,x =)o) | JgGs, ),
0 R

2

t
Ly(t) = /ds/dy (Ik/dx Gy(t —s,x —y)p(x) (Jg*E) (s,y),
0 R
t

2

Ly =§2/ds m)/dy /dx Gult —5,x — B | .

0

R R
t
La(1) =§2/ds/dy de Gy(t — 5, x — y)p(x)
0 R

From now on, we may assume that © € Mg 4 (R), because otherwise, one can simply
replace the above Jo(s, y) by Jy(s, y) = (Iul * G, (s, 0)) ().

(1) Consider L1 (¢) first. Write out both Joz(s, y) and (IR dx G,(t —s,x — y)¢ ()c))2
in the forms of double integrals, and apply Lemma 5.3, to see that

2

t
Li(0) = /dS/dy // dxidxs Gypp(t —5,% = y)Goy(r — 5, Ax)p(x1)¢ (x2)
R2

0 R

X // n(dz)u(dz2) Gya(s, 2 — y)Ga(s, Az), (4.29)
RZ

where ¥ = X322 Ax = x| — x, and similarly for Z and Az. Integrate over dy first
using the semigroup property of the heat kernel and then integrate over ds by using
Lemma 5.5, we see that

Ly(r) = // dxidx; ¢(X1)¢(X2)//M(d21)u(dzz)
R2 R2

1 1
XGypa(t, x — Z)Rerfc (— [lAx]| + IAZI]) .

Vavt
By (5.2),
erfc( : [|Ax| +|A |]) o lta®  _lae _jac?
X z <e vt < vt e
V4avt

g

= 477 G, (1, —’;) Goy(t, AZ).

<
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By the change of variables y = (x| + x2)/2 and w = (x| — x2)/+/1,

L) <m t//dydw Gy (1, w)ep (y + gw) ® (y — gw)
RZ

X // p(dzu(dz2) Goypa(t, y = 2)Ga(t, Az).
2

By Lemma 5.4,

// 1(dzn)pn(dz2) Gupa(t,y — 2)Gay(t, Az) < 2 (u* Gou(t, ) (y) = 2J5 21, y).

For some constants a and ¢ > 0, [¢(x)]| < ¢ 1[—q,q)(x). If |y| > a, then the two sets

{w eR: ‘%w + y‘ < a} have empty intersection. Hence,

Li(t) <237 / dyth(zr,y)/dezv(Lw)=2c2n / dy 1 J3 (21, y).

[yl<a R [yl<a

Clearly, by assuming that r < 1,

1 o-—0? 1 G—0?
Vi o 2t, )=/ (dx) T 5/ (dx) e = Jo(2, ).
0 y J 123 Iy J W e, 0ls, y

Hence, Lebesgue’s dominated convergence theorem implies that
111% Vi Jo2t,y) = 0.
1—

Because fl yl<a dy 102(2, y) < +00, by another application of Lebesgue’s dominated
convergence theorem, we see that lim, o L1(¢) = 0.

(2) As for Ly(t), because K(f, x) < Gy, x)Jh(t) where h(t) = Lz(

L2 L t
fe v ) is a nondecreasing function in 7, we see that as in (4.29),

«/47rv +

t

Lo(t) S/dS/dy//dxldxz Gyt —5,X — y)Goy(t — 5, Ax)p(x1)¢ (x2)
R

0 R
s

x/dr/dw Gv/z(s—r,y—w)Jl_h(t)
s—r

0 R

X // n(dz)p(dz2) Gyypa(r, 7 — w)Goy(r, Az).
2
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Integrate first over dw using the semigroup property of the heat kernel, and then
integrate over dr using (5.1), to find that

t
L (1) gnh(z)ﬁ/ds/dy//dxldxz Gyp(t — s, — )
0 R R

X Gt — 5, AP (x1) (x2) / / (@21 (dz2) Goyals, F— )G (s, A2).
]RZ

Comparing the above bound with (4.29), we see that
Lo(t) < nt h(t)L1(t) — 0, ast — 0.

(3) Notice that Lz(r) < H(t) La(t), so we only need to consider L4(¢), which
is a special case of L(¢t) with u(dx) = ¢ dx. Since this u belongs to My (R),
lim; o, L4(¢) = 0 by part (1). This completes the proof of Proposition 3.4.

Appendix

Lemma 5.1 If | f(x)| < 12" forall x € R with ¢y, ¢2 > 0and a € 11, 2[, then
there is c3 < +00 such that forall b € ]a,2[, | f(x)| < C3e‘x|bf0r all x € R.

1
Proof Notice that ¢»|x|¢ > |x|? if and only if |x| < cé’_“. Hence, c3|x|? — |x|? <
a b b

c2e5 " —0=cy . Therefore, ¢y exp (c2|x|* — |x|°) < c1exp(cy ) =: c3. o

Proposition 5.2 (Proposition 3.5 of [5]) There are three universal and optimal con-

stants C1 =1, Ch = “6%1, and C3 = \/Lz? such that for all s, t with0 < s <t and
x €R,

t
C
/dr/dz[m—r,x—z)—Gua—r,y—z)]zs ey
0 R

/dr/dz[Gv(t—r,x—z)—Gv(s—r,x—z)]25 gx/t—s,
v

0 R
/ C
/dr/dz [G,(t —r, x —z)]2 < —3«/t -5,
v
s R

@ Springer



350 Stoch PDE: Anal Comp (2014) 2:316-352

)

/ (Gy(t —r,x —2) — Gy(s —r, y — 2))* drdz < 2C; (|
Ry xR
where we use the convention that G,(t,-) =0 ift <O.

Lemma 5.3 (Lemma5.4of [5]) Forallt,s > Oand x, y € R, we have that G‘% (t,x) =

=Gt x) and Gy (1. 2)Gy (5. 3) = G (5. 5H2) Gy (1 +5.x = ).
+22

Lemma 5.4 (Lemma 5.5 of [5]) Forall x, z1, z2 € Randt,s > 0, denote 7 = 322,
Az =21 = 2. Then G (t.x = 2) G1 (s, A7) < CH2Gi((4) Vs, x —21) Gi((41)
Vs, x — z2), where a vV b := max(a, b).

Lemma 5.5 (Lemma 5.10 of [S]) For 0 <s <t and x, y € R, we have that

t
/ds Gu(s, )Golt —5,y) = ;erfc( ! ('Xl Iyl ))
0 2/vo V2t \Vv - o

where v and o are strictly positive. In particular, by letting x = 0, we have that

t

Gyt —s,y) ( [y ) Jrt
d = rf Gy (t,y). 5.1
g V2mvs 2\/1206 ¢ V20t = V2v «.) G-

Note that the inequality in (5.1) is because by [19, (7.7.1), p.162],

() = 2o /oodr e_“ ]o -2 (5.2)
erfc(x) = —e =e v, .
T 1+ 1412
0 0

Lemma 5.6 Fort > 0, v > 0and x € R, we have that

t

|x| x|
ds G, =2tG, erf .
O/S (s, x) tG,(t,x) — ” c(m)

Proof The case where x = 0 can be easily verified. Assume that x # 0. By change
of variables y = |x|/+/2vs and integration by parts, we have that

t +00 x| +o00

|x| 2 |x] _ 2| Ve x| 2 2
ds Gy (s, x)= Y= e = dy —— ¢,
0/ (s, %) ﬁ v y? VT VY too Vo ‘ Y JT
i Vv
Therefore, the conclusion follows from the definition of the function erfc(-). O

@ Springer



Stoch PDE: Anal Comp (2014) 2:316-352 351

Lemma 5.7 Ifv >0,¢t > 0,n> 1and x € R, then forr € [0, nzt],

Gy (t+r,x) 1 3r n2x?

X
Gy (t,x) t+r P v (14 n?)

- 3vr +n?)
e -

Proof Fix v > 0,1 >0,n > 1,and x € R. For r € [0, n*t], define

Gy (0. x) G e (1 3).
2

Gyp(t+rx) Jt x2 r
gix(r)=—F————— 1= ——exp| — —1.
Gy (1, x) JEFr vit+r

Clearly g; . (0) = 0. Notice that

|grc(P)| <

2y
—1 .
eXp(tt—i—r) ‘+ p(lt+r) «/t+r ‘

The second term on the right—hand side is bounded by exp (%) 5 for all

€ [0, n*t], because L~ € [O, o ] forr € [0,n t] To bound the first term, we

+z
use the fact that for fixeda > Oand b > 0,0 <" — 1 < e‘”’ﬁ for all h € [0, b].
Apply this fact to exp(w t+r) —lwitha = 3;, h = r—+t and b =

term is bounded by 2 exp (t(Tiﬂ)) forallr € [O n t] Adding these two bounds

proves the first inequality. The second one follows from the inequality # + r > 2./tr.
]

Lemma5.8 [" e ds = 2arcsin (,/f’t—ﬂ)for allt’" > O witht' >t > 0.

Proof For t = 0, the 1.h.s. reduces to the Beta integral (see, e.g., (3.3). If t € 10, ¢'],
differentiate with respect to ¢ on both sides. O
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