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Abstract We study the nonlinear fractional stochastic heat equation in the spatial
domain R driven by space-time white noise. The initial condition is taken to be a
measure on R, such as the Dirac delta function, but this measure may also have
non-compact support. Existence and uniqueness, as well as upper and lower bounds
on all pth moments (p > 2), are obtained. These bounds are uniform in the spa-
tial variable, which answers an open problem mentioned in Conus and Khoshnevisan
(Probab Theory Relat Fields 152(3-4):681-701,2012). We improve the weak intermit-
tency statement by Foondun and Khoshnevisan (Electron J Probab 14(21):548-568,
2009), and we show that the growth indices (of linear type) introduced in Conus and
Khoshnevisan (Probab Theory Relat Fields 152(3—4):681-701, 2012) are infinite. We
introduce the notion of “growth indices of exponential type” in order to characterize
the manner in which high peaks propagate away from the origin, and we show that the
presence of a fractional differential operator leads to significantly different behavior
compared with the standard stochastic heat equation.
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1 Introduction

In this paper, we consider the following nonlinear fractional stochastic heat equation:

(% —ng’) ut,x) = pu@,x) W, x), te R% :=10, +o0[, x € R,
u(0, o) = u(o),

(1.1)

where a € ]0, 2] is the order of the fractional differential operator , D§ and § (|§] <
aA(2—a) = min(a, 2—a))is its skewness, W is the space-time whlte noise,  is the
initial data (a measure), the function p : R +— R is Lipschitz continuous, and o denotes
the spatial dummy variable. The definition and properties of the fractional differential
operator , D§ are recalled in Sect. 2.1. This equation falls into a class of equations
studied by Debbi and Dozzi [12,13]. According to [11, Theorem 11], even the linear
form of (1.1) (o = 1) does not have a solution if a < 1, so they consider a € ]1, 2]. If
we focus on deterministic initial conditions, then in the setting of (1.1), they proved in
[13, Theorem 1] that there is a unique random field solution if © has a bounded density.

Equation (1.1) is of particular interest since it is an extension of the classical par-
abolic Anderson model [5], in whicha =2 and § = 0, s0 Dg’ is the operator 82/8x2,
and p(u) = Au is a linear function. Foondun and Khoshnevisan [15] considered prob-
lem (1.1) with the operator , Df replaced by the L? (R)-generator £ of a Lévy process.
They proved the existence of a random field solution under the assumption that the ini-
tial data u has a bounded and nonnegative density. In [9], the operator , DY is replaced
by the generator of a symmetric Lévy process and the authors prove that © can be
any finite Borel measure on R. Recently, Balan and Conus [1,2] studied the Anderson
model with fractional Laplacian and bounded initial condition, and with Gaussian,
spatially homogeneous noise that behaves in time like a fractional Brownian motion
with Hurst index H > 1/2.

Following the approach of [6], in which the case a = 2 and § = 0 was considered,
we begin by extending the above results (for the operator , DY) to allow a wider class
of initial data: Let M (R) be the set of signed Borel measures on R. From the Jor-
dan decomposition, 4 = 4+ — (— where p4 are two non-negative Borel measures
with disjoint support, and denote || = w4+ + w—. Then our admissible initial data is
uw € M, (R), where

M, (R)::{MEM(R): sup/ |u|(dx) |1+a <—|—oo}, fora €11, 2].
yeRJR

We will also use the set M, + (R) = {u € M, (R) : pisnon negative}. For
u € M, (R), we obtain estimates for the moments E(Ju(z, x)|?) for all p > 2.
These estimates have the same structure as those that are given in [6, Theorem 2.4],
but the kernel C that appears in this reference has quite different properties than those
of the kernel KC that appears in relation with Eq. (1.1): see Sect. 3.2.
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Let us define the upper and lower Lyapunov exponents of order p by

1 1
T 1 » o Timinf L »
mp(x) = 1;245_;15) ; 10gIEl(|u(t,x)| ), mp(x) : ltlin-i{gg ; 10gIE(|u(t,x)| ),

(1.2)

forall p > 2 and x € R. If the initial data is constant, then m , and 77, do not depend
on x. In this case, the solution is called fully intermittent if m, > 0 and m; = 0 by
Carmona and Molchanov [5, Definition III.1.1, on p. 55]. For a detailed discussion
of the meaning of this intermittency property, see [17]. Informally, it means that the
sample paths of u(z, x) exhibit “high peaks” separated by “large valleys”.

Foondun and Khoshnevisan proved weak intermittency in [15], namely, for all
p=2,

my(x) >0, and m,(x) < +oo forallx € R,

under the conditions that (dx) = f (x)dx withinf,cg f(x) >0andinf,.o [0(x)/x]| >
0. We improve this result by showing in Theorem 3.4 that when 1 <a <2, |§| <2 —a
(strict inequality) and © € M,(R) is nonnegative and nonvanishing, then for all
p=2

inf mp(x) >0, and supmp,(x) < -+oo.

xeR xeR
For this, we need a growth condition on p, namely, that for some constants [, > 0
and ¢ > 0,

p(x)* > 1,2J (52 +x2) , forallx e R. (1.3)

In a forthcoming paper [8], this weak intermittency property will be extended to full
intermittency by showing in addition that m(x) = 0.

Our result answers an open problem stated by Conus and Khoshnevisan [10].
Indeed, for the case of the fractional Laplacian, which corresponds to our setting
with a € 1, 2[ and § = O, they ask whether the function ¢ — sup,.g E (|u(t, x)|2)
has exponential growth in ¢ for initial data with exponential decay. Our answer is “yes”
under the condition (1.3). In addition, under these conditions, if © € M, 4 (R) and
u # 0, then for fixed x € R, the function t — E (|u(t, x)|2) has at least exponential
growth; see Remark 3.5.

We define the following growth indices of exponential type:

e(p) :=sup{<x >0: lim l sup logIE(lu(t,x)V’) > 0} , (1.4)

=001 |x|zexp(ar)

e(p) :=inf Ioz >0: lim 1 sup  logE (|u(r, x)|?) < 0] , (1.5)

=091 |x|zexp(ar)

in order to give a proper characterization of the propagation speed of “high peaks”. This
concept is discussed in Conus and Khoshnevisan [10]. These authors define analogous
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indices A(p) and A(p), in which |x| > exp(at) is replaced by |x| > at, which we call
growth indices of linear type.

Conus and Khoshnevisan [10] consider the case where ng’ is replaced by the
generator L of a real-valued symmetric Lévy process (X;, t > 0). They showed in
[10, Theorem 1.1 and Remark 1.2] that if the initial data u is a nonnegative lower
semicontinuous function with certain exponential decay at infinity, and if X; has
exponential moments, then

0 < A(p) < A(p) < 400, forall p €[2,400) .

For example, a Lévy process that satisfies this assumption is the “truncated symmetric
stable process”.

Among Lévy processes, stable processes constitute an important subclass with a
self-similarity property. Infinitesimal generators of these processes are not covered
by the results of [10], since even the second moment of X does not exists. It turns
out that the fractional differential operator , Df is the infinitesimal generator of a (not
necessarily symmetric) strictly stable process with a € ]1, 2] (see Sect. 2.1), and we
will see that when 1 < a < 2, the presence of the fractional differential operator Dg
in (1.1) leads to significantly different behaviors of the speed of propagation of high
peaks, compared to that obtained in [10].

Indeed, we show first that if the initial data has sufficiently rapid decay at 00, then
e(p) < oo (see (3.22) and (3.23)). Then we show thatif | <a <2and |§|] <2 —a
(meaning that the underlying stable process has both positive and negative jumps),
then

e(p) >0, forall pe[2,+00)and u € M, +(R), u # 0, (1.6)

provided p satisfies condition (1.3). This conclusion applies, for instance, to the case
where the initial data p is the Dirac delta function. In particular, for well-localized
initial data (for instance, u > 0 and fR [y]"u(dy) < oo for some n > 0),0 < e(p) <
e(p) < 400, whereas for initial data that is bounded below (u(dx) = f(x)dx with
f(x) >c>0,forall x € R), e(p) = e(p) = +oo. See Theorem 3.6 for the precise
statements. As a direct consequence, A(p) = A(p) = +oo for all p € [2, ool.

The structure of this paper is as follows. After defining the operator , D§ and giving
the meaning of (1.1) in Sect. 2, the main results are presented in Sect. 3: Existence
and general bounds are given in Theorem 3.1. These bounds are expressed in terms of
the kernel K mentioned above, for which explicit upper and lower bounds are given.
These lead to our results on weak intermittency (Theorem 3.4) and growth indices
(Theorem 3.6). Section 4 contains the proof of Theorem 3.1 and Sect. 5 presents the
proofs of Theorems 3.4 and 3.6.

2 Preliminaries and notation

We begin by defining the differential operator , D§ that appears in the spde (1.1), then
we shall give the rigorous meaning of the spde.
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2.1 The Riesz-Feller fractional derivative

Let Ff (&) = fR dx e ¥ f(x) denote the Fourier transform. For 0 < a < 2 and
|8] < min(a, 2 — a), the Riesz—Feller fractional derivative ; D§ f of a smooth and
integrable function f is defined (see [19, (2.2)]) by

F(:D§ )E) = s¥a&) Ff(E),  where sy,(8) = —|£|" exp(—imd sgn(£)/2).
2.1)

When a = 2 (and therefore § = 0), this is simply the ordinary second derivative j 5.
For1 <a < 2and § < 2 — a, which is the case that we are most interested in, as
stated in [19, (2.8)] (in which integrals are understood in the sense of Cauchy principle

values), this is equivalent to the more explicit formula

D(;f(x)—c Zita

/+°° fx+2) — f(x)—zf’ @

/ fx+2) = fx) —zf’ (x) iz, 2.2)

( Z)]Jra

where

C;t M (( +8)=— )
b4

andI'(z) = f % ¢=112=1d¢ is Euler’'s Gamma function [21]. Indeed, taking the Fourier
transform of the right-hand side of (2.2) leads to (2.1) by (2.3) below and elementary
properties of Fourier transform.

From the point of view of a probabilist, the operator , D{ is the infinitesimal gen-
erator of a strictly a-stable Lévy process X = (X;, t > 0) (where “strictly” refers to
the fact that the process is centered: see [23, Chapter 3]), with Lévy measure

dz _ Z
va(dz) = C;r F 1{z>0} +c, W 1{Z<O}-

Indeed, the general form of the infinitesimal generator of X, given in terms of its Lévy
measure in [23, Theorem 31.5, p. 208], is

/+°° fx+2)— f(X)—Zf(x)

1+a

Ef(x)—c

/ fx+2)— fx)— Zf’(X)d

(—2) I4a
where no “truncation function” nor additional drift term appears because of the cen-

tering, and the characteristic function of X;, given by the Lévy—Khintchine formula
[23, Theorem 8.1], is
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+oo
exp |:—l/ (€ —1—i&2) Ua(dZ)] = exp(—1 s¥a(§)), (2.3)

]

where the right-hand side can be obtained from the left-hand side via a direct calcula-
tion using the formula I'(a@)I" (1 —a) = n/sin(wa) [21, 5.5.3, p. 138] and the identity

+o00 9z _ 1 4
/ %dz =q'T(—-a), qe€C, 1<Na) <2,
0 7T

which follows from [21, 5.9.5, p. 140].
In order to study the spde (1.1), we need the fundamental solution of the operator

% — ng- According to the above discussion, this is

1 .
5Ga(t,x) = F " [exp{ sva()1}] (0)=>- /]R dg exp{iéx—t|§|“e‘l”“g“@>/2},
2.4)

where F~! is the inverse Fourier transform. This is (one way to represent) the den-
sity of the strictly a-stable random variable X; with Lévy measure tv,, as given in
the representation (C) in [27, p. 17]. For comparison, the expression in [23, Theo-
rem 14.15] corresponds to the representation (A) in [27, p. 9]. For strictly stable laws,
in particular the case 1 < a < 2, these two representations are equivalent: see [27,
(1.28),(1.26) and Theorem C.3]. Properties of §G, will be given in Lemma 4.1 below.
We refer to [19] for more details on these fractional differential operators.
In this paper, we denote the solution to the homogeneous equation

0
(E)_t —ng) u(t,x) =0, reR}, x eR,
M(O’ O) ZIL(O),

by

Jo(t, %) == (5Galt, ) # ) (x)=/Ru(dy) 5Galt, x — ),

where “x” denotes the convolution in the space variable.

2.2 The stochastic pde
Let W = {W,(A), A € B,(R), t > 0} be a space-time white noise defined on a proba-
bility space (2, F, P), where BB, (R) is the collection of Borel sets with finite Lebesgue

measure. Let (F;, t > 0) be the filtration generated by W and augmented by the o -field
N generated by all P-null sets in F:

Fi=0c(WsA):0<s<t,AeB,R) VN, t>0.

@ Springer



366 Stoch PDE: Anal Comp (2015) 3:360-397

In the following, we fix this filtered probability space {2, F, (F;, t > 0), P}. We

use ||| p to denote the L”(2)-norm (p > 1). With this setup, W becomes a worthy

martingale measure in the sense of Walsh [25], and f f[O’ xR X (s, y)W(ds, dy)is well-

defined in this reference for a suitable class of random fields { X (s, y), (s, ¥) € Ry xR}.
The rigorous meaning of the spde (1.1) uses the integral formulation

u(t,x) = Jo(t,x)+ I(t,x), where

(2.5)
I(t,x) = // §Ga (t —s,x —y) p(u(s, y) W(ds,dy).
[0,1]xR

Definition 2.1 A process u = (u(t,x), (t,x) € R% x R) is called a random field
solution to (1.1) if:

(1) u is adapted, i.e., for all (¢, x) € R’j_ x R, u(t, x) is F;-measurable;

(2) u is jointly measurable with respect to B (R x R) x F;

3) (sG2xllp@)|3) (t,x) < 400 forall (¢, x) € R% x R, where “+” denotes the
simultaneous convolution in both space and time variables, that is,

t
(562 +110G01B) 1,50 = [ ds [ ay 5636 =52 =) lotuts, 1B

(4) Forall (#, x) € R} x R, u(t, x) satisfies (2.5) a.s.;
(5) The function (¢, x) = (¢, x) mapping R x R into L?() is continuous.

Assume that the function p : R — R is globally Lipschitz continuous with Lip-
schitz constant Lip, > 0. This implies a growth condition on p: for some constants
L,>0and< >0,

p(x)? < L?) (?2 +x2) , forallx € R. (2.6)

Note that one can take ¢ = [p(0)| and L, < V2Lip , (and the inequality may even
be strict). We shall also specially consider the linear case p(u) = Au with A # O,
which is related to the parabolic Anderson model (a = 2). It is a special case of the
following near-linear growth condition: for some constant ¢ > 0,

p(x)? = A2 (g2 +x2) ,  forallx eR. 2.7
Forall (¢, x) e R x R, n € Nand A € R, define
Lo (t,x; 1) =22 5G2(t, x),

Ly, x;0):= (Lox---xLy) (t,x; 1), forn>1, (2.8)
—_———

n+1 factors Lo(-,0;1)
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and

Kt x:0) = > Ly (t.x:3) (2.9)
n=0

(the convergence of this series is established in Proposition 3.2). For ¢ > 0, define

H(t; x) = (A x (-, 05 1)) (7, x)

(notice that the right-hand side does not depend on x).
Let z;, be the universal constant in the Burkholder-Davis-Gundy inequality (in
particular, zo = 1), and so z, < 2,/p forall p > 2; see [4, Appendix]. Define

2=D/P if £ 0and p > 2,
apz= 12 if =0and p > 2,
1 if p=2.
We apply the following conventions to the kernel functions K(z, x; 1) (and similarly
to H(t; A)):

K, x) =K@, x; A), E(t, x) =K (t, X; Lp) ,
Kt,x) ==K (t,x;1,), Kp(t,x) =K (t,x;apezpLy), forp=>2.

3 Main results
3.1 Existence, uniqueness and moments

The following theorem extends the result of [6, Theorem 2.4] froma = 2toa €]1, 2].
In view of the related result [7, Theorem 2.3] and Remark 2.4 in this reference, the
bounds in this theorem are not a surprise, though they do require a proof. The main
effort will be to turn these abstract bounds into concrete estimates, via explicit upper
and lower bounds on the functions K and H (see Sect. 3.2). For t > ¢t > 0 and
x,y € R, define

I(t,x,T,¥;¢,\)
t
= x2/ dr/ dz [Joz(r, 2) + (J02(~, o)*/C(.,o;A)) (r,2)
0 R
+ 62 () + D] 5Galt =1, x = 2) 5Galz = 1,y = 2).

Theorem 3.1 (Existence,uniqueness and moments) Suppose that

() 1l<a=<2and|s| <2 —a;
(1) the function p is Lipschitz continuous and satisfies the growth condition (2.6);
(iii) the initial data are such that u € M, (R).

Then the stochastic pde (1.1) has a random field solution (u(t, x), (t,x) € Rj_ x R).
Moreover:

@ Springer



368 Stoch PDE: Anal Comp (2015) 3:360-397

(1) u(t, x) is unique in the sense of versions;
(2) (t,x) — u(t, x) is LP(2)-continuous for all integers p > 2;
(3) Forall even integers p > 2, allt >t > 0andx,y € R,

R A e S
0\ 0 p s ) s
and
E [u(t, x)u (r, y)] < Jot,x)Jo (r, y) + Z(t, X, T, ¥; G, Lp). (3.2)
() If p satisfies (1.3), then forall T > t > 0 and x, y € R,
lue, 1B = 30 + (2 +48) *£) .0, (3.3)
and
E [u(t, x)u (v, )] = Jo(t, x)Jo (v, y) + (1, %, 7, v 6, 1,). (3.4)
(5) If p satisfies (2.7), then forallt >t > O and x, y € R,
llut, 1B = I3 0 + (2 +3) *K) .0, (3.5)
and
E [u(r, x)u (v, y)] = Jo(t. x)Jo (T, ) + (. x. T, y: 6. 1. (3.6)

The proof of this theorem is explained in Sect. 4.

3.2 Estimates on the kernel function /C(z, x)

Recall that if the partial differential operator is the heat operator % — 5 A, then

22 A4 t
Kcheatr o) = Go(t, x)| —— + —em o 22/ — ), 3.7
(@, %3 4) 2( x)( 47tvt+2ve ( 2v (3.7

where v > 0 and ®(x) is the distribution function of a standard Normal random
variable; see [6, Proposition 2.2]. When the partial differential operator is the wave

92 2
operator 32 K A,
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22 A2((k1)? — x2)

KY&e(t, x5 1) = Zlo P Lijx <kt (3.8)

where « > 0 and Iy(x) is the modified Bessel function of the first kind of order 0; see
[7, Proposition 3.1].

Except in the above two cases, we do not have an explicit formula for the kernel
function IC(z, x) in (2.9). In order to make use of the moment formulas in (3.1) and
(3.3), we derive upper and lower bounds on this kernel function in the following two
propositions. We will need the two-parameter Mittag-Leffler function [22, Sect. 1.2]:

00 k

L Z
Eqp(z) = é e 0, B > 0. (3.9)

Let a* be the dual of a: 1/a + 1/a* = 1. By Lemma 4.1 below (Property (ii)), the
constant

A= sAy:=sup sG,(1,x) (3.10)
xeR

is finite. In particular,

T (1+1/a)

1 1 00
OAaZOGa(l,O)Z—/ d§ exp (—|§|“)=_/ df et Hl/a —
27 JR am Jo T

In the following, we often omit the dependence of A, on é and a and simply write
A instead of §A,. Define

y :=32AT(l/a%), 7:=L3AT(l/a", (3.11)
v =GATA/), Ppi=ay 2 [ AT(/a"), forp=2.

Clearly, y» = 7.

Proposition 3.2 (Upper bound on K(t, x)) Suppose that a € 11,2] and |§| < 2 — a.
The kernel function K(t, x) defined in (2.9) satisfies, for allt > 0 and x € R,

K(t, x)

IA

Y .
aGa(t,X)mEl/a*,l/u* ()/tl/“ ) (3.12)

c .
7z 5Galt. ) (1 1V exp (y“ z)) , (3.13)

where the constant C = C(a, §, L) can be chosen as

E1ja*1/a* (J/ tl/”*)
C(a,6,A) :==y su *
( )=y tzIO) 1+ r'/aexp (ya's)

< +00. (3.14)
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This proposition is proved in Sect. 4. For a lower bound on [C(#, x), we need another
family of kernel functions: fora > 0, t > 0 and x € R, define

t

R (3.15)
T (12 4 xz)frz

ga(tv-x) =

These functions have the same scaling property as sG,(f, x) (see Lemma 4.1(iv)
below):

1 X
8a(t,x) = T1/a 8 (1, m)

Note that g (¢, x) is the Poisson kernel (see, e.g., [26, p. 268]), which satisfies the
semigroup property

(gl(t_s, ')*gl(sv '))()C):gl(t,.x), OSSSI, XER-
Fora € ]1,2[ and |8]| < 2 — a, define

_ Galt,
s= inf 2Ge0 (3.16)
(t,x)eRE xR wga(t, X)

@)

(for the strict positivity, see Lemma 5.1 below). Then let

s 63,5 C§+1/2 I (1/a¥)

T, a,8) = S e Say , (3.17)
where
r(w(1/2
C, = SWTAD =y (3.18)
2T (v + 1/2)

Proposition 3.3 (Lower bound on /C(¢, x)) Fixa € |1,2[ and |8| < 2 — a (note the
strict inequality). Then for allt > 0 and x € R,

K(t,x) = m* C2 52> T(1/a*) g2 (t.x) E1ja*1/a* (T(,\,a, 8) zl/“*) . (3.19)

In particular, for allt > 0 and x € R,

w2 C2 22T (1/a*)T(a+1/2)

(IxK) (1, x)> Tra)

tl/a*El/a*,l-H/a* (T()\" a, 8) tl/a*).
(3.20)

This proposition is proved in Sect. 5.1.
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3.3 Growth indices and weak intermittency

Theorem 3.4 (Weak intermittency) Suppose that a € |1,2] and |§| <2 —a.
(1) If p satisfies (2.6) and p € M, (R), then for all even integers p > 2,

1 *
Sup ity (x) < = (16Lf, AF(I/a*))a P21/, 3.21)
xeR 2

(2) Suppose p satisfies (1.3), |§| < 2 — a (strict inequality) and @ € M, + R). If
either w # 0 or ¢ # 0, then for all p > 2,

. )4 a*
;161]% mp(x) > ET (lp,a,b‘) > 0.

Note thatif @ = 2, then (3.21) implies that for some constant C, we havem , < Cp3 R
which recovers previous analyses (see [3], [6, Example 2.7], etc).

Remark 3.5 Fix p > 2. Clearly, Theorem 3.4 implies that for all x € R,

o] e
liminf — sup logE (|u(t, y)|1’) > liminf — logE (|u(t, x)|p)
=00 f ye]R —oo f

*

—m,x) = gr (lp.a.8)" >0.

Hence, the function ¢ +— SUpycR E (Ju(z, y)|?) has at least exponential growth. This
answers the second open problem stated by Conus and Khoshnevisan in [10]. More-
over, Theorem 3.4 implies that for all fixed x € R, the function t — E (Ju(t, x)|?)
also has at least exponential growth.

Recall the definitions of the constants 57,, and Y(ly,a,d) in (3.11) and (3.17),
respectively.

Theorem 3.6 (Growth indices)

(1) Suppose thata € 11, 2], |8| < 2 — a and p satisfies (2.6) with ¢ = Q. If there are
C < oo, > 0and B > 0 such that for all (t, x) € [1, oo[ xR,

|Jo(t, x)| < C(1 + 1) + |x)~F, (3.22)
then
T/\a*
e(p) < % < 400. (3.23)

In particular, if, for some n > 0, f]R [l (dy)(1 4+ |y|") < oo, then (3.22) and
(3.23) are satisfied with f = min(n, 1 + a).
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(2) Suppose that a € 11, 2[ (note that a # 2), |8] < 2 — a (strict inequality) and p
satisfies (1.3). For all p € Mg 4+ (R), w #0and all p > 2, if ¢ = 0, then

Y (I a,8)"
2(a+1)

e(p) > > 0.

For these ., if ¢ = 0 and there is ¢ > 0 such that
Jo(t,x) >¢c, forall(t,x) e Ry xR, (3.24)

orif ¢ # 0, then e(p) = e(p) = +00. In particular, L(p) = A(p) = 400 for
all p > 2, and a sufficient condition for (3.24) is that u(dx) = f(x)dx with
f(x) > ¢ forall x € R.

The two theorems above are proved in Sect. 5.

Remark 3.7 In the case of the classical parabolic Anderson model, in which a = 2,
8 = 0and p(u) = Au, it was shown in [6] that A(2) = A(2) = A?/2 when the initial
data has compact support (for instance). Here, it is natural to ask whether e(p) = e(p)
when p(u) = Au, for instance for initial data with compact support. This remains an
open question.

4 Proof of Theorem 3.1

We need some technical results. The proof of Theorem 3.1 will be presented at the
end of this section.

The Green functions defined in (2.4) are densities of stable random variables. Some
key properties are stated in the next lemma. Recall that a probability density function
f R — Ry iscalled bell-shapedif f isinfinitely differentiable and its k-th derivative
£ has exactly k zeros in its support for all k.

Lemma 4.1 Fora € 0, 2], the following properties hold:

(1) For fixed t > 0, the function §G,(t,-) is a bell-shaped density function. In
particular, [p sGq(t, x)dx = 1.
(ii) The unique mode is located on the positive semi-axis x > 0 if § > 0, on the
negative semi-axis x < 0ifé <0, andatx =01ifé = 0.
(iii) 5G,(¢, x) satisfies the semigroup property, i.e., for 0 < s < t,

3Gat +5,x) = (5Ga(t,0) * 5Ga(s, 0))(x).

(1v) §G4(t, x) has the following scaling property: For alln > 0,

n n+1 n

Gu(t,x) =t a G.(1, . 4.1
5 Ga(t.x) g 00| @.1)
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(v) For0 <a <2 witha # 1, when x — %00,

5Ga(l, x) = Z| et O ysin G a & 8)m/2)
+0 (lxl—a(N-‘rl)—l) )

(vi) Ifa € 11, 2], then there exist finite constants K, , such that

a" Kan 42
Py 5G( x)_m fornzO. ()
Moreover, forallT >t > 0,n > 0and x € R,
n an Kan Lan (TV D)

SGa(tax) E 4

a,n

¢ 1+|x|1+n+a :
4.3)

D — <
‘3)6" ¢ 1+ |t—1/ax|1+n+a -

(vii) lim; o sGq(t, x) = 8o(x), where 8o(x) is the Dirac delta function with unit mass
at zero.

Proof Most of these properties appear in several books [18,24,27]. We refer the inter-
ested readers to [13, Lemma 1] for Properties (i) (except the bell-shaped density),
(iii) and (iv). Formula (v) can be found in [18], (5.9.3) in Sects. 5.9 and (5.8.6) in
Sect. 5.8; for x — —o0, use (5.8.2¢) in this reference (note that the formula in [13,
Lemma 1(vii)] is not quite correct for x — —o0). The proof that the density is bell-
shaped is due to Gawronski [16]. Property (ii) can be found in the summary part of
[27, Sect. 2.7, p. 143—147].

Now we prove (vi). Property (4.2) follows from [13, Corollary 1]. By the scaling
property (4.1) and (4.2),

ntl

n _n+l Ka,n _ntl Ka,n t1+ a
aon §Ga(t,x)| <17 @ “1/ay|l+n+a =t « n+l .
dax 1+ |t x| 1T x| nta

Using the fact that the function ¢ +— is monotone increasing on R, the above

t+
quantity is less than
Cust Ka (TV DI ust Ko (T VD'
(T v )& x| tnta I+ |1+

This proves (4.3).
Property (vii) follows easily by taking Fourier transforms F( sG,(t,-))(§) =
exp (s¥q(€)t) — lLast | 0. This completes the proof of Lemma 4.1. m|
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Let £,(t,x;)A), K(¢t,x; L), and A = sA, be defined in (2.8), (2.9), and (3.10),
respectively. Recall that 1/a + 1/a* = 1.

Lemma 4.2 (Theorem 1.3 p. 32 in [22]) If 0 < o < 2, B is an arbitrary complex
number and [ is an arbitrary real number such that

Ta/2 < pu<mwA(Ta),

then for an arbitrary integer p > 1 the following expression holds:

1 P 7k
E _ _ (=P« ( 1/a) _ 0 ( —l—p) 7
a,ﬂ(Z) aZ exp(z ;—]"(ﬂ S + |z|
as |z| — oo with | arg(z)| < u.

Proposition 4.3 For 1 < a < 2, |§|] < 2 —a and A > 0, we have the following
properties:

(i) L,(t, x; A) is non-negative and for alln > 0 and (t, x) € Ri x R,
Ln(t,x;2) < Byyi(t; 2) sGa(t, x), (4.4)

where

n I (l/a*)n t—1+n/a*

By, (t; 1) := A2 A
I' (n/a*)

(n>0, »eR).

(ii) By (t ;1) > 0andforallm € N*, > 7 By, (¢ ; WYm < 4oo.
(ili) Forallt > 0and A > O, the series > v Ly(t, x; 1) converges uniformly over
x € R and hence KC(t, x; 1) in (2.9) is well defined.

Proof (i) Non-negativity is clear. The scaling property (4.1) and the definition of A
in (3.10) imply that

5Ga(t,x) <17 1/anp, (4.5)

which establishes the case n = 0 in (4.4). Suppose by induction that the relation (4.4)
holds up to n — 1. Then by (4.5), we have

t
Lalt.x:2) =/ ds/ dy L1 (t — 5,3 — 1) 325G (5, y)
0 R

t
< Z2ntD) pn+l L {/a)” ds (t — s) "1/ g=1/a
- [ (n/a*) Jo

X/Rdy §Ga(t —5,x—y) 5G4 (s,y).
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The conclusion now follows from the semigroup property of G, (¢, x) and Euler’s
Beta integral (see [21, 5.12.1, on p. 142]):

t
/ ds s 1t —s)b7 ! = T@re 21 With f(a) > 0 and R(b) > 0.
0 I'(a + b)
(4.6)

(i1) The non-negativity is clear. Denote 8 := 1/a*. In order to show convergence
of >, By (t; M/™ we use the ratio test:

Bot:) \"" s\U/m (T (= D/a)\ /"
(Bnmr;x)) = (ar ) ( Fn/a®) ) |

By the asymptotic expansion of the Gamma function ([21, 5.11.2, on p. 140]),

F(n—1/a* _ (e} ] K
T (n/a*) “(E) ( Z) nf " (Bn)f’

for large n. Clearly, § > 0 since 1/a < 1. Hence for all ¢ > 0, for large n,

By(;0) \'™ s NN
(Bn_l(r;w) ~ (A @) o

and this goes to zero as n — +00.
(iii) By (4.4) and (4.5),

Lo, x;3) < Bugy (13017 V/9A,
so (ii) implies (iii). This completes the proof of Proposition 4.3. O
Proof of Proposition 3.2 The bound (3.12) follows from the fact that

k

ad Z
; Fap = e, (4.7)

which can be easily seen from the definition, and the bound in Proposition 4.3(i):

o . o0 (AZAr(l/a*)tl/a*)"
K6, x32) < 5Galt, ) 3 Ba (652) =~ 5Ga(t,3) 3 TwiaY
n=1

n=1

= 12AT(1 /a1~ 5Ga(t, ) E1jar, 1/ (AZAFa/a*)t”“*) .
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As for (3.13), we only need to show that the constant C defined in (3.14) is finite. Let

E1/a* 1/a* (J/ fl/“*)
1 + tl/a exp (ya* l’) .

f@ =

1/a*

By Lemma 4.2 with the real non-negative value z = y ¢ and p =1,

* * * 1
Y Ei1/a*.1/a* (V it ) <a*y" t"exp (y“ r) +0 (|t|2—/) , 1= 400,

where we have used the convention that 1/ I"(0) = 0 (see [21, 5.7.1, p.139]), therefore
. *a*
Jim_ £0) <@y

Since Ey 4 (+) is continuous (by uniform convergence of the series in (3.9)), we con-
clude that sup,.( f(¢) < +00. This completes the proof of Proposition 3.2. O

The next proposition is in principle a consequence of certain calculations in [13]. It is
however not stated explicitly there, so we include a proof for the convenience of the
reader.

Proposition4.4 Fix 1 <a <2,|8| <2 —aand 1/a+ 1/a* = 1. There are three
universal constants

1 — cos(u) a*I'(1 + 1/a)
Cy = ————du, C3:= ,
R 27 cos(mw8/2)|ul® 2V/ag cost/a(m§/2)
and
(14 1/a)sin®(8/2)
Cy:= (2" -1)C ,
2 ( ) 3 ralcos(ra )P/
such that

() forallt > 0andx,y € R,

t
/ dr/ 02[5Galt — 1 x —2) — 5Galt —riy — D < Cilx — y=! ;
0 R
4.8)

(ii) foralls,t € Ri withs <t, and x € R,

/ dr/ dz[sGa(t —r,x —2) — §Ga(s —r,x — 2)]> < Ca(t — 5)' 714
0 R
(4.9)
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and
t
/ dr/ dz[sGa(t —r,x —2))? < C3(t — 5)' 71/, (4.10)
K R

Remark 4.5 This proposition is a generalization of [6, Proposition 3.5] for the heat
equation. In fact, if we take @ = 2 and § = 0, then §G,(t,x) = Ga(t,x) =
«/4% exp (—x2/(41)). Let C},i = 1,2, 3, be the optimal constants given in [6, Propo-

sition 3.5] with v = 2. Then we have the following relations:

C| 1 ch V2 -1 C} 1

= s :Cz: s :C3:—,
2 2 V2 A 27 V2 V2

where for Cy, we use the fact that [ % du = ZfOOO smuﬂ du = 7; see [21,
4.26.12, on p. 122] for the last integral. This recovers the optimal inequalities of
[6, Proposition 3.5], since v appears in the right-hand side of the inequalities in this
reference.

Proof of Proposition 4.4 (i) Note that

F(5Ga(t, )(E) = /R dx e 5% 5G(t, x) = exp {t s¥a(€))

— exp {_t|é|a67in6 sgn(g)/z} .

By Plancherel’s theorem, the left hand side of (4.8) equals

t . .
L dr / de ‘e—iéx—(r—r)\é\“e’”“g"@ﬂ _ iyt ®2
R

27T0

2

1 [ ) 2
=_/ dr/ dE exp{=2(t — r)|E|° cos(8/2)} (e—'f)‘—e—lfy
27 0 R
1 t
=—/ dr/ dé exp{—2(t—r)|&|* cos(7§/2)} (1— cos(&(x—y))) .
T Jo R

After integrating over r, the above integral equals

1 /Rd 1 — exp{—2t|&|% cos(5/2)} (1 — cosE(x — 1)) .

T 2cos(8/2) €]

Use the change of variables & = u/|x — y| to see that this is equal to

l|)C — y|“_1 / du 1 — exp(—2¢t|u|® cos(w8/2)/|1x — y|*)
R

2cos(m8/2)|ul¢ (1 — cos(u))

< Cjlx—yl*7,
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where
) = / _ M-cos)
R 2w cos(w§/2)|ul¢

This proves (4.8).
(i) Denote the left hand side of (4.9) by /. Apply Plancherel’s theorem to /:

1 /[ .
[ =— dr/ dé |exp(_i§‘x —(t — r-)|§'|ae”“S Sgn(E)/Z)
2w 0 R
_ eXp(—i%‘x _ (S _ r)|%-|aeim§ sgn(é)/2)|2
1 [ .
=—/ dr/ d& |exp(—(t — r)|g|%e! ™0 5en)/2)
2 Jo  Jr
— exp(—(s —r)[E [T 2,
Denote B :=ndsgn(§)/2 €] — 7, [ and
Appi= (@ —r)§|%cos(B),  Byy:=(—r)§|*sin(p) .
Then

. . 2
[exp(—(t — )] BO2) — exp(—(s — r)[g|“e™ O]

2
= ‘eiA” cos(By;) — ie Art sin(By;) — e Ars cos(B,s) + ie Ars sin(By.5)
= e 2 4 7 2Ars _ e AritArs) ¢og (Br,, — Br,s) .
Now, according to [21, Equation 5.9.1, p.139], for z € C with %(z) > 0,
a 0 a
/dg el =2/ dg %" =271 1 4+ 1/a). (4.11)
R 0

Hence, since cos () = cos(ir§/2), which does not depend on &,

1 *
/ de e 2 = / g e 2eneosprele _ 2T V) L
R R cos/a(p)y  (t —r)l/e

Similarly,

_ 2141 (1 + 1/a) 1
2Ar,s —
/Rd‘f C T T sl i

For the third term, notice that
e*(Ar,z+Ar.s) COS(BN _ Br,s)

= exp (— (t R r) 26 cos(,B)) cos ((t — s) |£]* sin(B))

2
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=N |:exp [— [(% - r) 2cos(B) +i(t —s) s1n(,3)i| |§|a} .

Apply (4.11) with z = (552 — r) 2cos(B) + i (t — s) sin(B):

/Rdg exp {— [(% - r) 2cos(B) +i(t —s) sm(,B)] &4

1/a

=2I'(1 + 1/a) [(l — r) 2cos(B) +i(t —s) sm(ﬁ)i|

Apply Lemma 4.6 below withc=1/a,b= (42 —r) 2 cos(B) and x = (t —s)? sin®(B):
—1/a

% [(l JZFS —r) 2cos(B) +i( —5) sin(ﬂ)}

1 1
= 21/a COSl/a(ﬁ) ((t + S)/2—r)1/a
(a + 1) sin?(B) (t —s5)?

242 [2cos(B) TV (1 + 5)/2 — )2

Hence,

2 / dg e~ ArttArs) cos(B,., — Byy)
R
«T(1+1/a) 1
cos/“(B) ((t +s)/2 =)'/
_2hd 4@+ Dsin’(B)  (—s)°
a*[2cos(B)IFFV ((t+s)/2— )t

2 21+1/d

Integrating over r and then applying Lemma 4.7 below, we get

I'(l+1/a) Sd ( 1 N 1 B 2 )
~2Vag cos!/a(B) Jo t—rlte " (s=nV  [(t+5)/2-r]"/
(14 1/a)(a + 1) sin®(B) Sd (t — )2

mwa?[2cos(B))PT1/e 0 r((t+s)/2—r)2+l/a
<Co(t — )V,

where 1/a* 4+ 1/a = 1.
As for (4.10), from (4.12), we have

! 1 ! a
/ dr/ dz[sGa(t —r,x — 2))* = —/ dr/ dg e 20—NIEI cos(B)
s R 2w K R

 T+la) [ 1
T 2agcostag) J, =)/
a*'(1+1/a)

I S Ny AU PR Ve
o 2l/an COSI/“(IB) (t—s) . (4.13)
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This completes the proof of Proposition 4.4.
Lemma 4.6 Suppose b > 0 and c €10, 1]. Then for all x > 0,

. . _ I cl4+¢) «x

m}

Proof Let 6 = arctan(y/x/b) € [0,7/2[ and denote f(x) := % ((b £iy/x)7°).

Then
fx) = (b2 + x)_C/2 cos (c ).

Because cos(0) > 1 — 62/2 and arctan(y) < y for y > 0, we have that
©6) > 1 c292>1 2x

cos (¢ - - —.

- 2~ 2b2

By Taylor’s theorem, for some ¢ € [0, x],
—c/2 1 1
(b2 +x) = b7 = Sex(? + )77 = b — S

Combining the above two lower bounds proves the lemma.

Lemma 4.7 Forallt > s > 0anda €11, 2], we have

/Sdr( ST G : )<a*(2”“—1)(t—s)1/“*
0 (t—r)/a ' (s =l ((t+5)/2-r)a) = ’

and

N t —_ 2 *
/ i ()/2 i e = ilzm/a =9,
0 t+s —-r a

where a* is the dual of a: 1/a + 1/a™ = 1.

Proof Clearly,

1 Sd 1 n 1 2
a Jo T\G—nTe T =TT (G 52— i
— Sl/a* + tl/a* _ (t _ S)l/a* + 21/a(t _ S)l/a* _ 21/a(t _’_S)l/ll))< X

We shall to prove that

(t _ S)—l/cfk [Sl/lf6 + tl/a* _ ([ _ S)l/a* + Zl/a(t _ S)l/a* _ 21/a(t +S)l/a*]
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is bounded from above for all 0 < s < ¢, or, equivalently, that

rl/a* +1-( _r)l/a* +21/a(1 _r)l/a* _21/(1(1 +r)l/a*
(1 — e

glr) =

is bounded for all » € [0, I[. Clearly, g(0) = 0 and lim,4; g(r) = 2l/a _q (by
applying L'Hospital’s rule once). Hence sup,. o §(r) < 0. In addition,

(L0 A+ 1/n)l/e) —2l+l/e
a*(l — r)zfl/a(] + r)l/a

g'r)=

9

and notice that for all » € 0, 1],
1 l/a

(I +nYer 41/ = 2[(1+r) A 41/r)]YCD =2 (ﬁ+7) > pMl/a,
r

Hence g'(r) > 0 for r € [0, 1[ and sup,cgo [ g(r) = limy4; g(r) = 21/ — 1.
Therefore, the first inequality is proved with the constant a*(2'/¢ — 1).
As for the second inequality, we have that

1+1 1+1
/sdr (t—s)2 _ a Hl+1/a ((l—|—s) + /a_(t—s) +/u)(t_s)1/a*
0 ((t+s)2-r)HVaatl (t +s5)l*H/a
< _4 sl+l/a (t—s)1/"
a+1
which completes the proof of the Lemma 4.7. O

The following proposition is useful to prove the L? (£2)—continuity of 7 (z, x).

Proposition 4.8 Suppose thata €]1, 2] and |§| < 2—a. Fix (t, x) € R} xR. Denote
B:=B,={(',x)eR, xR: 0=t <t+1/2, x —x'| <1}.

Then there exists a constant A > 0 such that for all (', x") € B, s € [0,t[ and
[yl = A,

gGa(t’—s,x’—y)f G t+1—=s5s,x—y)+ sG,t+1—5,x—y).

Proof The case where @ = 2 is proved in [6, Proposition A.3], so we only need to
prove the case where | < a < 2.Denote F (¢, x) := G, (t, x)+_5G, (¢, x). Suppose
the mode of the density G, (1, x) is located at m € R. By the scaling property, the
mode of the density sG, (¢, x) is located at tY¢m. Hence, when x > tl/“|m| (resp.
x < =119 m)), the function x — F(z, x) is decreasing (resp. increasing).
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Fix (1, x) € R% x R. Assume that |y — x| > 1+ (r + 1/2)'/4|m|. From the above
observation, we deduce that for all (¢, x’) € B,

5Ga (' —s,x' —y) < F (' —s, ly—x|—lx =X|) < F (' —s,ly—x|—1).
(4.14)

Apply Lemma 4.1(v) with N = 1 and use the scaling property of ;G,(¢, x) to get
r 1
Faoxy =229t g (% a) cos (% 6) tx|~'" 4 0 (t2 |x|—1—2“).
b1

Because 6] <2 —aanda €]1, 2[, we see that sin(ra/2) cos(w§/2) # 0. Hence,

F+1—-s5s,x—y)

F@' —s,|ly—x|—1)
t+1—5)x—y "9+ 0(t+1-5)?%x—y|7'729)

T =)y == 1T+ 0 (=2l — x| = 1)

Lt l—s =y 0 (+ 1 —s) x -y 7

S sy =x =T 0 (@ = )y — x| = 1)

Now it is clear that

lim inf x—yIT' O (+1—s)|x —y|71729) 1
1m = 1,
¥ oo (1 x") e B, sl [y — x| = 17174+ 0 ((¢' — 9) |ly — x| = 1|71-24)

which implies that

i F(it+1—-s,x—Yy) ) t+1—s

lim inf > inf _

ly|—+o0 (¢, ’)eB selo[ F (' —s,]ly—x|—1) = ¢/x)eB,selo,r[t+1/2 —s
t+1

t+1/2 2t 41

> 1,

where we have used the fact that s — (# + 1 —s)/(# + 1/2 — s) is increasing. Hence,
by (4.14), we can choose a large constant A such that for all |y| > A, (t/, x’) € B and
s € [0, ¢'[, the inequality

F+1—-s5s,x—-Yy) 1
>1+ >
§Ga (1 —5,x" = y) 200+ 1)
holds. This completes the proof of Proposition 4.8. O
Lemma 4.9 For all m,n € N, there exist polynomials {Pi(n’m)(x), i =0,...,n},
such that:
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(1) the Pi(n’m)(x) are of degree < i and they satisfy

n+m n i+m

_ 1 3

— (n,m) )

At oxm 8Ga(t. %) = (ar)" Z P gxitm 3Galt, x) ;
i=0

. .. + . .
(2) Forfixedt > 0, the partial derivative % sGql(t, -) as afunction of x is smooth
and integrable.

Proof Part (2) is a direct consequence of (1) and (i) and (vi) in Lemma 4.1. We now
prove (1). It is clearly true for n = m = 0: in this case, PO(O’O) (x) = 1. Moreover,
if n = 0, then it is trivially true, with Po(o’m) (x) = 1. Consider the case n = 1 and
m = 0. Using the scaling properties twice, we have

ad 1/a 1 0sG,(1,&) x/a
— sGat,x) = | ————+ sG, (1,&) —
a7 80a(t, %) [ i 80a (1L8) — 72 FEIESTCY | P
1 {1 x x 05G4(1,8)
- 2 (oo ) A
at (l‘l/a(S a 1/a + 12/a A miay
1 a
=——|sGa(t,x) +x—5Ga(t,x) ).
t ax
So in this case, Po(l’o) (x) = —1and Pl(l’o) (x) = —x. Now suppose that (1) is true for

n,m € N. It is easy to see that (1) is true also for n, m + 1 with

P () = P (x o Pl(j]’")(x), fori=0,...,n—1,

P ) = P (),

SO Pi("’mﬂ)(x) is a polynomial of degree < i.

Now assume by induction that n > 1 and the property is true for 7 < n and all
m > 0. We shall establish the property for n 4 1 and m. By the induction assumption,
we have

8n+1+m (n ) +m
grtiggm 80at:x) = 70 )n+1 Z (x)a i 8Ga(t, %)

n 1+i+m

1 0
2: (n,m)
* (at)r “ 0 i 2 oroxitm 5Galt, x).
=

sGq(t, x) by the following sum using the induction assumption:

glH+
Then replace W

gl+i+m i+m
Atdxitm

8xi+m BGa(t’x)

1 ; ad
3Galt.x) = — (Pé”*’")(x)
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(i gitm+1
+ P, "*"”(@W gGa(t,x)).
Finally, after grouping terms one can choose the following polynomials:
Py () = — na P (x) + PP () PS (),
which is a polynomial of order 0,
P (x) = —na P (x) + PO ) P () + POV o PO (),
which are polynomials of degree < i, fori = 1,...,n, and
P () =P () P (1),

which are polynomials of degree < n + 1. This completes the proof of Lemma 4.9. O

Lemma 4.10 Suppose thata € 11, 2] and n € M, (R).

(1) The function Jo(t, x) = (§G4(t, ) * u) (x) belongs to C* (R’j_ X R).
(2) For all compact sets K C R} x Randv € R,

(t,sxl;gK ([v2 * JOZ] * ’C) (#, %) < 0. (4.15)

In fact, for all (t, x) € Rj_ x R,

(102 * IC) (t,x) < C'(t v 1)2+1/@) 1-2/a [z—l/“ +exp (y“*t)] . (416

where
C':= CA2K? ymax (a* ra/jay? 4.17)
Sl ' T2/a®) )’ '
C =C(a,é, A) is defined in (3.14), K, 0 is defined in (4.2), and
d
Ag = sup/ LZ)H (4.18)
yeRJR L+ |y —z|'*

Proof (1)Fix0 <t <T andn,m € N. By Lemma 4.9 and (4.3),

an+m

ar"gx™m

(T V. 1)l+(i+m+l)/a
(SGa (t7 x)

1 n
S (at)n Z

i=0

(n,m) . —(i+mt) /a
p; (x)‘ Ka,itm t 1 + |x|1+i+m+a
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Since the polynomials Pi<"’m)(x) are of degree < i, for some finite constant C > 0
depending on a, m, n and T, the above bound reduces to

G | <c—28D _ Githe(r) = Zn:z—"—<f+m+1>/a
8ln3 m 8Ya 1+ |x|m+1+a’ g T .
i=0
Hence, forO <t <t < T,
%) n+m
d dz) |——— sGu(s, 0. 4.19
/n s/Ru( 2) e ® a(s,2)| <+ (4.19)

By Fubini’s theorem and induction, it is now possible to conclude that Jo(-, 0) €
C*°(R% x R). Indeed, the first step of this induction argument is:

Jo(t2, x) — Jo(t1, x) =/ n(dy)(5Ga(t2, x —y) — 5Ga(t1, x — )

/ (dy)/ dr—aGa(rx—w
/dt/u(dy)—aGa(tx ),

where we have used Fubini’s theorem, which applies by (4.19). This shows that

3 d
—Jo(t,x) = dy)— sGu(t,x —y),
a7 oz, x) /Ru( y)ata alt,x =)

and higher derivatives are obtained by induction. This proves (1).
(2) By (4.3),for0 < s <1,

1Jo (5, ) | < Ag Koo (¢ v DT ag=l/a (4.20)

where A, is defined in (4.18). Let (¢, x) € R} x R. By (3.13), and by replacing one
factor |Jo(s, y)| of JO2 (s, y) by the above bound, we have that

! 1 x
(J()z*IC) (t,x)fC/O ds (m—i-exp (y“ (t—s))) /Rdy sGa (t —s,x —y)

X AgKgo(t v 1)1 H1/ag=1/a

n(dz) 5Gals, y — 2)|,
R

where the constant C := C(a, §, A) is defined in (3.14). Integrate over dy using the
semigroup property, and then integrate over wu(dz):

(7 %1C) (1, %) = CAK ot v D110, )]
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! 1 1 o
xAd%m{Ejﬁz+ﬁMyU—ﬂﬂ. 4.21)
Apply (4.20) to Jo(t, x). The integral over s gives
! d 1 1 o
A s —s]/”(t—s)l/“-’_me)(p (y (t—s))

! 1 1 o
5/0 ds |:—s1/“(t—s)1/“+meXp(y t):|

Use (4.6) to see that this is equal to

I (1—1/a)? . : |1 T (/a%)? :
tl_z/a—( /a) +a* 1V exp (y“ t):tl/“ rd/a’)” +a* exp (y” t)
T 2—2/a) 114 T (2/a%)

(4.22)

Hence, combining the above facts proves (4.16).

For (4.15), we consider the case u(dx) = vdx, for which u € M, (R) and
Jo(t,x) = v. Together with (4.16) for all u € M, (R), we obtain (4.15). This
completes the proof of Lemma 4.10. O

Proof of Theorem 3.1 The proof follows the same six steps as those in the proof of [6,
Theorem 2.4] with some minor changes:

(1) Both proofs rely on estimates on the kernel function KC(z, x). Instead of an explicit
formula as for the heat equation case (see [6, Proposition 2.2]), Proposition 3.2
ensures the finiteness and provides a bound on the kernel function C(z, x).

(2) In the Picard iteration scheme (i.e., Steps 1—4 in the proof of [6, Theorem 2.4]),
we need to check the L?(£2)-continuity of the stochastic integral, which then
guarantees that at the next step, the integrand is again in P, via [6, Proposition 3.4].
Here, the statement of [6, Proposition 3.4] is still true by replacing in its proof
[6, Propositions 3.5 and A.3] by Propositions 4.4 and 4.8, respectively. Note
that when applying Proposition 4.8, we need to replace the G% in [6, (3.8)] by
(-5Ga+ 5Ga)* <2 5G; 425Gy,

(3) In the first step of the Picard iteration scheme, the following property is useful:
For all compact sets K € R, x R,

sup ([1 - 102] * 5G§) (t, x) < +oo0.
(t,x)eK

For the heat equation, this property is discussed in [6, Lemma 3.9]. Here, Lemma
4.10 gives the desired result with minimal requirements on the initial data. This
property, together with the calculation of the upper bound on the function K in
Proposition 3.2, guarantees (as in [6, Lemmas 3.3 and 3.7]) that all the L? (2)-
moments of u(¢, x) are finite. This property is also used to establish uniform
convergence of the Picard iteration scheme, hence L” (£2)—continuity of (¢, x) +—>
I(t, x).
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The proofs of (3.1)—(3.4) are identical to those of the corresponding properties in [6,
Theorem 2.4], and (3.5) and (3.6) are direct consequences of the preceding statements.
This completes the proof of Theorem 3.1. O

5 Proofs of Theorems 3.4 and 3.6

We begin with the upper bound in Theorem 3.4.

Proof of Theorem 3.4(1) Recall from (3.11) that 7, = a[%fzg, L2 AT(1/a*), and
a*=a/(a—1).By(3.1), (4.16) and (4.20), for all x € R,

logllut, VL 79 p  p a*
b pe = Pa 2rar )]

mp,(x) = limsu z

t—00 t 2

Since ap z < 2 and z, < 2,/p, (3.21) follows. O

5.1 Lower bound on /C(z, x) (Proposition 3.3)

We need some properties of g, (¢, x) defined in (3.15).
Lemma 5.1 Suppose that a € 11, 2[ and |§| < 2 — a. Then the constant Ea’g defined

in (3.16) is strictly positive, and so for all t > 0 and x € R,

C st
a - (5.1)

5Ga(t,x) = Cas 7 galt, x) = ——"——
(12/a + x2)7+7

Proof By the scaling property of both G, and g, (¢, x),

. 5Gu(t1x) 1 . SGa(l,)’)
mf —_— mf —_—
(tx)eRE xR wge(t,x) 7 yeR  gu(1,y)

Let f(y) = §G,(1, y)/ga(1, y). In the case where 1 < a < 2 and || < 2 — a, both
sG4(1,y) and g, (1, y) have tails at 200 with polynomial decay of the same rate as
|y|_1_“: see [27, p. 143] (we use here the fact that |6] # 2 —a). Since y — G, (¢, ¥)
is unimodal (see [18, Lemma 5.10.1]), we conclude that f(y) > O for all y € R, and
that limy— 100 f(y) > O . Therefore, inf g f(y) > 0, and this completes the proof
of Lemma 5.1. O

Lemma 5.2 Let fy,(x) = f(x) := (b* +x2)"""* with b > 0 and v > 1/2. Then

FLf1(z) =/ dx e f(x) > C, b~ exp (—blz]), (5.2)
R
forall b > 0 and z € R, where the constant C,, > 0 is given in (3.18).
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Proof Note that the function f(x) is an even function, so its Fourier transform is
real-valued, instead of complex-valued, which allows us to bound this transform from
below. Indeed, by [14, (7), p. 11], we have that

(B 7 _
f[f](Z)—(b) 2Ul.,(\}_}_1/2)1(,,(b|z|), for W(b) > 0and v > —1/2,

where K, (x) is the modified Bessel function of the second kind. Equivalently, we
need to prove that the function

'Z') YTk bl b exp (bl

R.FXRB(b,Z)l—)(? m

is uniformly bounded away from zero. By choosing u = b|z|, we reduce this problem
to bounding the following function

JT

away from zero, where /(1) := u"e* K, (u). By the differential formula for x*V K, (x)
(see, for instance, [20, 51:10:4, p. 532]),

B (u) = e"u” (Ky () — Ky—1(u)).

By the integral representation of K, (z) in [21, 10.32.9, p. 252],

] o0
Ky(u) — Ky_1(u) = 5/ e eosh() (e“ — e*(“*”’) (1—e")dt >0
0

since v > 1/2. Hence, 1’ (1) > 0 and

inf h(u) = lirr})h(u) =2""1r(),
u—

M€R+

where we have used the property K,(u) ~ %I‘(v)(%u)_“ as u | 0 (see [21,
10.30.2, p. 252]).

Therefore,
rwr(y/2
Co= inf — YTy = LOCA2)
ueRy 2V (v +1/2) 2'(v 4+ 1/2)
This completes the proof of Lemma 5.2. O

In the next lemma, we gather some properties of the function g, (¢, x).

Lemma 5.3 (1) Fora > Oandt > 0, g,(t, x —y) > w2~ @tDl/ag (¢t x)g,(t, y).
(2) Fort > 0andz € R, Fg2(t, )1(z) > Cay1jp 7 2t~ exp(—11/9z)).
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(3) Foralla > 0,1t > s > 0and x € R, we have

2

¢ 1/2 —
(87 0 = 5.0 % 82 6.9) 0 = 555970 = ) gl (¢ = 5.0),

where the constant Cq41/2 is defined in (3.18).
(4) Fort =r >1/2>0, ga(r,x) = (t/r)"/* 271" Vag, (1, x).

Proof (1) Because 1+ (u—v)? < 142u%4+2v% < (142u?)(14202), go(t, x —y) is
bounded from below by 7¢'/%g, (t, V2 x) &a (t, V2 y). Then use the inequality

8a (t, \/zx) > 2_(a+1)/28a(ts Xx).
(2) We apply Lemma 5.2 with v = a + 1/2 and b = ¢!/,
(3) By (1),
(gﬁ (t—s,-) % g2 (s, -)) (x) = 72720 (¢ — )982 (1 — 5, x)

X/Rdygﬁ(t—s,y)gﬁ(s,y).
The integral can be bounded using Plancherel’s identity and (2):

/Rdygﬁ(t—s,y)gaz(s,y)

| c?
> —/ Az =12 (¢ — 5)5)7 1/ expl—[2|((r — )/ + 51/
27 Jr b4

2

C2
_ a+1/2 ((t . S)S)_l/a

27 (t —s)l/a 4 sl/a
CZ
> a+15/2 ((t _S)S)fl/a t*l/(l'
2
This proves (3).

(4) Notice thatfort >r >1¢/2 > 0,

r_]/a xz 7(u+1)/2 r_l/a x2 7(l/l+1)/2
ga(r,x) = — (1+m) S (1+(z/2>2/“)

rfl/a

v

_(1/2)1+1/a((t/2)2/a + x2)7(a+1)/2
b

rote 141/ 2/ 2y —(a+1)/2 rote
J— a a —(a
= oiti/a’ (/27" +x%) = 3i+i/a

Y98, (1, x).
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Proof of Proposition 3.3 Denote

(gg)*n (t,x) = (gg *e ek gﬁ) (t,x) .

—_—
n factors g2

Notice that by (2.9) and (5.1),

o0 o0
Kt,x0= ()\2 SGg)*("“) EDY (xz 2 ga) Y. 5.4

n=0 n=0

We now bound space-time convolutions of g2 with itself. We claim that

/@g2(t,x) foralln >0, (5.5)

¢ B LC((n+1)/a*)

where

®a = C§+1/2 7T_3 2—2(a+3+1/a).

The case where n = 0 is clear. Consider n > 1 and assume by induction that (5.5)
holds for n — 1. By the induction hypothesis and Lemma 5.3(3),

*(n+1)
()" @w

)LZ('H'I)@’Z_IF(l/a*)n t *
(n=1)/a* (o2 2
> F(an/a*) /0 ds (1 — )"0 (ga(t = 5,) % 84(s, ) (%)
P _
> Knt‘l/a/ ds g2(t — s, %) [(t — )5/ (¢ Lt (5.6)
0
where
)\2(}1+1)®n 1 r{/a*" C
K, — a+1/2

F(n/a*) 73 22a+3

Notice thatt —s > t/2 for 0 < s < t/2, so we apply Lemma 5.3(4) to see that

(ng‘%)*w) (t,x) > ;—;/a Vag2(, x)/ ds[s(—) /(=)' (5.7)

For0 <s <1t/2,wehavet—s > s, so we replace the last factor  — s by s to see that

*(n+1)
()ngu) (t,x) > 22+;/a Vg, x)/ s[s(t — )] Ves'@ o
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Use the change of variables s +— ¢ — s in (5.7) and add to this last integral to see that

*(n+1) K
()\'2g2) (ta X) 2 22+;/(l 1/a 2([ x) / dS S(t —S)] l/as a* .

Then apply Euler’s Beta integral (4.6). This proves (5.5).
Therefore, by (5.4), (5.5) and (3.9),

+00
Kt xi = > (2 €2 n%2
n=0

*(n+1)
) (z, x)

X (A2 C2 5% O D(1/a*)t!/a™y
2 42 :
> 7% Cl s A T(1/a%ga(t, x)’;) ['((n+1)/a*)

=% C2 s A2 T(1/a)g2(t, ) Ejar 10+ (0% C2 5 1% ©4 T (1/a*)e 7).

This proves the statement (3.19) in Proposition 3.3.
As for (3.20), notice that by (3.19),

t
(1*K) (t, x) =/ ds/ dy K(s, y)
0 R
[ *
C/ ds El/a*,l/a* (T(A,a,(?) sl/ll )/ dy gg(s, y),
0 R
where C = 72 53’5 A2 ['(1/a*). By [21, 5.12.3, p.142] and Euler’s beta integral,

5 s—l/a o0 1 s—l/a 9] 1
d , )= ——2 d = dy——————
/R Y 8a(s,y) 72 /0 Z(l T 2)a+ 72 /0 yy1/2(1 oy

_ Tl oy,
T'(1+a)n3? '

By [22, (1.99), p. 241,

t
/ ds S_l/a El/a*,l/a* (T()h a, 5) Sl/a*) = tl/a*El/a*’l_’_l/a* (T(A,a, (S) ll/a*).
0

This establishes (3.20) and completes the proof of Proposition 3.3. O

5.2 Proofs of Theorems 3.6 and 3.4(2)

Lemma 5.4 Suppose thata € 11,2, |8] <2 —a and p € My 4+ (R), u # 0. Then
for all € > 0, there exists a constant C such that for allt > 0 and x € R,

(5Ga(t, ) * p) (x) = C lje oo (1) 8a (7, X) .
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Proof Denote Jy(t,x) = (5G4(t, ) * ) (x). By the lower bound on §G,(t, x) in
(5.1), Lemma 5.3(1) and the scaling property of g, (¢, x), we have
Jo(t,x) = Cas JT/R,U«(dY) galt,x —y)

Cas 12
> g (t,x)/Ru(dy)gu (. y)

Cysm

2\
= Sati 8a (t,x)/R,u(dy) (1 +Z2W) .

The above integrand is non-decreasing with respect to . Hence

(?a,gn y2 -7
Jo(, x) Satl Lz} 8a (t,X)/RM(dy) (1+€2T

v

Cps w2 €lla

= ar1 Mzl 8a (t,X)/RM(dy) 8a (€, ).

Since the function y +— g (€, y) is strictly positive and p is nonnegative and non-
vanishing, the integral is positive. Finally, we can take C := C, 5 72 €'/® 27(@+D
Jr 1(dy) ga (€. ). u]

Lemma 5.5 Suppose p > 1. Forall x € R,
B 1 1
BT + [Ixl = BT | if x| = BT,
B

min (Ix — yf +[y) = _
yeR x| otherwise.

Proof Fix x € Randset f(y) = |x — y|? 4 |y|. Assume first that x > 0. By studying
1
the sign of the derivative of f/(y), we find that if x > BT-8, then f achieves its
1 1

minimum aty = x — 81, If 0 < x < B1-8, then f achieves it minimum at 0. The
case x < 0 is treated similarly. O

Proof of Theorem 3.6 (1) In the following, we use C to denote some nonnegative
constant, which may depend on a, § and L,, and can change from line to line. Fix
p > 2.By (4.21) and (4.22), when ¢t > 1,

(7 %K) .20 = € (1 4+ exp@p 0) 1o, )1,

where the constant 7, is defined in (3.11). By (3.1) with ¢ = 0 and (3.22), for > 0,

1 1 —~
lim — sup 10g||u(t,x)||§,= lim —  sup log(Joz*le) (t, x)

=400 1 |x|zexp(ar) 1= H00 1 x| =exp(at)

<y, —ap.
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Now, )71‘;* —af <Oifandonly ifa > B! ?g*. Therefore,
_ . 1 vy
e(p):=inf{a>0:1lim- sup logE (|u(t, x)|”) <0t < 7 < 400.

17001 |x|zexp(ar)

Concerning the sufficient condition for (3.22), suppose that for some n > 0,
fR | (dy)(1 + |y|") < oo. We consider first the case where n €10, 1 + a[. Then
by (4.3),

Ka,O(l + t)

Jo(t, < dy) —————
el = [ nlidy) 2

-n
< CKqo(l+1) sup [ (14 [y (1 +x =y /] .
yeR

Let B = (1 +a)/n > 1. Notice that

L+ x = yHYA+1yD) = 1+ |x — y1P +1yl.

By Lemma 5.5, we see that

Jot,x)| < C(1 +1)—,
ote 01 = CA+ 07

which is condition (3.22) with 8 = n.
Now consider the case where n > 14a. Notice thatif > 1+ a, then we generally

do not expect (3.22) to hold with 8 = n, since for instance, Jo(¢, x) ~ 1/|x|l+“ as
|x| = oo when u = §p. Observe that

|l (dy)
[Jo(t, x)] S/RW sGa(t,x —y) (1+|X—Y|l+a>-

From (4.3), we deduce that forr > 1,
5Gatt,x =) (14 1x = 31'*) < Kot

Let ¢ = n/(1 + a), so that ¢ > 1. Since for some ¢ > 0,

1 1 ~
A+l =y P+ 132 = 5+ 1x =3P+ 5+ = [+ e =y + 1]

> 1+x2
c ~ 1
- 2

we see that for all ¥ > 1 and x € R, there is ¢ > 0 such that

Il (dy)
Jo(t,x)| < CKy it
| 0( )| , /]R[(l + |x _y|2)(1 + |y|2(p)](l+a)/2

A+ 1yM
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~ t
I .
= C(l T x2)(1+a)/2 /R Il (dy) (L +[y]"),

which implies (3.22) with § = 1 +a.

(2) We only need to consider the case p = 2 because e(p) = e(2) for p = 2.
Assume first that ¢ = 0. Fix any € € ]0,7/2[, choose a constant C according to
Lemma 5.4 such that

Jo(t, %) = (5Ga(t, ) 1) = C lje,oof (1) ga (1, %) =2 Le(t, ).
By (3.3),
e, 1B = 3, x) + (I # K) (1.3 = (12 %K) @, ).

Set Y = (I,, a, 8) (see (3.17)). By Proposition 3.3 and Lemma 5.3(3),

1—e
(12+K) (nx)zﬁzc/ ds Erfa1/a- (s )/Rdy g2 (t—s,x-y) g2 (5. y)
0

C c Ca+]/2 1 e *
__ ar/e,-l/a . 1/a
> 35413 t /0 ds E1/a*,1/a (TS )

X s—l/a(t _s)l/a Z(Z )

Notice that
g2t —s5,x) = (t — )’ 17221, x).
Hence,

ccccz,,, 4
(12 %K) .2) = — g2 gl ) /

XE]/a*’]/a* (Tsl/a ) S_l/a (f — S)2+l/a.

The above integral is bounded from below by

1—e€
Eija*1/a* (T (t — 26)1/“*)/ ds s~V — 5)2t1/a
t—2

—2¢
2+1/a

> E1/a* 1/a* (T (t —2e)!/4" ) G —ola €

Therefore, we have

(12%K) (.2 = C g2 0.0 1727t =) By e (T =201,
(5.8)
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where

€3+1/a 62 C C2

= _ a+1/2
¢= 73 22a+3

Because x — g,(¢, x) is an even function, decreasing for x > 0, we deduce that for
all B > 0,

sup  |lu(t, x)|13 > C g2 (1, exp(Br)) 27z — )1/
|x|>exp(Bt)

XEl/a*,l/a* (T(l‘ — 2€)l/a*) .

Because a > 0, there exists 7o > 0 such that for all ¢ > 1y, 124 < 2Bt g0

12 12

(20 + eZﬂt)“""l

v

1 1
2 _
g, (t,exp(Bt)) = 2 72 Dat1 2B+ i

Finally, by the asymptotic expansion of the Mittag-Leffler function in Lemma 4.2,

1 :
lim —  sup log|lu(z, x)||3 =T —28@a+1). (5.9)

=00 1 |x|>exp(Br)

Therefore,

1
e2)=supip>0: lim — sup log|lu(t,x)|]3>0
1=+ 1 |x|>exp(Br)

a* T
zsup[ﬂ>O:T —2ﬁ(a+1)>0}:m'

Now let us consider the case where there is ¢ > 0 with Jy > ¢, or 4 # 0. In this
case, by (3.3) and Proposition 3.3,

lu(t, 1B = (@ + 62 (1% K) (%) = €V Eygge e (1177

This lower bound does not depend on x and hence, by Lemma 4.2, we get (5.9) with
the right-hand side replaced by T,
This completes the proof of Theorem 3.6. O

Proof of Theorem 3.4 (2) If ¢ # 0, then from (3.3) and Proposition 3.3, for some
constant C > 0,

(e, )13 > > (1K) (6, %) = C &2tV Eyjge 141 (T(l,,, a, a)rl/“*) ,
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where the constant Y (/,,, a, §) is defined in (3.17). Then use the asymptotic expansion
of Ey g(z) in Lemma 4.2 to obtain

my(¥) = Y (I, a,8)" . (5.10)

If ¢ = 0, then from (3.3), (5.8) and the asymptotics of E, g(z) in Lemma 4.2, we
obtain, via the calculation that led to (5.9), but without replacing x by exp(B1), the
same lower bound as (5.10). Note that this lower bound does not depend on x. This
proves the statement (2) with p = 2. For p > 2, we use Holder’s inequality

B[t 0] < E[Jut, 0177

Hence, m ,(x) = % m, (x). This completes the proof of Theorem 3.4. O
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