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Abstract

In this article, we study a class of stochastic partial differential equations with fractional
differential operators subject to some time-independent multiplicative Gaussian noise.
We derive sharp conditions, under which a unique global L” (£2)-solution exists for all
p > 2. In this case, we derive exact moment asymptotics following the same strategy
as that in a recent work by Balan et al. (Inst Henri Poincaré Probab Stat. To appear,
2021). In the case when there exists only a local solution, we determine the precise
deterministic time, 75, before which a unique LZ(Q)-solution exists, but after which
the series corresponding to the L?(£2) moment of the solution blows up. By properly
choosing the parameters, results in this paper interpolate the known results for both
stochastic heat and wave equations.
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1 Introduction

In this paper we study the following stochastic partial differential equation (SPDE)
with fractional differential operators:

(37 + 5(=0)2) u(t,x) =1/ [«/au(t,x) W(x)] xeRe 1 >0,
u(,-) =1 b e (0,1], (1.1)
u©,) =1, du,)=0 be(l,2),

where a € (0,2], b € (0,2),r > 0, v > 0and & > 0. Here the noise W =
{W(q)) 1p € D(Rd)} is a centered and time-independent Gaussian process, defined
on a complete probability space (2, F, P), with mean zero and covariance

E[W(@WW)] = /Rd Fo@E)FYE)u(ds) =: (@, ¥)n.

where p refers to the spectral measure, which is assumed to be a nonnegative and
nonnegative definite tempered measure on R?. Let y be the Fourier transform of 14 (see
Sect. 3.1), which is also a nonnegative and nonnegative definite measure on R? thanks
to Bochner’s theorem. Throughout the paper, we use F¢p (§) = fRd exp(—ix&€)e(x)dx
to denote the Fourier transform of a test function ¢.

In (1.1), (—=A)¥/? refers to the fractional Laplacian of order a, 3¢ denotes the
Caputo fractional differential operator

1 j't T f(m)(T)
0= | T =0 0 o

ifm—1<b<m,

where m is an integer, and I, refers to the Riemann-Liouville fractional integral of
order r > 0

t
I[ f(1) = %/0 (t — s)r_lf(s)ds, fort > 0,

with the convention that when r = 0, It0 = Id reduces to the identity operator. The
fundamental solution to (1.1) is expressed explicitly in terms of the Fox H-function,
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H ,’," ’,1" (z), which is much more complicated than the Green’s function for either the
heat or wave equation. We denote the fundamental solution as

G(t,x) = Ga,b,r,v,d(tv X), (1.2)
where
o —dy o —d =t g2t (XA, b+, b)
Gapryvalt,x)=m 9= |x|7% Hyy (2“—1vtb /2, a/2), 4, 1), (1,a/2) |-

We direct the reader to Theorem 4.11 of [6] for more details. Since we are interested in
the constant one initial condition (and zero initial velocity when b > 1), Theorem 4.1
(ibid.) implies that the corresponding solution to the homogeneous equation (i.e. the
solution when there is no driving source) is equal to the constant one. Hence through
superposition, (1.1) can be written as the following stochastic integral equation:

1
uOJ)=1+V@/1(/dGO—&x—yW@gWW®w>®, (1.3)
0 R

where the stochastic integral is in the Skorohod sense; see Definition 3.1 below. In the
following, the fundamental solution will exclusively refer to G (¢, x), which is indeed
a smooth function for x # 0. Our results rely on the following assumption for the
nonnegativity of G (¢, x):

Assumption 1.1 (Nonnegativity) Assume that the fundamental solution G (¢, x) is
nonnegative for all # > 0 and x € R,

Remark 1.2 Thanks to Theorem 4.6 of [6] (see also Theorem 3.1 of [5] for the case
when r = 0), we have the following four groups of sufficient conditions,? under either
group of which G(z, ...) is nonnegative (see Fig. 1 for an illustration) :

1.d>1,be(0,1],a € (0,2],r > 0;
2.1<d<3,1<b<a<2,r>0

d+3
31§d§ll<b=a<lr>—%——h

Regarding the noise, we formulate the following assumption in order to cover the
Riesz kernel case, the fractional noise and a mixture of them:

Assumption 1.3 (Noise) Let k € {1, ..., d} and partition the d-coordinates of x =
(x1, ..., xq) into k distinct groups of size d; so thatdy + - - - +di = d. Denote x;y =

1 G(t, x) corresponds to Yy p » y,4(t, x) from [6].

2 Note that when d > 1,b = 1and a € (0,2], part (1) of [6, Theorem 4.6] says that the fundamental
solution Y, which is the fundamental solution G in this paper, is nonnegative provided r = O or r > 1.
Indeed, because in this case Z is always nonnegative, for » > 0, Y as a fractional integral of Z (see (4.5),
ibid.), Y, or our G, should also be nonnegative. We thank Guannan Hu who pointed out to us this observation.
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Fig. 1 Tllustration of the b
sufficient conditions (Remark
1.2) for G(¢,...) to be
nonnegative

(Xiy, ..., X, ) to be the coordinates in the i th partition. Assume that the correlation
function of the Gaussian noise is given by

k
)/()C) = l_[ ‘X(l‘)|_ai with o € (O, dl) (14)
i=1

Define o := Zle ;.

Remark 1.4 (Spectral density and decomposition) Recall that the spectral density of
y from (1.4), which by definition is Fy, takes the following form:

k
u(dg) = p(&)dg with (&) = [ | Cay.arl€) |~ ™7. (1.5)

i=1

Moreover, in the derivations below, we need to find a nonnegative and nonnegative
definite K such that y = K % K where ‘x’ denotes the spatial convolution. Indeed,
one can choose

k
K@) =[] Bara x| 7. (1.6)
i=1

The two constants in both (1.5) and (1.6) are defined as

Co = p—d/29— r'id—-a)/2) and By = n,d/4r((d +a)/4) |T((d— 0‘)/2).
' [(/2) ' r'(d—a)/4) [(/2)

(1.7)

Example 1.5 (Noises) We have the following special cases: (1) Setting k = 1 in (1.4)
and (1.5) recovers the Riesz kernel case. In this case,
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@) =1x17% o) = Caalx|™ @ and K (x) = Baalx|" T2 (1.8)

(2) Setting k = d in (1.4) and (1.5) recovers the time-independent fractional noise.
The corresponding SHE with such noise was earlier studied by Hu [17]. For this noise,
we have that

d d d
y@ =[]kl @ =]]Coilal™"* and Ke)=]]Bu.1lx| T2,
i=1

i=1 i=1

(1.9)

In a recent work by Balan et al. [1], the same equation as (1.1), but exclusively
for the stochastic wave equation (SWE), namely, the case whena = b = v = 2
and r = 0, has been studied, where both the well-posedness and the exact moment
asymptotics have been obtained. The corresponding stochastic heat equation (SHE),
namely, the case whena = 2, b = v = 1 and r = 0, has been earlier studied by Hu
[17], but only for the well-posedness and exclusively for the fractional noise (1.9). The
corresponding moment asymptotics have been obtained by X. Chen [8] as a special
case by setting &g = 0. One may check Remark 1.9 of Balan et al. [1] for the explicit
expressions in terms of notation of the current paper. In this paper, by working on a
more general class of SPDEs, we are able to interpolate the asymptotics for both SWE
and SHE; see Sect. 2.2 below for more details. Moreover, we give the sharp conditions
under which there exists only a local L2(2) solution.

The moment asymptotics obtained by X. Chen, such as those in [8, 9], rely cru-
cially on the Feynman-Kac representation of the moments of the solution. However,
whenever b # 1, especially for the case when b € (1, 2), we are not aware of any such
Feynman-Kac formula for the moments. Instead, in the recent work by Balan et al.
[1], this difficulty has been overcome by studying the Wiener chaos expansion of the
solution. In this paper, we follow the same strategy laid out by Balan et al (ibid.). The
challenge comes from the much more involved parametric form of the fundamental
solution.

Now let us state the main results of this paper. The first main result deals with the
well-posedness of the SPDE (1.1) (or (1.3)) as stated in the following theorem. For
this, we need to introduce the following variational constant (see Sect. 3.2 for more
details):

1/2 1
= 2y g? —= . 1.1
Maa (f) gs;fpa“g 8 F) o 2fsa(g,g>} (1.10)

We use the convention that M, (f) := M, 4 (f) when the dimension is clear from
the context, and M, := M,(y), where y is defined in (1.4). It is important to note
that by Theorem 3.5, stated and proven below, that M, < oo.

Theorem 1.6 (Solvability) Assume that both Assumptions 1.1 and 1.3 hold.

(1) (1.1) has a unique (global) solution u(t, x) in LP(2) forall p > 2, t > 0, and
x € RY provided that
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0 in (= 20 11,2a.d 111
<a<m1n<z[(+r)—],a, ) (1.11)
(2) Otherwise, if

rel0,1/2) and O<a:;—l[2(b+r)—l]§d, (1.12)

then (1.1) has a local solution in the sense that

(2-1) Forany p > 2, (1.1) has a unique solution u(t, x) in L?(2) for all p > 2 and
x € RY, but only fort € (0, T,) where

1)ot/t/z
T, = .
P 20(p — HmBa/a

(1.13)
(2-ii) For any t > T», the series (3.9) below diverges, that is, the L*(2)-solution
u(t, x) to (1.1) does not exist whenevert > T».

The second main result of the paper is about the moment asymptotics. We use ||-|[ ,
to denote the L?(£2) moments.

Theorem 1.7 Under Assumptions 1.1 and 1.3, if condition (1.11) holds, then we have
that

=B
tph_r)noo 1, log llu(t, x)|,

_ 1 2a B
B <5> (W) (1.14)

2a—a \ ) ba=a b
x(@v‘“/“/\/la“ ) (2(b+”)——a_1)v

a

where

b
2(b+71) — =
B = ba“ and 1, :=(p— D"V, (1.15)
2b+r)———1
a

Proof We prove the matching upper bound (5.1) and the lower bound (6.1) of (1.14)
at the end of Sects. 5 and 6 below, respectively, which together prove (1.14). O

As a direct consequence of (1.14), one can send either ¢ or p to infinity as follows:

Corollary 1.8 Under both Assumptions 1.1 and 1.3, if condition (1.11) holds, then
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(1) Forall p > 2 fixed, it holds that

I S 1 2a B
lim +—? loo E 1x)|P) = -1 20+r)-b2 1 [ 2 I —
[lim og (Iu( x)| ) pip—1 <2> <2a(b+r)_ba>

2a—a 2a(b+r‘)lfboc7a b
X (Gv_“/“/\/la“ ) (2(b+1’)——a —1>§
a

(1.16)

(2) Forallt > 0 fixed, it holds that

lim p~PlogE (Ju(t,x)|”) = t# N2 !
P00 ’ 2 ) \2a(b+r)—ba

2a-a \ ZTaGFr)baa b
x (Gv_“/“./\/la a ) (2(b -2 1) . (1.17)
a

The paper is organized as follows. In Sect. 2, we first give some concrete examples,
where one can find many explicit formulas for either moment asymptotics in the case of
global solutions or the expressions for the critical time 7, in the case of local solutions.
Then in Sect. 3, we present some preliminaries of the paper, including the Skorohod
integral, definition of the mild solution, and some asymptotics with corresponding
variational constants. We prove part (1) and part (2) of Theorem 1.6 in Sects. 4 and 5,
respectively. The upper bound and lower bounds for (1.14) are established in Sects. 5
and 6, respectively. Finally, in the “Appendix”—Sect. 7, we list a few proofs of results
that are used in the paper.

2 Examples on solvability and asymptotics

In this section, we will give various examples to illustrate our main results. The cases
with b = 1 and r = 0 are mostly known, which will be pointed out in the example
below and will be used as test examples for our results. To the best of our knowledge,
all results in this paper for either b # 1,2 or r > 0 should be new.

2.1 Examples on solvability

In this part, we list some concrete examples regarding the solvability—Theorem 1.6.

Example 2.1 (SHE) By settinga = 2, b = 1 and r = 0 in (1.12), we obtain the
following condition for the SHE under which there only exists a local solution:

a=2<d. 2.1
Clearly, the fundamental solutions in this case are nonnegative for all d > 1. Hence,

the picture is slightly more complicated since we need to check all possible dimensions
d > 1. We illustrate possible cases in Fig. 2. In particular, let us explain a few cases:
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d r=20
b E £] m— Global LP()-solution
4 i £l o Local LP(Q)-solution
3 © £l = No L?(Q)-solution
2 9_@ (]  White noise
] D]
: ; : : —

Fig.2 Solvability for the stochastic heat equation (i.e.,a =2,b = 1and r = 0) with p > 2

(a)

(b)

When d = 2, condition (2.1) says that the 2-dimensional SHE driven by white
noise has only a local L?(£2) solution. By applying (1.13) to this case, the critical
time T}, becomes

v
T, = , > 2. 2.2
P T 20(p— DMaaGo) 22)

Note that in part 2) of Theorem 4.1 of Hu [18], some lower and upper bounds for
T, were obtained. More precisely, by setting additionally that 6 = 1 and v = 1,
Hu (ibid.) proved that when t < 2, an L2%() solution exists but when t > 27, the
second moment of the solution blows up. It is an interesting exercise to show that

1

2<h=———-<
2M> 2(80)

2, where d = 2.

This case is covered as a special time-independent case (i.e., Hy = 1) by Chen et
al. [11, Theorem 3.4 and Remark 3.13].

Recall that the white noise driven SHE corresponds to when o = d. Therefore by
examining (1.11) and (1.12), we see that when d > 3, the SHE driven by white
noise no longer has any L?($2)-solution. In addition, local solutions exist only
when o = 2 and the noise is not white. This is illustrated in Fig. 2 below. In
addition, the critical time T), takes the same expression as (2.2) but one needs to
replace 8 by y.

Remark 2.2 Note that we use the Skorohod integral to interpret the multiplication of the

solu

tion with the noise in (1.1). Multiplication interpreted in this way is traditionally

called the Wick product which is consistent with the /6 or Walsh integral (see, e.g.,

[14]

) when the noise is white in time. One can also interpret this product as the usual

product. In order to handle the singularities caused by this multiplication, one needs to
carry out certain renormalization processes. In fact, for the standard SHE with white
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d r=20
5 rozizorizoos 45 —z=zzo=fi] t—=— Unknown
2 De— i
N
% % E % — o

Fig.3 Solvability for the stochastic wave equation (i.e.,a = b = 2 and r = 0). See Fig. 2 for an additional
legend

noise in RY (i.e.,a =2,b =1,a = d and r = 0), Hairer and Labbé constructed
pathwise solutions using the regularity structure for both cases d = 2, 3 in [15] and
[16], respectively. The relation between these two types of solution is left for future
work.

Example 2.3 (SWE) By setting a = 2 and formally setting » = 2 in (1.12), we obtain
the following condition for the stochastic wave equation under which there only exists
a local solution:

a=3+2r <d and r el0,1/2]. (2.3)

We recall that results in Balan et al. [1] require d < 3, and likewise, Assumption 1.1
and all known sufficient conditions for the nonnegativity of the fundamental solution
(see Remark 1.2) also require d < 3 in case of b € (1,2). With this restriction,
conditions (2.3) reduce to

a=3=d and r =0,

which says that at dimension d = 3, when W is a white noise, there exists only a local
L?($2) solution for all p > 2. See Fig. 3 for an illustration. Moreover, one can check
easily that the expression for the critical time T), in (1.13) in this case reduces to

V32

T == 9 p Z 2a
P 20(p — 1) Ma5(50)

which is identical to (1.12) (ibid.) when setting v = 2.

(2.4)
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Example 2.4 (Fractional SPDEs with r = [b] — b and a = 2) For the fractional
SDPEs with b # 1, many known works focus on the case when r = [b] — b, where
[b] is the ceiling function; see, e,g., [4, 21]. To facilitate the discussions here, we will
only focus on the case when a = 2. In particular, by setting r = [b] —b and a = 2,
conditions in (1.12) become

% <d and be[l/2,1],

lg 2.5)
5 <d and b €[3/2,2).

When b = 1, we have r = 0 and the fundamental solution is the standard heat kernel.
Hence, Assumption 1.1 is satisfied for all d > 1. When b < 1, sufficient conditions
in Remark 1.2 guarantees Assumption 1.1 for all d > 1. However, when b > 1 and
a = 2, from Remark 1.2 we see that the fundamental solution is nonnegative only for

d < 3. The solvability for this case is illustrated in Fig. 4 and the critical time T}, in
case of local solution (hence, only for the case when b € [1/2, 1]) is equal to

Vot/2

T,

- . 2.6)
T 200 - DM

Example 2.5 (Fractional SPDEs with r = 0 and a = 2) In this example, we study
the special case of the fractional SPDEs when r = 0. The choice of » = 0 has been
used in, e.g., [5]. We will only consider the case a = 2 for simplicity. Now by setting
r = 0 and a = 2 and restricting b < 1, conditions in (1.12) become

2
a=4—l—]§d and b e (0, 1]. 2.7)

As discussed in Example 2.4, Assumption 1.1 is satisfied foralld > 1 when b < 1 but
only for d < 3 when b > 1. The solvability for this case is illustrated in Fig. 5 with
T, given in (2.6). In particular, for the example in the second figure in Fig. 5, namely,
when b = 2/3 and o = d = 1, the white noise driven SHE has a local solution with

232 /v

= , forall p > 2, 2.8
PTapone UUPE @9

where we have applied (2.6) and the relation (3.22).

More examples regarding the solvability can be studied in a similar way, which are
left to the interested readers.

Example 2.6 (SHE with fractional Laplacian) The stochastic heat equation with frac-
tional Laplacian (i.e., the case when b = 1,7 = 0 and a € (0, 2]) has been widely
studied in the literature, but possibly with different noises. In this case, the fundamen-
tal solutions are transition densities for the alpha-stable jump processes, which are
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b=3/2 b=12/7
d r=1/2 d r=12/7
5 —3'_'_'_'_‘_'_'_'_‘.'_'_'_'_'_'_'_'_5'_'_'_1@ 5 —3'_'_'_'_‘_'_'_'_‘.'_'_'_'_'_'_5'_'_'_'_'_1@
4 73:::::::::::::::: 473::::::::::::::;%:5
3 ,ﬂ : 37M :
2 Pe—— i 2 De— |
1 et i 1 et !
t t t ; t t t t : t t «
1 2 3 4 b) 1 2 3 4 5
b=1 b=4/5
d r=0 d r=1/5
5 > 5] 5 > 5]
4 ————f] 4 o——F]
3 ’_:):E 3*_?2@
2 —H 2 —ﬂ :
17ﬁ] i 1 ’H] i
t ; t t t t t : t t t «Q
1 2 3 4 ) 1 2 3 4 5
b=2/3 b=1/2
d r=1/3 d r=1/2
5 5] 5 ——]
4 —F) 4 )
3 —H 3 —M :
2 —ﬂ : 2 —ﬂ :
i - i 1 -] i
t t ; t t t t t ; t «
1 2 3 4 5 1 2 3 4 5

Fig. 4 Solvability for the fractional SPDEs in case of @ = 2 and r = [b] — b. See Figs. 2 and 3 for the

legend
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>
Il
e
~
w
<>
Il
—_

d ! d !
5 ’3-_-_—'--_—'-_—'-'-'%-_—'-_—_—'-_—_—'-_—'-5 5 E: {_T‘
4 —;:::::::::::r:::::@ 4 "E’\——!ﬂ
3 f_:)zg 3 f-:)zg
2 —ﬂ : 2 —ﬂ
1 o | 1 ]
t t : t t t « t ; t t t o
1 2 3 4 5 1 2 3 4 5
b=2/3 b=4/7
d | d .
5 > 5] 5 et 5]
4 ] 4 ot ]
3 ’_:):E 3 fﬂ:):E
2 *ﬂb:@ 2 —ﬂb:g
1 i) 1 ]
; t t t t o : t t t t t «
1 2 3 4 5 1 2 3 4 5

Fig.5 Solvability for the fractional SPDEs in case of a = 2 and r = 0. See Figs. 2 and 3 for the legend

necessarily to be nonnegative. This is also consistent with the sufficient conditions
for nonnegativity in Remark 1.2. By setting » = 1 and » = 0 in (1.12), we have the
following condition:

a=a<d

The solvability for this case is illustrated in Fig. 6.

2.2 Examples on asymptotics

In this part, we list several examples for the asymptotics when global solutions exist. In
particular, we will show that the asymptotics in (1.14) interpolates the corresponding
results for both stochastic wave and heat equations.
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a=1/2 a=1
d d
5 et 5] 5 5]
4 o 5] T e
B’ﬂ:):E S’H):E
2 DemGy———F] 2 5]
1 =] 1 ol
: t t t t t &% ; t t t t (%
1 2 3 4 5 1 2 3 4 5
a=3/2 a=2
d ! d |
5 > 5] 5 > 5]
s ) 4 O————F]
3*_:):E 3*_:):5
2’~b:@ 2*%
1 it | ]
t : t t t t « t ; t t t «
1 2 3 4 5 1 2 3 4 5

Fig. 6 Solvability for the stochastic heat equation with fractional Laplacian, i.e, the case when b = 1 and
r = 0. See Figs. 2 and 3 for the legend

Example 2.7 (Asymptotics for SWE) Even though our results requires b to be strictly
less than 2, but by formally setting

a=b=v=2 and r =0,

we have that

4
B= 3 Z and 17, =(p — 1)/ Gy

and results in (1.14), (1.16), and (1.17) recover the corresponding results for the
stochastic wave equation, namely, (1.9), (1.10), and (1.11) of [1], respectively. Due to
the importance of white noise and for the future references, here we list two special
cases regarding white noise:

@ Springer



1216 Stoch PDE: Anal Comp (2023) 11:1203-1253

(1) The SWE with white noise in R: By further setting d = o = 1, we see that

logE [|u(t. )I’]  p(p—1)'/2V0 log E [|u(z, x)|7]

00 372 = T aque o ad iy P32
3/2
3/2/8

_ Ve 2.9)
320174

where we have applied (3.22).
(2) The SWE with white noise in R?: Similarly, by setting d = o = 2, we see that

. JogE[lu(t,0)I”]  p(p — HOM2.2(80)
lim 5 =
t—00 t 21)

logE[|u(t,x)|P] %6 b}
and lim o2 ng Ol] = Maa( 0). (2.10)
p—>00 p 2v

Example 2.8 (Asymptotics for SHE) As for the stochastic heat equation case, by setting
a=2, b=v=1 and r =0,

we have that

4
B= 5 Z and 1, = (p — DY@ ¢,

and results in (1.14) and (1.16) recover the corresponding conjectured results for
SHE, namely, (1.16) and (1.17) of Balan et al. [1], respectively, which are equivalent
to Theorem 1.1 and 1.2 of X. Chen [8] when setting «g = 0 and using [10, Lemma
A.2] to rewrite the constant £ in [8] in terms of M. Due to the importance of the
white noise case, we list the corresponding asymptotics here. When o« = d = 1,
. logE (ju(r, 0)[") _ p(p —1)°6° . logE (ju(r, x)[) _ 1767
lim 3 = and lim 3 = R
t—00 t 24v p—>00 p 24v
(2.11)

where we have applied (3.22). Note that some upper and lower bounds for the first
limit in (2.11) in case of p = 2 were earlier obtained by Hu [18, part 1) of Theorem
4.1].

Example 2.9 (Asymptotics for SHE with fractional Laplacian) In this example we
restrict ourselves to the case when b = 1, a € (0, 2], @ < d, and r = 0, which is the
1-dimensional SHE with fractional Laplace. With this set up we have

_Za—ot

g = and 1, =(p—)%ar,

a—uo
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and by Corollary 1.8,

L Tog B, 0)17) o (1 20\ i+
PartS X =rp=D 2)\2a—a
2a—« ﬁ —
[91)_“/“,/\/[“’;‘1 ] (“ - O‘) 2.12)
and
. logE (lu(t, x)|P) 2a-o (1 2a =
ll)m e E D)
p—>00 i a—a
P
[eu M, G } ( - ) (2.13)

this setup has been studied in [12] for the case of a time-dependent noise where the
covariance function is given by

E[W(r, )W (s, )] = |r —s|™*y(x — y)

and y (x) is defined to be either of the following:

y(x) = [x]~¢ where a € (0,d) or 2.14)
[19_; x| where ; € (0, 1). '
They proved that for « < min{a, d} and let p > 2,
2a—a—aaq a
lim 1= log Ellu(r, x)|P] = p(p = D7 M(a, a0, y),  (2.15)
where the variational constant is given by
— )

M(a, oo, d, y) = sip { / / /RM s 2(s x)g (r, y)dxdydrds

8€Aad

1
— e / / |x|“|fg<s,s>|2dsds}
0 R4
with?

Aga = {g(s,x) : /d g%(s, x)dx = 1,Vs € [0, 1] and (27)™¢
R

1
/ / |x|“|fg<s,s>|2dsds<oo}.
0 R4

3 Note that the Fourier transform is defined differently in [12].
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By setting a9 = 0 and letting g(s, x) = g(x) € F, be independent in s, which is the
time-independent setup, then Equation (2.12) and Lemma 3.9 together recover (2.15).
Indeed, by observing (3.29) and (3.33), we see that

1
M(a7 @p, d7 ]/) = Ea,d (5)/’ 2)

2a—«a
—a (a—« 2a a—a 2a—a
= 2a-a < > < ) Maa(y, 1) (2.16)

a 2a — o

and by rewriting (2.15) with (2.16) yields (2.12). Finally, we note that condition (2.14)
can be relaxed to allow white noise in one dimensional case, namely, « = d = 1. In
this case, one can simply replace « and d in both (2.12) and (2.20) by 1 and in addition
replace M, 4 by M,.1(80).

Example 2.10 (Asymptotics for SPDEs with r = [b] — b and white noise) In this
example, we consider the case whena = 2,d = o = 1 (white noise), and r = [b] —b.
As seen in Example 2.4, there exists a global solution. In this case,

4Th] — b

2
it —p—2 M =D

B

and by (3.22) and Corollary 1.8,

p

lim W ZP(P _ 1)4[};13‘19—2
t—00 e L e

t ATBT-b—2

992 4[};}171;72 __4[bl—b
x (8—) (4Tb] —b—2) (4[b] = b) 72,
v
(2.17)
and

lim —=— > 77 7 4 ATbb-2

p—>00 b1—b

10g]E(|u(t,x)|P)_ 4[b1—b <992
pﬁl?mﬁ

4Fb1lb*2 __4[b1-b
) (4[b1 = b —2) (4[b] = b)~ 0177

8v

(2.18)

Example 2.11 (Asymptotics for SPDEs withr = 0 and white noise) From Example 2.5,
we see that when a = 2,7 = 0, d = o = 1 (white noise), the global solution exists
when b € (2/3, 2). In this case, we have that

3b
'3=—3b—2 and 1, = (p— D¢,

and by (3.22) and Corollary 1.8,

1

. JogE (Ju(t, x)|7) 2 2\ _ 3 (0277
IEUQOW:P(P—D% b—§ b~ %= o (2.19)
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and

p 2\ 3b-2
lim 08B (u(, 0)IF) (b_ %) 3z (9_) L (220)

poe  pib/Gb=2)

3 Some preliminaries
3.1 Skorohod integral and mild solution

We start with a nonnegative and nonnegative definite tempered measure I" with density
y in the sense that I'(dx) = y (x)dx and

/d T(dx)(@ *@)(x) >0 forall ¢ € .7 (RY)
R

where 5 (x) := ¢ (—x). According to the Bochner theorem, there exists a nonnegative
and nonnegative definite measure p, often referred as the spectral measure on RY
whose Fourier transform (in the weak sense) is I', namely, that for any ¢ € D(Rd)
(the space of test functions),

/ () (x) = / W(dE)F(E).
R4 R4

Since u is nonnegative definite, the following functional

C(¢,W)=/Rf¢($)f¢($)ﬂ(dé), forall ¢, ¥ € D(RY) (3.D

is nonnegative-definite and thus one can associate it with a zero-mean Gaussian pro-
cesses, W = {W(q§) 1¢ € D(Rd)}, with the covariance functional of W given by
(3.1). In other words,

E(W(tﬁ)W(w))=/R}"¢(€)}"lﬁ(§)u(d§) = (). ¥)n-

Let H be the completion of D(R?) with respect to (-, -)3; and thus we see ¢ — W (¢)
is an isometry from D(R?) to L*(R), that is, E (W (¢)?) = [|¢]3, for ¢ € DR?).
One can extend this isometry from D(Rd) to H. We refer the interested readers to [14]
and references therein.

We denote § the Skorohod integral with respect to W and denote its domain by
Dom(§). u is called Skorohod integrable if u € Dom(§), in which case we write
8(u) = [pau(x)W(8x) and by isometry, E (8(u)?) = E(HMH%{)- For a complete
treatment of the Skorohod integral, see Nualart et al. [22].
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Definition 3.1 (Mild, local and global solutions)

(1) ForT € (0, o0],arandom fieldu = {u(t, x):te€ 0, T), x € Rd} is called a mild
solution to the equation (1.1) if for all x € R and s, t fixed withO <s <t < T,
y — G(t —s,x — y)u(s, y) is Skorohod integrable and the following stochastic
integral equation holds almost surely

'
ut,x)y=1+ \/5/ </ G(t —s,x —y)u(s, y)W(Sy)) ds. 3.2)
0 R4

(2) Let u(z, x) be a mild solution to (1.1) (or (3.2)) and fix p > 1. We call u(z, x) a
global LP(2)-solution, or simply an L? (2)-solution if

lut, x)ll, < oo  forall# > Oand x € RY. (3.3)

(3) If there exist 0 < 71 < T» < oo such that [lu(z, x)|| , is finite for all 7 € (0, T1)

and x € RY, but ||u(t, x)|| P diverges to infinity whenever ¢ > T, the mild solution
u(t, x) in this case is called a local LP (2)-solution.

Note that through construction of the Skorohod integral §, a mild solution is nec-
essarily to be an L2(Q)-solution. For more details, one may check, e.g., Nualart [22,
Chapter 3].

Through the standard Picard iteration scheme, the solution can be expressed by the
following Wiener chaos expansion *:

o0
u(t, x) =1+ Y 02 L(fi(-. x. 1)), (3.4)
k=1
where I; : H®* (R?)*) — Hy is the k™ order Skorohod integral and Hj is the k"

Wiener chaos space and the kernels fi(--- , x, t), obtained through the iteration, are
equal to

fn(x], "'7xk;xat)
t ty 5]
Z// / Gt —tn,x —xp) - Gt — 11, X2 — x1)dty - - - dty
0 JO 0

t oty fh
=/ f / G(tr, x —xp) - Gty — ty—1, X2 — x1)dty - - - dty.
0 Jo 0

For ease of notation, throughout this article, we may write the above integrals as

4 Wiener chaos expansion has been widely to solve the linear stochastic partial differential equations. We
direct interested readers to [3, Section 5] for a presentation of this procedure.
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Su(xp, oo X x, 1) = / G(t —ty,x —Xp) -+ Gt — t1, X2 — x1)df
0,17

Z/ G(tlsx_xn)"'G(tn_tn—lv-x2_xl)d;7
[0,7]

n
<

where [0, 1]” = {(t1,...,1,) € [0,¢]" : 1 < --- < t,}. As usual, we use f;l(~,x, 1)
to denote the symmetrization of f, (-, x, t):

~ 1
SaGix, ) = ; Z S (xp(l)’ .. -’xp(n))
PEZ,
1 -
= G(t—tn,x—xp(n))-~-G(t2—t1,xp(2)—xp(l))dt,

|
=
&M
=

where X, is the set of all permutations of {1, ..., n}. By setting #,4.1 = ¢, the Fourier
transform of the kernels, f, is given by

e AW n k .
Fhein G, gy=c (E-9) / [5G — .0 | Y & |dr.
j=1

(0,012 4
3.5)

Recall the notation above in (1.2) that G(t,Nx) = Gy.p.r.d(t, x). The following
scaling properties for both FG (¢, ...)(§) and || Ja( x, 1) || 4@n Play an important role
in the paper.

Lemma3.2 For any c,t > 0, n > 1, £,&,...,& € R% the following scaling
properties hold:

FG(t, )(cE) = c—FOH-D FG (c%z, ) (&) and FG(ct,)(E)

_ cb+r—1.7:G(l, _)(Cb/a$)7 3.6)
FhnC0,ct)Er ... E) =P FFC0, 0%, ..., Py, (3.7)
”J’;"l(’ 0.1) ”i{@n — (20+r)—bajaln ”ﬁ(a 0, DH?—(@" . (3.8)

Proof The scaling properties in (3.6) are direct consequences of the explicit expression
of FG (¢, -)(€) asin [6, (4.8)]. Property (3.7) is an easy exercise of change of variables
on (3.5). Property (3.8) is a direct consequence of (3.6), (3.7), and the scaling property
of the spectral measure . We leave the details for the interested readers. O

Finally, let us recall the following standard result about the existence and uniqueness
of the solution to (1.1) (or (3.2)) when it can be written as the Wiener chaos expansion
(3.4).

Theorem 3.3 Fixany T € (0, oo]. Suppose that f,(-, x,t) € H®" foranyt € (0, T),
x€RYandn > 1. Then (1.1) (or (3.2)) has a unique L%(Q)-solution on (0, T) x R4
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if and only if the series (3.4) converges in L*>(Q2) for any (¢, x) € (0, T) x RY, which
is equivalent to the convergence of the series (3.9). In this case, the solution is given
by (3.4) with the second moment given by

E (ut,02) = 30"t | FuCox. 0300 forall 1,x) € 0.T) x RY. (3.9)

n>0

3.2 Some asymptotics and variational constants

Recall that the correlation function y satisfies Assumption 1.3 and that the correspond-
ing spectral measure is u; see Remark 1.4. Define

2

S +y)fy) dy | pu@v  (.10)

pva(y) = sup f /
1£1 2 gay=1 /RS | JR \/1 + 5lx +y|”\/l + 3y

and

geFy

12 4
Maa(y,0) := sup {(f/;w My (x + y)dxdy) -3 &g, g)}

= s {<g2 * g, V>1L/22(Rd) - g Ealg, g)} : (3.11)

where
fuls 0= 0 [ IeIFe©)Pdg and (3.12)
Far= {f e @D 1f @ =1 & ) <o) (13)

We often omit the dimension d in M, 4 when it is clear from context. We use the
convention that M, (f) := M,(f, 1) to be consistent with notation (1.10). By a
similar argument as the proof of [1, Lemma 2.3], one can show that

My(Oy,0) = @u-a0 2w M,(y,1), forall@and® >0. (3.14)

For the Riesz kernel case (see Example 1.5), Bass, Chen and Rosen [2] established
that when a € (0, 2], v =2 and @ < min{2a, d},

1 1 " 1 ?
lim —log —/ ,U«(dg )
n—o0o n (n‘)2 (R (T;n ]!:[1 14 Z;l':k Err(j)|a
=log (p2.a (1-17%)). (3.15)
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and ?
pra (I-179) = MG 9 (1172, 2), (3.16)
where
u(dg) = [ | ng) =[] o(&))dt;. (3.17)
j=1 j=1

We first apply some scaling arguments to accommodate the parameter v in both (3.15)
and (3.16), the proof of which can be found in “Appendix”:

Lemma 3.4 (The Riesz kernel case) If y(x) = |x|™% for some a € (0, d), then for
anyv > 0anda € (0, 2],

—a/ _ _
pua (117 = (5) 7 MG (117, 2) = v MO, Bas)

2
and
2
1 1 2
lim —1lo —f wu(d§)
n—-oon & (}’l')2 (Rd)n Hg 1_[ 2| Z =k S(T(j)'a
= log (p,,’a (| . |_0‘)) . (3.19)

More generally we have the following theorem:

Theorem 3.5 Suppose that the correlation function y satisfies Assumption 1.3 and is
such that @ < min{2a, d}. Then both (3.18) and (3.19) hold with |- |~ and p replaced
by y and p as in (1.5), respectively. More precisely, it holds that

Pra(y) = v M () < 0, (3.20)
and
, 1 - 1 ’ -
A0, 10 (n)? /(]Rd)" 0622:,, ]l:[l L+ 313 o 1 )
= 10g (pv.a (1)) - (3.21)

Remark 3.6 Itis often very difficult to obtain the exact value for the variational constant
M .4(y). To the best of our knowledge, only in case of a = 2 and @ = d = 1 (white
noise), one can compute explicitly that

Mo 1(80) = 3/4)(1/6)'73, (3.22)

5 In Theorem 1.5 or eq. (1.20) of Bass et al. [2], the factor (271')“1 should not be present.
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Table 1 Notation correspondence

Laplace Noise Moment Variational Const.
Bass et al [2] B 2 o |79 Pd—o p Ag
Current paper a v o v () @ 2 Mg (1-17%,2)

which is a consequence of Chen and Li [13, Lemma 7.2] with p = 2. Whend > 2, the
value of M3 4(8p) can be expressed using the best constant for the classical Gagliardo-
Nirenberg inequality; see Remark 3.13 of Chen et al. [11] for more details.

Sketch of the proof of Theorem 3.5 The proof of this theorem follows essentially the
identical proof as Bass et al. [2], which is exclusively for the Riesz kernel. One simpli-
fication is that we only need to handle the case p = 2 thanks to the hypercontractivity
property. For our slight extension to the noise given in Assumption 1.3, there is no
need to repeat their paper. Instead we will only point out the differences and necessary
changes. For your convenience, the correspondence of parameters between Bass et al.
[2] and the current paper is listed in the following Table 1.

Theorem 3.5 is proven by showing the following claims: for y given in Assumption
1.3,

() pv,a()’) < 005
2
(i) liminf,— o + log [ﬁ Sy <dezn [Tizi #) w(dg )}

i o (pl?

> 10g (pv.a (¥));

2
(iii) lim sup, o 5 log [ﬁ Jway <ZaeEn [Te=i m) p(dg )}
<1og (pv.a (1))
(iv) Ma(y) < oc;

) poa(y) = v MG ).

Part (i) which corresponds to Lemma 1.6 (ibid.) is established by Lemma 3.7 below.

Following exactly the same arguments as those in Sect. 3 (ibid.) with ¢ _, (ibid.)
replaced by our ¢ as in (1.5), one can prove part (ii) for v = 2. Then an application of
the scaling property as the proof of Lemma 3.4 shows the general case v > 0.

The proof of the upper bound, namely part (iii), is more challenging. This part
corresponds to Sects. 5 and 6 (ibid.). By examining these two sections carefully, we
need to make some changes in Sect. 5 (ibid.), where as the arguments in Sect. 6 (ibid.)
follow unchanged. For Sect. 5 (ibid.), we need to use the following decomposition of
¢ as opposed to (5.4) (ibid.):

k k
0&) =[] Corua i) |74 = [ [ Conas (Pi %+ Pi) (£t -

i=1 i=1
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with
Pi (S(i)) = 'Bdi*ai,di ‘é(i)’_(di_ain);

see (1.7) for the constants. Or equivalently,

|—(di—<¥i/2) )

k
9&) = (P*xP) (&) with PE):=[]v/Carts Bis-arai |E)

i=1
Now (5.5) (ibid.) should be written as
‘ V Co;.d; Bdi—a;.d;

Pp.e(€) = h(e&) S
Eﬂ+|’§<i>| e

forall B8,e >0,

where h(-) is defined in (5.2) (ibid.). So P(§) = Po.0(§) and

(Pg.e x Pp.e) (6) < (Pp.o* Ppo) (€) < (Poo* Poo) (£) = ¢(§);

see (5.6) (ibid.). With these changes, one can update accordingly the proof of Lemma
5.1 (ibid.) without any difficulty. Then the rest of Sect. 5 (ibid.) follows unchanged.
In this way, we establish part (iii) for v = 2. Finally, a scaling argument as in part (ii)
proves part (iii) for all v > 0.

Parts (iv) and (v) correspond to Sect. 7 (ibid.). In particular, part (iv) corresponds
to Lemma 7.1 (ibid.). Note that we only need to study the case p = 2. By (3.24) with
@(x — y) replaced by y (x — y), we see that

!

/( i E WLy =iy €[ 2]

=C ”g”i4d/(2d—a)(Rd) ) (3.23)

L2d/(2d—a)(Rd) L2d/(2d—a)(]Rd)

where 32(x) = g(—x). Note that we must have o < 2a to ensure that the right hand
side of the above is finite. This is seen by applying # = y in Lemma 3.7. Thus equation
(7.1) (ibid.) can be applied in our setting . The rest of the proof of Lemma 7.1 (ibid.)
remains unchanged.

It remains to update the proof of Theorem 1.5 in Sect. 7 (ibid.). For this, one needs
only to update the four appearances of 1/(| - |?) in (7.15), (7.22) and (7.23) (ibid.) to
¥ (). Note that the factor (277) 4P+ in the first equation of (7.22) (ibid.) should be
(27)~4P . With this, we complete the sketch proof of Theorem 3.5. O

Note that the proof of [2, Lemma 1.6] relies on inequality (1.27) on p. 630 (ibid.),
which was a consequence of Sobolev’s inequality. For the more general noises studied
in this paper, we can no longer apply this inequality. Instead, we prove the following
lemma using the weak Young’s inequality (see, e.g., [20, p.107]) as a generalization of
Lemma 1.6 (ibid.). Even though we only need the case p = 2, the following lemma
is proven for all p > 2.
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Lemma3.7 For any f,g,h with h > 0, for ¢ given as in (1.5) (see also Assump-
tion 1.3), and for all p > 2, it holds that

</ U If(x + g dy]”w(x)dx)”"
Rd LJRd /h(x + y)/h(y)
|

Proof By observing the proof of Lemma 1.6 of [2], we only need to prove that

= Clfll2way gl p2way Lodje(dy”

/]Rd /Rd F()G)g (x — y)dydx < C | Fll2a/@+e) ey |Gl p2as@ver may , (3.24)

where

|f ()]
(h(x))P/?

lg ()]

Feo= (P2

and G(x)=

Note that when ¢(x) = C|x |_(d_“), (3.24) is nothing but (1.27) (ibid.). Here we need
to handle more general ¢ as given in (1.5). To prove (3.24), we need to apply the weak
version of Young’s inequality (see, e.g., [20, eq. (7) on p. 107]), which says that for all
p,q,r > 1with1/p+1/q + 1/r = 2, it holds that

‘ f f a(Ob(x — y)e(y)dxdy
Rd Rd

where

< Kpqrallalpoga 1w el g, (325

161l = sup|A|—‘/q/f bCOldx,  with 1/g + 1/(¢) = 1.
A A

and A is an arbitrary Borel set of finite measure |A| < co. Now we apply (3.25) with

d

a=F, ¢c=G, b=¢, p=r=2d/(d+«a), and 9= ——g3—
d‘Zj:l“j

=d/d - a).

By (3.25) above, it suffices to prove that ||<p||q,w is finite with ¢ = d/(d — «) and
1/ =1-1/g =a/d.

Recall that according to Assumption 1.3, the d coordinates are partitioned into k
groups. Define Ag := Ay x --- x Ay where A; = Bp 4,(0) is the ball in R% centered
at the origin with radius R. With this we have that

o

o R
/ x|~ dx gy = [SDT —, (3.26)
Ai

[24]
where we have used polar coordinated to calculate the integral and |Sd’_1| =
27 di/2 /T'(d;i/2) is the surface area of the unit sphere in R (clearly, when d; = 1,
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|S%| = 2). Moreover, by the formula for the volume of balls in R% | we see that

d; /2 d;

bid : 1, R

Al = ——— R4 = |s% 1|—d4 : (3.27)
r (1 + 7’) !

Recall that 1/g’ = a/d. Then a combination of (3.26), (3.27) and (1.5) shows that

k
|Ag|~4 /A p()dx = [ [ Coyas14i1 1/ fA x| dxy
R i

i=1
: 1) @di—1{1—a/d pai—ia ;a/d
=[] Corae ' 15%7"] RU— T
=1

i=

_ L _ d
Cor i 1|Sd, 1|1 a/ddlq/ = K,

Il
A:I»

I
—

1

where the constants Cy, 4, are defined in (1.7) and the final constant K does not depend
on R. Finally, by symmetry of ¢, we have that

lpllg, = sup |AR|‘”‘1’/ p(x)dx = K < oo. (3.28)
R>0 AR

Hence, ¢ € Lq,w(Rd ) with ¢ = d/(d — «). This completes the proof of Lemma 3.7.
O

Remark 3.8 Note that when there is only one partition (i.e., k = 1), or equivalently
when y itself is the Riesz kernel, by [20, (6) on p. 107], we see that

Hl . |—(d—a) —1|5d—1|1—(x/dd0l/d,

=
d—aW

which is consistent with the norm we find in (3.28) up to a constant Cy 4.

In order to compare our results with known results (see, e.g., Example 2.9), let us
introduce another commonly used variational constant

0
Eoa(y,6) := sup { / / S22y (x + y)dxdy — = Eulg, g)}
gefa IR 2 (3.29)
= sup <g2*g2 J/> —Qé’a(g Ot ‘
e ey 2 '

By using the same techniques used to derive (3.14), one can show that for any ® > 0
and 6 > 0 that

E,4(Oy,0) = Oia0 aaE, 4(y, 1). (3.30)
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The relation between E, 4(y, 0) and M, 4(y, 6) can be established in a similar way
as [10, Lemma A.2], which is stated in the following lemma:

Lemma 3.9 Under Assumption 1.3 and assuming o < min{a, d}, the following three
expressions hold:

a o 20 a/(a—a) a—o
E, (©y,0) = Qaaf ae <—> o(a,d,a)t@), (3.31)
a a
a o /(2 - ) 2 —_—
Maa(©y.0) = 0770755 (2)77 " Lo @ d )9, (3.32)
a—ao 20 — o\ @0/ (@—a)
E, (®y,0) = pofta—e) (77 7
a,d( Y ) ( a > 2
2a—«
MOy, 0) e (3.33)

where o (a, d, @) is defined in the following Lemma.
We need to prove two lemmas in order to prove Lemma 3.9.
Lemma 3.10 Under Assumption 1.3, for any f € L*(R?) with £,(f, f) < oo, it
holds that
2—(2
/ PPy @de = P e f £ (3.34)
Rl

where the constant C only depends on a,d and o with « < min{a, d}. Denote the
best constant in (3.34) by o (a, d, o).

Proof The proof of this result follows the scheme laid out in the proof of [7, Lemma
A.3]. By the same techniques presented above in Lemma 3.5, one can show the fol-
lowing quantity is finite:

A = sup {/ W% (x)y (x)dx — l(27r)*d/ |x|“|fh(x)|2dx}
heF, LURe 2 Rd

= sup {/ h%(x)y (x)dx — lsa(h,h)} < 0.
heF, LJrd 2

Fix an arbitrary f € F,. Clearly, || fll, = 1 and & (f, f) < oo. Let Cr be the
constant such that

/R Py odx = Crea(f. ).
Now for g(x) := td/zf(tx), it is easy to see that || g||, = 1 and

Ealg, 8) =1E(f, f) and f &)y (x)dx = 1* / FA)y (x)dx.
R4 R4
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From this we can deduce that
/R &y @)dx = Crlalg, ).
Next we note that

1
A > / g2 ()y (x)dx — ~&4(g. 8)
R4 2
1
= t“/ fz(x)y(x)dx — =t (f, )
Rd 2
1
= Crt"&alf, N = St f, f)

= ¢y (ttatr, V) = 5 (t8atr, V)"

Since ¢ > 0, then t&,(f, £)/¢ runs through all of R, and thus we have that

1 a—ao _ 2w a/(a—a)
Azsup{Cfx“—Ex“} - Cjc/(a o) (_) '

x>0 a a

Note that this reduces to the equation present in the proof of Lemma A.3 [7] when
a = 2. By taking the sup over all f € F, we see that

_ a/(a—a)
0o > A > a O[cr(a,cl,()z)‘l/(‘“"‘) <2—a> .
a
where
sup Cy =o(a,d,a)
feFa
and finally we conclude that for any f € F,
/ Fr)y)dx <o(a, d, a)E(f, ¥4 < 0. (3.35)
]Rd

For arbitrary f € L2(R?) with &, (f, f) < oo we apply (3.35) to £/ fll, and see
that

2—(2
/ P@ydr <otad.a) | fI % Ealf, M
R
which again reduces to the equation A.4 [7] when a = 2. O
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Lemma3.11 Forany f € F, and for « < min{a, d} we have
/R YN0 fAy)dxdy < olad, (S, ) (3.36)

and o (a, d, a) is the sharpest such constant.

Proof Suppose that f € L>(RY) and suppose that £,(f, f) < oo and let y € R? be
arbitrary. Recall the translation property of the Fourier transform

IFLOGEI=IFfC =@l

Then by applying a change of variables and recalling (3.34) we see that

f FAE)y(x + y)dx = / fAHx = y)y(xdx
Rd Rd

<o(a,d, @) [ £ =I5 (FC =), f(—p)
=o(a,d, ) | £13 2P (f. 1),

and in return,

sup /R P@yaty) o@d.allfly 0 g

yeRd
Next, notice that
f F20) 20y (x + y)dxdy = / dxf?(x) f dy 2y (x + )
R2d Rd Rd
<o(a,d, o) |IfI3 e f, e

and when f € F,, and thus || f||, = 1, we see that this reduces to

[, e+ 00 Py < ot d s

We note that the sharpness of o (a, d, «) follows immediately from Lemma 3.10. In
addition, this reduces to equation (A.1) [10] for the time independent case whena = 2.
]

Proof of Lemma 3.9 We only prove the case of ® = 6 = 1, the general case can be
proven by applying the scaling properties (3.14) and (3.30).
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We have that

1
Eqa(y,1) < sup {a(a,d, 0Ea(g. 9" = = (Ealg, g)”“)“}
geFa 2

1
< sup {o(a,d, a)x® — —x“}

x>0 2
2 af(a—a) .
_ <_"‘) =% 5 (a,d, a)/ @ (3.37)
a a

and similarly

1
Ma.a(y, 1) <sup {a(a, d, oz)l/zx‘)‘/2 — Ex“}

x>0

o(a,d,a)? =, (3.38)

(ot)a/(Za*a) 2a — o

a a

Recalling Lemma 3.11 above, one can choose 0 < € < o(a,d, o) and f € F, such
that

/R L YEENLO L (0)dxdy = (0@, d @) = )a(f, ).
Now define
g(x) = 172 f(1x).
Notice that
1
Ega(y, 1) > /Rw 2202y (x — y)dxdy — 5 Calg®)
1
=" / Y& =LA — 2196 fL f)
R2d 2
1
> (o (a,d,a) — ) E(f, ) — S1€lf )

and this is true for all # > 0 so we can say that

1
Eqq(y,1) = sup {(G(a, d,a) —e)x* — Exa}

x>0

o/(aa)
= (2_05) 4 _a(a(a,d, o) — €)@=
a a

and be letting € — 0 gives us

o(a,d, o) @ (3.39)

20\ g _ o
Eqa(y,1) > (;)
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and if we combine this with (3.37) then we see that

o(a,d, o) @, (3.40)

20\ g _ g
Eqa(y,1) = <7>

Similarly we show that

o(a,d, o), (3.41)

a\®/Qa—a) 2a — «
Maatr. ) = ()

a

Lastly, by combining (3.40) and (3.41), we see that

a—ao 2a — o\ a0/ a-a)
Eqa(y, 1):< P > (2)0(/(“_0‘) (—) Ma.a(y, 1)(2a—a)/(a—oz).

2a
(3.42)

Equations (3.41), (3.40) and (3.42) recover equations (A.2), (A.3) and (A.4) of [10]
respectively when a = 2. O

4 Existence and uniqueness of the solution

In this section, we will prove part (1) of Theorem 1.6. The proof will need the following
lemma:

Lemma 4.1 (Lemma3.50f[1]) IfH : [0, c0) — [0, 00) is anon-decreasing function,

then
o0 00 2
2 / e Y H*(1dr < < / e_’H(t)dt) ) 4.1)
0 0

The proof of Theorem 1.6 follows the same strategy as [1, Section 3] with minor
changes such as

1

— 4.2
1+ 5181 ¢

TP replaced by

Nevertheless, for completeness, here we streamline and reorganize this proof as fol-
lows.

Proof of Theorem 1.6 We first introduce some notation. Let L (x) be the Laplace trans-
form of G (-, x) evaluated at one and calculate its Fourier transform F L (§) as follows:

L(x) = /00 e 'G(t,x)dt and FL(§) = /oo e ' FG(t, ) (§)dt = S
0 0 1+ 51814

(4.3)
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see the proof of Theorem 4.1 of [6] for the last equality. Similarly, let L, (¥) to be the
Laplace transform of f,,(9, 0, -) evaluated at one, namely,

Ly (y) —n'/oo e [u(3:; 0, 0)dt

n
/ / [T16Gk = sk1. Yoy — You—1))dsds
[0,[]’1

oeD, < k=1

with the convention that so = 0 and y, gy = 0. By the relation of convolution and the
Laplace transform (or through a change of variables), we see that

L,(3) = Z L (o)) L (vo@ = Yo)) = * L (Vo) — Yon—1)) - 4.4)

oED,

Hence, from (4.3),

. n 1
FLoE) = @ +3)
' a%::n /!:[1 I+35 ‘Z',Lk 50(./)‘

Moreover, define

(0, ) = n! /(Rd 1"[ K (k= 90 o (3: 0,045

/ f ]_[ K (xx — yi) 1—[ G (Sk — Sk—1, Yo (k) — Yo (k—1))dyds,
[0,£1" ]Rd)"
4.6)

oex,

where recall that K is defined in (1.6). Under the nonnegativity assumption—
Assumption 1.1, we see that for any X € R™ fixed, the function t — H, (,X) is
a non-decreasing function for # > 0. For this function, we are about to apply Lemma
4.1.

Step 1. We first compute the corresponding part to the right-hand side of (4.1). By
Fubini’s theorem,

“'Hy(,%)d / / / K (xx —
/0 (r.B)dr = o (Rd)n!:[l (% = i)

oEL,

X l_[ G (Sk — Sk—1, Yo (k) — Yo (k—1))dydsdr
k=1

/R HK(xk_}’k)L (7) dy.

k=1
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Then an application of the Plancherel’s theorem and the fact that K « K = y
shows that

00 2
/ [/ efH,,u,f)dr] aF = / FLuEP@E). @)
(Rd)yn 0 (Rd)yn

One may check the proof of Lemma 3.3 of [1] for more details.
Step 2. Now we compute the corresponding part to the left-hand side of (4.1). First,
using the fact that K « K = y, we see that

1

~ 2
| (- 0:0) 300 = e

/ H (1, 3)d5; 4.8)
(R‘l)”
one may check the proof of Lemma 3.4 of [1] for more details. By the scaling

property for F f,; in (3.7), one can show that

2n(2(b+r)fbol/a)

*© t 7 2 o 2t 2
B 5 0,¢ ,df = — 2e~ H,(t, ¥)~dxdrs;

/0 70,00 2 / B
“4.9)

see “Appendix” for the proof.
Step 3. Now we can apply Fubini’s theorem and Lemma 4.1 to the function t —

H,(t, X) to see that

o0 o0 2
/ 2¢7 / Hy (1, )2 d%dr < / [ / e’Hn(f’ﬂdf} i 410
0 Rnd Rnd 0

Therefore, combining (4.7), (4.8), and (4.10) shows that

2n(2(b+r)—boz/a)

IA

/ e Fu (. 0.0) |30 di / |FLy &) (dE )
0 (Rd)"

(n!)?
2n(2(b+r)—b0l/a) (4.11)
= TTn (v, a),
where
2
1

| n@E). @12

T (v, “)ZfRd),, > H

ces k=1 1+3 ‘Z/ —k 8o ()

By the same arguments as those of Lemma 3.6 of [1] with the replacement
(4.2), we see that
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2
) p(d§).
(4.13)

T,(v,a) < (n!)2C" (v,a) with Cyu(v,a) ::f <—
. g ®d) \ 1+ 3§

Notice that

1 2 o pozfl
/<Rd)<1+|§|“> u(dg)cho mdpﬂw — 2a—a+1>1.

(4.14)
Therefore, conditions in (1.11) imply that C, (v, a) < oo.
Combining (4.11) and (4.13) gives that
o0 ~ _ba
f e Fa, 0: 1) e i < (2040 }Cﬁ(v, a) < +oo. (4.15)
0

Step 4. From the scaling property (3.8) we see that

o ~ ~ o0 _ba
/0 ot ||fn (-, 0, t)H;@n dt = an(-,O, 1)“3{@"/0 e*t,[Z(bJFr) a ]’1dt

s b
= [ fuc0, 1)”5{@” r <|:2(b+r) - 7a:| n+ 1) ,

(4.16)
which entails another part of the conditions in (1.11):
2(b+r)— bja > 0. (4.17)
From (4.15) and (4.16), we deduce that
1700 = s w100

(Z[Z(Hr)_b‘f]CM(v,a))n <2[2(b+r)_bﬂcu(v,a)>n
< Cc"

<
“r(2b+r) - 2]n+1) " (n)2G+r)—baja s

where the constant C depends only on the value of 2(b + r) — ba/a and the
last inequality is due to Stirling’s formula (see (5.2) below).

Because of the constant one initial condition, |lu(z, x)|, = |lu(t, 0)||, for all
x € R9 and ¢t > 0. Therefore, by (3.9), (3.8), and the above inequality,
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lu@. I3 = 3 6"t (R belaln | 7 o 1|3,

n>0
_ba n
(2[2(b+r) a ]CM(I), a))

nn [2(b+r)—ba/aln
<Y ocn o T (4.18)
n>0
which is finite provided that (see (1.11))
2(b+r)—1—baja > 0. (4.19)

Finally, an application of the Minkowski inequality and the hypercontractivity
(see [1, Theorem B.1] or [19] for the case of the SHE) shows that forall p > 2,

lut, ), <Y 6" (p — "2t | £, 0,0 g6

n>0
_ba n/2
(2[2(b+r) a ]C# (v, a))

< Qn/ZCn/2 1 n/2t[2(b+r)—ba/a]n/2 )
=2 (p—1 (n1) 3120+~ 1~baa] =

n>0

(4.20)

Therefore, under condition (1.11), (1.1) has an unique L7 (£2)-solution u(z, x)
forall p>2,t>0andx € R4, This proves part (1) of Theorem 1.6.

Step 5. The proof of part (2) of Theorem 1.6 will be postponed to part (ii) of Lemma
5.1 below. O

5 Upper bound of the asymptotics

In this section, we will give the proof of part 2 of Theorem 1.6 and establish the upper
bound of (1.14) (under Assumptions 1.1 and 1.3, and condition (1.11)), namely,

lim sup tgﬁ log [lu(z, x) Il ,

tp—>00

1 2a B 2a—a \ ZaTH) ba=a ba
N . 0 —a/a a 2(b - —1).
= (2) (2a(b+r)—ba) ( v Ma ) ( b= )

G.D

As for the upper bound, we will first establish the corresponding result for p = 2
in Lemma 5.2 and then apply the hypercontractivity property given by Theorem B.1
in [1] to obtain the general case for p > 2. To prove the next lemma, we will need the
following equality

(F(an + 1
g ————

T > =alog(a), foralla > 0, (5.2)
n!

@ Springer



Stoch PDE: Anal Comp (2023) 11:1203-1253 1237

which is a direct consequence of Stirling’s formula.

Lemma 5.1 Assume Assumptions 1.1 and 1.3 hold and in addition that o« <
min{2a, d}. Let p be the constant defined in (3.10). Then the following identities
hold true:

1 ~ b
lim — log (an(., 0, D) 7en T <[2(b +r) - —“} n+ 1))
n—-oon a
— log (22<”+’>—%"‘ ) and (5.3)

lim ~log ((n!)ﬂ”“)*h?“ | (.0, 1)||§1®n)
n—-oon

) 2(b+r)*b7,a
—log | [ —F—— +log p. (5.4)
s (2(b~|—r)—%”‘> gp

Proof The proof follows the same arguments as those of [ 1, Lemma 4.3]. Nevertheless,
we sketch the proof here for completeness. Recall the definition of 7;,(v, @) defined
in (4.12). From (3.21), we see that

lim 2 log [M} = 10g (pv.a) (5.5)

n—oo n (n")2
As a consequence of (4.11) and (4.16) in the proof of Theorem 1.6, we see that

w2042

1760036 T <[2<b +r)— %"‘} n+ 1) < T,(v,a).

(n!)?

Combining this and (3.21) we see that

. 1 ~ 2 ba
11;Il>s01<1}p - log |:”fn(', 0, 1)”H®" r <|:2(b +r)— 7] n+ 1>:|

b 1 (T,
< log (2[2“’“) a]> + lim —1og( (v a))

n—oon (n')z

_ ba
— log (2[2“’*’) “ ]) +log(py.a),

which proves the upper bound for (5.3).

Now we prove the lower bound for (5.3). Let T and T be independent exponential
random variables with mean one. In the following, we will compute E[J,(z, T)] in
two ways, where

Ju(t, 1) = » H,(t,x)H, (', x)dx, t,t >0;
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see (4.6) for the definition of the function H,,. Notice that using the above notation,
(4.8) can be rewritten as

| £ O't”2 _ ! Hy (1. 55 = —— (0.1t
fn('v ’)H®n_W/(‘Rd)n n(v-x) X_W n(’)'

On the one hand, the Cauchy-Schwartz inequality implies that
Ju(t, t/) < I(t, t)l/ZJn(t/, t/)]/2 — t[2(b+r)7bot/a]n/2(t/)[2(b+r)fbot/a]n/2.]n(l, D).

where we have used the scaling property of J,(7,7) inherited from that of
| fnC. 05 1) HH®" as in (3.8). Hence,

E[J,(r.T)] < E I:r[2(b+r)—ba/a]n/2] E [;[2(b+r)—ba/a]n/2] 7,0, 1)

_r ([Z(b—}—r) —ba/aln 41

2
5 )(MW&«@D%W.

On the other hand, by (4.7) and (4.12), we see that

Mh@ﬁﬂz/ / 1o T (1. TydedF
0 0

e
0 2
= / [/ e "H,(t, x)dti| dx =T, (v,a).
Rdn 0

T, (v, a) _ [2(b+ 1) — ba/aln
nh? — 2

Therefore,

2
+0Hﬁumnmm. (5.6)

Now, an application of Stirling’s formula as in (5.2) to see that,
asn — 0o,

~T ([2(b + r) — bajaln + 1) 272G+ —bejanc
(5.7)

2
r <[2(b + r)z— ba/aln N 1)

where C,, = 27'[2(b + r) — ba/a]'/*(27n)'/2. Then an application of (5.5), (5.6)
and (5.7) proves the lower bound of (5.3). Lastly, (5.4) follows from (5.3) and the limit
(5.2). This proves Lemma 5.1. O

Now we are ready to prove part (2) of Theorem 1.6.

Proof of part (2) of Theorem 1.6 The critical case happens when the exponent of n! in
(4.20) vanishes, namely,

=~ 2nw 1
Ol—z[( +r)—1].
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Among the three inequalities in (1.11), we also need to make sure that the mini-
mum is achieved by 7 [2(b +r) — 1], for which, we need to additionally require
5[2(b+r)—1] <dand

%[2(b+r) “1<2a < rel0,1/2).
The reason for having a strict inequality above is our need to apply (5.4) and Theo-
rem 3.5 later on in this proof. Putting these conditions together gives the conditions
stated in (1.12).

We start by proving part (2-i). Let u; for A > 0 be the solution of the SPDE (1.1)
with 6 replaced with A and u = ug. By the hypercontractivity property (see [1, Lemma
B.1]), we have that

forall p > 2,7 > Oand x € RY. (5.8)

lu(t, ) p < Jup-ne. 0|,

Now by recalling Theorem 3.3 and by applying @ = 7 [2(b + r) — 1] and the scaling
property (3.8), we see that

~ 2
ool

Jugp-ott 0] =3 16 = DY nt |

n>0
=Y 10(p - 1" n!|
n>0

=) [16(p— DI" Ry,

n>0

~ 2
ReOD|

- 2
with R, = n!|[ fn(-,0; 1) HHW. By the Cauchy-Hadamard theorem, this series con-

verges for 0t(p — 1) < limsup,,_, |Rn|_1/”. However, by (5.4) and Theorem 3.5,
we see that

1 —_
lim_—log(|R,|) = log (2p) = log (2v=*/“MZ*~/%).
n—-oon

Therefore, lim sup,,_, o, |R,| ™" = Qv=2/a M2/ =1 and |lu(z, x)| , converges
for
1

" 200y — Dyatap Pl Tpi  see(L13).

To show part (2-ii), we use the Cauchy-Hadamard theorem and the same techniques
above to see that the radius of convergence of the series

2
H®n ’

lutr, )13 = Y 0"t | 7, 050)|
n>0
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is precisely 7». This completes the proof of part (2) of Theorem 1.6. O

Lemma 5.2 Assume Assumptions 1.1 and 1.3 hold. Let p be the constant defined in
(3.10). Under condition (1.11), we have that

.1 2
tl;rgo 5 log E(|u(z, x)|7)

2a B (9 )2 o 1)1 . 2(b i ) ba 1
— — a r)—ba—a r) — — — .
2a(b +r) — ba p a

Proof By part (1) of Theorem 1.6, there is an L2(2) solution u(z, x). By the scaling
property (3.8),

E(u(t, )P = > 0" () | a0, 0] 7o

n>0

_ Zen(n!)t(Z(b+r)—ba/a)n | 7,0, 1)”3{@1
n>0

— Z Zn Rnt(Z(bJrr)fbot/a)n
n>0

where

on
(n!)Z(bJrr)*(ba/u)fl '

Ry = () 20+n—bala | 7o, 1)||§{®n and z, =

Notice that (5.4) above says that

! 5 2(b+r)—h7a
—log(R,) — lo _ asn — oo.
e £ (2(b+r) - ba—a> g

Now define R to be

) 5 2b+r) -t
24 - .

We want to find a 8 and A so that

lim 1 logZan" (t(z(b'”)_b”‘/“))n = A.

—oo tB
n>0

Indeed, by the following limit (see [1, Lemma A.3]),

; —1/y NV —
tl_l)rgot log 2(:)(11.) t v, forall y > 0,
n=
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we see that

. 1 2(h+r)—zha/a)—l 1 [(9 R)l‘z(b‘w)*ba/a]n
t—00 (QR)tZ(b-‘rr)—ba/a ‘ (n!)Z(b+r)—(boz/a)—1

nz

=2Mb+r)— (baja) —1,

which, by an easy algebraic manipulation, is equivalent to

1 W [(QR)IZ(b-H)—ba/a]"
lim | v —bara log
t—o0 | t2(b+r)—ba/a (n!)Z(b+r)f(bot/a)—]
n>0
1
= [2(b +r) — (ba/a) — 1](6 R) 2+ -GaTa—T |
Hence,
2a(b +r) — ba

= a1 1) = () —a and A =[2(b+r) — (ba/a) — 1](6 R) %@ B

Finally, an application of [1, Lemma A.2] shows that

o1 2
tglgot—ﬂlogE(W(t,x)l )

a /B a
= @ 2a(b+r)—ba—a 2—(1 pZa([H—r)—bot—a Z(b + r) — b_Ol —1 ,
2a(b +r) — ba a

which proves Lemma 5.2. O

Now we are ready to prove (5.1).

Proofof (5.1) By the hypercontractivity (5.8) and the scaling property (3.8), we see
that for all p > 2,

lute, 013 < Jugp-no. 05 = > @D"0"(p — D" | Fa-. 0, 5] 3o

n>0
- -l
Hence,
lu(t, 0)ll, < Hu (t(p _ 1) T o) Hz = utty, 0, (5.9)

where ¢, is defined in (1.15). Finally, an application of Lemma 5.2 proves (5.1). O
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6 Lower bound of the asymptotics
In this section, we will prove the lower bound of (1.14), namely,

l};r;lgof 1,7 log llu(t, x)l,

(1 2a P
—\2 2a(b+r) — (6.1
<9U—C(/QM )2u(b+r) ba—a (2(b n r) _ ba_a _ 1) '

Through out this section, we assume that Assumptions 1.1 and 1.3, and condition
(1.11) hold.
We start by defining the function W, (¢, ¢) on (0, co) x L2 c(n) by

Wi (2, ¢) —fo /Rd) 1"[¢<sk>1"[fG<sk—sk 1) E e+ Ep(dE)
tl‘l n

k=1
n(d&,)ds. (6.2)

with 59 = 0. We now give conditions under which W,, is well defined.

Lemma 6.1 If the measure w satisfies the relation in (4.13), then W,(t, ¢) is well
defined and for anyd > 1,t > 0 and ¢ € L? ¢ (w). Moreover,

w, d—/ ||¢§ || w(dE) - - - w(dg,).
/() t gt & 1 2|§k st &l @5 ( )
(6.3)

Proof The proof follows the exact arguments as those in the proof of Lemma 6.2 of
[1] except that one needs to use the following Laplace transform:

o0 1
TFG(, - dt = ——;
/O IFG ) Ut =

see the second equation in (4.3). O

The next proposition is a restatement of Proposition 6.3 of [1]. The proof follows
the same proof as that of Proposition 6.3 of [1]. We will not repeat it here.

Proposition 6.2 For f € H,t > 0, and p,q > 1 with p~' + ¢~ = 1, it holds that

1
luz, 0l = exp {—z(q ) ||f||?H} > 0" W (e, Ff) (6.4)

n>0
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and as a consequence, the series |Zn20 O"2W,(t, F f )| converges provided that
llu(z, 0) ||p < 00, which is the case under Theorem 1.6.

Now we are going to apply a scaling argument to (6.4) in order to put ¢ and p
together, from which we can determine the constants ¢, and 8 defined in (1.15).

Proposition 6.3 For p,g > 1, p~' +¢~' = 1 and for any f € H,

lut. 0)1l, zexp{——r*9 IIfIIH} Soomw, (1. 7). (©6.5)

n>0

where the constants B and t), are defined in (1.15).

Proof From Proposition 6.2, we see that for any f € H, the inequality (6.4) holds.
For some constants V, W > 0, which will be determined in this proof, let f;(x) :=
¥ £(t%x) be a scaled version of f. It is clear that f; € H. By some elementary
scaling arguments (see the proof of the Lemma 6.4 of [1]), one can show that

I fellF, = V=MV £, and (6.6)

W, (1, F f,) = o"[V-W(@-a+56+m)]y, (m ,ff). 6.7)

Hence, an application of Proposition 6.2 to f; shows that

1
lu(, 0)], > exp {—z(q ) ||fr||%} > 0" PW (. Ffo)

n>0

I -
= exp {—§<q — Dy IIfII%{}

Zen/z n[V=W((d=)+5B+n) ]y (trb ,]—"f) )

n>0

Comparing the above lower bound with that in (6.5), we obtain the following two
relations with three unknowns W, V and t:

V— w((d—a)+ (b+r)) 6.8)

— ) lAV=dW e _ 5 W (6.9)

(p

Since (6.9) should hold for all # > 0 and p > 2, one can choose T = (p — 1)t to
reduce the relation (6.9) to

4 W+1

P2V=dW)+Wea _ %
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which then gives the following equation
2(V—dW)+Woz=1+%W. (6.10)

Now solve the linear equations (6.8) and (6.10) for W and V to see that

b ba
W=—-(B-1, . 26 +r) - —
a with 8 :=

) .
v:(%(b+r)—a+d);(ﬂ—l), 2(b+r)—’;—“—1

Therefore, the scaling f; and tﬁ should be
fo(x) = (BN ) G (6= ¢ (r§<ﬁ—1>x) and £ = 1ebV = (p — P14,

respectively. This completes the proof of Proposition 6.3. O

To remove the absolute value sign in Proposition 6.3, we want to identify all the
f € H for which W, (¢, F f) is nonnegative. In fact, if we consider the space

H4+ = {f € H : f is nonnegative and nonnegative definite},

then by Plancherel’s theorem, for f € H,

n

Wa(t, F ) = / / [T¢F =@ [ Gk = see1, xx — xx—1)dids
[0,11" < JRrd paliey

k=1
= Un(lv f) >0

with the convention that so = 0 and xo = 0, where we have used the fact that the
fundamental solution G (¢, x) is nonnegative (under Assumption 1.1). Now define

Wa(t):=  sup  Wy(z, F(f)) and Uy(1) := sup — Un(t, f).
FEH If =1 FEHLNf =1

It is clear that W, (t) > U,(¢) > 0.

Proposition 6.4 If T is an exponential random variable with mean one, then

1
liminf — log E(U, (7)) > log(p'/?),

n—-oo n
where p is the constant defined in (3.10).

Proof We start by letting T be an exponential random variable with mean one. With
this,
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oo o0
E (U,(v)) = / e U, (Hdr > sup / e U, (t, f)dt.
0 feH 4, 1 fllg=170

For any f € H, with || flly = 1, by Bochner’s theorem, F f is nonnegative and

nonnegative definite, which further implies that F f is even. In addition, Lemma 6.1
gives us that

/ e U, (t, f)dt :/ e "W, (t, Ff)de
0 0

/ H f(sk)l"[1+2|$+ el ACNRRIC)

Notice that the right hand side of the above equation takes the form as [2, Equation
(3.3)]. By the same arguments that follow in the proof of Theorem 2.3 ibid with the
replacement (4.2), we have that

1
liminfflogf ]_[(ff)(éw]_[ 7 |§k+ gDl 2 log p(F ),
2 n

n—o0o n

where p(-) (check (3.10) for a comparison) is defined as,

h(& +mh(n)

p(g) == sup /g(é)f
Il =1JR? R”’\/1+§I%‘+nla\/1+%lnl‘l

dn | u(d§), (6.11)

L2(R4)

for all nonnegative and nonnegative-definite functions g € L? (u(d€)). Before we
proceed, we first make a few comments:

(1) g € L* (1 (d§)) if and only if F~'g € H. Moreover, lIgll 2, = [ F "¢

(2) For g € L? (u (d§)), g is nonnegative definite if and only if F~ g € H,.

(3) For g € L? (11 (d§)), g is nonnegative if and only if 7~!g¢ is nonnegative definite.

(4) Finding the best nonnegative and nonnegative-definite function g with [|gll 12, =
1 to maximize p(g) is equivalent to finding the best nonnegative and nonnegative-
definite f € H4 with || £l = 1 to maximize p (F f).

(5) p(g) is well defined (i.e., finite) because for any h € L?(RY) with ”h”Lz(Rd) =1,

h h
/ ¢(®) / EEWAOD 4y | e
RI w U4 516+l 1+ S1nle
) 12
h( +n)h(n)

12
5( f g(é)zu(df)) / / dn | e
! R IR 1+ 31 +le 1+ S

=< ||~7:g||7—[ Pva < OO,
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where the upper bound does not depends on 4, and p, , is the constant defined in
(3.10) which is finite due to Theorem 3.5 (see (3.20)).

Note that since both p and g are nonnegative in (6.11), the supremum in (6.11)
has to be achieved by some nonnegative function 4. Hence, we may assume / is also
nonnegative for the remainder of this proof. With this being said, we see that for any
J e Hy with || fllgg = 1,

1
lim inf — log E(U,, (7)) > log p(F f).
n—00 n

We now need to calculate

sup p(Ff).
JeHL N Ip=1

Consider a nonnegative function & € L2(RY). The function A(-) / 1+ %| -4 e
L%2(RY) so that g, (x) := 2m)4/2F~! (%) (x) is well defined. Under these

conditions, g, € Wh4(R?) with

1+ €]

h(E)|>d
1+2|$|“| (&)|7d&

gyt = G f (1 + 519 F g (6) 2ds = /

2
< Cy 125 g < 00

®R4)
Notice that

h(& +nh(n)

J o
R+ 31 + i 1+ Sl

—em [ Fat - nFe-nin

= ) U Fen * Fan) (&),

where we have used the notation that E(x) = h(—x). Since Ah(-) is real valued, we see
that Fg, = F g, = Fgi. Using this and the fact that F(fg) = 2m) ¢ F(f) * F(g),
we see that (277)~4(Fgp, * Fan) (&) = F [1g1*] (§). Hence, from (3.20), we see that
Fen * Fgn € L2 (u(dE)) or equivalently |g;|? € H. Then,

p(Ffy= sup (o) /R FIOFgn» Fa ©u )

1Al 2 ) =1

— ap / FrOFlaPIErE)

1Al 2y =1

= sup (f.lgnl)n

2l 2 gdy=1
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With this we see that

1/2
sup  p(Ff)= sup  sup (fulgal= sup (Igal’. 1gnlP)y,
SEH N flin=1 JEH N fllg=1 IRl 2=1 Al 2=1
(6.12)
where the optimal f is chosen to be |gy|%/ || lgn|? ”H Now we claim that
lgnl® € Hy, (6.13)
which implies that the supremum in (6.12) can be restricted to 4 and
) H\1/2
sip p(FNH= s pFH= swp (el lal),
JEH, I flln=1 feH4 I fll=1 Al 2=1 H
Then notice that
- — h(§ +mh(n)
Fllan*) @) = @m) ™ (Fgn + Fen) €) = f , dy.
R+ 31 + i 1+ Sl
(6.14)

Hence, from (3.10) and (6.14), we see that

2
swp (el o), = s [ R P6) [ w@) = o
12 gy =1 Ho ikl 2 gay=1 IR

which then leads us to the lower bound:
o1 1/2
liminf — log E(U, (7)) > log (pv,a) .
n—oo n
Therefore, it remains to proving (6.13). First notice that from the above we see that

/Rd 17 (191%) (5)\2u<ds> N S

Moreover, since £ is nonnegative, from (6.14), we see that (| gh |2) () is also nonneg-
ative. The Bochner-Schwarz theorem then implies that |gj (-) 12is nonnegative definite.
It is clear that |gp, (-)|? is nonnegative. This shows that | g () RES ‘H . This completes
the whole proof of Proposition 6.4. O

Lemma 6.5 It holds that

1/2

v,a

(2la — %+ 4r))

] o a
lim inf — log [(n!ﬁ(“*ﬁz’)Un(l)] > log

n—-oo n

b
Ga=5+%n

(6.15)
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Proof Let t be an exponential random variable with mean one. Notice that by some
elementary scaling arguments, we have that for all # > 0,

W, (1) = "a @5+ W, (1) and U, (1) = "2 (@~ 5+, (1), (6.16)

which then imply that

E[U,(t)] = E (fn§<a—%+%r>) Uy(1) =T (ng <a - %‘ n %r) n 1) Un(1).

Then by Proposition 6.4,
o1 b o0 a 172
liminf ~ log [T (n2 (a Xy —r) +1) U, ()| = log (pua) . 617
n—-oo n a 2 b ’

Therefore, (6.15) is proven by noticing that, thanks to (5.2),

C(n2(q—2¢+¢ 1
liminfllog< (g (@ =5 +35r)+ )>
n—00 n

(nlye (a=5+§7)
Lol 54 )

where the condition g (a -5+ %r) > 0 is guaranteed by (4.19) (or (1.11)).
We need one last lemma before the proof of the lower bound:

Lemma 6.6 For any k, 60 > 0, there exists a constant ¢ = cy(a, M, k,0) > 0 such
that, by setting n; = [c1t], it holds that

1 [l}—(zya ar a—ia ar
1ilminf;1og(k”f9”f/2U,,,(t))z(kﬁ)z’ b (pi,/f)“ TR (6.18)
— 00

Proof Fix an arbitrary ¢ > 0. Lemma 6.5 guarantees the existence of an N > 0 so
foralln > N,

b o a
n)a @550y, (1) > exp (n(log(R) — €)) = R"e™" (6.19)

where

@ Springer



1249

Stoch PDE: Anal Comp (2023) 11:1203-1253

Now fix a ¢ > 0 and let n; := [ct]. Notice that n; > N, forany t > . := (N + 1) /c.

Fort > t., from (6.19), we have

kn,@n,/Ztg(af%Jr%r)n/
N, =€

K 9mI2U, (1) = kg 2a(@=S+5my, (1) > ;
(n,)a(@=5+57)
(6.20)
Notice that [ct]/t — ¢ as t — oo which means that n;/t — ¢ ast — oco. With this
we can say

1 1
lim inf - log (k”fe”f/ZUn,(t)) — climinf — log (k”’@”’/zUn, (t)) = I(n,).
t—o0 =00 n;

Now, by (6.20), we have that

1 ra(a=5+grm
I(ny) > climinf — log [ (kRV8)" —————— | — ce
=00 n (ny)a(@=5+57)

b
g(a—%-i-%r)n, n;j(a—%-‘r%r)n,

N | t
= clog(kv/OR)+climinf —log | [ — ——— | —ce
=00 ny n (ng)a@=5+57)

b o a b o a
= clog(k\/aR) —c— (a - =+ —r) log(c) + c— (a - =+ —r)
a 2 a 2 b

1 ny!
liminf — log [ —— ) — ce
100 my (n4)!

b b
= clog(kv/6R) — ¢~ (a — % + %r) log(c) + e (a — % + %r) —ce

and letting € tend to 0 we see that

I(n) > c |:log(k\/§R) - g (a - % + %r) log(c) + g (a - % + Zr)] = h(c).

In order to maximize A (c), notice that

a

HE@=0 & ¢ =@/oR) 55

After plugging ¢* and replacing R we arrive at the following inequality

1) = (/) 578 (plf2) 651,

which proves (6.18) after some simplification.

We are now ready to prove (6.1).
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Proof of (6.1) By proposition 6.3, for and p, g > 0 with p’1 + q’l = 1 we have that

lu(z. O)l,» zexp{——rﬂ IIfIIH} > 0" Pw,ah. F .

n>0

We now take the supremum over all f € Hy with || f|l;y = k > 0. Recall that
W,(t, ) = k"W, (t, ¢ /k) for ¢ € Lz(u) and the non-negativity of W, (¢, -) on H .
Letc > 0.

1
lu(t. O, > expy—sihk*t  sup 3 O0"PW(tf. Ff)
FeH L If =k ;>0
1
= exp { —=tPk? sup Zk"G"/ZWn(fg, F1

P
2 FEHL If In=1 120

1
> exp ——tpﬂk2 sup k”’@”’/zU,,, P, )
2 FEH L 1fllp=1

where n; = [ct,f,} ]. Now by choosing ¢ as in Lemma 6.6 we get that

tﬂk 1
B 2'r
hmmft log flu(z, )|, > hm mf 5 log
1, tp

[ sup  KMOM U, (ef, f)D
FeHs 1 ll=1

= —%kz —+ k2ab7§(ll7+2ar (p@) 2ab70?b+2ar = h(k)

By maximizing 4 for k > 0, we see that & is maximized at the point

2ab—ab+2ar

—2[2ab—ab+2ar] a
with B = (Qp) 2ab—ab+2ar |

o — 2ab — ab 4+ 2ar
N 2aB

Inserting k* into h gives us that

h() = BP 2a B (2ab —ab+2ar —a
B 2ab — ab + 2ar 2a

and plugging in the value for B proves (6.1). O
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7 Appendix

Proofof Lemma 3.4 In this proof, u(dx) = @(x)dx = Cy4lx|"“"¥dx. By the
change of variables x’ = (v/2)!/% x and y’ = (v/2)!/% y, we see that

2
+
poa(I-17%) = sup f / SRRV
171, 2gay=1 /R | JRY \/1 + 3lx +y|"\/l + 5yl

b —aa () @+ ) £(3) 7)oy -asa
-(3) P /Rd [fw ST Ix TP/ [y (3) dy}

112 gdy=1

2

@(x)dx.

By setting f*(x) = (v/2)"4/@ f ((v/2)7"/4 x), we see that

,o, vy —e/a [ +y) ) T
v,a . =\5 d d
pra (1-17°) <2) ||f||LSzl:ﬂ§d)=1fRd[ R VTF X T PT Tl Pl

:(E)_a/a sup / |: IR R ) dyi|2<p(x)dx
2 1f*l=1 JRd LJRe /T4 Tx + Y@/ T+ [y[@

=(3) " o 117,

where the second equality is due to the fact that [, f(x)*dx = [p4 f*(x)>dx. Then
an application of (3.16) proves (3.18).
Similarly, for (3.21), by change of variables E;(j) = (v/2)!/e &5(j)» we see that

2
1 >
lim —1 d
nggon 8 (n’)2 /(Rd)n (Z 1_[ 1+ 2|Z} kfa(J)W) s

oeX, k=1

2

11(d§)

Il
=
2
I
—
S
ot

n
1 (u)—na/a/ 1_[
o 2\5 - a
n—o0 1 (nh? \2 ®)" | S i 1+ ‘Z'}:k & (j)

11 (d§)

I
=)
[}
| —
—
N <
~—
|
J
S~
Q
I
+
=
=t
85
3
—
(=)
Q

1 z 1
o [ | o
(n!) (R9) ces, k=1 1+ ‘Z?’:k sa(j)

= log ((%)”) +1og (P2 (1+17)) = 1og (pra (1-17))

where we have applied (3.15) and (3.18). This completes the proof of Lemma 3.4. O
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Proof of (4.9) Starting from (3.5), by the change of variables ¢/ = #; /c and the scaling
property in (3.7), we have that

k
Fheoen. 6= [ (1760 —n o [ X6 |ar
(0.ct12 =y =1
k
= [ TG w0 (X |
(0.1 =y =1
n k
:/ ch“*l]:G(tkH—tk,-) cb/“z.éj cdf
(0,61 -

< k=1

where in the last line we applied (3.6). Now,

k
F (-, 0,et)&r, -+ &) / HC”” VFG (tr1 — 1k, +) Cb/“ZEj cdr
0,11 .
j=1

I% k=1

= ML (0,0 (Mg, Pl ),
from which we see that

/ | Tl 0,02y dr = / f|ffn(0:)(51,---,sn>|2u<d§>dz

/ / F T 0: 20 - . &) (B ) 2 dt

:22n(b+r)/ 264;/
0 Rnd

where in the last line we have applied (3.7). Now,
o ~ ) o
/ ! H fn (-, 0, t)”H@" dt = 22n(b+r)/ 22
0 0

/]’{n d

2n(b+r) * -2t = —nbd nh(d ) -
=2 0 2 Rnd |ff”(’ 0’ t)(%-lv te gn)| 270 2 a M(dg )dt

FT(,0,0@%,, - 2P ua ar

FTo 0.0 %, . 225 1 yar

where the last line follows from a change of variables and recalling that M(dg ) in
(3.17). Lastly,

o - ) 00
/ ! ” fn(-,0,1) HH®n dr = 22n(b+r) / Ze_Z’
0 0

nbd

/RM | F T 000 - )P 275 2" u(dE
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— o Q2(b+r)—ba/a) f
0

2 /Rnd [FIaC 000G, 60| (e ds

2n(2(b+r)—ba/a) 00
_ —2t N2 12
—f 2e H,(t, ¥)2dxdr,
0 Rnd

(n!)?
which proves (4.9). O
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