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Abstract This paper studies the stochastic heat equation driven by time fractional
Gaussian noise with Hurst parameter H € (0, 1/2). We establish the Feynman—Kac
representation of the solution and use this representation to obtain matching lower and
upper bounds for the L? (£2) moments of the solution.
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1 Introduction

As pointed out by Zel'dovich et al. [20, p. 237], intermittency is a universal phe-
nomenon provided that a random field is of multiplicative type. Intermittency is
characterized by enormous growth rates of moments of the random field and it has
been intensively studied in the past two decades for stochastic partial differential equa-
tions of various kinds; see, e.g., [1-7,9]. These growth rates both depend on the noise
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structures [1,9] and also on the partial differential operators [5,7]. In the literature, the
noise is either white in time [2—7] or more regular than the white noise [1,9]. Little
is known about the intermittency for the case when the noise in time is rougher than
the white noise. This latter fact motivates this current investigation. In particular, we
will study in this paper the intermittency property for the following stochastic heat
equation subject to a noise which is rougher than the white noise in time,

9 1 9
Eu(t,x) = zAu(r,x) +u(r,x)5W(z,x), t>0,xeRY,

u(0, x) = uo(x),

(1.1)

where ug is a bounded measurable function. W = {W(¢,x), t > 0,x € R4 } is
a Gaussian random field, which is fractional Brownian motion of Hurst parameter
H € (0, 1/2) in time and has correlation in space given by Q(x, y):

E[W(@, x)W(s, y)] = % (IZH B s|2H> 0(x, ).

We assume that Q(x, y) satisfies the following two conditions:

(H1) There exist some constants & € (0, 1] and Cy > 0 such that
Q(x.x)+ 0(y,y) —20(x,y) < Colx — y[**, forallxandy e RY. (HI)
(H2) There exist some constants 8 € [0, 1) and C, > 0 such that for all M > 0,

Q(x,y) = CoM*¥,  forallx, y € R? with min (lxi| A lyil) > M, (H2)
1=

.....

where a A b := min(a, b).

It is known that Feynman—Kac formula/representation for the solution is a powerful
tool for studying the moments of the solution; see [3,6,9]. Hence, the first challenging
problem in this paper is to establish the following Feynman—Kac formula for the
solution to (1.1):

t
ut,x)=EB [uo(Bf)exp/ W(ds, B, ] (1.2)
0

where B = {Bf = B, +x, t > 0,x € R?} is a d-dimensional Brownian motion
starting from x € R?, independent of W, and the expectation is with respect to the
Brownian motion. Hu et al. [11] established this representation (1.2) for the case
where H € (1/4,1/2). In this paper we will improve their results by allowing the
Hurst parameter H to be any value in (0, 1/2). More precisely, we will show that, for
any H € (0, 1/2), if condition (H1) holds and 2H + « > 1, then the solution to (1.1)
is given by (1.2).

We interpret the solution (1.2) in the weak form, where the integral, instead of being
a pathwise integral, is a nonlinear stochastic integral in the Stratonovich sense; see
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Intermittency for the stochastic heat equation driven by a . ..

Definition 3.5 below for the precise definition and see also the recent work by Hu and
Lé [10] for the case H > 1/2. We remark that for H > 1/2 the uniqueness of the
solution can be proved using Young’s integral; see, e.g., Section 5.2 of [9]. For the
current case, this might be done using the rough path analysis, but we will not pursue
this property in this paper.

Using this representation (1.2), we are able to show that for some nonnegative
constants C, C, Ex and C , the solution to (1.1) satisfies the following moment
bounds

f 2Hip K _ = —, 2=a 2Hte
C.exp(CkTre 7 ) < ]E[u(t,x) ] <Crexp( Chize = (1.3)

forallt > 1 and k € N, where we need to assume condition (H2) and inf  cga ug(x) >
0 to establish the lower bound. When o = B (see Remark 1.1 below for one example),
our exponents in (1.3) are sharp in the sense that one can define the moment Lyapunov
exponents

_ . _2H+a X
my(x) ;== limsupt~ T-« 1ogE[u(t,x) ] and

t——+00

.. _2H+a k
my(x) :=liminf ¢t~ -« logE [u(t, X) ] ,
—+400

and establish easily from (1.3) that

k=6 < inf m,(x) < sup g (x) < Ckizs, forallk > 2. (1.4)

d
xeR xeRd

Therefore, this solution is fully intermittent [3, Definition III.1.1].

Remark 1.1 1If d = 1 and Q(x, y) is the covariance of a fractional Brownian motion
{ B, x € R} with Hurst parameter ® € (0, 1), i.e.,

1

0(x, y) = E[Bfo] =2

(1120 + 1920 = 1x = y29),
then it is easy to see that both conditions (H1) and (H2) are satisfied witho = § = ©
and (1.3) becomes

2-0 2H+6

C . exp (gk1—~z 1—@') < E[u(t,x)k] <Crexp (kar%@o). (1.5)

QT

The proofs of both upper and lower bounds in (1.3) use the Feynman—Kac rep-
resentation (1.2). While the proof of the upper bound follows from some standard
arguments, the proof of the lower bond is more involved and it is very different from
that of the upper bound. We will use a representation of Q as the covariance function
of a Gaussian process and then apply an moment inequality, by Mémin et al. [15], for
the related stochastic integral; see Lemma 4.3 below. Note that, since this inequality
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holds only in one direction, this technique is valid only for establishing the lower
bound.

There is an extensive literature on the Feynman—Kac formula for stochastic partial
differential equations under various random potentials. We refer interested readers
to the references in [11-13]. Hu et al. [13] proved that if the random potential
W = {W(,x),t >0,x € R4 } is a fractional Brownian sheet with Hurst param-
eter (Hy, Hy, ..., Hy) that satisfies

d
Hye(1/2,1),i=1,....d, and 2Ho+» H;>d+]1, (1.6)

i=1
then the solution to the following stochastic heat equation

ad—H

9 |
2wt x) = —Au(r, fX)——  W(t,x), t>0, x €RY,
ar (00 = Ault. ) Fult, )y e Wt X, 1> 0, x (1.7)

u(0, x) = uo(x),

admits a Feynman—Kac representation

t
u(t, x) = E? [uo(B;‘)exp ( f / 8(Bis =) W(ds,dy)ﬂ,
0 JRd

where B is a d-dimensional Brownian motion (the same as B in (1.2)), independent
of W. In this framework, condition (1.6) implies that Hy > 1/2.

In order to handle the case where Hy < 1/2, one may impose better spatial
correlations. When Hy € (1/4, 1/2), Huetal. [11] established the Feynman—Kac rep-
resentation for (1.2) with a similar spatial covariance Q(x, y) that satisfies a growth
condition (see (H3) below) and is locally y-Holder continuous with y > 2 — 4 Hj.
Notice that the fact that Q is a covariance function implies that there exists a Gaussian
process ¥ = {Y(x),x € R?} such that Q(x, y) = E[Y (x)Y (y)]. Then it is natural to
assume some sample path regularity of ¥ through the following condition

E[(r@) - Y())?] = Colx = v, (HI)

Because Y is Gaussian, (H1’) implies that Y is a.s. y-Holder continuous for all
y < a. Clearly the two conditions (H1") and (H1) are equivalent. Then under (H1)
(or equivalently (H1”)), we are able to establish the Feynman—Kac formula for any
Hy € (1 —a)/2,1/2). Note that « can be arbitrarily close to one by choosing O
properly; see Remark 1.1 for an example.

The above representation of Q using Y implies a growth condition of Q, which is
listed below for the convenience of later reference,

(H3) There exists a constant C; > 0 such that for all M > 0,

10(x, y)| < C1(1+ M)™, forallx,y e R? with |x]|, |[y] < M.  (H3)
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Intermittency for the stochastic heat equation driven by a . ..

When the space R? is replaced by Z¢ in (1.1), the Brownian motion B in (1.2) should
be replaced by a locally constant random walk. Kalbasi and Mountford [14] recently
studied this case and established the Feynman—Kac formula for any Hy € (0, 1).

It is interesting, even formally, to compare the exponents obtained in this work
with the previous ones. Hu et al. [9] recently studied (1.7) with the noise having the
following covariance form

E[WE, 0)W(s, »)] =y —s)Alx —y), (1.8)

where W := %, see also a closely related work by Balan and Conus [1]. Under

the condition that for some constants cq, Cop, c¢1, C1, « € (0, 1) and o € (0, 2),
colt]| ™ <y(@) < Colt|™ and ci|x[77 < A(x) < Ci|x[7°, (1.9)
it is proved in [9] that
Cexp (gk%’z%) <E [u(t, x)k] <Cexp (Ek%r%) . (1.10)

The noises for both equations (1.1) and (1.7) (with noise (1.8)) are similar in time. Our
noise formally corresponds to the case k = 2 — 2H, where the condition ¥ € (0, 1)
imposed in [9], implies that H € (1/2, 1). However, after substituting « by 2 — 2H
in the exponents of (1.10) and comparing the following two exponents,

20 2Hta | 2-0/2 2H-0]2
k1=« ¢t T-e in (1.3) and kT=0/2 t T=0/2" in (1.10),
(1—a)/2<H<1/2 1/2<H<1

we immediately see a mismatch of the sign in the exponent of ¢ if one takes
o = 2a. In both cases, no matter whether H > 1/2 (the positive correla-
tion case) or H < 1/2 (the negative correlation case), the larger value the
parameter H has, the more correlations the noise produces, and the larger expo-
nent of + we have and hence the larger moment we obtain. If we formally take
H = 1/2 in both cases, we have t1+®/(1=® for (1.3) and ¢ for (1.10), where
the latter case is what one usually expects for a noise that is white in time. Nev-
ertheless, this mismatch of the sign makes the exponent of # in our case always
bigger than one. This discrepancy is due to the different natures of these two
noises in space. Our noise in space is nonhomogeneous and the function x
Q(x,x) is finite at the origin but has a growth rate at infinity. On the other
hand, the noise with A in (1.8) is homogeneous and it is singular at the origin
but decreases to zero at infinity. Nevertheless, in both cases, the exponents of k
depend only on the spatial correlations. Moreover, when ¢ = 1 (noise is white
in space for (1.7)) and ® = 1/2 in (1.5) (the case when Q is a correlation
function of a Brownian motion; see Remark 1.1), both exponents of k are equal
to 3.

@ Springer



L. Chen et al.

Throughout this paper, denote oy = 2H(2H — 1), which is negative for H €
(0,1/2). Fort, s € R, denote

1
Rig(t.s) =5 (|z|2” 5P — e —s|2H). (1.11)

Let ||-]|, be the xk-Holder norm and C* ([0, T']) be the set of x-Holder continuous
functions on [0, T].

This paper is organized as follows: In Sect. 2, we define the stochastic integral in
(1.2) through approximation and derive some properties of this stochastic integral. In
Sect. 3, we first make sense of expression (1.2) by showing that the stochastic integral
in (1.2) has exponential moments. As a consequence, we derive the upper bound of
(1.3). Then we validate that (1.2) is a weak solution to (1.1). The lower bound in
(1.3) is proved in Sect. 4. Finally, some technical lemmas are proved or listed in
“Appendix”.

2 Stochastic integral with respect to W

In this section, we introduce the stochastic integral with respect to W that appears in
(1.2) and prove some useful properties. The integral is defined through an approxima-
tion scheme, which requires an extension of the noise W from¢t > Otot € R, i.e.,
W={W(,x),teR, x € Rd} is a mean zero Gaussian process with the following
covariance

E[W(, x)W(s,y)] = Ry(t,s)Q(x,y), forallt,s € Randx,y € RY.

Definition 2.1 Given a continuous function ¢ : [0, T'] — RY, define

t t
/ W(ds, ¢5) := lim/ W€ (s, ¢g)ds,
0 e—0 Jo
if the limit exists in L2(2), where

We(s, X) = (26)71 (W(s+e€,x)—W(s —e€,x)). 2.1

The aim of this section is to prove the following Theorem 2.2 and Proposition 2.4.
Denote

~ 1
Qu,v,¢,v) = 3 [Q(Du, Yu) + Q(Pv, Yv) — Q(u, Yv) — O(do, Yu)].

Theorem 2.2 Assume that Q satisfies condition (H1). Then for all 0 < t < T and
¢, ¥ € C([0, T]) withax + H > 1/2, the stochastic integral I; (¢) := f(; W (ds, ¢5)
exists and
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Intermittency for the stochastic heat equation driven by a . ..

t
ElL @)L ()] = H/O 0>~ [ 0o, ¥0) + Q(¢r—0, Yi—0)] dO

t 0
_aH/ / P2H20(0,6 — 1, ¢, y)drds. 2.2)
0 JO

Moreover,

t
E[L @) ()]l <H /O 0210 (o, Yo) + Q(dr—6. Vi—0)] dO

lag|Co [ (7 Hp_
+ = /0 /0 12109 — po—r|* 1Wo — Yo |*drde

2.3)
§C¢,wl‘2(H+aK)+C$,[/,12H, (24)
where
H( —2H)Collollg 1y
Corp = MO Wl g e ) o= €1 (14 110 v 11 1100)

2(H 4+ axk)2(H + ak) — 1)
and the constants Cy and Cy are defined in (H1) and (H3), respectively.

Remark 2.3 By symmetry,

1 % t t
/ / r?H200.0 —r, ¢, W)drdézl/ / = o720, v, ¢. ¥)dudv.
0o Jo 2Jo Jo 2.5)

Therefore, (2.2) can be equivalently written as
t
BLL@ D1 = H [ 0G0 [+ ¢ =92 as
loess| [ [ 2H-275
t— lu — v O(u, v, ¢, ¥)dudv, (2.6)
0 Jo

and similarly,

t 0
/0 /0 12109 — po—r|* 1Wo — Yo |*drde

L[t
=5 /0 /O lu = P72y — ol Y — Yro|*dudv. @7
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Proposition 2.4 Suppose ¢ € C“([0, T]) withax + H > 1/2. Then forall0) < s <
t<T,

t Ky 2
E[([ W(dr,qsr)—f W(dr,qsr)) } <C' (14 19llo)™ (¢ — )*
0 0

+C" 1112 (1 — s)* AT (2.8)

where the constants C' and C" dependon H, T, o and k. As a consequence, the process
X; = fot W (dr, ¢) is almost surely (H — €)-Holder continuous for any € > 0.

The proofs of Theorem 2.2 and Proposition 2.4 require some lemmas. Denote
l .
Ic($) = / We(s, by)ds.
0

By (3.2) of [11], for ¢, ¥ € C([0, T]),

t t
E [Ir.e(@)15(¥)] =/0 /o Q(bu, Y) V2§ (u — v)dudv

1 otoe
=5/0f0 [Q(¢9,1ﬁ0—r)+Q(¢9—r,1ﬁ9)]V€%§1(r)drd9,

2.9)
where

|
v = (|r+e+8|2H+ r—e— 8" —|r —e45P2H — |r+e—5|2H).

’ €
(2.10)

Lemma 2.5 There is some constant Cgy > 0 such that forallr > 0, € > § > 0,
V2 (1) Lge ooy (r) < Coy 1?72,

Proof Because r > 4e¢ > 2(e + ), we seethatr £ € £§ > 0 and

1 1 1 B
Vi) = Z/ f ap(r + ne + £8)*12ded.
—1J-1
Because

5\ 2H-2 §\2H-2
(r—i—ne—i—fES)zH2=<1+n€+g ) r2H2§<1—6+ ) p2H=2

r r

1 2H-2
< (1 _ 5) p2H=2 _ p2=2H 2H-2
we have that Vﬁ? (r) < 2>72HH©QH — 1)r?"~2 This proves Lemma 2.5. O
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Lemmg 2.6 Ify : [0, T] — Risabounded function, then either for J(r, 0) = v ()
or for Y (t,0) = ¥ (t — ), we have that

t 0 t
/de @(t,e)/ dr Ve%gl(r)—ZH/ U(t,0)02771d0| < 411yl (e + 8)2H.

0 0 0
2.11)

Proof The case 1//}(1‘, 0) = ¥ (0) is proved by Hu, LuAand Nualartin [11, Lemma 3.2].
Their arguments can be easily extended to the case ¥ (¢, 0) = ¥ (t — 9). O

Lemma 2.7 For some constant Cy > 0 and some o € (0, 1], (H1) holds if and only if
1Q(x, u) + Q(y, w) — Q(x,w) — Q(y, u)| < Colx — y|*lu —wl|*, (2.12)

forallx,y, w,u € R4,

Proof Since Q is a covariance function, one can find a process {Y,, x € R?} such that
QO(x,y) = E[Y,Y,]. Then the left-hand side of (H1) is equal to E[(Y, — Yy)z] and the
left-hand side of (2.12) is equal to [E[(Yy — Yy) (Y, — Yy)]|. With this representation,
the equivalence between (H1) and (2.12) is clear by the Cauchy—Schwarz inequality.

m}

Proof of Theorem 2.2 Throughout the proof, we use C to denote a generic constant
which may vary from line to line. Notice that

[Q(@0. Vo) + Qo1 V)] = —0(0.6 — 1. ¢. )

N =

1
t3 [Q@s, ¥o) + Q(Po—r, Yo—r)] . (2.13)

By (2.12) and by the Holder continuity of ¢ and v, we see that

-~ C C
06,6 = r.¢. 9| = 165 = do—r[* 1o — Wro—r1* = S IBIIZ IWILE %,
(2.14)

forall0 <r <6 < T. Hence, using (2.9) and (2.13),

t ]
'E [ e @15 ()] + o /0 /O P2H25(0,0 — r, ¢, y)drde

t
—~ Hfo 0771 [ (. ¥o) + Q(br—o. ¥i-0)] de‘

=

t 0 .
/ f 0.0 —r.d. %) (vggl(r) - aHr2H—2) drd@'
0 JO
t 0 t
+ % ‘ fo /0 0. Vo) V2§ (r)drdo — 2H /O 0> 0(¢, I/fg)de‘
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V / O Bo—r, Vo—r)V, ?(r)drde—ZHf 0211 O (¢pr—p, Vi—p)db

=1 2.3
1+ > + 3
We claim that

lim 1, =0, i=1,23. (2.15)
€,0—0
Therefore, we have that
t
Jim B [1 () 1s(0)] = H /0 0211 [Q(go. Vo) + Q1. Yi1—0)] O
t 6
—aH/ / rPPH200,0 —r, ¢, ¥)drdo.  (2.16)
0 JO

When ¢ = ¢, this implies that {/; ¢, (¢), n > 1} is a Cauchy sequence in L2()
for any sequence €, | 0. Therefore, lim¢_.¢ I; (¢) exists in L2(2) and is denoted
by I;(¢) := fé W (ds, ¢5). Formula (2.2) is a consequence of (2.16). As for moment
bound (2.4), by (H3) and (2.14),

C t 0
B @) = Z20 g1y i /O /0 P2t 2H-2 4, 4g

t
41 (14 1l v ¥ llo)™ <2H)/0 62H 14

_ Colan| llglIg [1y|Ig 2+

200 2H

Therefore, it remains to prove (2.15), which will be done in the following two steps.
]
Step 1. We first prove (2.15) for I;. Notice that I} can be decomposed as

I

t %
5/ 06,6 —r, ¢, 1//)( 2H () — ZH_Z)drdQ‘
0 J4e

+

t 4e
/ 00,60 —r, ¢, ) (vgg'(r) —aHrZH—Z) drd@‘
0o Jo
= I+ o
Notice that for r > 0,

2H 2H-2
6hm Vs (r) =agr .

Because H + ax > 1/2, by Lemma 2.5 and (2.14), we can apply dominated conver-
gence theorem to see that
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lim 7;; =0.
€,6—0

As for I 2, we see that

t

4e
Lir= do 0.6 —r, o, V) (V2 r) —ayrfi- 2) dr
0 0

C t 4e N
5—/ d@f dr Q0.0 —r, ¢, 9)|
€ Jo 0
1
x/ dy [Ir =+ 8P 4 i+ e 4 8y o272
-1

Then by (2.14),

C o oy 4e 1
Iy < oIl 111l / drrZ“K/ dy
0 —1

€

x [Ir =+ 8y PHT 4 |r e 4 oy P! 4 er2 2]
4de
<Cl|pll ||1/f||zrez°‘“‘1/ dyf dr
—1 0
x[|r—e+8y|2H 1+|r—|—e—i—5y|2H 4 2H*2].
Because € > 6 > Oand y € [—1, 1], we have that
4e
/ dr [Ir + €+ 8yPH~! 4 2] =/ dr [+ e+ 831 4 er2i2]
0 0
< C[(5e +8y)*H + 21 < ¢ 215

and because € — §y € [0, 4¢], we see that

4e €—38y 4e
/ drlr—e4sy[?7! =/ dr (G—By—r)zH_l-i-/ dr (r — e 4+ 8y)*~!
0 0 €~5y

1
=0z [(e — 521 4 (Be + 8y)2H] <cét,
Hence,

Iip < ClIglI% |y||& ¢ 2142k,

Therefore, the condition ek + H > 1/2 implies

lim I;,=0.
€,6—0
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Step 2. Now we prove (2.15) for 1> and I3. The case for /5 is true due to Lemma 2.6.
As for I3, notice that

AheﬁiwQ@$%¢%AW?U>=AﬂhK§v{[ﬁeQw%hw%»
5[Wﬁﬂmfﬁmmwm>
=EMQ%wq[ﬂWﬁﬁm
=Aﬁew@wwﬁwAaV@ﬁm

Hence, one can apply Lemma 2.6 to prove (2.15) for /3. This completes the proof of
Theorem 2.2. O

Proof of Proposition 2.4 'We only need to prove that

t Ky 2
E[U Wer, 4»)—/ Wedr, ¢r)) } < C (14 lIplloo)™ (7 = )*M
0 0
+ C" 19112 (¢ — 5)2HFe) - (2.17)

Then (2.8) follows from (2.17), Theorem 2.2, and Fatou’s lemma. By the arguments
in the proof of [11, Proposition 3.6] and by denoting ¢; = ¢, we see that

r. s, 2 t—s %
E |:(/(; Wedr, ¢r)_/; wedr, ¢’)) :| =‘/0 d@/; dr Q(¢s+o, ¢x+97r)vez,g(r)
t—s 0 A .
:/(; dg/(; d}" Q(¢9s ¢97}’)Ve,e (I")
t— 1—s
= fo [ 0G40Vl - vyuay
=E[12.)].

where the last equality is due to (2.9). Finally, after passing to the limit using (2.16)
and then applying the bound in (2.4), we complete the proof of Proposition 2.4. O

3 Feynman-Kac formula and upper bound of moments

In this section, we will establish the Feynman—Kac representation of the solution to
(1.1) and obtain a upper bound of its moments.

3.1 Feynman-Kac integral and its moment bound

The goal of this part is to prove the upper bound in (1.3).
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Theorem 3.1 Suppose that Q satisfies condition (H1) with 2H + o > 1 and uyg
is bounded. Then for all t > 0 and x € RY, the random variable f(; W(ds, B
is exponentially integrable and the random field u(t, x) given by (1.2) is in L?(S2)
for all p > 1. Moreover, for some constants C = C (d, H, a, ||uollso) > 0 and
C,=Ci(d, H,a, ||u0||oo ,x) >0,

2—a 2H+a )

E [|u(t, x)|k] < Cyexp (Ckm =

forallt > 1, x e R and k € N.

Notice that since the trajectories of the Brownian motion {B;", t > 0} are Holder
continuous of order « for any k < 1/2, the stochastic integral fol w (ds, B S) is well
defined due to Theorem 2.2. We first prove some lemmas.

Lemma 3.2 Suppose that « € (0, 1]and 2H + o > 1. Let

1,1
U= / / | By — By|**|u — v)*"2dudv, (3.1
0o Jo
where B, is a standard Brownian motion on R?. Then for some constant Cy g, > 0,
1
E [e)‘U] < Cq.d.H €Xp (Ca,d,H)\ﬁ> , forall x> 0.
Proof Notice that

E[1B. = Bu"| = B[ 1Bu-o ] = lu = v E[ 151" ]
= C42°"I'(d/2 + na)|u — v|*".

By Minkovski’s inequality,

1 1 1/n n
E[U"]E[/ / E[1B, — B, |u—v|2H—2dudv]
0 0

1 1 n
- [/ / [Ca2%" 1 — v[*"T'(d/2 + an)]"" |u — v|2H2dudvi|
0 0
= C2°" YT (d/2 + an),

where

1 pl
2
Y= / / lu — v qudo = .
o Jo QRH+a—1)2H + @)

By Lemma 4.4, we see that for some constant Cy, 4 > 0,

I'(d/2 + an) - Cod
n! “TI(@B-d)/)2+ 1 —-a)n)’

forall n € N.
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Notice that d > 1 implies that (3 — d)/2 < 1. Hence, by Lemma 4.6, we see that for
some constant Cy g, 5 > 1,

o0
E[e’Y] = —E U"] c 29 (d /2
[e*™] nXE) 0 nX(:) d (d/2 + an)

knzanTn
=< Ca,d Z
ZT(G—d)j2+ (1 —am)
< Cad.n &P (Cat, 277 (227177 )

for A > 0. This proves Lemma 3.2. O

Lemma 3.3 Let B, be a standard Brownian motion on R? and W = SUPseo.1] | Bs -
Then for all o € [0, 1), there exists some constant Cy g > 0 such that

E [ex(1+W)2“] < Cy.q€xp (Ca,d Aﬁ) , forall x> 0.

Proof By Fernique’s theorem (see, e.g., [8, Theorem 4.14]), for some B; > 0 it holds
that

Eexp (ﬂW2> < oo forall B < Bg,.

Apply the inequality ab < p~'a? 4+ ¢~'b% where a,b > Oand 1/p 4+ 1/g = 1 to
see that

E [e/\(1+w>2“] <E [el"(ﬁ)[)+q‘a‘1<1+w>2‘“f}

Then the lemma is proved by choosing ¢ = 1/a, p = 1/(1 — «) and a sufficiently
small such that g ~'a¥ < By. O

Proof of Theorem 3.1 Let u(t, x) be the random field given by (1.2). Without of loss
of generality, we may assume that uo(x) = 1. Notice that

E[u(l,x)k] EVES exp Z/ ds B”

:]EBexp —IEW Z/ ds B]x

1 t
=TEPexp EZEW[/ dsB,”‘Y st Bjx:| ,
0

3.2)

(=)
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where {Bf Yot > 0}, 1 < j < k, are independent Brownian motions on R4 starting
from x. By (2.3),

o

k
Colo Loty .
E [u(r,x)k] <EBexp Z 0|4H| f / B, — B*
i j=1 0 JO
. . o
x |Bi* — Bl |u— v 2 dudv

k
H " ooH-1 ' jx 3 jx
5 20 [ o (i 5+ 0 (5% 51%) a0

i,j=1
Then by Cauchy—Schwarz inequality,

o .
Bt

’ £ Colanl [ [
]E[u(t,x)]f]EB exp E //
— 2 0 Jo
i,j=1
1

i,x i,x
Bi* — B
/2

. o
—B>*| u — v 2dudv

v

k t ) )
xEB |exp{ H Z/ g2H-1 [Q (Bé’x,Bé’x)
i, j=170
1/2

40 (Bffe, Bjj;)] o

— (EB (1, EP [12]>1/2

Step 1. We first consider EZ [I1]:

20 . .
+ |By" — B

v

i,x _ pix
Bu Bv

k
EB[]1]<EBeXp ZM/t/II:
- 4 0 Jo

i,j=1

20
|u

—v|2H72dudv
i,x i,x
Bu - Bv

k t pt
:IEBexp{21CQkZ|aH|/ /
i=1 070

t t k
— []EB exp <2_1C0k|aH|/ / |By — By|**|u — vle_zdudv>:| ,
0 JO
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where {B;,t > 0} in the last line is a standard Brownian montion on R4, By change
of variables u = tu’ and v = rv’ and by the scaling property of Brownian motions,

t pt 1 1
w — By u—v|“"  “dudv =1t ;) — ’ u —v “Cdu’dv
|B B |2a| |2H 2dd 2H |Bm B[v |201‘ ’ /|2H 2d "dv’
0 Jo 0 JO

. 1 1
inlaw 2H-+a / / |B, — By %’ — v/ PH2du’dv’.
0 Jo
Hence,

t t
EB exp (2—1c0k|aﬂ|/ / |By — By|**|u — v|2H—2dudv>
0 JO

= EP exp (27! Cokla| 274U ),

where U is defined in (3.1). Then apply Lemma 3.2 to 8 exp (2_1C0k|aH | 12H+e U)
to see that for some constant Cy 4. g > 0,

EB 117 < Co.d.H €Xp (Ca,d,Hk%tlejxa) , forallt > 0.

Step 2. Now we study E[1,]. Set ||B*||__ , = supy,~, | By |. By condition (H3),
k
(L] <Efexp | HCy Y [(1 n HB’”X

20
) )
i,j=1
20 t
f 0*"~1do
00,1 0

k 20
S]EBexp (Clkt2H2<1+H3i’x ) )
00,1
i=1

2 k
= [BZ exp (Cik 2 (1+ 1x] +1Bl1e.)™) |

+ <1+HB/"‘

where {B;, t > 0} in the last line is a standard Brownian motion on R4, By the scaling
property and ¢ > 1, we see that

EP exp (Cuk 2 (14 Ix] + 11Bll) ™)
< EB exp (Clk 2H+e (1 + x|+ ||B||oo,l)2a)

<exp (c;k z2”+“|x|2“) E® exp (c;k P2HR (] 4 ||B||oo,1)2"‘) .

By Lemma 3.3 with A = Ckt*/%  we have that

E¥ exp (Cik 274 (14 11Bllo.1)™) = Caa exp (CaakTo1 75 )
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Then, by the fact that# > 1 and k > 1, we see that

Cy .4 €Xp (Ca,dkﬁt e ) = exp (Ca,dkﬁta’{—? + log Ca,d)

, 1 2H+a
< exp (Ca gkT=at 1=a ) ,

where one can choose C&,d = Cq,q + log (Ca,d \% l). Therefore,

2—a 2H+a )

E[L>] < exp (C{k2 t2”+“|x|2“) exp (c;,dkm; =

By the inequality ab < p~la? 4+ ¢~ 'b? with a = k*>t?H+ b = |x|?*, p = 2(2110;)
and g = ZTT"‘, we see that

2H+a)2—«a

2—a )
exp (Cik2 t2H+°‘|x|2"‘> < exp (Ci’kla to2-o 4 Ci”|x|2(2_°‘))

2—a  2H+a )

< exp (Ci”|x|2(2_°‘)> exp (Ci’km t T

2—a 2H+a
=: Cl, 4.« €Xp (Ci’klfa t 1= ) .

where the second inequality is due to ¢ > 1. Therefore, for some constants Cy 4 x > 0
and Cy g > 0,

EB[1]/2 < Cyq.xexp (ca,dk?—;ﬁ tzf%“) forall 7 > 1.

Finally, Theorem 3.1 is proved by combining the results in the above two steps. O

3.2 Validation of the Feynman-Kac formula

In this part we will show that u(¢, x) is a weak solution to (1.1).

Definition 3.4 Given a random field v = {v(z,x), t >0, x € Rd} such that

t
/f [v(s, x)|dxds < oo a.s.forall r > 0,
0 JRrd

the Stratonovich integral is defined as the following limit in probability if it exists

t
lim// v(s, X)W (s, x)dsdx,
0 JRA

e—0

where W€ (z, x) is defined in (2.1).
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Definition 3.5 A random field u = {u(t,x), t > 0,x € Rd} is a weak solution to
(1.1) if for any ¢ € Cgo (Rd), we have that

t
/ [u(t, x) — ug(x)] p(x)dx = / / u(s, x)A¢(x)dxds
Rd 0 Jrd (3.3)

'
+// u(s, x)p(x)W(ds, x)dx,
0 JRY

almost surely, for all # > 0, where the last term is a Stratonovich stochastic integral
defined in (3.4).

Theorem 3.6 Suppose that Q satisfies condition (H1) with2H + o > 1 and ug is a
bounded measurable function. Let u(t, x) be the random field defined in (1.2). Then
for any ¢ € CSO(Rd), u(t, x)¢(x) is Stratonovich integrable and u(t, x) is a weak
solution to (1.1) in the sense of Definition 3.5.

With Theorems 2.2 and 3.1, and Proposition 2.4, the proof of Theorem 3.6 follows
exactly the same arguments as those of Theorem 5.3 in [11]. We will not repeat the
proofs and instead leave them to interested readers.

4 Lower bounds of moments

In this section, we prove the lower bound in (1.3).

Theorem 4.1 Suppose that Q satisfies condition (H1) with 2H + o« > 1 and
inf , cga uo(x) > 0. If Q satisfies condition (H2) as well for some B € [0, 1),
then there exist some constants C = C(d, H, o, B, inf  cga uo(x)) > 0 and C; =
Ci(d, H, o, B,inf  cpa ug(x), x) > 0, such that forallt > 1, x € RY and k € N,

¢ 24 214p
E[u(r,x) ] > Crexp (CkTFt 5 ).

We first remark that if the initial data is ug(x) = 1, then from (3.2) and (2.6), we
see that

k t pt
E[u(t,x)k] — EP exp @ ) :/ / |u—u|2H—2Q(u,v, B“ﬁB”) dudv
- 0 JO
i,j=1

T i /(;t 0 (Bé’x, Bﬁ’x) [SzH—l T _S)ZH—I] ds

i,j=1
Since the sign of Q can be either positive or negative, it is hard to find a lower bound

starting from the above formula. Instead, we will introduce another Gaussian field Y
as in Lemma 4.2 below.
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Intermittency for the stochastic heat equation driven by a . ..

Now we need some notation. Fix a > 0. Let k = H — 1/2. As is proved in [18],
the space

Ho={f: 365 € 120, ) suchthat f@) =u™ (I7¢;() W} @D
with the inner product

w2k + 1) 4

= =2k (7K K K K
~ T(1—2«)sin(rk) Jo g ([afu f(u))(s) (I“*u g(u))(s) ds

(fs &,

is a Hilbert space, where I);_ with k < 0 is the right-sided fractional derivative (see
[18]). It is known that (see [16, p. 284])

CY([0,a]) C H, C L2(0, a), forally > 1/2— H. “4.2)

Lemma 4.2 There exist a Gaussian process Y = {Y (x), x € R%} and an independent
fractional Brownian motion {B;, t € R} with Hurst parameter H, such that

(@) Forallx,y e R4, E[Y(x)Y (y)] = O(x, y).
(b) For all 0 <t =T and ¢ € C“([0, T]) with ax + H > 1/2, the integral
fot Y (¢5)d By is a well-defined Wiener integral for each realization of Y. Moreover,

t t
/ Y (¢5)dB; = lim i/ Y(¢s) (Bsye — By—e)ds, inL*(Q).  (4.3)
0 e—0 2¢€ 0

(¢c) Forall0 <t <T and ¢, € C*([0, T]) withak + H > 1/2,

t t ~ t t
EY [ / W (ds, ¢5) / W(ds,wa}:ﬂzy'g [/ Y (¢5)dB; f Y(%)dﬁs]
0 0 0 0
“4.4)

Proof Since Q is a covariance function, one can find such a Gaussian process Y such
that part (a) holds. As for (b), by (H1), we see that

/2
E[1Y (@) - Y@l = CE[IY6) - Y(6)P]
< Cply = 9l < Cpligll It =517 (45)

Hence, t — Y (¢;) is y-Holder continuous for all y < ak. Since ax > 1/2 — H,
one can find y’ such that 1/2 — H < y’ < ak. Because Y and B are independent,
for each realization of Y, the integral fé Y (qﬁs)dgs is actually a Wiener integral. By
(4.2), we see that the integral fé Y (¢S)d§S is a well-defined Wiener integral for each
realization of Y.

As for (4.3), denote

t
Lc(@) := L Y (¢5) (Bste — By—e) ds.
2e 0
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Then by the same arguments as in the proof of Theorem 2.2, one can show that I; ¢, (¢)
is a Cauchy sequence in L?(S2) for every sequence €, | 0. We omit the details of this
proof. Denote the limit, which does not depend on the sequence, by I;(¢). In order to
show that I;(¢) equals to the left-hand side of (4.3), it suffices to show that for any
to € [0, t] and any bounded random variable Z measurable with respect to the process
Y, we have that

t
E |:BIOZ/(; Y(¢s)st] =E[B,Z1:(¢)]. (4.6)

For the right-hand side of (4.6), we can write

~ 1 !
E[ByZI(¢)] = lim —— fo E[ZY (¢)[(Ry (10, s + €) — Rpz(to. s — €))ds
t
= 2H/ E[ZY (p)1(s* T + |10 — s>~ Lsign(ty — 5))ds.  (4.7)
0

On the other hand, by Fubini’s theorem, the left-hand side of (4.6) equals to
~[ t -
EP [B,o / EY[ZY@S)]dBS]
0

which coincides with (4.7), due to the properties of stochastic Y -integrals. In fact, this
property holds when E[ ZY (¢5)] is a step function and it holds for any element in space
‘H; (see 4.1) of integrable functions on [0, 7], because H; is continuously embedded
into LY/H(0, 1).

As for (¢), because Y and B are independent, by (4.3), we see that

—~ t
E”[ / Y (6y)dB, / l Y(%)dﬁy}
0 0

zlimEY’E[/o Y(¢) s+e_eBs € S/O Y(lﬂ) s+e_eBs—eds]

e—0

t t
= lim / / Q (Gu. ¥) V2 (u — v)dudv, (4.8)
6—)() 0 0

where Vf_? () is defined in (2.10). The limit in (4.8) has been calculated in Theorem
2.2 and it is equal to the right-hand side of (2.2) or (2.6). This completes the proof of
the lemma. m]

Lemma 4.3 Assume that {Es, s > 0} is a fractional Brownian motion with H €

(0, 1/2). Then there exists a constant 0 := 0(H, r) such that for all a > 0 and all
r > 0, it holds that

E (‘ / ’ f(s)dB;
0

) =01 gy forall feHa — @49)
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Moreover, if f(s) is a process with values in a separable Hilbert space V, one can
view f as a two-parameter process: f : [0,a]l x D > (s,w) — f(s,w) € R.If

f(,w) € Hy forall w € D, then,
>>9(/ I d ) . 4.10)
\%4

E( / " f(s)dB,
0

Proof Because foa f (s)dES is a centered Gaussian random variable, there exists a

finite constant C, > 0 such that
r a R 2 r/2
:| > C, (E |:‘/ f(s)dB; :|> .
0

E H / ’ f(s)dB;
0

Hence, we only need to prove the case where r = 2.

We first note that (4.9) is proved in part (i) of Theorem 1.2 in [15] for all f that has
bounded variation on [0, a], and in particular, it holds for all simple functions. Now
fix f € H,. There exist simple functions f,, on [0, a] such that || f — f,| l3¢, — Oas
n — 0. Then

a 2 a 2
E[(/ f(s)dis}) } = lim ]E|:</ f,,(s)dig}) }
0 n— 00 0
a 2H
> lim 9(/ Ifn(s)ll/Hds) . 4.11)
n—oQ 0

Because (4.9) holds for simple functions, we see that

I fn = Sl 0,0 < Wfn = fmllp, -

Thus, { f,,}»>1is a Cauchy sequence in L'/ (0, a). Hence, by passing to a subsequence
when necessary, it implies that f, — f almost everywhere. Therefore, (4.9) is proved
by applying Fatou’s lemma to the right-hand side of (4.11).

Now if f(s) is a process with values in a separable Hilbert space V, let {e;}ien
be a set of orthonormal basis of V. Since f(-, w) € H, for all w € D, we see that
(f(s,-),e)y € Hy. Hence, by (4.9),

a 2 2
IE( / f(s)dB; )
0 \% v

i / (f(s), ei)y dB; e;

iﬂa{f ) ey 32>

i=1

oS ([ oo s)”
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1
L2 (0,a)

=9§§Hvaxa%\
i=1

oo
> 0|y () ey
i=1 Lﬁ(o,a)
=01y,
O], 00

where we can apply Minkovski’s inequality in the lastinequality because H € (0, 1/2).
This completes the proof of Lemma 4.3. O

Proof of Theorem 4.1 Since ug is bounded below away from zero, we may assume
that up = 1. From (3.2) and by Lemma 4.2, we see that

2

- 1 k ' =R
E[u(t,x)k]zEBexp " (/ ZY(B,’ﬁ;)dBS>
0 =1

Then by (4.5), we see that s — Zf: Y (B,ifs) is y-Holder continuous a.s. for all
Yy < a/2.Since @/2 > 1/2 — H, one can find " such that 1/2 — H < y' < «/2.
Hence, by (4.2), s > Zle Y (B, is in H, for all realizations of Y. Therefore, by
Lemma 4.3, for some constant C;I > 0,

EY,E /t
0 “

1

1 2H

2 27 2H

) R t
v (B st) > ) / EY
0

= Clyl,

k

k
ds

Y (B;"X)
1

i=

1

where

1 2H

2

t k .
I = / ZQ(BQ",B{’X) ds
0

ij=1

Then for any M > 0 (to be chosen later), by condition (H2) and by writing Bé’x =
(B By

E [u(t, x)k] > EB exp (C}ilt)
zP(‘Bﬁ”‘f’j‘ S M, Vselt/2t], Vi=1,....k Vj
—1,....d)exp (ch2M2ﬁt2”)

=

kd
B;’y’l‘ > M, Vs € [1/2, r]) exp (ch2M2ﬁ12”),
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where Cy = C;C3 and

y= mind|x,-|.

.....

In the following, for simplicity, we use B; to denote the one-dimensional standard
Brownian motion starting from the origin. Hence,

E [u(t, x)k] >P(|By +y| > M, ¥s € [t/2, ()} exp (CHkZMZ’StZH) .
Assume that M > |y|. Then

P(IBs 4yl > M, Vs € [1/2,1]) = P(IBy| > 2M, Vs € [1/2,1])

>IP(|B| 2M
> —
- y Jt

> IP’<|B | 4 |Bs — By 2| 2
> —_—, —_ < —
N 1/2 \/Z ’ 1/2 \/;

]P’<|B | 4M)IP> IB,| 2M
= 121 > —= sup <—=1,
/ \/; se[0,1/2] ’ \/;

where we have used the scaling property of the Brownian motion. By a standard
argument

, Vs e [1/2, 1])

, Vs e[1/2, 1])

1 /2 o) 2 1

2 — %5 —r?

P(Bl>r)z—f d9/ e 2sds=-e", (r>0)
2n 0 2r 4

we have that

aM 42M 16M?
P(|Bl/2| > —> >P|( B > V2 22_lexp<— )
\/E ﬁ t

By Chebyshev’s inequality and Fernique’s theorem, for some A > 0,

2M M
P{ sup |Bj|<—=|=1-P| sup [Bs|>—"—"+]>1-— Cre M/t
5€[0,1/2] Jt se[0.1/2] Ji

where C;, = Eexp (A SUPge(0,1/2] | Bs |2) < 00. Now assume that M/+/1 is sufficiently
large such that

kd
(1 - cke—“Mz/f) > 1/2. (4.12)

@ Springer



L. Chen et al.

Therefore, provided that M > |y| and (4.12) is true, we have that

16kM>d
E[Muxf]22*W+“wp<cﬂﬂﬂﬂ%“’———7——>. (4.13)
Now we maximize
16kM>d
FOM) = Cuk> M2 — ———, for M > 0.
By solving f'(M) = 0, we see that f is maximized at
1
Mo = ((16d)‘1,3 X CHt1+2H>2<l—T3)
with
B B iy 2B pe2d
sup f(M) = f(Mo) = (16d)P-T(1 — B)BT-FCy "kT=Ft T-F . (4.14)
M=>0

Now we consider three cases. In the first case, we fix an arbitrary r > 1. By replacing
¢ in the expression of My by 1, we see that there exists some ko(x) € N such that
for all k > ko(x), both conditions (4.12) (with M replaced by M) and My > |y| are
satisfied. Hence, the equality in (4.14) is valid. The second case is similar to the first
one: Fix an arbitrary k € N. By replacing k in the expression of My by 1, we see that
for some 7o(x) > 0, both conditions (4.12) (with M replaced by M) and My > |y|
are satisfied for all # > 79 (x). Hence, the equality in (4.14) is valid. Finally, in the third
case, we fixr € [1,fp(x)] and 1 < k < ko(x). Set

1
C:= (16d)%(1 —ﬂ)ﬂ%c,';ﬁ.

By the arguments leading to (4.13) and replacing M by |y|, we see that

kd 16ky?d
E [u(t, x)k] > 27! (1 - cxe*“yz/t) exp <CHk2y2/3t2H _ ty )

| 2-B 2H+P
> 27" exp (Ck‘-ﬁt ] )

kd 16ky%d

. _ —4ky2/t> 2.28,.2H _ Y

X 15;;1{)(}{) {(1 Ce exp (CHk yFt -
1<k=<ko(x)

228 2H+p 224 2H+p
—Ck™=Ft =P >} =: Cy exp <Ck1-ﬁt 1=p )

This completes the proof of Theorem 4.1. O
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Appendix
Lemmad4.4 Foralla,b,u,v,w > 0,ifu+v <w+1/2andw > 1/2, then

- I'(an 4+ u)IT"(bn + v)
weh T+ bn+w)

Proof We only need to show that

im I'(an + u)I"(bn + v)
n—oo  I'((a+ b)n + w)

By Stirling’s formula (see [17, 5.11.3 or 5.11.7]), as n is large, we see that

T(an +u)l(bn+v)
T(atbnt+w VTP {(“” +u — 1/2)log(an)

4 (bn + v — 1/2) log(bn)
— (@ +byn+w—1/2)log((a + b)n)}.

Denote the right-hand side of the above quantity by I,,. By the supper-additivity of
f(x) =xlogx,namely f(x +y) > f(x)+ f(y) forall x, y > 0, we see that

I, < JTexp {(u —1/2)log(an) + (v — 1/2) log(bn) — (w — 1/2) log((a + b)n)}.

Because w > 1/2, we can apply the inequality log((a 4+ b)n) > %[log(an) +log(bn)]
to obtain that

Infﬁexp!(u—1/4—w/2) loga+(v—1/4—w/2)logb+(u+v—w—1/2)logn}
= Cn*tvw=12<C, foralln e N,

where the last inequality is due to the assumption thatu +v — w — 1/2 < 0. O

Let Ey g(z) be the Mittag—Leffler function

0 n

Z '
Evp2)=) Tantpg Me>0BcC el
n=0

Lemma 4.5 (Theorem 1.3 p. 32in [19]) If 0 < « < 2, B is an arbitrary complex
number and | is an arbitrary real number such that

Ta/2 <pu<mA(Ta),
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then for an arbitrary integer p > 1 the following expression holds:

1
Eqp(2) = ;z('*ﬂ)/“ exp (z‘/“)

—k

p
— _ 2 —l=p
kgzlr(ﬂ_ak)+0(|z| ),Izl—)oo,|arg(z)|§u.

Lemma 4.6 Foralla > 0and B < 1, there exists some constant C = Co g > 1 such
that

Eqp(2) < Cexp {Czl/a} , forallz > 0.

Proof By Lemma 4.5, we see that for some constants C(;,ﬂ >0and Cy g > 1,

Eyp(2) < C(/)[,ﬁ (1 +Z(17/3)/a exp (Zl/a)> < Cq,pexp (Ca,ﬁzl/"‘) ,

forall z > 0. 0O
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