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Abstract

In this paper, we establish a necessary and sufficient condition for the existence
and regularity of the density of the solution to a semilinear stochastic (fractional)
heat equation with measure-valued initial conditions. Under a mild cone condition
for the diffusion coefficient, we establish the smooth joint density at multiple points.
The tool we use is Malliavin calculus. The main ingredient is to prove that the
solutions to a related stochastic partial differential equation have negative moments
of all orders. Because we cannot prove u(t, z) € D> for measure-valued initial data,
we need a localized version of Malliavin calculus. Furthermore, we prove that the
(joint) density is strictly positive in the interior of the support of the law, where
we allow both measure-valued initial data and unbounded diffusion coefficient. The
criteria introduced by Bally and Pardoux are no longer applicable for the parabolic
Anderson model. We have extended their criteria to a localized version. Our general
framework includes the parabolic Anderson model as a special case.
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CHAPTER 1

Introduction

In this paper, we are interested in the density of the law of the solution to the
following stochastic fractional heat equation with multiplicative noise:

(% - mD?> u(t,x) = p(t,z, ut,z))W(t,z), t>0,zcR,

u(ov ) = /1'(')7

(1.1)

where W denotes the space-time white noise on R, x R. We shall concentrate on
the regularity and the strict positivity of the density of the solution u(t,z) as a
random variable. First, we explain the meaning of the terms in above equation.
The operator ,D§ is the Riesz-Feller fractional differential operator of order o and
skewness d, which is the infinitesimal generator of an a-stable process with skewness
0; see, e.g., [DDO5L[Fel52/[Kom84|MLP01l[Zol86]. In terms of Fourier transform
this operator is defined by

(1.2) F(oD§f)(€) = —||*er 8@ fg)

from which one can easily see that when § = 0, ,D§ = —(—~A)*/2 and when o = 2
and § = 0, the operator ,D§ becomes to the Laplacian operator A. To study
random field solutions, we need to require, and hence will assume throughout the
paper, that

(1.3) a€(1,2] and [§|<2—a.

Under these two conditions and when « # 2, we can express the above Riesz-Feller
fractional differential operator as

25 f(2) = @{ sin (o +)7) /0“ fz+6) - o) = 61"
+sin ((a—0)7) /OO" flz—8) — (=) + ff’(:c)dg} |

§1+o¢

The nonlinear coefficient p(t, z, z) is a continuous function which is differentiable in
the third argument with a bounded derivative and it also satisfies the linear growth
condition: for some L, > 0 and ¢ > 0,

(1.4) lp(t,x,2)| < Ly(s+|z|) forall (t,z,z) € Ry xR xR.

Throughout of the paper, denote p’ := 9p/0z and p(u(t,z)) is understood as a
short-hand notation for p(t, z, u(t,x)). An important case that fits these conditions
is the parabolic Anderson model (PAM) [CM94]: p(u) = Au, « =2 and § = 0.
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2 1. INTRODUCTION

The initial data p is assumed to be a Borel (regular) measure on R such that

Jul(de) |
- f 1,2
L5) 22%/Rl+|y_x1+a<+oo, if a € (1,2),

/e*“2|u\(dx)<+oo forall ¢>0, ifa=2,
R

where we recall the Jordan decomposition of a signed Borel measure p = py — pi_,
where p4 are two nonnegative Borel measures with disjoint support and we denote
lu| = py + p—. By “u > 07, it means that u is a nonnegative and nonvanishing
measure. [t is interesting to point out that our assumption allows the initial data
1 to be the Dirac measure §.

Before we state our main results let us recall some relevant works. Nualart
and Quer-Sardanyons [NQS07] proved the existence of a smooth density for the
solutions to a general class of stochastic partial differential equations (SPDE’s),
including stochastic heat and wave equations. They assume that the initial data
is zero and p is C*° with bounded derivatives. Moreover, the condition p(u) >
¢ > 0 is required in their proof, which excludes the case p(u) = Au. Mueller and
Nualart [MNOS]| later showed that for the stochastic heat equation (i.e., a = 2)
on [0,1] with Dirichlet boundary conditions, the condition p(u) > ¢ > 0 can be
removed. They require the initial condition to be a Holder continuous function such
that p(0,z,u(0,2)) # 0 for some 2 € R. The existence of absolutely continuous
density under a similar setting as [MINO8] is obtained earlier by Pardoux and Zhang
[PZ93]. Note that all these results are for densities at a single time space point
(t,x) € (0,00) x R.

For solution at multiple spatial points (u(t,z1),...,u(t,z4)), Bally and Par-
doux [BP98| proved a local result, i.e., smoothness of density on {p # 0}¢ for the
space-time white noise case and more recently Hu et ol [HHNS15] proved this
result for the spatially colored noise case (which is white in time). In both [BP98]
and [HHNS15], the function p(t, z, z) = p(z) does not depend on (¢, ). The initial
data is assumed to be continuous in [BP98] and zero in [HHNS15].

The aim of this paper is to extend the above results with more general initial
conditions. In particular, we are interested in proving that under some regularity
and non-degeneracy conditions the solution at a single point or at multiple spatial
points has a smooth (joint) density and the density is strictly positive in the interior
of support of the law. We shall not concern ourselves with the existence and
uniqueness of the solution since it has been established in [CD15l[CD14l/CD15].
Notice that a comparison principle has been obtained recently in [CK17]. Let us
point out that the initial measure satisfying (LH]) poses some serious difficulties.
For example, the following statement will no longer hold true:

(1.6) sup E[|u(t, 2)|P] < 400, for T >0 and —oo < a < b < +o0.

(t,z)€[0,T] % (a,b)

For this reason, more care needs to be taken when dealing with various approxi-
mation procedures. This property (L) is important in the conventional Malliavin
calculus. For example, without property ([L6l), even in the case of p is smooth
and its derivatives of all orders are bounded, we are not able to prove the property
u(t,z) € D*°. We need to introduce a bigger space D and carry out some localized
analysis to deal with this case; see Theorem 2.5 Proposition 5.1 and Remark [5.7]
below for more details.
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Now we state our main results on the regularity of densities. These results
are summarized in the following three theorems, Theorems [T} and [[31 The
differences lie in different assumptions on initial data and on the function p(t, z, u).
The first two theorems (Theorems [Tl and [[2)) are global results, while the third
(Theorem [[J) is a local one.

The first theorem, Theorem [[.T] gives the necessary and sufficient condition for
the existence and smoothness of the density of the solution w(¢,x). It extends the
sufficient condition (see Theorem [6.1] below) by Mueller and Nualart [MINOS8| from
the case where o = 2 and the initial data is an ordinary function to the case where
a € (1,2] and the initial data is a measure. Let sG(t, z), or simply G(¢, ), denote
the fundamental solution to ().

THEOREM 1.1. Suppose that p : [0,00) x R? = R is continuous. Let u(t,z) be
the solution to (1) starting from an initial measure p that satisfies (D). Then
we have the following two statements:

(a) If p is differentiable in the third argument with bounded Lipschitz continuous
derivative, then for all t > 0 and © € R, u(t,x) has an absolutely continuous
law with respect to Lebesgue measure if and only if

(1.7) E> 1 = inf{s >0, sup o (5.9, (G5, + 1) )] 7 o}.
ye
(b) If p is infinitely differentiable in the third argument with bounded derivatives,
then for all t > 0 and x € R, u(t,x) has a smooth density if and only if
condition (L) holds.

This theorem is proved in Section [l For the PAM (i.e., p(t,x,u) = Au) with
the Dirac delta initial condition, it is not hard to see that tx = 0. Theorem [T
implies both existence and smoothness of the density of the law of u(t, z) for any
t>0and z € R.

In the next theorem, Theorem [[L2] by imposing one additional condition (L)
on the lower bound of p, we are able to extend the above result (and hence the
result by Mueller and Nualart [MINO8]) from the density at a single point to a joint
density at multiple spatial points and with slightly different condition on the initial
data from that in Theorem [[ I} In particular, the condition “up > 0” and the cone
condition (L8) below imply immediately that the critical time t defined in (1)
is equal to zero.

THEOREM 1.2. Let u(t,z) be the solution to (L)) starting from a nonnegative
measure p > 0 that satisfies [LA)). Suppose that for some constants B > 0, v €
(0,2—1/a) and 1, > 0,

1 8l
(1.8) |p(t,x,2)| > l,exp {—B {log ﬁ} } , for all (t,z,z) € Ry x R?.
z

Then for any ©1 < 9 < --- < xgq and t > 0, we have the following two statements:

(a) If p is differentiable in the third argument with bounded Lipschitz continuous
derivative, then the law of the random vector (u(t, z1), ..., u(t,xq)) is absolutely
continuous with respect to Lebesgue measure on R4,

(b) If p is infinitely differentiable in the third argument with bounded derivatives,
then the random vector (u(t,z1),...,u(t,zq)) has a smooth density on R?.
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This theorem is proved in Section [[J] Note that because a € (1,2], we see
that 2 —1/a € (1,3/2]. When (L.8) holds for v = 1, condition (L.8)) reduces to the
following condition

p(t, 2, 2)| > I, min (|27, 1) for all (¢,z,2) € Ry x R2.

In particular, the PAM (i.e., p(t,z,u) = Au) satisfies (L8) with [, = |\| and
B =~ = 1. We also note that the range of the exponent ~ in (LJ)) can be improved
if one can obtain a better bound for the probability on the left-hand side of (LTI
below; see the work by Moreno Flores [MF14] for the case a = 2.

The next theorem, Theorem [[L3] extends the local results of Bally and Pardoux
[BP98] by allowing more general initial data and allowing the parabolic Anderson
model. The cone condition (L&) in Theorem is not required. However, one
should require p(t,z,u) = p(u) and the conclusion is weaker in the sense that
only a local result is obtained: the smooth density is established over the domain
{p # 0}¢ instead of R%.

THEOREM 1.3. Let u(t,x) be the solution starting from a signed initial measure
w that satisfies [LAl). Suppose that p(t,z,z) = p(2) and it is infinitely differentiable
with bounded derivatives. Then for any x1 < 2 < -+ < x4 andt > 0, the law of the
random vector (u(t,x1),...,u(t,r4)) admits a smooth joint density p on {p # 0}<.
Namely, for some p € C({p # 0}%;R) it holds that for every ¢ € Cy(R%R) with
supp (¢) € {p # 0}7,

E[d(u(t, z1),...,u(t,zq))] = y o(2)p(z)dz.

The proof is given at Section Note that when the initial data is zero, one
can also prove this theorem by verifying the four assumptions in Theorem 3.1 and
Remark 3.2 of [HHNS15]|; see Remark [(2] for the verification.

As for the strict positivity of the density, most known results assume the
boundedness of the diffusion coefficient p; see, e.g., Theorem 2.2 of Bally and Par-
doux [BP98|, Theorem 4.1 of Hu et ol [HHNS15] and Theorem 5.1 of Nualart
[Nual3]. This condition excludes the important case: the parabolic Anderson
model p(u) = Au. The following theorem will cover this linear case. Moreover,
it allows measure-valued initial data in some cases. Before stating the theorem,
we first introduce a notion. We say that a Borel measure u is proper at a point
x € R if there exists a neighborhood FE of x such that p restricted to E is absolutely
continuous with respect to Lebesgue measure.

THEOREM 1.4. Suppose p(t,x,z) = p(z) and p € C*(R) such that all deriva-
tives of p are bounded. Let x1 < x9 < -+ < xgq be some proper points of p with
a bounded density on each neighborhood. Then for any t > 0, the joint law of
(u(t,z1),...,u(t,zq)) admits a smooth density p € C*({p # 0}%;R) and p(y) > 0
if y belongs both to {p # 0} and to the interior of the support of the law of
(u(ta xl)a cee 7u(ta xd))

This theorem is proved in Section |

To show our theorems we need two auxiliary results, which are interesting by
themselves. So we shall state them explicitly here. The first one is the existence of
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negative moments for the solution of the following SPDE:

(% - ng) u(t,x) = H(t,x)o(t,z, u(t,z))W(t,z), t>0,z€cR,

U(O, ) = :u(')v
which is a key ingredient in the proofs of Theorems [[.1] and

(1.9)

THEOREM 1.5. Let u(t, x) be the solution to (LI)) starting from a deterministic
and nonnegative measure > 0 that satisfies ([L3)). Suppose that H(t,x) in (L3)
is a bounded and adapted process and o(t,x, z) is a measurable and locally bounded
function which is Lipschitz continuous in z, uniformly in both t and x, satisfying
that o(t,x,0) = 0. Let A > 0 be a constant such that

(1.10) |H(t,z,w)o(t,z,z)] < Alz| for all (t,z,z,w) € Ry x R? x Q.

Then for any compact set K C R andt > 0, there exist finite constant B > 0 which
only depend on A, K and t > 0 such that for small enough € > 0,

1) P () < ) < e (~B {llog(0] g (og()F 7).
Consequently, for all p >0,

(1.12) E me u(t,x)] _p> < fo0.

zeK

This theorem is an extension of Theorem 1.4 in [CK17]; see Remark B2l below.
This theorem is proved in Section Bl by arguments similar to those in [MINOS]. The
improvement is made through a stopping time argument.

The second result is the following lemma, which is used in the proof of Theorem
[LI It also illustrates the subtlety of the measure-valued initial data. Let ||-|| »
denote the LP(€2)-norm.

LEMMA 1.6. Let u be the solution with the initial data p that satisfies (L3).
Suppose there are a’ < V' such that the measure u restricted to [a', V'] has a bounded
density f(x). Then for alla’ < a <b <V and p > 2, the following properties hold:

(1) For all T >0, sup uyej0,1)x[a,b] |[w(t; @)|[, < +00;
(2) If f is B-Holder continuous on [a', V'] for some B € (0,1), then for all x € (a,b),

l[u(t,z) —u(s,z)|[, < Crlt — 5| gt forall0 < s<t<T andp > 2.

As pointed out, e.g., in Example 3.3 and Proposition 3.5 of [CD14], without
the restriction = € (a, ), both the limit and the supremum in the above lemma can
be equal to infinity. This lemma is proved in Section [l

The paper is organized as follows. We first give some preliminaries on the
fundamental solutions, stochastic integral and Malliavin calculus in Section 21 In
Section [}l we study the Malliavin derivatives of u(t,z). Then we prove Theorem
on the moments of negative power in Section [l We proceed to prove Lemma
in Section @l Then we prove our results on the densities, Theorem [L1] (resp.
Theorems and [[3)), in Section [6 (resp. Section [7). Finally, the strict positivity
of the density, Theorem [[4] is proved in Section 8 Some technical lemmas are
given in Appendix.
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Throughout this paper, we use C to denote a generic constant whose value may
vary at different occurrences.
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CHAPTER 2

Preliminaries and Notation

2.1. Fundamental Solutions

Recall that we use G (t, z) to denote the fundamental solution to (ILIJ). Since
we shall fix a and ¢ throughout the paper, we will simply write it as G(¢t,z).
The function §G.(1,z) is the density of the (not necessarily symmetric) a-stable
distribution; [MLP01l[Z0l86]. In particular, when o = 2 (which forces § = 0),

(21) OGQ(t,I) =

1 ( x? >
exp| —— | .
vVt P 4t
For general values of o and §, there is no explicit expression for G(t,x) in general.

From ([2)) it is easy to see that it can be equivalently defined through the inverse
Fourier transform:

1 ; « _—imdsgn
sGal(t,z) == %/Rdf exp (zfx—t|§| e imdsg (6)/2).

The fundamental solution G(¢,z) has the following scaling property
(2.2) G(t,z) =t~VG (1,t_1/0‘x) .

The density p : © € R — [0,00) of a distribution is called bell-shaped if p(z) is a
smooth function and for any integer k > 0, the kth derivative of p(x) has exactly k
zeros on the support of the distribution. According to [Gaw84] or [Z0l86| Section
2.7], for all @ and ¢ in the range given by ([L3)), sGa(t,-) with ¢ > 0 fixed is a
bell-shaped density supported on the whole real line. In particular, ;G,(t,-) is
unimodal.

The following bounds are useful

Ky

‘G(")(17x)‘gm, fOI‘?’lZO7 lfOéE(l,Q] and5§2—|a|,
(2.3 K,
G(17I)ZW, 1f0¢€(1,2) and5<2—|04|

[See (4.2), resp. (5.1), of [CD15] for the upper, resp. lower, bound.] When we
apply space-time convolutions, G(t, ) is understood as G(t, z)l;~0y. We will use

G(t,z) to denote the symmetric case (when ¢ = 0), i.e.,

G(t,x) := ¢Gult, x).
By the properties of sG,(t, ), we know that for some constants C, 5 and C(/l,a >0,
(2.4) C’(’Léé(t, 1) < 5Golt,z) < CosG(t,z), forallt>0and z €R.

7



8 2. PRELIMINARIES AND NOTATION

In particular, when a = 2, the two inequalities in (Z4]) become equality with
Cas = Cp s = 1. In [CD15| one can find more properties of G(t, z) related to the
calculations in this paper.

2.2. Some Moment Bounds and Related Functions

Now we define the space-time white noise on a certain complete probability
space (Q, F,P). Let

W = {W(A), Ais a Borel subset of [0, +00) x R such that |A| < oo}
be a Gaussian family of random variables with zero mean and covariance
E[W(A)W(B)] = AN B|,

where |A| denotes the Lebesgue measure of a Borel sets in R%. Let {F;, t > 0}
be the filtration generated by W and augmented by the o-field A/ generated by all
P-null sets in F:

(2.5) Fo=o(W(0,8)x A):0<s<t,Ac By (R) VN, ¢t>0,

where B, (R) is the set of Borel sets with finite Lebesgue measure. In the follow-
ing, we fix this filtered probability space {Q, F,{F;,t > 0} ,P}. In this setup, W
becomes a worthy martingale measure in the sense of Walsh [Wal86]. As proved
in [CD15], for any adapted random field {X (s,y), (s,y) € R4+ x R} that is jointly

measurable and
/ / )?)dsdy < oo,

the following stochastic integral

/ [ xGywasa
[0,t] xR
is well-defined.

For h € L*(R), set Wy(h ffOt «g P(y)W(ds,dy). Then {W;,t > 0} be-

comes a cylindrical Wiener process in the Hllbert space L2(R) with the following
covariance

(2.6) E(Wi(h)Ws(g)) = min(t, s) (h, g) 12 () for all h,g € L*(R);

see [DPZ14, Chapter 4]. With this integral, the solution to (LI} is understood in
the following mild sense:

@1 uta)=dto)+ [[ Gl s = (s puls )W s, dy)
[0,
where Jy(t, x) is the solution to the homogeneous equation, i.e.,

(2.8) Jo(t,x) == (u* G(t / G(t,z — dy).

n [CD15/ICD15], existence and uniqueness of solutions to (L)) starting from
initial data that satisfies (I3) have been established. Note that as far as for exis-
tence and uniqueness the change from p(z) to p(t,x, z) does not pose any problem
because both the Lipschitz continuity and the linear growth condition (A4 in z
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are uniformly in ¢ and x. The following inequality is a version of the Burkholder-
Davis-Gundy inequality (see Lemma 3.7 [CD15]): If X is an adapted and jointly
measurable random field such that

t
[ [l asay < .
0 JR

t 2 t
/ / X(s,9)W(dsdy)|| < 4p / / 1 (5, )| dsdy.
0 Jr » 0 JR

Indeed, the Burkholder-Davis-Gundy inequality (see, e.g., Theorem 5.27 in Chapter

1 of [Kho09]) implies that for all p > 2,

t t p/2

/ /X(s,y)W(dsdy) </ /XQ(S,y)dsdy> ] .
o JR o Jr

Then one takes power 2/p on both sides and apply the Minkowski inequality to the

right-hand side to see that
t
[ xeaa
0 JR p/2

t
\[ [xGmwiasy
0 Jr
t
Scf/p/o /RHX(s,y)Qprdsdy

t
2 2
:cp/p/ /HX(s,y)desdy.
0 Jr

P can be simply taken as 4p; see [CD15]. Hence,

then

(29) |

E

p
] < ¢

2
2/p
<c,
P

The constant cf,/

t
(2.10) [ju(t, )2 < 2J3(t, =) + 8p/ /RG(t — 5,2 —y)?||p(s,y, u(s, ))||> dsdy,
0

forall p > 2, ¢t > 0 and x € R, where we have factored the deterministic function
G? out of the LP(Q)-norm.

The moment formula/bounds obtained in [CD15l[CD15] are the key tools in
this study. Here is a brief summary. Denote

(2.11) Kalt,z) == iﬂ”*l) (G2 %% G?)(t, ),

n=0

(n+1)’s

Wy ”

where “x” is convolution in both space and time variables, i.e.,

<h*g><t,x>:/0 dsédyh<s,y>g<t—s,x—y>.

For the heat equation (a = 2), an explicit formula for this kernel function Ky is
obtained in [CD15]

1 A2 At s N2Vt 22
(2.12) Kx(t,z) = Vot (—% + Ze ¢ ( 5 >) €xp <_§) )
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where ®(z) = (2m)~1/2 I e~¥"/2dy is the cumulative distribution function for
the standard normal distribution. Denote

(2.13) Gt,x) =t~ G(t, ).

When o € (1,2] and |§] < 2 — a, we have the following upper bound for Iy (see
[CD15| Proposition 3.2])

(2.14) Ka(t,z) < CG(t, x) (1 + tl/o‘eCt) :

for some constant C = C(a, 0, \).
One can view Lemma 2T below as a two-parameter Gronwall’s lemma.

LEMMA 2.1. If two functions f,g : [0,00) x R — [0,00] satisfy the following
integral inequality

(2.15) ot2) < f(t,2) + N / / Gt — 5,2 — )* [s +9(s,9)] dsdy,

for allt > 0 and x € R, where A > 0 and ¢ > 0 are some constants, then for all
t€0,7] and v € R,

ot ) < f(t.2) + Cor [<+ / / G(t — 5,2 — ) f(s,y)dsdy| .

PRrROOF. By Proposition 2.2 of [CD15] in case of & = 2 and Proposition 3.2 of
[CD15] in case of a € (1,2), we have that

(2.16) g(t,x) < ft,x) + (< +F) x KX)(E, ).
For t € [0,T] and a € (1,2], from I4), we see that Ky (t,2) < Ct~Y*G(t,z) =
CG(t,z). Plugging this upper bound in the above inequality proves Lemma[21l O

Under the growth condition (L4), we can write (2.10) as the form of 2.I3).
Then an application of Lemma 2] yields the bounds for the p-th moments (p > 2)
of the solution:

(2.17) lu(t, )2 < 272 (6.2) + (62 + 203) # Ko, ) (1. 2):

see [CD15, Theorem 3.1]. Then by ([2I4]), for some constant C' depending on A
and p, we have

t
(2.18) Hu(t,x)HZ < CJE(t,x) + C’/ /(t —5)VOQ(t — 5,2 — y)JE(s,y)dsdy,
0o JR

for all t € [0,7] and = € R.
We remark that by setting C' = L, max(s, 1) the linear growth condition (I4)
may be replaced by a condition of the following form

lp(z)] < C(1+]z]) forall z€eR.

In the proofs of Theorems[[LT]and [[.5] we will apply the strong Markov property
for the solution wu(t,z). For any stopping time 7 with respect to the filtration
{F:,t > 0}, the time-shifted white noise, denoted formally as W*(t,z) = W (t +
T,2), is defined as

(2.19) Wi(h) = Wigr(h) — Wi(h), for all h € L*(R).
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2.3. Malliavin Calculus

Now we recall some basic facts on Malliavin calculus associated with W. Denote
by C’ggly(R") the space of smooth functions with all their partial derivatives having
at most polynomial growth at infinity. Let S be the space of simple functionals of

the form
(2.20) F=fW(A4),...,W(A,)),

where [ € poly(R") and Aj,..., A, are Borel subsets of [0,00) x R with finite
Lebesgue measure. The derivative of F' is a two-parameter stochastic process de-
fined as follows

D; F = Z o v W(A)) Ty, (L, ).

In a similar way we define the iterated derivative D¥F. The derivative operator D¥
for positive integers k > 1 is a closable operator from L?(£2) into LP(; L2((]0, 00) x
R)*) for any p > 1. Let k be some positive integer. For any p > 1, let D¥? be the
completion of § with respect to the norm

(2.21)

1
i /p

/2
2
1|l = [E(FP) + }j / D.. - D. F)2ds ...dz,
k.p ([0,00)XR)j( J ) J

Denote D> := ﬁk,p]D)k’p.
Suppose that F' = (F!,..., F?) is a d-dimensional random vector whose com-
ponents are in D2, The following random symmetric nonnegative definite matrix

(2.22) op = ((DF DF >L2<[0,oo>xﬂ<<>)1gi,jgd

is called the Malliavin matriz of F'. The classical criterion for absolutely continuity,
i.e., the existence of density, is due to Bouleau and Hirsch [BHS86]; see also Theorem
2.1.2 in [Nua06]. The criterion for existence of smooth density is due to Nualart
(see Theorem 2.1.4 of [Nua06]). These criteria are summarized in the following
theorem:

THEOREM 2.2. Suppose that F = (F' ..., F9) is a d-dimensional random
vector whose components are in DV2. Then

(1) Ifdet(or) > 0 almost surely, the law of F is absolutely continuous with respect
to Lebesgue measure.

(2) If F' € D™ for eachi=1,...,d and E [(detap)_p} < oo for allp > 1, then
F has a smooth density.

The next lemma gives us a way to establish F' € D°°.

LEMMA 2.3. (Lemma 1.5.8 in [Nua06]) Let {Fy,,m > 1} be a sequence of ran-
dom variables converging to F' in LP () for some p > 1. Suppose that sup,, [|Fi|l;, ,, <

oo for some k > 1. Then F € Dkp.

However, in order to deal with measure-valued initial conditions, we need to
extend the above criteria and the lemma as follows; See Remark 5.7 below for the
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reason that our arguments fail when applying Theorem Fix some measurable
set S C [0,00) x R. For F' in the form (220), define the following norm

(2.23)
1/p

k p/2
1Ey s = E(\F\p)+ZE l(/s_(Dzl..-Dsz)zdzl...de) ] ,
j=1 !

with respect to which one can define the spaces Dg’p as above. By convention, when
k,
k=0, ||F||07p75 = ||F||p Define DY := Ny , D",

DEFINITION 2.4. We say that a random vector F' = (F!,..., F?) is nondegen-
erate with respect to S if it satisfies the following conditions:
(1) FreD¥ foralli=1,...,d.
(2) The localized Malliavin matriz
(2.24) ors = ((DF,DF) . o)

1<i,j<d
satisfies [(det O'F’S)_pj| < oo for all p > 2.

THEOREM 2.5. Suppose that F = (F*', ..., F?%) is a random vector whose com-
ponents are in Dg’Q. Then

(1) Ifdet(or,s) > 0 almost surely, the law of F is absolutely continuous with respect
to Lebesgue measure.

(2) If F' € DY for eachi=1,...,d and E |(detops) "| < oo for all p > 1, then
F has a smooth density.

PrOOF. We will only prove part (2). We use B(A) to denote all Borel subsets
of A C (R?%). Part (1) is a restatement of part (1) of Theorem Because
{W(A),A e B(S)} and {W(B), B € B(5°)} are independent, we may assume that
we work on a product space Qg x Qge. Let D® be the Malliavin derivative with
respect to {W(A), A € B(S)}. For k > 1and p > 2, let ]D)];’ﬁ be the space completed
by the smooth cylindrical random variables restricted on S ‘with respect to the norm
(2.25)

1/p

1]

k 2 p/2
kpse = | E(FP) +ZIE l(/s (Df1 DZSJF) dzl...dzj> ]
j=1 !

Here, by smooth cylindrical random variables restricted on .S, we mean any random
variable of the following form:

F=f(W(A),...,W(A), Ai...A,€B(S),

where f belongs to Cp5, (R") (f and all its partial derivatives have polynomial

growth). Similarly, define the space DF’, = ﬁkZLngDg”*’.
We first claim that
(2.26) DSF = 1g(z) D.F for any F € D2,

In fact, let F' be a smooth and cylindrical random variables without restrictions
(i.e., restricted on [0,00) x R) of the following form

F = f(W(By),...,W(By)), Bi,...,Bn€B([0,00) xR), feC2 (R").

poly
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Noticing that
F=fWB1NS)+W(B1NSY,...,W(B,NS)+W(B, NSY)),

we have that

DSF=>" gg_ (W(B1),...,W(By,)) Ip,ns(z) = Is(z) D, F.

k,
As a consequence of (Z26]), we have that for all F' € D¢”,

(2.27)
. 2 /2 1/p
1N s, = | ES (FP) + D> ES < /S,<DZI"'DZJ-F) d‘“"'dzf> ] ’
j=1 ’
and
(2.28) IFIE s =E [IFIR 5.

where E is the expectation with respect to Qg.
Now we claim that F7(-,w') € D, for almost all w’ € Qgc. Actually, since

F e ]D)];’p , one can find a sequence of smooth and cylindrical random variables
{FJ,n > 1} such that FJ converges to FJ in the_norm Mg p.s By 229), one
can find a subsequence {F} ,k > 1} such that F}] converges to [/ in the norm
Il .5, almost surely on €ge as k — oo. Since the operator D? is closable from

LP(Qs) to LP(Qg; L2(S)), one can conclude that F/ € DE? almost surely on Qge.
Finally, because k > 1 and p > 2 are arbitrary, this claim follows.

The condition E[(detops) P] < oo implies that ES [(detopg)™?] < oo for
almost all w’ € Qge. Now we can apply the usual criterion, i.e., part (2) of Theorem
22 to obtain a smooth density for F(-,w’) for almost all w’. Finally, integrating
with respect to w’ produces the desired smooth density for F. This completes the
proof of Theorem |

The following lemma provides us some sufficient conditions for proving F €
D&P. It is an extension of Lemma[23l We need to introduce some operators. Notice
that one can obtain the orthogonal decomposition L?(Qg) = OrloHn,s where Hy, 5
is the n-th Wiener Chaos associated to the Gaussian family {W(A), A € B(S)}. Let
Jn,s be the orthogonal projection on the n-th Wiener chaos. Define the Ornstein-
Uhlenbeck semigroup restricted on S on L*(Qs) by

o0
T,s(F)=> e " JnsF.
n=0

Or one can equivalently define this operator through Mehler’s formula (see, e.g.,
[Nua09| Proposition 3.1]):

T,5(F) =E (F (e—tW V1o e—QtW’)) . for all F e L2(Qg),

where W = {W(A),A € B(S)}, W is an independent copy of W, and E’ is the
expectation with respect to W’.
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LEMMA 2.6. Let {F,,,m > 1} be a sequence of random variables converging to
Fin LP(Q) for some p > 1. Suppose that sup,, ||Fnl|, , s < oo for some integer
n>1. Then F € D",

PROOF. Fix some integer n > 1. Set H = L?(S). It is clear that the condition
sup,,, | Finll,, g < 0o implies that {D*F,,,m > 1} is bounded in LP(§2; H®*) for all
k=1,...,n. Hence, one can find a subsequence {F,,,,i > 1} such that D*F,,, con-
verges weakly to O, € LP(Q;H®%) forall k = 1,...,n, i.e., for all B}, € LI(2; HEF),
1/p+1/g=1,

(229) ZE)I&]E |:<6k7 DkF’m1>H®k} =K [<Bk7 9k>7—[®k] )
for k = 1,...,n. In the following, we will use the sequence {F,,,m > 1} itself to

denote the subsequence {Fy,,,i > 1} for simplicity.
Let t > 0. It is clear that T} gF, converges to T; gF in LP(Q2) as m — co. On
the other hand, by Proposition 3.8 of [Nua09], for all k € {1,...,n},

|| ||Dk’s (Tt,SFn - ,Tt,SFm)HH@ka S Optik/Q HFn - Fm”p — O,

as n,m — oo. Hence, one can conclude that T} s F' € D§* and
(2.30) DRST, sF = lim DT, gF,, in LP(Q)

m—roo
forallk=1,...,n.
By Proposition 3.7 of [Nua09], we have that
DT, sFp = ¢ T, s DX Fy

=e
forall k =1,...,n. Then, for all B € LY(Q;H®*), 1/p+1/g=1,k=1,--- ,n, we
have that

E[(DMSTsF i)y 5 lim B [(DMSTLsFon, )]
= n}gnooE |:<€7ktTt7SDkVSFma 6k>7.[®k:|
= lim B[(DMSF e T s60) 0]
22D

E [<@k; eiktTt,Sﬂk)H@k]
= E[(e MT15Ok, Br)yen] -
Therefore,
DFST, gF = e T, 50y,
for all k =1,...,n. Because T}, g F converges to F' as m — oo in LP(§2) and
DTy s F = ¢ H™ Ty 5Ok — O

as m — oo in LP(Q) for all k = 1,...,n, we see that D*F = ©, € LP(Q; H®)
for all k =1,...,n, which proves that F' € D§”. O

Finally, we refer to Nualart [Nua06] for a complete presentation of the Malli-
avin calculus and its applications and to Hu [Hul7] for the general analysis on
Gaussian space.



CHAPTER 3

Nonnegative Moments: Proof of Theorem

In this chapter, we will prove Theorem [[.5 which is an improvement of part
(2) of the following theorem. Part (1) of this theorem will also be used in our
arguments.

THEOREM 3.1 (Theorem 1.4 of [CK17]). Let u(t,z) be the solution to (L)
starting from a deterministic and nonnegative measure p that satisfies (L3). Then
we have the following two statements:

(1) If the initial measure p is nonnegative and is not identically zero, then for any
compact set K C (0,00) x R, there exists some finite constant B > 0 which only
depends on K such that for small enough € > 0,

(3:-1) P( inf u<t7x><e)SeXp(—B|1og(e>11/a10g<|10g<e>|>2—1/a).
(t,x)EK

(2) If p(dz) = f(x)dz with f € C(R), f(x) > 0 for all x € R and supp (f) # 0,
then for any compact set K C supp (f) and any T > 0, there exists finite constant
B > 0 which only depends on K and T such that for all small enough € > 0,

(32) P ((tx)ei]l(lfT]xKu(t,x) < e) < exp (—B {|log(e)] - log (| log(e)|)}2_1/a) )

REMARK 3.2. As a consequence of part (2) of Theorem B], we have that

(33 P (ig;um 1) < ) < exp (=B {]105(0)] - log (| og () )}> /7).
Theorem improves both (B3] and ([BI) by both removing the condition K C
supp (f) and increasing the power of log(1/e) from 1 —1/a to 2 —1/«, respectively.
This is achieved through a stopping time argument.

Let ®,(z) be the cumulative distribution function of G(1,z), i.e., ®,(x) =
ffoo G(1,y)dy. We need a slight extension of the weak comparison principle in
[CK17] with o(u) replaced by H(t,x)o(t,z,u). The proof of following lemma [3.3]
is similar to that in [CK17]. We leave the details to the interested readers.

LEMMA 3.3 (Weak comparison principle). Let u;(t,z), i = 1,2, be two solutions
to (L9) starting from initial measures uo; that satisfy (L)), respectively. If up1 —
ug,2 > 0, then

P(ul(t,x) > ug(t,x) for allt >0 and x € R) =1

The following lemma is used to initialize the iteration in the proof of Theorem
.ol

15
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LEMMA 3.4. For any a € [1,2], a <b, vy >0 and T > 0 with b —a > T, it
holds that

inf inf : <1.
0< Ogtl_rgsgaﬂ(tﬂ)éggbﬂ(tﬂ)(ll[aﬂs,bﬂs] *G(t,))(x) <

PRrOOF. The upper bound is true for all ¢ > 0 and 2 € R: (T[g_rspyrys) *
G(t,-))(z) < [ G(t,x —y)dy = 1. As for the lower bound, fix ¢,s > 0 such that
t+ s < T. Notice that

T —a-+s x—b—rs
(]I[afvs,bJrvs] *G(t,))(z) = P ( 11/ ) — 2 ( tl/ ) )

For any x € [a — y(t + s),b+ v(t + s)], the above quantity achieves the minimum
at one of the two end points, which is a consequence of the fact that G(t,-) for any
t > 0 fixed is a bell-shaped density supported on R; see Section 21l Hence,

. “1/a a—"b) —~t—2vs
(Tja—rsps) * G(t,-)) () > min {cpa (=) — @ <( )tl = ) ,
—a)+yt+2ys 1-1/a
t1/a ) ~ %a (% )

(5

>m {%( ) o (120,
(
(-

Po

®a [;/a > « (117) }
>m {% T W) D, <L;1—_/f>,
o, (%) — 3, (WTH/O‘) } >0,

where the last inequality is due to 7' < b — a. Note that in the above inequalities,
we have used the fact that a > 1 (so that 1—1/a > 0). This proves LemmaB4 O

Proor oF THEOREM [[LAl Let F; be the natural filtration generated by the
white noise (see (Z3])). Fix an arbitrary compact set K C R and let T > 0. We are
going to prove Theorem for inf,c x u(T, x) in two steps.

Case I. In this case, we make the following assumption:

(H) Assume that for some nonempty interval (a,b) and some nonnegative
function f the initial measure p satisfies that T, (2)u(dz) = f(z)dz
Moreover, for some ¢ > 0, f(x) > cli, ) (v) for all z € R.

We may further assume that f(x) = T, (7). This is because, if f(z) = cl(q ) (x)
for some ¢ > 0, we can consider u(t,z) := ¢ 'u(t, x), which is the unique solution
to (L) with initial function T, ;)(z) and with p(z) replaced by po(z) := ¢ *p(cz)
which is also Lipschitz continuous with the same Lipschitz constant as p. For any
t > 0, denote

i = la —t, b+ ~].
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Choose v > 0 such that K C Zp. Denote
1 . .
B = 5 Ogtl-{-lng wenzlis(ﬂ[a—'ys,b-i-'ys] *G(t,-))(x).

By Lemma [3.4] we see that 8 € (0,1/2).
Define a sequence { Tj,,n > 0} of {F;, ¢t > 0}-stopping times as follows: let
To =0 and

Ty := inf {t > Tp_q ¢ inf u(t,x) < Bk} , k>1,
T€L;

where we use the convention that inf () = co. By these settings, one can see that
T >0 a.s. )

Let Wi (t,x) = W(t + Ti—_1,x) be the time-shifted space-time white noise (see
@19)) and similarly, let Hy(t,x) = H(t + Tx—1,z). For each k, let ug(t,z) be the
unique solution to (LJ) starting from uy,(0,x) = B* Mju_y7, | piryre 1) (). Then

wk(ta I) = ﬂlikuk(ta I)
solves the following SPDE
0 .

(a - ID?) wi(t, ) = Hi(t, z)ok(t, v, wg(t,2))Wi(t,z), t>0, xR,

Wi (07 J?) = H[077Tk—17b+'}’Tk—1] (.’IZ‘),
with oy (t,x, 2) := B1=*o(t,x, B¥712). Note that o} has the same Lipschitz constant
as o in the third argument. Let S(t1,t2) be a space-time cone defined as

S(ty,ts) == {(t,x) cte[0,ty—ti], @ € [a—y(ts +1),b+(t —l—t)]}.

Set
and define the events
Dk,n = {Tk—Tk,1 ng}, forlgk'gn
By the definition of the stopping times T},
B Fu(Ty_1, ) > B Fug(0,2) = w(0,2) for all z € R, a.s. on {Tp_; < 400},
for all k > 1. Therefore, by the strong Markov property and the weak comparison
principle (Lemma [33), we see that on {T;, < T}, for k < n,
Write wg (¢, ) in the mild form
wi(t,2) = (Tamnz_y brymi_y) * Gt ) (2)

P (Din| Fr_y)
—P<®k,nﬂ{ sup |wk(t7x)_wk(07‘r)| Zl_ﬂ}
+ /0 /RH;C(s,y)ok(s,y,wk(s, Y)G(t — s,z —y)W(ds, dy)
=Ji(t,x) + I;;(t, z).

(t,2) €S (Th-1,Tk)

Notice that
|wk(t7x) - wk(()’x)‘ < ‘Jk(tv‘r) - ]I[U‘*’YTk717b+’YTk—l]($)‘ + ‘Ik(tvx)‘ :
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‘7:Tk1>

< P ( sup ‘Jk:(ta J)) - ]I[af'ka_l,bJr'ka_l](m)‘ >1- 26

(t,Z)GS(kal,Tk)
"‘P(@k,nﬂ{ sup |Ik(t7$)| zﬁ} ]:Tk—1> .
By Lemma [34]
sup |Jk(t’$) - ]I[a_'YTk—17b+'YTk—l](I)| <1-28, as on{T, <T}.

(t,x)eS(Tr—1,Tk)
(t,z)eS(Tr—1,Tk)

Hence, on {T,, < T}, for k < mn,

P C‘kam sup |wg (t, ) — wg(0,2)] > 1 -5
(t,»)

€S(Tx—1,Tx)

kal)

Hence, an application of Chebyschev’s inequality shows that, on {7,, < T}, for

k<n,
P Drn() sup |wi(t, 2) — wr(0,2)] > 1= B | Fr,_,
(t,2)eS(Tk—1,Tk)
< P kaﬂ sup ‘Ik(tvx)‘ > 6 ]:Tk—l
(t,2)eS(Ti—1,Tk)
<P sup [k (t,z)| > B|Fr,_,
(t,x)e[o,‘f‘n]XIT
(3.4) <BPE sup | Iu(t,2)|P | Fry |
(t,2)€[0,7 | X I

where we have used the fact that S(Ty_1,T%) C [0,7,] X Zr a.s. on Dy .

Next we will find a deterministic upper bound for the conditional expectation in
(B4). By the Burkholder-Davis-Gundy inequality and Proposition 4.4 of [CD15],
for some universal constant Cy > 0 (see Proposition 4.4 of [CD15] for the value of
this constant), it holds that

a—1 p/2
EllI(s2) — (s o)) < Cu (Js =15 ) 7 sup w3,

(t,y)€[0,Tn] xR

for all (s,s’,z) € [0,7,]% x Zr; recall that « is the parameter for the operator , Dg.

Because o(t,z,0) = 0, Lemma [33] and Lemma 4.2 in [CK17] together imply that
2a—1

swpJwn(t p)llh < Q7 exp (QpFT 1) =5 O,
(t,y)€[0,mn] xR

for some constant @ := Q(A) and for all p > 2. Then by the Kolmogorov continuity

theorem (see Theorem [AL6]), for some constant C' > 0 and for all 0 < < 1— ZQ)EZf}g ,

we have that

p p
I (t I — I (s
(3.5) E sup M <E sup k(5,2) IZ(_Sl .2)
(t2)€[0,mu)x Tz | 1,20 " (s,8',2")€[0,7]2 X T |s — &[Tz
<CPCyr, ,

where we have used the fact that I(0,z) = 0 for all z € R, a.s.
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We are interested in the case where p = O ([nlogn]'~1/<) as n — oo (see (B.6)
below). In this case, we have p®/(®~1r, = O(logn) as n — oo since 7, = 2T/n.
This implies that there exists some constant Q" := Q'(8, A, T) such that

» , (0‘;1”7[, , 2a-1
sup [Ik(s,2)|"| < Q"7 2 " exp (Qp a—1 Tn>
(s,2)€[0,7 ] X I
(a—1)

n
] .
5o P Og(Tn)>

BPE

_ ’ /2a_—1
=Q exp | Qpo-T7, +

a+1

. _ 2
By denoting n = 6 (1 — 2o

) with 6 € (0, 1), the above exponent becomes

Fp) == Q/Tnp% + log(r,) 0 (p[a2; 1] = 2[a + 1])

Some calculations show that f(p) for p > 2 is minimized at

- ((0‘ - 1)2910g(1/m)>1_1/a _ ((oe —1)% nlog(n/(2T)))1—1/a
20200 — 1)Q' 7, 1a(2a — D)Q'T .

Thus, for some constants A := A(8,A,T) and Q" := Q" (8, A, T),

(3:6) minf(p) < /() = ~Q"n' "/ *[log(n)*"/*  with p' = A[nlog(n)]' """
p=

Therefore, for some finite constant Q := Q(5, A, T) > 0,
(3.7) P (@k’n‘]_‘Tk_l) < Qexp (—Q n(a—l)/a(log n)(2a—1)/a> _
Note that the above upper bound is deterministic.

For convenience, assume that n = 2m is even. Let Z,, C N" be defined as
follows

(i1, yim) €5, ifand only if 1<y <ig <+ <y <M.

The cardinality of Z,, satisfies that |2,| = (') < 2". Then

i <pB") < i < g™
P(;g}f(u(T,x) <B ) _P(IlenIfTu(T,x) <pB )
<P(T, <T)

< P U ﬁ :Dijm

(i1, yim )EE, J=1

< ) P ﬂivn
j=1

(15000sim ) ESn
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Applying [B7) m times, we see that

m m—1
P ﬂ Di;n | =E H H{QW}E(H{giw}\fnmfl)
j=1 j=1

m—1
< Qexp (~Qn@ D/ (logn) 2D/ P () Dy

j=1
< Q™ exp (—mQ n(afl)/a(log n)(2a71)/a) _

Hence,
P (in}f{ u(T,z) < 5n> < 2"Q™ exp (—mQ ,n(ocfl)/oc(log n)(zaq)/a) .
faS

Finally, by adapting the value of @ in the above inequality and setting e = 5", we
can conclude that for some constant B = B(A,T) > 0 such that for ¢ > 0 small
enough,

(38) P (ziglf(U(ﬂ 7) < ) < exp (—B {| log(¢)| log (| log(e) )}*~/*)

Case II. Now we consider the general initial data. Choose and fix arbitrary
0 € (0,T A1) and any a,b € R with a < b. Set

O(w) :=1A inf u(f,z,w).
z€(a,b)

Since u(@,x) > 0 for all € R a.s. (see Theorem B1l) and u(f, z,w) is continuous
in x, we see that © > 0 a.s. Hence, u(0,z,w) > O(w)l(4p)(z) for all z € R.
Denote V (¢, z,w) := O(w) tu(t + 0, z,w). By the Markov property, V (¢, z) solves
the following time-shifted SPDE
0 ~ - .
(E - ng‘) V(t,z) = H(t,x)o(t, z,u(t,z))We(t,z), t>0, xR,

V(0,2) =0~ u(f, ),
where Wy (t,z) = W(t + 0, z) (see ZI9)), H(t,x) = H(t +0,z) and

o(t,x, z,w) = O(w) Lo (t+6,z,0(w)z).

A key observation is that condition (II0) is satisfied by H and & with the same
constant A, that is,

(3.9)

H(t,x,w)&(t,x,z,w)‘ < Alz| for all (¢,z,z,w) € Ry x R? x Q.

The initial data V' (0, z) satisfies assumption (H) in Case I. Hence, we can conclude
from (B8)) that for € > 0 small enough,

P (inf u(T+0,z) < e> < ]P’<inf V(T,z) < e>
zeK zeK

< exp (~ B {]log(e)| log (| log()) >~/ .

Finally, using the fact that (¢, z) — u(¢, ) is continuous a.s., by letting 6 go to zero,
we can conclude that (LIT]) holds for € > 0 small enough. As a direct consequence
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of (LII)) and Lemmal[AT] we establish the existence of the negative moments. This
completes the proof of Theorem O






CHAPTER 4
Proof of Lemma

We first prove a lemma.

LEMMA 4.1. If for some interval [o',b'] C R, o/ < V', the measure p restricted
to this interval has a density f(x) with f(z) being B-Hélder continuous for some
B € (0,1), then for any interval [a,b] C (a’,V), a < b, and for any T > 0, there
exists some finite constant C := C(a,b,a’,b', T, 3, 1) > 0 such that

Sct,@/a

/RG(t, x —y)u(dy) — f(x)

for allt € (0,T], = € (a,b) and o € (1,2].

ProOF. Fix z € (a,b). Notice that

A Gtz —y)u(dy) — f(z)

’
< [ Gte-pfe) - 1@ldy
[, Gl @I [ e

=0 + Iy + Is.

By the Holder continuity of f and properties of G(t, z) (see (22) and (2.3),

I1<C’/ G(t,x —y)ly — x|’dy
<C/ 1/QG 17m) [y dy
:C/tﬁ/o‘G(l,z)|z|6dz

R

<Ctﬁ/a/zi|ﬁ >
B r 1+ |21t

= Cthle,

where in the last equality we have used the fact that &« > 1 > 5. Note that the
above equality is also true for o = 2. As for I3, by the properties of G(t, z), for all

23
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a € (1,2),
Ct
I3 < d
3 < |f($)|/[a’,b/]c 170 4 [ — y[i+o Y
o dy o dy
<Ct sup |f(z / 74-/ —
b, ”( Ty Ty G
= C't.
Similarly,

o d o0 d
I < Ct (/_Oo (a“i'(y)gﬁa +// (y“i(b)‘lﬁa) = Ct.

Now we consider the case a = 2. Let d = min(|a — d'[, |b — ¥’|) > 0. We have that

2 a’ ae y oo y—
L<Ct 2% % sup |f(w)|</ e >dy+/ <
] ’
Similarly,

y—b)2
st dy | < Ct.
z€la’,b’ —o0
—1/2 _d2 o _( o _(w=b)
I, < Ct /5e st e (dy) + e 8T (dy) | < Ct.
— 00 b/

This proves Lemma (411 a

PROOF OF LEMMA Fix z € [a,b] and T > 0. Let f(z), supported on [a, b],
be the density satisfying that p(dz)[ ) = f(z)dz. Denote fi := pu— f = plligr pyje.
Let L, be the Lipschitz constants of p. We claim that

(4.1) limsup ||u(t, z)||, < +oo, for all z € [a,b] and p > 2.
=0
Then part (1) is a direct consequence of ([I). Because the conditions in (IH]) for

the cases o = 2 and « € (1, 2) are different in nature, we need to consider the two
cases separately.

Case I. When a € (1,2), by 213),
lu(t, 2)[|2 < C|Jo(t,2)[* + CR(t, z),
for all ¢ > 0 and = € R, where Jy(¢,z) = (u* G(t,-))(z) and

(4.2) R(t, z) /ds/dy|Josy|2 (( s)xl/ay).

To prove ([L1]), we may assume that ¢t € (0,1). It is clear that lim; o |Jo(¢, 2)| =

|f(z)| for a.e. x € [a,b]. By (22) and 23),

Ct
Thus,
1 c’
4.4 J < el
( ) | O(S,y)| o Sl/a/]R 1+|S_1/a(y_2)|1+a|ul( Z)

1 C’ C
< dz) =:
= st yER/ 1+ |y—z\1+a|u|( = e
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where the second inequality is due to the fact that s € (0,1). So,
2 2
4s)  ntenP <2 ( [ Gy -2l +2( [ G- lrea)

C A~
< [ 6= 2il@2) + 2117wy
S R

Hence, by ([{3),
¢ ds R
@9 Ao <c | T [ G —s.a=) [ i@y -2)
+ Ot/
-2/« t ~ -1/«
A e e GO R

1 -1/« —1/«
<O [ ) 207 o
—0, ast—0,

where the integral on the right-hand of () is finite because = € [a,b] C [d¢/,V].
Therefore, for all p > 2 and a.e. x € [a, b],

[u(t,2)ll; < ¢ (I @) + 2071 £ 0712) 5 Cf(@), ast =0,

which proves both [@1) and part (1) for a € (1,2).
As for part (2), we need only consider the case that s = 0. The case when s > 0
is covered by Theorem 1.6 of [CK17]. By the Burkholder-Davis-Gundy inequality

&I10), for x € (a,b),
llu(t,z) = f(@)|[2 <C | Jo(t,2) — f(=)]?

(4.7) t )
-I-C/ dr/dy Hu(ny)HpG(t—r,:E—y)Q.
0 R

By Lemma 2] and (@.6]),

t
/ dr/ dy |lu(r, )|} G(t —r,z — y)* < C'R(t,x) < CH71/°,
0 R

Then applying Lemma [£1] to bound the first term on the right-hand side of (£7)
yields the lemma.

Case II. If a = 2, G(t, ) is the Gaussian kernel; see (ZII). Apply Lemma 3.9 (or
equation (3.12)) in [CD15] with v = 2 and A = L, to obtain that

(4.8) lut,2)|l, < O (|l * G(2t,-))(x)]”

for all t € [0,7]. Now it is clear that the right-hand side of ([£8) converges to
C|f(z)]? for a.e. = € [a,b] as t — 0. This proves (EI]) and hence part (1). As for
part (2), the case s > 0 is covered by Theorem 3.1 of [CD14]. Now we consider
the case when s = 0. Notice that G(t,z)? = (87t)~'/2G(t/2,z). Hence, by [@3)
and Lemma 3.9 of [CD15],

t
/ dr/dy u(r )| 2 Gt — 1 — y)? < C1Y/2.
0 R
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Then we may apply the same arguments as those in Case I. This completes the
proof of Lemma O

From the above proof for part (1) of Lemma [[L6] one can see that we have
actually proved the following slightly stronger result. Recall that the function G is

defined in (ZI3).

LEMMA 4.2. Suppose there are a’ < V' such that the initial measure p restricted
to [a’, '] has a bounded density f(x). Then for any o’ < a < b <V, and for all
T >0,

(4.9) sup (J§(t,z) + (J§ % G)(t, z)) < +oo.
(t,2)€[0,T] % [a,b]



CHAPTER 5

Malliavin Derivatives of the Solution

In this section, we will prove that u(¢,z) € D"? for all p > 1 and that Dy cu(t, z)
satisfies certain stochastic integral equation. When the initial data is bounded, one
can find a proof, e.g., in [Nua06l, Proposition 2.4.4] and [NQSO07], Proposition 5.1].
For higher derivatives, we will show that under usual conditions on p and if one
can find some subset S C [0,7] x R such that (52)) below is satisfied, then we
can establish the property that u(t,z) € Dlg’p for all K > 1 and p > 2. Denote
Hr = L*([0,T] x R).

PROPOSITION 5.1. Suppose that p is a C' function with bounded Lipschitz
continuous derivative. Suppose that the initial data p satisfies (L3). Then

(1) For any (t,z) € [0,T] x R, u(t,x) belongs to D for all p > 1.
(2) The Malliavin derivative Du(t,x) defines an Hy-valued process that satisfies
the following linear stochastic differential equation

Dy gult,x) = NG = 0,0 —8)

5.1
> / / — 5,2 — y)p (u(s, ) Do cu(s, )W (ds, dy),

for all (6,€) € [0,T] x R.
(3) If p € C*(R) and it has bounded derivatives of all orders, and if for some
measurable set S C [0,t] X R the initial data satisfies the following condition
(5.2) sup (Jg(t, x) + (J2 * G)(t,z)) < oo,
(t,x)eS
then u(t,z) € DZ; recall that G is defined in ZI3) and DY is defined in
Section 2.3

REMARK 5.2. We first give some sufficient conditions for (5.2I):

(1) If there exists some compact set K C R such that the Lebesgue measure of K
is strictly positive and the initial data restricted on K has a bounded density,
then by Lemma and (ZI3)), condition (G.2)) is satisfied for S = [0,¢] x K.
This is how we choose S in the proof of a special case of Theorem [[.T]- Theorem
since the initial data is proper.

(2) If S is a compact set on [0,T] x R that is away from ¢ = 0, then condition (5.2])
is trivially satisfied. In the proof of Theorems and [[13] this S is chosen to
be [t/2,t] x K where K is some compact set in R.

In the following, we first establish parts (1) and (2) of Proposition The
proof of part (3) is more involved. We need to introduce some notation and prove
some lemmas. Then we prove part (3). At the end of this section, we point out the
reason that we need to resort to the localized Malliavin analysis in Remark (5.7

27
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PROOF OF PARTS (1) AND (2) oF ProposITION Bl Fixp > 2. Consider the
Picard approximations u, (¢, z) in the proof of the existence of the random field
solution in [CD15l[CD15], i.e., ug(t,x) = Jo(t,z), and for m > 1,

(5.3) U (t, ) = Jo(t,x) / /G (t—s,2 —y)p(um—1(s,y))W (dsdy).

It is proved in Theorem 2.4 of [CD15] in case of & = 2 or Theorem 3.1 of [CD15]
in case of a < 2 that u,, (¢, z) converges to u(t,x) in LP(Q2) as m — oo and

(5.4) (. 2)|5 < 2J3(t,2) + 2 L ([1+ J3] %K) (. 2),

for all t € [0,T], z € R and m € N, where the kernel function Ky (t, z) is defined in
@II) and A =2v2L,.

In the following, let X be a constant that is bigger than or equal to 2v/2 L,. We
will postpone the determination of its value. We claim that for all m > 0 and for
all t € [0,7] and z € R,

(5.5) E (|| Dum(t,2)|l5,) < C[([L + J3) %K) (8,2)]”.

It is clear that 0 = Dug(t,x) satisfies (B5). Assume that Dug(t,x) satisfies (B.0)
for all k& < m. Now we shall show that Du,, (¢, z) satisfies the moment bound in
(B3). Notice that

Dy gum(t,z) = Gt —0,2—&)p(um-1(6,5))
(5.6) / [ Gt = 5.2~ 0 (1 (5:) Dot (s,)W ()
=:A; + As.
We first consider A;. It is clear that by (&.4),

= (lalfe,) = (U / Gt — 0,2 — €)% plum 1 (6, g))zdadg] pﬂ)

<C (/Ot/RA?G(t—e,gc—5)2 [1+Hum_1(0,€)llﬂ d0d§>p/2

<C[([1+J2+ (14 J2) «Kx] xA2G2) (1, 2)]"%.
By the following recursion formula which is clear from the definition of K in (211),
(5.7) (Kx*X°G?) (t,z) = Ka(t,2) — N>G?(t, z),
we see that
E (l4ill5,) < C[([1+ F1 %K) (t.2)]"”.

As for As, by the Burkholder-Davis-Gundy inequality and by the boundedness of
p', we have that

t p/2
E (||42]f5,) <CE (U /G(t—s,l’—y)QHDum_l(S,y)lliT dsdy] )
0 JR

' p/2
2
<C (/ /R,\2G(t —s,x—y)’ H||Dum—1(5,y)||HT||pdsdy> .
0
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Then by the induction assumption (G.3),
E (||A2l,) < C [(([1+ J3] % Kx) x A2G?) (t,2)]""
=C (N +J*Ky) () — ([1+ I3+ N2G2) (t, )]
<C[(1+ 2%k &, 2)]"7,

where we have applied (57). Combining these two bounds shows that Du,, (¢, x)
satisfies the moment bound in (E3]). Note that one may always increase the value
of X\ to ensure that the above mapping becomes a contraction. Therefore,

su%IE (|| Dum (t, :E)H%T) < oo.
me

By Lemma 23 we can conclude that u(t,z) € D%P. This proves part (1) of
Proposition (.11

Now we shall show that Dy cu(t, ) satisfies (5.I]). Lemma 1.2.3 of [Nua06| im-
plies that Dy ¢u,, (t, ) converges to Dy ¢u(t, ) in the weak topology of L? (Q; Hr),
namely, for any h € Hp and any square integrable random variable F € F;,

nli)n;OE (<D97fum(ta'r) - D@,fu(ta'r% h>HT F) =0.

We need to show that the right-hand side of (GGl converges to the right-hand side
of (B)) in this weak topology of L?(Q;Hr) as well. Notice that by the Cauchy-
Schwarz inequality,

E ([{(p(u) = p(um)) G(t =+, =), h)yy, F|)

t 1/2
< Ui, il [P ([ [ o) = s B2 = s = iasay)

We need to find bounds for ||u(t, z) —um(t,x)”g. Let A = max(L,,Lip,). It is
clear that

lutt,) ~wolt. B < 2 [ [ 6205w =) lats, )l dscy
SING? % (JZ 4 (14 J3) x K)))(t, x)
<A+ ) %K)t ),
where in the last step we have applied (B.7)). For m > 1, we have that
Jutt.a) = wn(t. 0 <Livf, [ t [ 62~ 5.2 =) lu(s.) = s (o) sy
<(NG? ||t = g [[3)(E, 7)

(Lo * [Ju = uol[5)(t, ),

where
Lo(t,z) = (N2G? %% N°G?)(t, z).
m’s \2G?
By Proposition 4.3 of [CD15], we see that
Loltr) < = G(t,2) i),

= T(m(i = 1/a))
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for t € [0,7] and x € R. Hence,

t
//RHu(s,y)—um(s,y)||§G2(t—s,x—y)dsdy
0

<C((1+J3) % Kx* L x A2G?) (t,2)
C’ITL
=T(m(1—1/a))
N
STm( - 1/a)

where in the last step we have applied twice the inequality (A\2G? % Ky)(t,7) <
Ka(t, z); see (B1). By Stirling’s approximation, one sees that

(1 + J3) % ICx % N2G? % N*G?) (¢, 2)

(L4 T *Ky) (¢, ),

(5.8) lim C™T'(m(1—1/a))" ' =0.

m— 00

Therefore,
lim E (((p(4) — pltn)) G(t — -, — ), R}, F) = 0.

m—00

Denote the second term on the right-hand side of (B.6]) (resp. (&) by L, (¢, x)
(resp. I(t,x)). It remains to show that

(5.9) i E ((I(t,2) = In(t,), by, F) = 0.
Notice that
I(t,2) — In(t,7)
/ Gt =5, = y) (5 (u(5,9)) = 9/ (1 (5,))) Dasgtm—1(s,y)W (dsdy)
/ [ Gt = 5.2 =) (uls.9) (Doscus.9) = Dogtn-a(s,) Wdsdy)
—:Bi(t,) + Bs(t, z).

Since F' is square integrable, it is known that for some adapted random field
{®(s,y),5 €10,T],y € R} with fo Jr E [®2(s,y)] dsdy < oo it holds that

+ [ t | @ wasay)

see, e.g., Theorem 1.1.3 of [Nua06|. Hence,

E ((Bi(t,z),h /ds/dyGt—sx— Y)
X E[ ( (5,9)) —p (um 1(5,9))) <Dum71(57y)=h>HT] :

Note that it suffices to consider the case when ® is bounded uniformly in (¢, z,w)
since these random fields are dense in the set of all adapted random fields such that
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fo fR (s,y)]dsdy is finite. By the Cauchy-Schwarz inequality,
E (‘(Bl(t,a:), Vaer F)

t
<Ly 190 o, sy [, | [ G =)

< E (Ju(s,9) = (5, )| | Dtmn—1(5, )l |5, ) dsdy

<C//Gt—sx—)

1/2

2

< fuls,5) = wn-1(5,9)ly E (I1Dum-1(5,9)ll5,, ) dsdy.
By the same arguments as above, we see that

Cm
lu(s,y) — wm(s,y)|l5 < Tm(1 = 1/a)) (L4 J3) * Kx) (5,9).

Together with (B.3]), we have that
E (|[(Bi(t,z), h)y, F|)* <C™/T (m(1 - 1/a)) "/

></O ds/RdyG(t—s,a:—y) (1 +J3)*KCy) (s,9).

By ([2I4)), we see that
(L +J5)*Kx) (s,9) < C((1+J5) % G) (s.9),
where G(t, ) is defined in (2I3]). Thanks to (B.8]), we only need to prove that

M := /ds/dyGt—sx— Y) (L +J3) % G) (s,y) < .

Notice that M = ((1+ J3) G« G) (t,x) and for all ¢ € 0,77,

t
(G*G)(t, z) :/ dss‘l/o‘/dyG(s,y)G(t—s,x—y) < OTYYeG(t, ) < CG(t, x).
0 R

Hence, M < C((1+J2)*G)(t,x), which is clearly finite. Therefore, we can conclude
that

lim E ((Bi(t,z),h),, F) =0.

T

Similarly, for By(t, z), we have that

E ((B2(t,z), h /ds/dyGt—sx— Y)

xE [(I)( 5Y )p ( (S’y)) <D(U(S,y) - um—l(say))7h>HT] .

The boundedness of p’ implies that ®(s,y)p’(u(s,y)) is again an F,-measurable
and square integral random variable. Since Du,,(s,y) converges to Du(s,y) in the
weak topology as specified above, we have that

Tim B [®(s, y)p (u(s, 1)) (D(u(s.5) — -1 (5,9)). By, ] = 0.
Then an application of the dominated convergence theorem implies that
lim ((Ba(t,z),h)y,, F) = 0.

This proves part (2) of Proposition (1 O
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In order to prove part (3) of the proposition, we need several lemmas. We
first introduce some notation. Let A(n,k), n > k > 1, be the set of partitions
of the integer n of length k, that is, if A\ € A(n, k), then A\ € N*, and by writing
A= (A1,...,Ag) it satisfies Ay > -+ > A\, > 1 and Ay +--- 4+ Ay = n. For
A € A(n, k), let P(n,\) be all partitions of n ordered objects, say {61,...,60,} with

6, > --->0,, into k groups {01, ..., 0}\1} ., {0F, ..., 0% } such that within each
group the elements are ordered, i.e., 9{ - > 9] for 1 < j < k. It is clear that
the cardinality of the set P(n, ) is equal to ( 1"Ak) = )\1,"—')%,

LEMMA 5.3. Forn > 1, if p € C"(R) and u € D™?, then

(5.10) Dy o p(u) = Z By YN HDGJ o
k=1

XeA(n,k) P(n,k)j=1

REMARK 5.4. Lemma [5.3] is simply a consequence of the Leibniz rule of dif-
ferentials. We will leave the proof to the interested readers. Here we list several
special cases instead:

Dy, p(u) =p'(u) Do, u,
D01,02 (u) =p" (u) Dg,u Do, u + p'(u) Dgl,egua
D, g,.6,0(w) =p® (u) Dy, u Dy, u Dy,u
+ p@ (u) (ngu Dp,u + Dglyesu Dy, u + Dg,bgsu Dy, u)
+ 0 (u) Dgl,(bﬁw,
and

Dgl,eg,eg,ew(u)
= p(4) (u) Dy, u Dp,u Dg,u Dy, u

+ p(3) (u) Dgl 0,uDg uDg,u + D§1793 uDg,uDg,u + D§1794 uDg,uDg,u

2 2 2
+ Dy, g, uDg,uDg,u + Dy, g, uDg, uDg,u + Dj_ o uDg, uDy, u]

+p' (u)

3 3 3 3
(D01’02’03UD04U + D91s92794U’D03u + D91793794U’D92u + D02793794’U’D91 u)

2 2 2 2 2 2
+ <D91792uD93794u + D91793uD92794u + D91794U’D92793u)‘|

+ ' (u) Dgl,ez,eg,eﬂ-

LEMMA 5.5. Suppose p € C°(R) with all derivatives bounded and u is a smooth
and cylindrical random variable. Let H be the corresponding Hilbert space. Then

k
1) 1Dl 2563 S (3" VTP o I,
) ‘7:1

k=1 XeA(n,k)
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Proor. By Lemmalz.3 and by the boundedness of derivatives of p, we see that

k
1D )l <€ Y ( . Ak)HHD%HHmw
o)

k=1 XeA(n,k)

where we have used the fact that |P(n,\)| = (
inequality and the Holder inequality,

PO ,c) Hence, by the Minkowski

k
(OISR S SN W o) T2 wlon -
b j=

k=1 XeA(n,k)

Finally, an application of the inequality (a; +---+a,)? < n(a?+---+a?) completes
the proof of Lemma O

LEMMA 5.6. Suppose p € C*° with all derivatives bounded and let {u(t,x),t >
0,2 € R} be an adapted process such that for each (t,x) fized, u(t,x) is a smooth
and cylindrical random variable. Let

) = [ [ oluls. )Gl = s,z = )W (dsay).

Denote
=((61,&1),...,(0n,&)) and
(5.12) ag = ((01,61) -+, (Ok—1,8k-1), (Ot1, &kt 1)s - - - (On, En))-
Then
DIt x) ZD (B, §k))G (t = O, & — &k)
(5.13)
/ / DI'p( ) G(t — s,z — y)W(dsdy).
v 0;

PROOF. It is clear that when n =1,

Do, e I(t, ) =p(u(01,61))G(t — 01,2 — &1)

+ /91 /RD(OD&)P(U(S, Y))G(t — s,z —y)W(dsdy).

Assume (BI3) is true for all kK = 1,---n — 1. Now we consider the case when
k=mn. Let « = ((61,&1),---,(0n—1,&n—1)) and 8 = ((61,&1),--.,(0n,&)). By the
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induction assumption,

DpI(t,x) =Dy, ¢, Do~ ' I(t,7)
n—1

=Dg,.¢) > D2 p(u(0r, &))G(t — O,z — &)

k=1
+ D47 p(u(On,€n)) G(t = Oy — &)

/ / Do, ey Do p(u(s, y)) G(t — s,z — y)W (dsdy)
—ZD (O, &k))G(t — O, @ — &)

+/vn . /RDEP(U(s,y)) G(t — s,z — y)W(dsdy).

Hence, (513) is true for & = n. This proves Lemma [5.6 O

Now we are ready to prove part (3) or Proposition (.11

PROOF OF PART (3) OF PROPOSITION Bl Fix some T > 0. Throughout the
proof, we assume that ¢ € [0,T]. Let w,,(t,z) be the Picard approximations given
in (53). We will prove by induction that

(5.14) sup [|um(t, ), , s <oo, forallm>1andallp>2.
meN o

This result together with Lemma implies that u(t,z) € D¥. Set H = L*(S).
Notice that

IFIE .5 = E(FP) +ZE( [DMF|[fyer ) -
Hence, it suffices to prove the following property by induction:

(5.15) sup sup D™ um (¢, )| 5enll, < o0,
meN (t,z)e[0,T] xR

for all n > 1 and all p > 2. Fix an arbitrary p > 2. Let
A= 4Pl || oo ry V Lp),
K(t,x) == Ko (t, ),
Kr = (1 *ICQ\/ﬁ)\)(T, J)) V1.

It is clear that Kr is a constant that does not depend on .

Step 1. We first consider the case n = 1. We will prove by induction that

sup || 1D (8, 2)]l, I
(t,z)€[0,TIxXR
(5.16) <4RKE swp |1+ Tl w) + (14 T) *K)(s,)]
ERDIS
=: 0,

where the constant © does not depend on m. Note that the above constant © is
finite due to the assumption on the initial data (52) and (ZI4). It is clear that
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Dy, ¢, uo(t,x) = 0 satisfies (5.I6). Suppose that (5.16) is true for k& < m. Now we
consider the case k = m + 1. Notice that

D917£1um+1 (t7 .’L‘) :p(um(ely fl))G(t — 01,2 — 61)

* /91 /]RG(t A y)p’(um(s, y))D91>51um(3a y)W(dey)

For the first term, by the moment bounds for ||um(s,y)l|, in (5.4), we see that

(//s Plum(61,6))°G*(t = 61,2 — fl)deldfl)pﬂ]

< s f ot (01.€0)I; G20 = 00,2 = €1)a01a

(t,x)€[0,TTxR

2/p

sup
(t,z)€[0,T1xR

< \NKr sup (1 + ||Um(3,y)‘|;2))
(s,y)eS

<Nk s |+ (s0) + (L )+ K)(sw)
ENDIS

)
T 4Ky

Hence, applying the Burkholder-Davis-Gundy inequality to the second term, we
obtain that

(5.17)

11Dt ( 2)] 2 <—+2A2// (t = 5,2 — )2 || |1 Dt (5, 1)l 52 sy

Therefore, by (ZI7) with T =0,

©

© 1
HIDw ()l < 5 + = (L5 K)T: >_@(2KT+ ) o

which proves (5.16]) for m + 1. One can conclude that (5.I5) holds true forn =1 .

Step 2. Assume that (BEI5]) holds for n — 1. Now we will prove that (BI4]) is still
true for n. Similar to Step 1, we will prove by induction that for some constant ©
that does not depend on m, it holds that

(5.18) sup | [| D"t (£, ) || 3 0m
(t,z)€[0,T1 xR

2
, <©.

It is clear that D™ug(t, x) = 0 satisfies (5.I8]). Suppose that (5.I])) is true for & < m.
Now we consider the case kK = m + 1. By Lemma [5.6] we see that

n

Dyt (t,2) = Y D plum (O, €6))G(E = O,z — &)

+/n ‘/RDZp(um(&y))G(t—s,x—y)W(dsdy);
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see (B.12)) for the notation for o and éy. Hence,

[[D" 41 (¢, )] |7—L®n

n ) ) , 1/2
< A0y déx G*(t — Op, x — D" p(tm (O, (n—1
<3 (] a0t 621 1 = 610 0 6 g

[ [ Dot Ge s~ W sy

n .
i:lel

HEOn
Then by the Burkholder-Davis-Gundy inequality and the inequality (a; + --- +
an)? <n(a? +---+a2), we see that

2
D w41 (&, ) |30 1],

<C, //S G*t—s,a—y) | ‘|Dn71p(um(s,y))|’H@)(n_l)H;dsdy

t
w0 [ [ @50 =) 11D pm (o)l o
0
=:Ay + Ay,

Z dsdy

where C,, = n + 1. By Lemma and the induction assumption,

Al < CnKT sup sup || ||Dn71p(u7n(sa y))||'H®(n—1)HZ2) < 0.
meN (s,y)€[0,T] xR

Following the notation in [NQSO07], let
A" (p, w) = Dlp(u) — p'(u) Dl

be all terms in the summation of D?p(u) that have Malliavin derivatives of order
less than or equal to n — 1. Then

t
(5.19)  A» <20%C, / / G2 (t — 5,7 = ) || | D"t (5,9)] lgon I dscly

t
2
+ 2Cn/ / G*(t—s,x—y)|| ||A”(p,um(87y))||7{®n|\p dsdy
o Jr
=:Ap1 + Agp.
By the induction assumption, we see that

Ay <20, Krsup  sup [ [|A™(p,um(5,))ll3gen |l < oo.
meN (s,y)€[0,T] xR

Therefore, for some constant C], > 0,
n 2
1D w1 (8, )[40 |1,
¢
<4200 [ [ @ 5o =) 11D (5.0 oo |2 sy
0o JR

Comparing the above inequality with (B.I7), we see that one can prove (BIJ) by
the same arguments as those in Step 1. Therefore, we have proved (BI8]), which
completes the proof of part (3) of Proposition B.11 |
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REMARK 5.7. In this remark, we point out why we need the above localized
Malliavin analysis. Actually, if p(¢, x,u) = Au, then there is no need to resort to the
localized Malliavin analysis. One can prove that u(t, ) € D™ because p(™ (u) =0
for n > 2. However, if p(¢,x,u) is not linear in the third argument, we are not
able to prove that u(t,z) € D° and we need to resort to a larger space DZF. The
reason is explained as follows: Let Hy = L?((0,00) x R) and wu,,(t, z) be the Picard
approximation of u(t,z) in (B3]). From (B.H), we see that

(5.20) sup [ 11Dt ) g, [, < (14 5) * ) (t,).

Now for the Malliavin derivatives of order 2, the A3 o term in (5I9) is bounded as

t
2
a2 22| ey [ [ 6= =) || IDunCs. )l
0 JR

2
dsdy
P

t
4
sc/o /RG2(t = 5,2 =) || 1Dum(5,9)l3,. ||, dsdy.
Then from (5.20), we see that a sufficient condition for As o to be finite is
((J2%G)* * G?) (t,x) < oc.

In general, for the Malliavin derivatives of all orders, one needs to impose the
following condition

(5.21) ((J§*xG)" xG?) (t,z) < oo, forallneN.

If the initial data is bounded, then sup,. ,er(J§ * G)(t,#) < oo, which implies
(BE21). However, condition (B.21)) is too restrictive for measure-valued initial data.
For example, if the initial data is the Dirac delta measure do(z), then Jy(t,z) =
G(t,z) and (JZ xG)(t,z) ~ t'=2/*G(t, x). Thus,

(J2%G)"(t, x) ~ "2 OGn (¢t ) ~ gn(=2/=(=D/aq(y o) =: f(t, ),

and condition (5.2I]) can be written as (f x G?)(t,z) < oo. One can bound G?(t, z)
by CG(t,z) and the integral in the spatial variable can be evaluated using the
semigroup property. As for the integral in the time variable in the convolution
f* G2, it is easy to verify that it is finite if
1
n(l-2/a)— (n—1)ja>-1 <= n< 3+—0‘
-«
Therefore, condition (52I]) is true only for n < (1 + «)/(3 — «), where the upper
bound is a number in (1, 3] since o € (1, 2].






CHAPTER 6

Existence and Smoothness of Density at a Single
Point

In this chapter, we will first generalize the sufficient condition for the existence
and smoothness of density by Mueller and Nualart [MINO8] from function-valued
initial data to measure-valued initial data; see Theorem in Section Then
based on a stopping time argument, we establish the necessary and sufficient con-

dition (L8)) in Section [62
6.1. A Sufficient Condition
In this section, we will prove the following theorem:

THEOREM 6.1. Let u(t,x) be the solution to (L)) starting from an initial mea-
sure p that satisfies ([[LO). Assume that p is proper at some point xo € R with a
density function f over a neighborhood (a,b) of xo. Suppose that p(0, zg, f(xz0)) # 0
and that f is f-Holder continuous on (a,b) for some B € (0,1). Then we have the
following two statements:

(a) If p is differentiable in the third argument with bounded Lipschitz continuous
derivative, then for all t > 0 and x € R, u(t,x) has an absolutely continuous
law with respect to Lebesgue measure.

(b) If p is infinitely differentiable in the third argument with bounded derivatives,
then for allt > 0 and x € R, u(t,z) has a smooth density.

We need one lemma regarding the SPDE ([L9]). Recall that the constant A is
defined in (LI0).

LEMMA 6.2. FZ.T a deterministic constant 6 > 0. Let Wg be the time-shifted
white noise, i.e., Wyo(t,x) = W(t + 0,x). Suppose that ug(zx) is an Fg-measurable
process indexed by v € R such that ug(x) € LP(Q2) for allp > 2 and x € R, and

/||u0(y)\|§G(t,z—y)dy<—|—oo, for allt >0 and x € R.
R

Then there is a unique solution u(t,z) to (LA) starting from ug driven by Wy instead
of W. Moreover, for allp > 2 and T > 0, there is a finite constant C := Cpra > 0
such that

(6.1) u(t, 2)] 2 c/nuo MGtz — y)dy < +oo,
for all (t,z) € [0,T] x R.

ProOOF. Fix (t,x) € [0,T] x R and p > 2. The proof of the existence and
uniqueness of a solution follows from the standard Picard iteration. Here we only
show the bounds for [|u(t,z)[|,. Note that the moment formulas in [CD15] and

39
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[CD15] are for deterministic initial conditions. In the current case, similar formulas
hold due to the Lipschitz continuity of (¢, x, z) uniformly in (¢, z).

Note that the moment bound in (2I0) is for the case when the initial data
is deterministic. When initial data is random, we need to replace JZ(t,z) by

H Jruo(y)G(t,x — y)dy’ ’; By Minkowski’s inequality and Holder’s inequality,

(6.2) ‘

/RUO(y)G(t, z —y)dy
Hence, by (210),

2
< / uo(w)|I2 Gt 2 — y)dy = Ju(t, ).
p

t
lu(t. o)} < C(ta)+C [ ds [ dy 6o = s =) s, dsd.
0 R

Then by Lemma [2.1]

llu(t )l

< OJ.(t2) +c/ /Rdycu—s,x—y)/Rde(s,y—z)||uo<z>||;i

t—sl/a

< CJ.(t.2) +c/ /dea,x—z)Huo(z)Hi

t—s) 1/
o1+ / s, (t,z)
= _— * y xT
o )il
which is finite because o > 1. This completes the proof of Lemma |

ProoOF OF THEOREM [6.1l Recall that p(u(t,z)) is a short-hand notation for
p(t,x,u(t,x)). By Proposition Bl we know that

Dy cu(t,z) = p(u(0,8)G(t—0,2—-¢)

6.3 t
. + [ @t s =)o/ s 9)) Dyt )W (5. ),
for 0 <0 <t and £ € R. By the assumptions on u, for some constants a < b, we
have that W[, ) (z)u(dr) = f(x)dr, where f is a f-Holder continuous (and hence
bounded) function on [a, b] for some 5 € (0,1). Set S = [0,¢] x [a, b].

For part (b), notice that Lemma and part (3) of Proposition B.Ilimply that
u(t,z) € DF. Denote

t b
(6.4) Cltz) = /0 / Dy cult, )] dedo.

By Theorem[25] both parts (a) and (b) are proved once we can show E [C(¢,2)P] <
oo for all p > 2.

Because p(0, zo, f(z0)) > 0, by the continuity we can find o’ and b’ such that
b —a <1, [d,V] Cla,b] and p(0,z, f(x)) > > 0 for all z € [a/,V]. Let ¢ be a
continuous function with support [a’,b'] and 0 < (€) < 1. Set

(6.5) Yo(t,x) ::/RDgygu(t,x)w(f)df.
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Choose r € (0,1) and € such that 0 < €" < ¢t. Then

athﬁd@4%¢@ﬂhw@@f

> /Ot (/R De,ﬁu(tvx)w(f)df)zde
_ /O Y21, 2)6 > /0 V(a0

> EVE(ta) - [ ¥t - V(e a0
0

Hence,

P(C(t,x) <e) <P <|Y0(t,x)| < \/56;) +P (/ |V (t, ) — Y§(t,2)|do > e>
0

In the following, we consider P(A;) and P(Az) separately in two steps.

Step 1. We first consider P(A;). By integrating both sides of ([63)) against ¢(§)d¢,
we see that Yy(t, z) solves the following integral equation

Yi(t,z) = /w@MWW£DG@—&x—Q%
(6.6) ®

+/0 /RG(t —s,x—y)p (u(s,y))Yo(s,y)W(ds,dy), fort > 6.

In particular, Yy(¢, ) is a mild solution to the following SPDE

(% - mD?) Yo(t,z) = p'(u(t, ) Yo(t,x)W(t,z), t>0,zcR,

Y()(O, ,T) = 1/1(510)/’(07 z, f(l‘))

Because for some ¢' > 0, ¥(x)p(0,z, f(x)) > ¢’ for all x € [/, V'], the assumption in
Theorem is satisfied. Hence, (III)) implies that for all p > 1, ¢ > 0 and = € R,

(6.7)

(6.8) P(A;) < CyppeP, for e small enough.

Step 2. Now we counsider P(A3). For all t > 0, z € R and for all ¢ > 1, we see by
Chebyshev’s inequality that
1/2

P(A2) <€D sup {E [1Yo(t, @) = Yo(t, )]
(0,z)€[0,em] xR

1/2
<E [[¥(t.0) + Yatt. o)) .
We claim that

(6.9) sup  E[|Yp(t,2)[*] < +oo.
(6,z)€[0,t] xR
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From (6.6]), we see that Xy(t,z) := Yy(t + 0,x), t > 0, solves the following SPDE

(gt D5> Xo(t,x) = p'(u(t, ) Xo(t, x)Wo(t,z), t>0,z€R,

XG(Oa I) = 1/}(:5)/)(9’ €z, u(97 1‘)),

(6.10)

where Wy(t,z) := W(t + 0, x) is a time-shifted white noise. By the linear growth
condition (L4) of p and part (1) of Lemma [[.6 we see that for all ¢ > 0 and z € R,

[ o001, Gt =y < 22 [ v (s + .1, ) Gtz = )y

<L2|c+ sup lu(s,y)ll5, | < +oo.
(s,9)€[0,t] x[a’,b']

Hence, Lemma [6.2] implies that for 8 € [0, ], there is a solution to (EI0) with

2 2
sup |[[Yp(t,2)|l3p = sup || Xp(t =0, 2)|l5, < +o0,
(6,z)€[0,t] xR (6,z)€[0,t] xR

which proves ([6.9]).
Now we consider the other term:
(6.11) Yp(t,x) — Yo(t,x)

/ (e )G(t— 0,2 — &) — p(u(0,£)G(t, x — )] dé
- / / G(t — 5,7 — )7 (u(5, ) Yo(s, »)W(ds, dy)

+ / / Gt — 5,2 — y)ol (u(s, ) (Yo(s, 4) — Yo(s,y) W(ds, dy)
0 R
:S\Ifl — \112 + \113.

By the Lipschitz continuity and linear growth condition of p, for ¢ > 2 and some
constant Cy > 0,
QQ]

s +u(0,£)?

E (¥ < C,E

‘ /}R B(E)[u(6,€) — u(0,)|G(t — 6,2 — £)de

+Cy L2

/@/} VGt -0,z —&) — G(t,x
::Oq\lln +Cq Lp \1112.

By the Minkowski inequality and the Holder continuity of u(t,x) (see part (2) of
Lemma [T6]), we have that

gmin(a—1,8)
[e3

2q
W, < ( [ 96— 0.0- ) (6.9 ~ w0, dg) <Okt
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As for W5, applying Holder’s inequality twice, we see that

-0,z -¢) — z—&))? u 2 '
w<(/ BOIG(E b2~ &) — Gtz — E)F (1+u(0,) >dg>

< sup (1+ f(€)) ( / [G<t—97w—5>—G“’“de)q

£€la’,v]

<C sup (14 f(©)»)6°+",
gela’,b’]

where in the last step we have applied [CD15| Proposition 4.4] and C is a universal
constant. Therefore, for all ¢ > 1, there exists some constant C), ; .4 > 0,

gmin(a—1,8)

E[|¥1*] < Cupwqd =, forallde (0,

As for Wy, set A := sup(, , . |p'(t, 7, 2)|. Because the initial data for Yy(¢, z) is a
bounded function, sup(, ,)ejo,xr ||Yo(8:y)||o, < co. By 23) and ([2.4),

0
1921, < 4%, [ s [ dy Gt = 5.0 =0 Mool
0

0
<A*C, sup ||Y0(s,y)||§q/ ds/dyG(t—s,x—y)2
(5,9)€[0,4] xR 0 R

0
<n%C,C2 s (sl [ G- 5.0
0

(s,9)€[0,¢] xR
6
= A2Cq02 56'(1; 0) sup ||Y0(S, y)||§q/ ;ﬂds
, (s,9)€[0,t] xR o (2t —s))Y/e
< O6¢1—1/o¢7
for all ¢ € (0,¢]. Thus, for some constant C},, , , >0,
E “\IjQ‘zq] < C//L,t,x,q 0%7 for all @ € (0,1].

Applying the Burkholder-Davis-Gundy inequality (ZI0]) to the 3 in (GI1I), we can

write
(6.12) Yot ) = Yo(t,@)l13, < Cy (101113, + 1913,
t
+C0 [ s [y @t —sa ) Vils.0) - Yol
0 R

By ([€3), we know that g¢(t) := sup,¢p ||Yo(t, ) — Yo (¢, a?)||§q is well defined. Thus,
we can write inequality (6.12)) as

t
min(a—1,8) 1
gg(t) < CA,##LI (9 o +/9 er(S)dS) .

By Gronwall’s lemma (see Lemma [A2)), we see that

go(t) < CX gt 9= forall 6 e (0,1].
Therefore,
rqmin(a—1,8)
(6.13) sup E [IYe(L‘, x) — Yo(t, $)|2q} < Crpgpar€  © ;

0<f<er, z€R
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and consequently, we have

(6.14) P(As) < Ch pgton (=g maminfe=t)
for all ¢ > 0 and = € R. Notice that
rf3 2«
1 s 1
r-1+35,>0 = r>g=7el0l), ad
rle-1)

«
0 =
S g v

By choosing r such that,

(r—1)+ €[4/5,1) for a e (1,2).

2«
min(3a — 1,2a + 38)

<r<l,

we see that (r — 1) + "20=L8) ~ ( for all ¢ > 2.

2c

Finally, Theorem [6.1]is proved by an application of Lemma[A T with (G.I4) and
63). 0

6.2. Proof of Theorem [1.1]

Now we are ready to prove Theorem [l

PrOOF OF THEOREM [[LTl Recall that the solution wu(t,z) to (L)) is under-
stood in the mild form (7). Let I(t,z) be the stochastic integral part in (27,
ie., u(t,z) = Jo(t,x) + I(t,x). Denote

lo i inf { > 0. sup o (s, (Gl ) )] o} |

If condition (7)) is not satisfied, i.e., t < tg, then I(¢,2) = 0, which implies that
u(t, ) = Jo(t, z) is deterministic. Hence, u(t, z) doesn’t have a density. This proves
one direction for both parts (a) and (b).

Now we assume that condition (7)) is satisfied, i.e., t > ¢y. By the continuity
of the function

(0,00) x R? 3 (t,2,2) = p(t,z, (G(t,-) * u)(z) + 2) €R,
we know that for some €y € (0,¢ — tp) and some zy € R, it holds that

(6.15) p(to+ey, (Glo+e-)xp)(y) +2) #0

for all (e,y,2) € (0,€) X [xg — €0, Z0o + €] X [—€0,€0]. Let 7 be the stopping time
defined as follows

Y€ [xo—eo,T0+eo]

7 := (to + €0) Ainf {t > to, sup [I(t,y)| > 60} .

Let W, (t,z) = W(t + 7, ) be the time shifted space-time white noise (see (ZI9))
and similarly, let p.(¢,2,2) = p(t + 7,2,%). Let u.(t,z) be the solution to the
following stochastic heat equation

(% - fos’) Un(t, ) = pu(t, @, ua(t, ) Wil(t,z), t>0, xR,

us(0,2) = u(r, ), r €R.

(6.16)
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By the construction, we see that

sup  [I(7,9)| < eo.

y€[zo—e€o,x0+e0]

Hence, property (G.I3) implies that

px (0,y,u(t,y) = p(ryy, Jo(r,y) + I(1,y)) #0, forall y € [xg — €,z + €0].
Notice that y — wu(7,y) is S-Holder continuous a.s. for any 8 € (0,1/2). There-
fore, we can apply Theorem [61] to (6I0) to see that if p is differentiable in the
third argument with bounded Lipschitz continuous derivative, then wu, (¢, ) has a
conditional density, denoted as f;(z), that is absolutely continuous with respect to
Lebesgue measure. Moreover, if p is infinitely differentiable in the third argument
with bounded derivatives, then this conditional density x — f;(z) is smooth a.s.

Finally, for any nonnegative continuous function g on R with compact support,
it holds that

Elg(u(t, z))] = E [E [g(u(t, z))|F~]]
=E [E [g(u* (t - T, x))|~7:7']]

=5 | [ gte)fi-rla)a]
- / 9(@) E[fi_+(2)) da.

Therefore, if p is differentiable in the third argument with bounded Lipschitz contin-
uous derivative, then wu(t, z) has a density, namely E [f;_,(x)], which is absolutely
continuous with respect to Lebesgue measure. Moreover, if p is infinitely differen-
tiable in the third argument with bounded derivatives, then this density is smooth.
This completes the proof of Theorem [Tl O






CHAPTER 7

Smoothness of Joint Density at Multiple Points

In this chapter, we will establish both Theorem and Theorem [[.3]

7.1. Proof of Theorem

Recall that p(u(t,z)) is a short-hand notation for p(¢, z,u(t, z)). By taking the
Malliavin derivative on both sides of ([2.7)), we see that

(7.1) D, ju(t,z) =p(u(r,2))G{t —r,z — z) + Q- (t, z)
for 0 <r <t and z € R, where

(12 Quilta)= [ [ 6= s =) (s, ) Dyl )W (ds.dy).

Let S, .(t, ) be the solution to the equation

Sy (t,x) =Gt —r,x—2)+ / /RG(t — s,z —y)p (u(s,y))Sr (s, y)W(ds,dy).

Then
U, .(t,z) := D, u(t,x) = S, .(t, x)p(u(r, 2)).

We first prove a lemma.

LEMMA 7.1. Fort € (0,T], x € R and p > 2, there exists a constant C > 0,
which depends on T, p, and sup g |p'(x)], such that

1Sr=(t. )2 < C (t—1)"VG(t 12— 2).

PROOF. Let A := sup,cp |[p'(z)]. By the Burkholder-Davis-Gundy inequality

(see R.10)),
¢

HSr’Z(t,x)Hi < C’pG(t—r,x—z)2+Cp)\2/ ds/ dy G(t — s,z — y)* HS,«,z(s,y)Hi.
T R

Denote f(0,n) = ||Sy,.(0 +r,n + z)Hi Then by setting § =t —r and n =z — 2,
we see that f satisfies the inequality

0
F(0,1) < C,G(0,1) + Co X2 /0 ds /}R dy G(O — 5,1 — 1) (5.7).

Then the lemma is proved by an application of Lemma [Z.1] |

Proor oF THEOREM [[.2l Fix ¢t > 0 and 1 < --- < z4. Let ¢g > 0 such that

a—1
(7.3) €o <min(¢/2,1) and 2e5"" < min|x; — ;]
irj

47
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Choose a compact set K such that

d
) e <
i=1

and set S = [t/2,¢] x K. The localized Malliavin matrix of the random vector
(u(t,z1),...,u(t,zq)) with respect to S is equal to

t
Oij 1= 04j.8 :/ dr/ dz U, ,(t, ), (¢, ;).
t/2 K

Hence, for any ¢ € R? and any ¢ € (0, ¢),

(0€,8) = /t/: dr/Kdz (zd: \th(t,xi)&_)Q

x; pel/o d 2
> dr/ dz U, . (t,x;)&;
> [ (S veteas)
z]Jrel/
> Z/ dr/mjel/a dz \Iliz(t,:z:j)gj?
24t/
S [ [ g
j=1 ity Jtme Jzjmel/e
= 1:(&) +21V(9),
where we have applied the following inequality
d 2 2
(Zaz> :a?“‘ZZaiaj‘f' Z(li ZG?—FQZGZ'CLJ‘.
=t i i#j i
Then by the inequality (a + b)? > 2a® — 2b%, from (1)), we see that
9 .t zj+el/e
e > = Z/ dr/ dz p(u(r, 2))2G(t — r,x; — 2)2€2
3 j=1Jt—¢ x;—el/
d t xjet/
- 22/ dr/ dz Q2 (t,2,)€2
j=1 t—e z;—el/e

v
wl o
(1=
u\
| ~+
a

o

=
T &

+
a

o,

N
s
—~

e
—~
v@#-

8
<
~—
~—

»

Q
—

~
=

8
<

N
~—

[ V)

S

<.
Il
—

x, +et/e
/ dz |p(u(r, 2)) — plut, ;)2 Gt — r.z; — 2)°€2

|
Wl N
M=
T
[0}
o,
3

.
Il
_

.
Il
—

I
[N}
=
»
| Do A
2
\s]
+
[0}
o,
I3
)
~—~
~
8
<
S~—"
ax]
(V)

[l
|
>
e
—~~
"%
~—
|
-4
S
—~~
"%
~—
|
[N}
mi
©
—~~
"%
~—



7.1. PROOF OF THEOREM 49

Hence,
2
deto)V/? > inf (o > - 1anO) )—2 su I
(deto)'/" > inf (0€,€) > 3 inf I} ;my
Now, we will consider each of the four terms separately.

Step 1. We first consider " (€). Let v and 8 be the constants in condition (LS]).
Denote

¥
fr.8(2) :—exp{ 258 {log |1/\J }, for z € R.

Notice that for |{] = 1, by condition (L8], there exists some constants 5 > 0,
v €(0,2—1/a) and I, > 0 such that

wJ—i-e
1) > 122/ dr/ dz fo(ult, )Gt =125 — 2)°€
€ Tj— el/a
1/

rJJre
> 2| inf £y (u(t, )| Z / ar [ 4Gt - 22
LT J t—e x

_el/a
i—et/

_ el ] ‘ 2¢2
= _mlgjf{fgﬁ(u(t,x))_ ;/te dr[fl/a dz G(t — 1, 2)°E;

1t /e
= 1/2) xlg}f( fgﬁ(u(t,x))_ /t_6 dr /_61/a dz G(t — 7, 2)°.

By the scaling property of G(t,x) (see ([22))), we see that

/ dr/ dz G(t —r,2)? / dr (t—r)_l/o‘/ dy G(1,y)?
t—e —et/e e ly|< —<25

G/

t

> dr (t—r)fl/o‘/ dy G(1,y)?
lyl<1

t—e
= Ce Ve,
Therefore,

inf ‘I(O) \> L-1/a g t ).
\El\n:l € (f) _Coe xngfﬁ,’Y(u( ,I))

Step 2. Now we consider Ie(l)(f). Because |&;| < 1, by Minkowski’s inequality, for
p > 2, we have that

1/a

zj+€
sup I 1) ’ ZZ/ dT’/ dz|\Pr,z(taxi)\Ilr,z(taxj)‘
|€]=1 G=1 itj € wj—el/a
P
d xjtet/
gZZ/ dr/ AWt W),
=1 i#j t—e z;—el/a
Set
(7.4) Cik = sup Hp(u(s,y))QH2p.

(s,y)E[t/2,t]x K
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By Hoélder’s inequality, for r € (t —e,t) C (¢/2,t) and z € K,
Wz (E, 23) Wrz (£, 25)|],, < Cr e[S,z (8 @)y, 1Sz (8 25)y, -
Then, by Lemma [l and by Hoélder’s inequality,

1/a

t Tjte
[ a [ Gl bt
t—e z;—el/a
t 1j+61/0‘
<C dr (t—r)*l/a/ \/G(t—r,xi—z)G(t—r,xj —z)dz
t— z;—elt/o

1/

/e 1/2 . 1/2
€ 1“7 € m] €
<C [ drr~V= (/ G(r,z; — z)dz) (/ G(r,m; — z)dz)

0 x;—el/e x;—el/«

€ acj—&-el/”‘ 1/2
SC/ dr =1/ (/ G(r,z; — z)dz) .
0 z;—el/o

Notice that for some constant C' > 0 (see (4.2) of [CD135]),

1/a 1/a

Tj+€ e
/ G(r,z; = 2)dz = T_l/a/ G(1,r Yz — aj — 2))dz
931_51/“ _el/a
e/« 1
<C —l/a/ q
= _el/a 1+ [r*l/a‘xi -z — Z|]1+a z

1/a

¢ 1
=Cr dz.
i/a T1+1/0‘+|Ii—33j _Z|1+a

Thanks to ([Z3)), for |z| < e/,

a—1 1 a—1 2 a—1
|37i —xj — Zl > |{E2 _ le _ |Z‘ > 2¢eallte) —¢ o ea(lta) (2 _ 6(1(1+a)) > gallta)

Hence,

1/a

Tj+€ € 1
GT‘,?L"—ZdZ<C7‘ ————dz
/Ij_el/a ( ! ) - /_El/cx 'I’l+1/0‘ —+ 6171/0‘

_ 20 e/«

T opltl/a + el-1/a
20ret/

P —

T o/pltl/agl-1/a

11 1,3
— 2" %a ¢ 37T %4
=Cr2 2« ¢ 272,

1/a

and
t Ij+€1/ 1 3 € 1 1 1
/ dr/ Az [y, - (8, 23) Ur 2 (8, 25) |, < C’E_ZJFE/ ri-dapadr
t—e x 0

j_€1/a
1
= ("7,
Therefore,

sup
1€l=1

10(¢)|

p
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Step 3. Now we consider 16(2)(5). Similarly,

&)

l€l=1

1/a

Tj+e€
<Z/ed’°/x e llp(u(r2) = plultapIE G~ ria; — 2

By the Holder regularities of the solution (see [CK17] for the case @ € (1,2) and
[CD14] for the case a = 2),

(75) ol ) = plat, )2 < Coe (6 =)' 4 (2 = ;)" 1)

Hence,

x4t/
/ dr/ dz [|p(u(r,2)) = p(u(t,z;))[; G(t = 25 — 2)°

_el/a
j—et/

m]Jrel/o‘
< C/ dr/ 7‘)171/0‘4—6171/0‘) Gt —r,xj — 2)?

_el/a
j—et/

<C dr ((t—r)l Ve 4 1_1/0‘)/dz Gt —r,x; —2)?
t—e R

t
<c /| ar ((t — ) Ve g el—l/a) Gt —r),0)
t—e
t
<c | ar(@-re s de) @)
t—e
—C 62(1—1/a)7

where we have used the fact (24). Therefore,

sup [ I2(9)||| < €201/,
l¢]=1 »
Step 4. Now we consider I ). Similarly,
sup |1 (¢) ‘|| <Z/ dr/dz“QMtfcj H
|§1=1 €

Let A :=sup,cp |¢/(z)|. By the Burkholder-Davis-Gundy inequality (see (2.9))),
1@t x|, = 11Qus(t. )i,
< CpN? /Tt dS/Rdy G(t—s,2; — y)*[Ip(u(r, 2))Sr2(s,9)[[3, -
By Hoélder’s inequality, for r € (t —¢,t) and z € K,

[1p(u(r, 2)Sr2(5,9)ly, < CLoe [1Sr2(5,9)l,,
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where the constant C; g is defined in (Z4)). Hence, by Lemma [7.1]
|@7x ()],
<C/ ds(s—1) 1/O‘/dyGt—s r; —y)?G(s—ry—2)
<C’/ ds (s 1/°‘(t—s)_1/o‘/ﬂQdyG(t—s,xj—y)G(s—r,y—z)
< C’/ ds (s — )"Vt —s)"VG(t — 2 — 2).

Then integrating over dz gives that

t t t
/ dr/dz Hng(t,x]—)H <C dr/ ds (s —r) "Vt — s)~ Ve
t—e R ' P t—e T

t
=C | dr(t—r)t-2e
t—e

— o2-1/a)
Therefore,

<C 62(171/04).

sup | 19(8)|

l€1=1 »
Step 5. Finally, by choosing
2a0 — 1
7.6 1 in (2 —
(7.6) <”<mm(’2(a_1)>’

we see that for all p > 1,

. P Vd o (0=1/e)n) < p(Z inf
(7.7) ((det o)/ <e ) < 3 ‘é‘n,

|

i=1

(5)‘ < 2€<1l/a>n>
(5)’ . %6(1—1/a)n>

< P ( inf fs. (u(t,)) < C} 6<1—1/a><n—1>>

1€l=1

3
Z 6p mm =,2— %)—(1—1/01)7]).

Notice that for any 6 and z € (0,1),

1 vy 71/ 1 1/~
exp{—ZB [log;} }<9 <— z<expq —(20) ”[loga} )
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Hence, as € is small enough, for some constant C{/ > 0,

P ((inf fault, ) < G b0 )
(g e 01 <o - (A2 0) e 2] )
(g it <o - (C20) g ).

Then Theorem implies that for some B > 0 which depends on «, 3, 1, v, K
and t, such that

(78) P (ggfﬂ fon(u(t,z)) < Cy 6“‘”““"‘”) < exp (~Blog(1/¢)] Q’i/‘*)
=: g(e).

Because v € (0,2 — 1/a), limjg g(e) = 0. The above choice of 1 guarantees the
following two inequalities

min <1 - %,2— %) -(1-1/a)p>0 and (1—-1/a)(n—1)>0.

Hence,

uﬁ%P ((det o)/ < e') =0,

that is, det o > 0 a.s. By part (1) of Proposition (.1 we know that u(t,z) € D2,
Therefore, we can conclude from part (1) of Theorem 2.5 that part (a) of Theorem
is true.

As for part (b), since our choice of S = [t/2,t] x K is a compact set away
from ¢t = 0, condition (52) is satisfied. Hence, part (3) of Proposition Bl implies
that u(t,z) € D¥. In order to apply part (2) of Theorem [Z5] we still need to
establish the existence of nonnegative moments of det o. Because v € (0,2 — 1/a),
the function g(e) defined in (Z.8) goes to zero as € tends to zero faster than any eP
with p > 1. Thanks to (Z.7)), we can apply Lemmal[A.Tlto see that E [(det o) 7] < 0o
for all p > 0. Part (b) of Theorem is then proved by an application of Theorem
(b). This completes the proof of Theorem O

7.2. Proof of Theorem [1.3]

Proor oF THEOREM [[.3l The proof of Theorem [[.3]is similar to that of The-
orem with some minor changes. Denote F' = (u(t,x1),...,u(t,zq)) and

Q. i={w: plut,z;,w))? >c,i=1,...,d}, forec>0.
Following the notation in the proof of Theorem [I.2] we need only to prove that

lim e *P ((det o)V < e, Q) —0,

e—04
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for all ¢ > 0 and k¥ € N. Now fix an arbitrary ¢ > 0. In Step 1 in the proof of
Theorem [[.2] we bound 1 (&) simply as follows

z]+61/a

IO (¢ >CZQZ/ dr/ dz G(t — r,z; — 2)°¢;

el
j—et/

> Cel™ /e as. on Q..

The upper bounds for Ie(i) (€), i =1,2,3, are the same as those in Steps 2-4 of the
proof of Theorem Then by the same choice of 7 as that in Step 5 of the proof
of Theorem [T.2]

P ((deta)l/d < =1/, Q) < P (— inf ‘I(O) ’ < 9¢(1=1/a)n, Q)

+Z}P’<

=1

10 (5)‘ o Leamam )
j€1=1 3

Then the remaining part of proof is the same as that in Step 5 of the proof of
Theorem This completes the proof of Theorem |

REMARK 7.2. In Hu et al [HHNS15], the smoothness of density is studied for
a general class of the second order stochastic partial differential equations with a
centered Gaussian noise that is white in time and homogeneous in space; see Section
for a brief account of these results. Our equation here falls into this class. The
main contribution of Theorem [[3]is the measure-valued initial condition. Actually,
if initial data is bounded, one can prove Theorem through verifying conditions
(H1)-(H4) of Theorem [A.8 and Remark [A.91 In our current case, the correlation
function f in (A1) is the Dirac delta function dp. (H1) is true because

T
/ /|]-"G €)|2dedt = / /G(t,z)zdzdt: CT % < o0,
0 R

and sup, (o 77 Jp G(t, #)dz = 1. (H2) is true thanks to Theorem 1.6 of [CK17] with
k1:=(1—a)/(2a) and kg:=(a—1)/2.

Because [; dr [ dz G(t,x)? = Ce!~'/*, (H3) is satisfied with any ¢, > 0 and
n:=1—1/a > 0. Finally, for (H4), for any ¢ > 0,

/e dr ™ / dz G(r,z)? = C/E pr-lagy = geltm—t/e = gedla=1)/(2e)
0 R 0
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from where we can choose any €; > 0 and 7; := 3(a — 1)/(2a) > 7. Since by (2.4)
and (23), for w # 0,

/Oedr/Rdx G(r,x)G(r,w+z) < C/edr/dx G(r,z)G(r,w + z)

—C/erdr—C/ —1/“0 )

— -1/«
C/ 1+ |w|1+ar ay/a 4"

€

,

=C o /ey [[ita r
¢

= Tt

we can choose any ez > 0 and 72 := 2 > 7. Finally, because
x(afl)/2
1+ |x|1+at—(1+1/a)
—1)/2
— otle=/20) gy, ye v/
y>0 1+ y1+a

< Ct(a—3)/(2(¥)’

2 G(t,z) < Ot~V

where we have used the fact that 0 < (o — 1)/2 < 1 + «, we see that
/ dr/ dz 2" G(r,z)G(r,w+ x) < C’/ dr r(@=3)/(22) / dz G(r,w + )
0 R 0 R

_ C/E dr p(@=8)/(20)
0
_ C€S(O¢—1)/(2a).

Therefore, one can choose any ez > 0 and 73 := n; = 3(a — 1)/(2a) > 1. With
this, we have verified all conditions (H1)-(H4) of Theorem 3.1 and Remark 3.2 in
[HHNS15].






CHAPTER 8

Strict Positivity of Density

We will first establish two general criteria for the strict positivity of the density
in Section BJIl Then we will prove Theorem [[.4] in Section by verifying these
two criteria. Some technical lemmas are gathered in Section B3]

We first introduce some notation. We will use bold letters to denote vectors.

Denote
x| = \fod 4+

for x € R and
1/2

d
A= > A .

D1y nsim =1

for A € (RY)®™ and m > 2 (i.e., the Frobenius norm when m = 2).

Recall that W = {W},t > 0} can be viewed as a cylindrical Wiener process in
the Hilbert space L?(R) with the covariance given by (Z6). Let h = (h',... hd) €

I~

L*(Ry xR)? and z = (21,. .., 24) € RL Define a translation of W;, denoted by W,
as follows:

81 Wile) = Wilo)+ >z [ [ Wsudau)dsdy, for any g € (R).

Then by Theorem 10.14 of [DPZ14], { Wt, t> O} is a cylindrical Wiener process
in L2(R) on the probability space (£, F, @), where

= d d

dP /OO/ . Im [ [

— =exp | — Z h'(s,y)W(ds,dy) — = zl/ /hl s,y)|°dsdy | .
- (;le [ [reawasan 5302 [ [

For any predictable process Z € L*(Q2 x Ry; L?(R)), we have that

/OOO/RZ(s,y)W(ds,dy) _/OOO/RZ(S,y)W(ds,dy)
d o .
#a [ [ Aoy

57
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In the following, we write Z?:l 2ih'(s,y) =: (z,h(s,y)). Let u,(t, z) be the solution

—

to ([II)) with respect to W, that is,

Ug(t, ) = Jo(t, x) + G(t — 5,2 — y)p(tz(s,y))W(ds, dy)
s ]

¢

+ [ [ Gt = sz = (s, (. his.) dsd.
0

Then, the law of u(t, ) under P coincides with the law of @, (¢, z) under P.

8.1. Two Criteria for Strict Positivity of Densities

We first state a technical lemma, which can be found in [BP98| Lemma 3.2
or [Nua98| Lemma 4.2.1].

LEMMA 8.1. For any 1 > 0, B2 > 0 and k > 0, there exist nonnegative
constants R and « such that any mapping g : R? +— R? that satisfies

(1) [detg'(0)] = 1/

(2) supjy<x (I9(2)] + llg'(2)[| + llg" (2)]]) < B2

is a diffeomorphism from a neighborhood of zero contained in the ball B(0, R) onto
the ball B(g(0), a).

To each z € R? and h € L?(R; x R)¢, let /V[ZZ be the translation of W; with
respect to z and h defined by ([B1]). As a consequence of Lemma 2.1.4 in [Nua06],
for any d-dimensional random vector F', measurable with respect to W, with each
component of F belonging to D*? both GZF(WZ) and GEF(WZ) exist and are
continuous with respect to z. We shall explain the continuity. Fixi € {1,...,d} and
set g =, 2jh;. By Lemma 2.1.4 of [Nua06|, we have that F(Wz) = F{#M and
{F (h) — pzihitg 5 R} has a version that is absolutely continuous with respect
to Lebesgue measure on R and 9,, F*® = (DF, hi>g’h>, where H = L?(R). Now
fix another i’ € {1,...,d} and set ¢' = >, 2;h;. Another application of Lemma
2.1.4 of [Nua06] shows that

{8ZiF<z’h> = <DF5 hi>§{i/hi/+g/ ) Zit € R}

has a version that is absolutely continuous with respect to Lebesgue measure on R

and

92  pl=h) _ (D2F, h; ® hi,>(z7:h7a+9)®(zwhw+g’) '

ZiyZ;0 H®2
Since F' € D*2, one can apply Lemma 2.1.4 of [Nua06] for a third time to show
that for any ¢ € {1,...,d} there is a continuous version of z;» 8§i)zi/F<Z7h>.

Therefore, both 0, F (WZ) and O2F (WZ) exist and are continuous.

The following theorem is an extension of Theorem 3.3 by Bally and Pardoux
[BP98]. The difference is that we include a conditional probability in (84 below,
which is necessary in order to deal with the parabolic Anderson model.

THEOREM 8.2. Let F' be a d-dimensional random vector measurable with respect
to W, such that each component of F is in D*>2. Assume that for some f € C(R?)
and for some open subset T' of R, it holds that

Tr(y) [Po F~'] (dy) = Tr(y)f(y)dy.
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Fiz a point 'y, € I'. Suppose that there exists a sequence {hy,},en C L2(Ry x R)?
such that the associated random field ¢, (z) = F(W?=™) satisfies the following two
conditions.

(i) There are constants co > 0 and ro > 0 such that for all v € (0,7¢), the following
limit holds true:

n—roo

1
(8.3) lim inf P <|F — ¥« <7 and | det 0,¢,(0)| > —> > 0.
co

(ii) There are some constants £ > 0 and K > 0 such that

(8:4) Jim P (Sup 16n(2)llc= < K

lz|<r

|F — y. Sm) =1,

where

160 (2)]c2 := |60 (2)| + (|00 (2)]| + || b0 (2)]] -
Then f(ys) > 0.

ProoF. Fix y, €T, k, rg, ¢p and K. Denote
1

Q= {w D | F =y« <7, |det0,¢6,(0)] > — Sup [|on(2)]] o2 < K}.
0 |z|<k

By applying Lemma Bl with 81 = ¢g and 82 = K, we see that there exist o > 0
and R > 0 such that for all w € Q,,, and n € N, the mapping z — ¢, (z,w) is a
diffeomorphism between an open neighborhood V,, (w) of 0 in R?, contained in some
ball B(0, R), and the ball B(F(w),«). When applying Lemma B by restricting
to smaller neighborhoods (reducing values of R and «) when necessary, we can and
do assume that

1
(8.5) |det O, (2, w)| > e for all z € V,,(w) and w € Q. n, n € N.
0

Denote r = rg A (a/2).
We claim that
(8.6) lim inf P(Q,,) > 0.

n—roo

To see this, let’s denote

A::{|F—y*|§r ,
1

B, = {|det8ngn(0) > —},

K

C, e { sup [[n(2)l| g2 < }
jzl<r

Notice that P(A) > 0 and
P(B, NCy|A) =1- P(B;UC;|A)
>1- P(B;|A) — P(C5|A)
= P(B,|A) + P(Cy,|A) — 1.
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From conditions (83]) and (84]), we see that
liminf P(B,, N Cy|A) > liminf P(B,|A) + liminf P(C,|A) — 1
n— oo n—oo n— oo
= liminf P(B,|4) > 0.
n—oo

This proves (86). Hence, there exists an m (= m,) € N such that
P(2ym) > 0.
By (83), we have that
1
(87) Qrm C Qm,m C {|det az(bm(zaw)‘ > i} .
0

From Girsanov’s theorem,

(Po F_l) (dz) = pm(2) ([P’o qb;ll) (dz),

where
d
ot = o (1) =332 )
Let G(x) = (2m) %% exp (—[x/|?/2) for x € ]Rd_. Then for all g € C° (R4 RS,
Elo(P)] = | Blo(P) Gx)dx
= [ Elpn(x)g(0n()] Glx)ax
2E[ [ pnb0s(6n ()G 2]

2B | [ 19600 U]
Vin
Thanks to ([87), we see that

G pm _
Elg(F)] > E /B(Ra)g(y) (W) (O () dy; Qe

> /Rd 9(y)0(y)dy,

where

. G pm 1
0 = E F — 1 ) Q’I" m|
) = ol =y min (1, (522 (6) ) 52
and ¢ : Ry — [0,1] is a continuous function such that

Lo, (t) < @(t) < To (1)
By the construction of 8, we see that §(y.) > 0. Because the function
Gp _
R¢ F— in (1, —"— !
>y s pllF = yl) min (1, (20 (01(3)

is continuous a.s. on €2, ,,, and is bounded by 1, the dominated convergence theorem
implies that ¢ is a continuous function. Finally, we see that for all g € Cp° (R4 RY)
with y. € supp(g) C T,

[ a1 ay = Bla(P) > [ ar)o(v)ay > o

Rd
which implies that f(y.) > 0. This completes the proof of Theorem O
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8.2. Proof of Theorem [1.4]

Proor oF THEOREM [[L4l Choose and fix an arbitrary final time 7. We will
prove Theorem [[.4] for ¢ = T. Throughout the proof, we fix x > 0 and assume that
|z| < k and t € (0,T]. Without loss of generality, one may assume that 7' > 1 in
order that T'— 27" > 0 for all n > 1. Otherwise we simply replace all “n > 17
in the proof below by “n > N” for some large N > 0. The proof consists of three
steps.

Step 1. For n > 1, define h,, as follows:
(8.8) W (s,y) = cnlip—o-n 7)(8) Uy, —a-n 4, 4221 (), for 1 <4 <d,

where

T z;+27" 9—n
(8.9) ¢! :/ ds/ dy G(T — s, / ds/ dy G(s,v).
T—2-n @2

Lemma [R4] below implies that for some universal constant C' > 0,
(8.10) cn < O2"C7) 1 forall p > 1.

e ([B26]) below for an explicit formula for ¢, when a = 2.
Let W} be the cylindrical Wiener process translated by h,, and z = (21, ..., zq4).

Let {u?(t,x), (t,z) € (0,T] x R} be the random field shifted with respect to W},
i.e., up(t,x) satisfies the following equation:

Uy (t, ) = Jo(t, ) + Gt = 5,2 = y)p(ug (s, y))W(ds, dy)
Y

¢
+ [ [ 6t = otz s, ) ) dsc

For z € R, denote the gradient vector and the Hessian matrix of @} (¢, ) by
(8.12) upi(t,x) =0, ty(t,x) and upr(t,x) =02, up(t,w),
respectively. From (81I]), we see that

uy(s,y) =u(s,y) fors<T —2""andyeR.

Hence, {ui(t, ), (t,x) € (0,T] x R} satisfies
At @) = 60 (1, )

13+ lesroam /T / Gt — 5,2 — )l (@ (s, )0 (5, 5)W (ds, dy)
+/O/RG<t—s,:c—y> (@2 (5,) (5, ) (2 ho(5,1)) dsdy,

where

(814) 6t a) = / / Gt — 5,2 — y)p(@(s,y))hi (5, y)dsdy.
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Similarly, {u2"*(t,z), (t,z) € (0,T] x R} satisfies
(8.15)

avik (L, x)

ot 4 [ [ Gl s ) @) ) )y
sy [ [ Gl ) )T ) )W (0,
[ ]G s ) ) )T ) ) sl
e [ 60 s 0 @) )W s, )

+/O/RG<t—s,x—y> (@2 (5, )T (s, y) (2 (s, ) dsdy,

where
9:,1‘,]@ (t’ I) = 8Zk og’i(tv 1‘)

t
- / / Gt — 5,2 — ) (@2 (5, )JA* (5, )i (5, y) dsdy.
0 R

Note that the second term on the right-hand side of (815 is equal to 02:%%(¢, ).
Denote

(8.16)

H{ﬁg(txi)}lgigd‘ o2 = ‘{an tyl'i)}lgigd‘

(8.17) + H{Am (t Ij)}lgi,deH

~niok
+ H{ AR xj)}lgi,j,kgdH :
Suppose that y € R? belongs to the interior of the support of the joint law of
(u(T,z1),...,u(T,zq))

and p(y;) # 0 for all ¢ = 1,...,d. By Theorem B2 Theorem [[4] is proved once
we show that there exist some positive constants ci, co, 79, and x such that the
following two conditions are satisfied:

> cl) > Oa

(8.18)
(T 2) — o] < ro) .

det {{A’”(T x])}

n— 00 1§i,j§d:|

limianO{u(T,x) y1}1<2<d‘ <r and

for all » € (0,7¢], and
(8.19)

lim P | sup
n—oo |Z‘SI{

These two conditions are verified in the following two steps.

(T2 iz, <

Step 2. Let y be a point in the intersection of {p # 0}¢ and the interior of the
support of the joint law of (u(T,x1),...,u(T,xq)). Then there exists o € (0,1)
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such that for all 0 < r < rg,

i ({(u(T,xl), (T z0)) € B(y,r)} N { ﬁ p(u(T, z:))| > 2c0}> >0,

i=1

where

1
= — f i
Co 3 (o in | | lp(2:)]

----- za)€B(y, To)

Due to (B8] below, it holds that

lim det [{A“(T xj)}m%d} - Hp(u(T,xi)) a.s.

n—oo
Hence, by denoting

A= {@T2),...,u(T,z0) € Bly.m) |,
f[|p<u<T, #2))| > 20},
d
det [{A’”(T T, }1<u<d] 11_[1p
[

< co} and
G = { ‘det {ag " (T, z) }1<s, j<d} ’ > Co}
we see that

PANG,) >P(ANDNE,) -P(AND)>0, asn— oco.
Therefore,

-}
i
—

o
Il
s

n—o0

limian<{(u(T,x1), ou(T,xg)) € B(y,r)}

{ ‘det [{AH’Z(T, ZCj)}lSi,jgd} ’ > co}> >0,

which proves the condition (8IS).
Step 3. From (RIT), we see that

d d
[z eohcicd| < DT ) 4 Y T+ S o)
i=1 i,j=1 1,5,k=1

By Proposition BIT] below, there exists some constant K, independent of n such
that

{u, (T, xi)hgigd‘ o2

lim P (sup < K,,

n—o0 |Z‘Sf€

Hu(T, x;) — yi}r1<i<al < To) =1,

where k is fixed as at the beginning of the proof. Therefore, the condition (8I9]) is
also satisfied. This completes the proof of Theorem [L.4l O
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8.3. Technical Propositions

In this part, we will prove three Propositions B3] and BI1] in three Sub-
sections B3Il B.3.2 and B3.3] respectively. Throughout this section, we fix a final
time T and we assume that 7' > 1 for our convenience.

8.3.1. Properties of the Function Vi (t,z). For t € (0,7] and z € R,
denote

t
W)= [ [ Gt = yhis.)dsdy,
0 R

(8.20) )
U, (t, ) = / / G(t—s,x—y)(1,h,(s,y)) dsdy,
0 Jr
where 1 = (1,...,1) € R% The aim of this subsection is to prove the following
proposition.
PROPOSITION 8.3. Fori € {1,...,d}, the following properties for the functions

Ve (t,x) hold:
(1) The function t — V! (t,z) is nondecreasing and
(8.21) 0< W (t, ) < C(1—min((T — )27, 1)) 7/,

for all (t,z) € [0,T] x R.
2) For all (t,z) € (0,T) x R and n € N, it holds that

(

(8.22) Ul (t,x) <UL (T,z) < CVL(T,z;) and V.(T,z;)=1.
(3) If x # x;, then

(8.23) Ui (T, z) < Cp 270V 50, asn — oco.

(4) For all (t,z) € (0,T] xR and n € N,

t
(8.24) / /(t —5) MGt — s, — y) Wl (s,y)dsdy < €271,
0o JR
where the constant C' does not depend on t, x, n and i.

See Figure [l for some graphs of this function ¥, (¢, z).

FIGURE 1. U, (t,z) with « = 2,d =1, T =1 and z; = 0 for
t €10.45,1] and z € [-2,2].

We need one lemma.
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LEMMA 8.4. If a € [1,2], then there exists some constant C' = C(a, ) > 0 such
that

t t
/ ds/ dy G(s,y) > Ct*~*  for all t € (0,1].
0 —t

PROOF. Denote the integral by I;. When « # 2, by ([2.2) and (2.3),

t t
It:/ ds/ dysil/aG(l,s*I/ay)
0 —t
t t y 1
ZC/ ds/ dy s™+/¢
t [5’1/‘*|y|]”“
71/a
>2C/ ds/ dy s - 1/at]1+a
=201 /0 ST s

¢
s
> 2Ct/0 RSy +t1+ads

Ct? Ct2 e
Tl gt T2

where in the last step we have used the fact that ¢ € (0,1] and o > 1. When a = 2,

_t2 t _L

e e 4t/2)
L=[ ds [ d e >0t ds > 2t ds > Ct3/2.
L / / Y Vars //2 Vs //2 vVt o

This completes the proof of Lemma 841 |

REMARK 8.5. Even though the explicit expression for the double integral in
Lemma [84] as a function of ¢ is not needed in our later proof, it is interesting to
evaluate this double integral in some special case. Actually, when o = 2, it is
proved in Lemma [A7l with v = 2 that

(8.25) /tds/_t dy G(s,y)=t<(t+2)<1> (\/t/_2) —t+\/§e—t/4 t/2—1>,

where ®(z) = ffoo(Qw)’l/Qe’yQ/zdy. By setting ¢ = 27", we obtain an explicit
expression for ¢, defined in ()

n 2 —_n— n
Cp=27" ((2” +2)0 (275 —27n 4 \ﬁw ot 1)
™

2 an 1
= RY T e,
where the last equality is due to the fact that ®(z) = 1/2 + (27)~ /22 + o(x) for
small .

(8.26)

\V]
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PrOOF OF PROPOSITION B3l (1) Since the fundamental solutions are nonnega-
tive, we see that U (¢,z) > 0. Because

4 27" (T—1) 2
(8.27) U (t,w) = cpllfysr_o-ny / ds/ dy G(s,z —z; — ),
0

—2—n

we see that the function ¢ — W/ (¢,x) is nondecreasing. By the scaling property

22) of G and BIT),
_ 27" —(T—t)
Wi (t,z) < 02”“*1/&)]1{»%2%}/ s~Veds
0
= C (1 —min((T — )27, 1))~/

(2) From Step 1 we see V! (t,x) < W (T, x). By (2.4,
U, (T,2) < Ca,5(Cl5) (T, ).
Finally, (83) implies W (T, z;) = 1. This proves (8.22).
(3) As for (823), notice that
27" 27"
Ul (t,x) < cp /0 ds s~/ / - dy G(1, s Y%x — z; — y)).

Suppose n is large enough such that A := |z — ;| > 217", Then whenever |y| <
27" < A/2, it holds that

(8.28) & — 25—yl > o — 2| - |y| > AJ2.

When a =2, for |y| < 27" < A/2, we can write

o 2
G(Ls-l/?(w—xi—y)):ﬁem(‘@ o )S =

Hence, for any k > 1, by (810),

_ 2
n A
2 e 16s

0 \/471'5

2" k
_ L A2 U
< ep2'm sup ke 161)/ du
0

i (t,x) <2t ds

z€[0,1] vVamu
= Cc,2 k32 < 027"k 50 asn — 0.

In particular, for the upper bound in (823) we may choose k = 3/2. When « # 2,

by B.28) and B.10),

- g
; d
U (t,x) < Ccn/ ds 8_1/0‘/ i
0 o 14 [sVz -z —y|]tte

27’71/ 27’71/
dy
_C’cn/o dss/o siH1/a 4 (A/2)1+a

2-n 27
< -
_C’cn(A/2)1+a/0 sds

=" ¢, 273 < "2 H) 0 asn — .
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(4) Denote the double integral in ([824)) by I(¢,z). By the semigroup property of

G, and by (22), [23) and (B27), we see that

I(t,x) /ds (t—s) 1/O‘/dyGt—sac— /dr/des—ry 2)hi (r, 2)
:/ 1/0‘/ dr/det—rfc 2)he (r, 2)

=C/ dr (t—r)l_l/o‘/dz G(t —r,x —2)hi (r, 2)
0 R

27’71 27’77/
SCcn/ drrl_l/“/ dzr— Ve
0 2-n

=Cecp2” n(3—2/a) <2 n(l— 1/a)
This completes the proof of Proposition [8.3 |

A fact that we are going to use several times is that for any € R and t €
[T —2""T],

: —n
(8.29) / / G*(t — s,z — y)dsdy < Ci(;/ G(2s,0)ds
T—2-n JR 0

o—n
— C2,G(1,0) / (25)"1/ds
0

(1—a)—1

=2 ;G(1,0)2°
— C2—?’L(1—1/(X)7

which goes to zero as n — oc.

8.3.2. Moments of u}(t,z) and its First Two Derivatives. The aim of
this subsection is to prove the following proposition.

PROPOSITION 8.6. For allxk > 0,1 <ik<d, neN,p>2te][0,T] and
x € R, we have that

2
(8.30) sup |ty (t,z)||| <C+CJ5(t,z)+C (J§*G) (¢t ),
2] <r )
2
(8.31) sup |uy’(t,2)||| < C’{ n(=1/e) 4w, (¢, )2} ,
|z|<k P
2
(8.32) sup |up "t (t,2)||| < C{ n(=1/e) 4w, (t, ) } ,
|z|<k »
2
(8.33) sup |07 (t, z)||| < C¥}(t,2)?,
|z|<k »
2
(8.34) sup IQZ’i’k(t,xH < C Ul (t,x)?,
|z|<r
p

where the function G(t,x) is defined in [2I3).
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PROOF. Because

2 2

~n ~n 2
sup |uz(t,x)| <2 +2Hu0(t7$)||p7

|z|<x

sup |ag(t,$) - ﬂg(tﬂ;‘)‘
|z|<r

p p

one can apply the Kolmogorov continuity theorem (see Theorem [A.G]) and (B.62)
to the first term and apply (B33) to the second term to see that

P
<20 {2%(171/@ LU, x)} +2[C+CIR(ta) +C (J2+G) (t2)],

which proves (B30). In the same way, (849) and ®63)) imply B3TI); ®ES) and
[B64) imply (832)). Now we show (833) and (834)). From (8I4]), we see that

t
sup [0 ,0)]|| < [ [ Gle—s.o—u) || sup Az 0)]| B (s p)asay.
0 R
P

|z|<r |z|<r
P

Then application of (830) yields (833]). Similarly, from (81, since p’ is bounded,

hy, (s, y)dsdy.

t
sup ‘92”“(t,x)| §C/0 /RG(t—s,x—y) sup |uy’(s,y)|
P

|z[<k |z|<k »
Then we can apply [B31) to conclude ([834]). This completes the proof of Proposi-
tion 0

In the next lemma, we study the moments of u} (¢, x).

LEMMA 8.7. For any p > 2, (t,x) € [0,T] x R and > 0, there exists some
constant C' independent of n such that

(8.35) sup sup Hﬁg(t,x)ﬂi < C+CJ(tz)+C(J5*G) (t,z),
neN |z|<k
where the function G(t,x) is defined in (ZI3). As a consequence,
(8.36) sup ||921(t,x)‘|; < CV: (t,x)*,  and
2] <r
(8.37) max sup sup sup HH;”(t,@Hp < 00,

1SisdneN (t,2)€[0,T]xR |z|<x
and if © # x;, then
(8.38) lim 02%(t,x) =0 a.s. for allt € [0,T] and |z| < k.
n—oo

PROOF. We first show that for each n, uj (¢, z) is in LP(Q2) for p > 2. Actually,
following the step 1 in the proof of Lemma 2.1.4 of [Nua06|, because for |z| < k,

W (2 ) [ = / / | (5 hy(s,9)) [dsdy  and

t d t
/ / [ (215, ) [Pdsdy < 3 w2 / / 11 (5, ) Pdsdy < 2dc% 212"
o JR - Jo Jr

< 6122n(1—1/oc)7
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where the last inequality is due to ([8I0]), one can apply the Hélder inequality to
obtain that

[z (2, )],

u(t, ) exp (%W«z,hn»—% / t / <z,hn<s,y>>|2dsdy) p
exp (%W«z,hm -5/ t JACEXC) |2dsdy)

= a2, fexp (20 ()] exp (5 / [ b0 |2dsdy)

= llutta) 0 5 //| (@0, (s.) Pasdy

< ||u(t7$)||2p exp (022'”(1*1/0‘)) < 0.

< lua(t, )]y,

To obtain a moment bound that is uniform in n, it requires much more effort.
Recall that 4l (t,x) satisfies the integral equation (BII). By the Minkowski and
the Cauchy-Schwarz inequalities,

2

(8.39) sup
2] <r

/ / Gt — 5,2 — y)p(@2(5,9)) (2 ha(s, 1)) dsdy
0 R

p

¢ 2
= (/ [ Gt sz =) sw @, <1,hn(s,y)>dsdy>
0 JR |z|<k

2 </ [ Gt =50 =) sup Ip@ )} (1T ) sy

j2l<n

x (/Ot/RGa—s,x—y) <1,hn<s,y>>dsdy)

t
<ciet [ [ Gt s —u) sup llp@ ) (1ba(s,0)dsdy,

|z]<r
where the last inequality is due to (822). Denote
t
840) Fit)= [ [ G0 —) sup Ip@ 0 (1 bolo, ) dsdy
0 JR z|<K
Hence, for some constant C' > 0 independent of n,

sup |[@; (t,2)|[, < CJ5(t,2) + Ox*Fi(t, x)

|z|<r
¢
—I-C'/ ds/dyGQ(t—s,m— )(1—1— sup ||A”(s,y)||i>.
0 R |z|<k

Then by applying Lemma 2T with ¢ = 1, we see that
sup [[ig (¢, )],

(8.41) |z|<r
< C[J(tz)+ K F(t,z) + 1+ ((J§ + £°F) % G) (t,2)]
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for all ¢ € [0,T], where G is defined in [2I3]). Notice that

(FexG) (t,z) SC/tds/dyG(t—s,x—y)W/ordr

/de S—ry—w) (1—!— sup ||u, (r, w)|| > (1,h,(r,w))

|z|<k
—C/ dr/ ds ——— t—Sl/O‘

X / dw Gt —r,x —w) (1 + sup |ﬂ:(r,w)||i> (1, h,(r,w))
R

|lz|<r

_C+c/ dr (t —r)t=t/e
/det—rm w) sup ||ug (r, w)|| (1, h,(r,w)).
|z|<k
Since (t —r)t~1/@ < T~/ we see that for some constant C' > 0 (independent of

n),

(8.42) (FuxG)(t,z)
¢
< C—I—C/ dr/de(t—r,x— w) sup ||uy (r, w)|| (1, h,(r,w)).
0 R |z|<k
From (840), we see that F,(¢,2) has an upper bound that is the same as that of

(Fy* g) (t, )
(8.43) F.(t,x)

§C’—|—C/O dr/Rde(t—r,a:— w) sup |[ug (r, w)|| (1,h,(r,w)).

|z|<k
Therefore, plugging these two upper bounds into (84T]), we see that

(8.44)  sup |[@(t,2)|} < O+ CR(t ) + C (J3 % G) (t,2)

|z|<w

+Ck /0 dr/Rde(t—r,x— )‘sup [ty (r, w)|| (1, h,(r,w)).

z|<k
In order to solve this integral inequality, we first claim that

(8.45) sup [J§(t,2) + (J5 *G) (t,2)] < oo.
(t,x)€[0,T|x K

Actually, since z; are proper points with respect to the initial data u, there is a
compact set K C R such that x; € K for 1 < i < d, and p restricted on K has a

bounded density. This fact together with (£H]) and (£0) yields (845) easily (note
that R in (4£.0) is defined by (£2) and G is defined by ([2.13))). Hence, by denoting

~ 2
w i p(t) = sup sup |[ig (¢, 2)][,,,
€K |z|<k
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the inequality ([844) can be rewritten as

o t,p(t)

t
<C4 0 [ AU, (o) [ dy Gl = s =) (Lhu(s,0)
0 R

t
< C+ Ck?cp 27 "d sup G(1, Y sr oy (t—s)~ 1/O‘U,?Kp
yeR T—2-n '
where the constant C' > 0 independent of n and k. Therefore, by (RI0), there
exists some constant C' > 0, independent of n, such that

(s)ds,

(8.46) T rpt) SC+ 02" YOIy o n}/ (t—s) MUy

K K,p
2 n

Then by applying Lemma [A3]to U7 5 () with € = 27", we see that

(s)ds.

(8.47) sup sup sup HﬁZ(Lx)Hi < 0.
neN (¢,z2)€[0,T]x K |z|<k
Hence, (839) and (847) imply that
sup sup sup

//Gt—sx— W) (5, )) (2 (s, ) dsdy
neN (t,2)€[0, T x K |z|<k

Then by taking L?({2)-norm on both sides of ([8I1]), we see that

2

< 00.
P

t
sup |2 (t,2)|I’ §0J3<t,x>+c+c/0 ds/Rdy G2t — 5,2 —y) sup [T (s, )2,

|z[<k |z|<k

for all £ < T, where the constant C' does not depend on n. Then an application of

Lemma 21] proves (835).

Now we study the moments of 02+/(t,x) defined by (8I4). By (84T), we see
that for all t < T, x € R, and n € N,

(8.48) sup HH’” (t,x ||

|z|<
¢ 2
< ( / / Gt — s,z —y) sup |p<as<s,y>>|,,h;<s,y>dsdy>
0 JR |z|<k

<C’<// (t— s,z — )h;(s,y)dsdy>2

—C’\IfZ tx

Note that the constant C' in the above inequalities does not depend on n. By Propo-
sition B3] we see that both (837) and (830) hold. When x # x;, an application
of (823]) and the Borel-Cantelli lemma implies ([838). This completes the proof of
Lemma [B7] d

In the next lemma, we study the moments of a2 (¢, x).
LEMMA 8.8. Foranyp>2,neN,i=1,...,d, and k > 0, we have that

(8.49) sup Hu”’ (t,x H < C’{ —n(1-1/a) +\I/n(t,m)2} ,
|z <
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and

(8.50) max sup sup sup ||uli(t,z)|| < oo.
1<i<d neN (t,2)€[0,T] xR |z|<x H ||”

As a consequence,

n,i,k 2 %
(8.51) 1@E§d‘i}1<p |07k (¢, x)Hp < OV (t, 7).

PROOF. The proof consists four steps.

Step 1. First, we show that u(t,x) € LP(Q) for i = 1,...,d and p > 2. Notice
that

2

(8.52) sup

|z|<k

/ [ Gt = s = ) @) (5.9) oo ) sy

P
<ce / [ @t sz =) sup [[a3(s.)][] dsd.
o JR |lz|<x
where ¢, is defined in (83). Hence, by (837) and (2.9),
sup|| tx)H <C+C'//G2t—sx—y)sup||u sy|| dsdy.
|z|<k |z]<

Therefore, Lemma 2] implies that
(8.53) sup sup ||y’ (¢t z)||2 <C+Cp(CxG)(tx),

1<i<d |z|<k

where the constant C,, blows up as n — oo.

Next, we shall obtain a bound that vanishes as n — oo. This requires some
more effort. We shall prove the three statements in the lemma in the remaining
three steps:

Step 2. In this step, we will prove that the p-th moment of sup, <, [u;"(t, )| is
bounded uniformly in n, 4, and (¢,z) € [0,T] x R. Denote

(t— s, —y)p Uy (s, )y’ (s,y) (2, hn(s,y)) dsdy| .

Clearly, for |z| < k,

t
Lt 2) < k116 |l e / / Gt — s, — y)[a2" (5. 9)] (1, ha(s,)) dsdy.

By the same arguments as those led to (839),

s‘up 11t 2)|I7
t
(8.54) gc/«P/ /G(t—s,x— y) sup |[@2(s,9)]|2 (L. ha (s, ) dsdy
0 JR |lz|<x
=: Ck*F,(t,z).

Then, taking the LP(£2)-norm on both sides of ([8I3) and applying (837), ([8.54)
and (29) on the three parts, we see that for some constant C' > 0 that does not
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depend on n,

(8.55) sup ||up’( )H; < C[l+ K*F(t,z)]
|z|<k

t
—|—C']I{t>T,27n}/T . ds/RdyGQ(t—s,x—y sup H (s y)H

|z|<r

Hence, by replacing the bound T'— 27" by 0 in (855) and applying Lemma 2T
with ¢ =0,
2
sup ||y t T
.

< C[L+ K2 Fi(t,2)] + Ox* (F. % G) (t, )

t
SC—I—CHQ/ ds/RdyG(t—s,m—y) sup || sy)H (1,h,(s,9)),
0

|z|<k
where the second inequality is due to (842) and ([843]). Note that the constant C

does not depend on n. Denote

2

(8.56) UL (t) := sup sup Hﬂg’i(t,x)Hp.

T€R |z|<r

Then one can show in the same way as those in the proof of Lemma [87] that there
exists some constant C' > 0, independent of both n and 4, such that

t
Umki(t) < C+C2"0 Y g ooy (t—s)~oUri(s)ds, t<T.
T—2-7

Therefore, applying Lemma[A3]to max; <i<q U (t) with € = 27", we derive (B50).

Step 3. Now we prove (849). By [830), (R29) and (B350,

2

t
s ([ ol
< C sup HG’” t :E)H
|z|<k

+ Clysp—o- n}/T . n/G(t—s,x—y) |s‘up Hu 5,1y H dsdy

2 (/ /G(t—sw— y) sup ||ay (s y)Hp (1,hn(s,y)>dsdy>
0 JR |z|<k

t 2
<OV (t,2)% + C27 "1~/ 4 k2 (/ / G(t— s,z —y) (1,h,(s,9)) dsdy)
o Jr

<02 U=V L 0, (t,2)2.
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Step 4. As for 624 (¢, z) defined in (8I6), by (850), we have that

S s )
|z[<r
t 2
<C (/ /G(t—s,x—y) sup ||17;L,k(s,y)||p h%(s,y)dsdy)
|z

<c<// (t—s,a — )h’(sy)dsdy)

< CVi(t, )
This completes the proof of Lemma O

In the next lemma, we study the moments of u2%* (¢, z).

LEMMA 8.9. Foranyp>2,neN, 1<,k <d, and k > 0, we have that

(8.58) supHu"’k(t,x)H <C[ n(1=1/e) g, (¢, )},
|z|<k

and

(8.59) max sup sup sup Hu’” ’“(t,x)Hp < 00.

1<i,k<d neN (t,2)€[0,T] xR |z|<r

PROOF. Write the six parts of a2* (¢, z) in (8IH) as
4
(8.60) k(@) = 070 (8 @) + 0 () + Y Up(t, ).
=1
The moment bounds for §2+%%(¢,z) are given by (85I). Since p” is bounded, by
the moments bound for u2(¢,x) as in [850) and by (8.29),

(8.61) sup ||U7'(t,@)|[5 < C27 (=1,

|z| <t
Similarly, by (&350,

sup \|U2"(t,a:)||12) < CV,(t,x)%

|z| <t
Then use the moment bounds for Us and Uy to form an integral inequality similar
to that in the proof of Lemma [B7 By the same arguments as those in the proof of
Lemma [B7], one can show (85d)). We leave the details for the interested readers.

As for (B58), since p’ is bounded, by ([859]), we see that

‘s&p U (¢, )| < €2 (71 and ‘S|u<p U (t,2)|2 < O,y (8, 2)2.

Combining these six bounds proves (B.58]). O

The next lemma is on the Holder continuity (in norm) of the random fields
z — u)(t,z) and its first two derivatives.
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LEMMA 8.10. Forallk >0,1<i,k<d,neN,te[0,T] and z € R, we have
that

(8.62) sup  ||g (t,x) — A ()2 < C [ r 1w, (1 z)} iz — 2|,
2| V]2’ |<r
(8.63)  sup ug’i(t,x)—ﬂ;l}i(t,x)H < c[ n(1=1/0) L g (¢, z) } Iz — 7|2,
2| V]2’ |<x
(8.64)
. 2
sup ||[api (@) — R e)|| < C [2_”(1_1/‘1) + W, (¢, x)z} |z — 2|2
2l VI’ | <x P

Proor. We will prove these three properties in three steps. We need only to
prove the case when ¢t > T — 27", Hence, in the following proof, we assume that
te[T—27"T].

Step 1. In this step, we will prove ([862). Assume that |z| < x and |Z/| < k.
Notice that

[z (&, ) — g (L, 2))|

< 3L1pp4p//c2t—sx— o) 17 (5,9) — 5 (s, ) |2 dsdy

2

2
lp

+3

/ Gt — 5,2 — y)p(@2(5,9)) & — 2, 1o (5,1)) dsdy
0 R

P

Gt — s,z —y) [p(t; (s,y)) — p(iig (5,9))] (2, hn (s, y)) dsdy

=: 3[1 + 3[2 + 3]37

+3

p

where we have applied (Z9)) for the bound in I;. By the same arguments as those
led to ([B39), we see that

I <Cla - 2| ( / s [ avcie—so—u (14 @) <1,hn<s,y>>)2,

and
t

I <Cx? / ds / dy G(t — 5,2 — y) |[T(5,9) — T (5, )| (1, hun(5, 9)
0

=:Cr’F,(t, ),
where the constants C' do not depend on n, t and x. We claim that there exists a

nonnegative constant C' independent of n, ¢t and = such that

(8.66) sup I; <CV,(t,z)|z—2|? i=23.

|lz|V|z'|<r

The case I is clear from ([820) and (835). As for I3, since (860 is true for Iy, for
some nonnegative constant C' independent of n, ¢t and x, it holds that

- o 2
[z, (2, ) — g (¢, )],
< CV,(t, )%z — 2'|* + CK*F,(t, 2)

t
+c/ ds/dyG2<t—s,x—y>||a:<s,y>—ﬂ:/<s,y>\|i.
0 R

(8.65)

(8.67)
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Therefore, by Lemma 2] for ¢ € [0, 7], it holds that

[ (¢, ) —ag (¢, )],

< CV,(t,z)%|z — 2> + Ck*F,(t,2) + C ((|z — 2> + K°F,) x G) (t, z),

where G is defined in ([213]). By the same arguments as those led to (844]), we see
that

12t ) ~ A (122 < OVt 2)P1 — o'
t
v [ s [y Gt sx =) % [ (60) - Ts,0)] |} (L hals,0).
0 R
Now set
s (0) = s [T 1, 0) = @ (1,2)

z,2',K,p oeK P’

Hence, for some constants C' > 0,

t
Ul i p(t) <Clz—2'|* + 2"“*1/%/ (t—s5) UL,k p(s)ds.
T—2-n

Then by applying Lemma [A3]

sup  sup |y (t,x) — U (t,2)||2 < Clz — 2/,
jz|V]a/ |<r o€ K

Putting this upper bound into the right-hand of ([865]) proves that (860 holds for
I3. Therefore, ([867)) becomes

i (t2) = @ (t,2)l[; < Cult,a) |z — 2|

t
+c/ ds/RdyGQ(t—s,x—y)Haz(s,y)—az(s,mui,
0

where C' does not depend on n, z, z’, t and x. Finally, an application of Lemma

2Iand (824]) implies that

(868)  sup |[ap(t,x) —an (o) < C (2—”<1—1/a> Ut x)) Iz — 2|2,

|z|Vv]z’|<k

This proves (862)).
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Step 2. Now we prove ([863). Notice that for t > T — 27",

. . 2
A, @) — ' (1)

2

IN
o

6‘;“ (tv :E) - 6‘:/’i(t7 :E)

p

16 / ds / dy G(t — 5,2 — ) [0/ (@2 (5, 9)) — & (@ (5,9))] T(5,y) (2 ha(51))

2

P

w6 a5 [ @yt so @ [13460) - T )] Bl

2

p

+6 / s [y Gt = s.x =) @ (5.0 (5.9) 2 = o s.0)

p

v [ [ @-sa-nli — (s, ))] T3 s | sy

. . 2
vop [ [@Pu—sa-y Hp’@;(s,y)) [ (s,) — 23 (s.)| || sy
T—-2—-mJR p
::6 (Il + IQ + I3 + I4 + 4pI5 + 4])[6) .

We claim that there exists some constant C' > 0 independent of n, ¢ and x such
that

(8.69) sup I; <C [2*”(1*1/‘1) + \Iln(t,x)Q] lz—2'|?, i=1,24.

|z|V|z"|<r

Because

00 (t, ) — 0" (t, ) H

<c//Gt—sx—>||u<sy> (5,1, b (5, y)dsdy,

as a direct consequence of ([B68]), we see that

(8.70) sup

|z|V|z'|<r
which proves ([869) for I;. The case for I, is a direct consequence of ([850) and
®20). As for I, by (B50) and ([B68]),

I < ( [ as [[aGie—s.o =) 119 @2 s0) ~ o @ s 3 o), <z,hn<s,y>>)

)

) ) 2 _
o (t, @) — (1, x)H < CUi(t, 7))z — 2|
P

2

t 2
<o ([ as [ar6ie s ) 182050 = T (50l 1335, (2. a0}
0
S C\I’n(tax)Q ‘Z - Z/|27

where the constants C' do not depend on n, z, z’, t and x. Therefore, (869]) holds.
For I3 we have that

t
nec [ [ot-sa-yla
0 R
=: CF,(t, ).

. . 2
(8,9) — u," (s, y)Hp (1,h,(s,y)) dsdy
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As for I, we see that
¢
IGSC/ /G2(t_3a$—y)’
T—2-7 JR
As for I5, by (BE0) and (862]), we have that
I5<C/ /G2t—sa:— y) lug(s,y) — (sy\|2p||u syH2 dsdy
T-2-7

§C|z—z’|2/ /G2t—sx— y)dsdy
T—2-n

< C2—n(1—1/a) ‘Z —z |2.

TL’L

2
(s, y) — (s, y)Hp dsdy.

Therefore, for some constant C' independent of n, ¢ and x, it holds that
. ) 2
(t,2) — ()|

P

~n,i
‘ uz

< C [2*”(1*1/“) + U, (t, x)2] |z — 2| + CF,(t,z)

t
+C’/ ds/dsz(t—s,x—y)
0 R

Then, by Lemma 2.1l with ¢ = 0, we see that for all t < T,

~
n7
‘ uz

2
nz

2 (5,y) =y (s,y) )

2

i(tv :E) - aZ’7i(t7 :E)
p
<C [2-n<1-1/a> n wn(t,x)ﬂ 1z — 2|2+ CF,(t, z) + C(F,  G)(t, ).

Therefore, through a similar argument, the above inequality reduces to

ami(t, x) — A’”(t x)

t
+c/ /G(t—s,x—y)‘ﬁ:’
0 JR

Then by denoting

2
<C [2—71(1—1/(1) + \Ifn(t,x)z] Iz — Z/|2
P

. . 2
(s.9) = (5. || (1B, disdy,

. 2
Uy p(t) == sup
rz€eR

ari(t,x) — ﬂ:ii(t, x)

P
and applying the same arguments as those led to (850), we see that

sup

. . 2
@i, z) — ﬂg,’l(t,x)H < Clz— 2|2
zeR p

Then putting this upper bound into the upper bound for Ig, we see that
Is < C2—n(1—1/a)‘z _ Z/|2.
Combining these six upper bounds proves (8.G3)).

Step 3. The proof of (864 is similar and we only give an outline of the proof and
leave the details for the readers. Write u2"*(¢,z) in six parts as in ([860). Using
the results obtained in Steps 1 and 2, one first proves that

sup [[Valta) — V(12| 2 <[220V 1w, (27 2 - 22

2|V |2 |<r
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with V, being any one of 24k ki Ul or US. The terms U} and U} are used
to form the recursion. Then in the same way as above, one can prove (864). This
completes the proof of Lemma B10 O

8.3.3. Conditional Boundedness. The aim of this subsection is to prove
the following proposition.

PROPOSITION 8.11. For all k > 0 and r > 0, there exists constant K > 0 such
that for all 1 <4,k < d,

lim P [ sup [ty (T, 2;)| V sup |y (T, ;)|
n—o0 |z‘<,‘§

z|<
(8.71) o=
st x| ) -
|z|<r
where

Qr = {{u(T.2) — yihsicd <7}
REMARK 8.12. It is natural and interesting to express the following limits:

lim sup |[a?(T,x;)|, lim sup [a*(T,z;)] and lim sup [am bk (T, ;)|
T 2| < "0 z|<k LS

as functionals of u(T, z;). However, finding these exact limits seems to be a very
hard problem. Here fortunately for our current purpose, we only need the above
weaker result — the conditional boundedness in (8T]).

We need some lemmas.

LEMMA 8.13. Forany k>0,p>2,neN, te€[0,T] and x € R, we have
2

<C [2—n(1—1/a) + \I/n(t,x)} )
P

(8.72) sup |ug(t,x) — u(t, )]

|z|<r

PrOOF. Notice that

Uy (t,x) —u(t,x) / /G (t—s,x2 —y)p(uy(s,y)) (z,h,(s,y)) dsdy

+ / / Gt — 5,2 — ) [p(@(s,9)) — plu(s, )] W(ds, dy).

Then applying the arguments that led to (839) and by (830) and (820), we have
that

2

sup [[ug (¢, 2) — u(t, 2)|[,

|lz|<r

t
< K2OU, (t2)? + O / ds / dy G (t — 5,2 — ) sup [[T2(5,) — u(s,1)]2.
0 R

|z <r
for all ¢ € [0,T]. Then by Lemma 2Tl with ¢ = 0, we see that

sup i (¢, 2) — u(t, )|l
z| <K

¢
< KOV, (t2)* + C/ /(t —5) VoGt — 5,2 — Y)W, (s, y)dsdy.
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Hence, an application of (824)) shows that

sup [[i3 (¢, @) = u(t, @)} < C [2707Y) 4w, (t,2)?]
(8.73) lzl<r
<C[ n(=1/0) L, (¢, )].

Thanks to (8.62) and the fact that |[ug(t, ) — u(t,2)[|, = 0, one can apply the
Kolmogorov continuity theorem (see Theorem [A.6]) to move the supremum inside
the LP(Q)-norm in (R73). This proves Lemma B.T3] O

LEMMA 8.14. For any k >0, 1 <i<d andn € N, it holds that

2

(8.74) sup |07 (T, z;) — p(u(T, z;))||| <C [2_"(1_1/a) + KQ] .

|z|<k

P

As a consequence, for all x € R, when k =0,
(8.75) lim 60" (T,z) = p(u(T, ) Mip—sy a.s.

n— oo

PRrooOF. Notice that by (814),
GZ’i(T, x;) = p(u(T, x;))
/’/ ) (@2 (5, ) — p(u(T, 2:))] (s, y)dsdy.

By the same arguments as those led to (839]), we have that

2
sup [03(T, ;) — p(u(T, z:))]

|z| <k »
T ‘ 2
30/’/G@—&m—wmww>swum@w—Mﬂmﬂ dsdy
0o JR |z|<r »
2
_mJ / sup [T (T — 5,2 — y) — u(T, 2)||| dsdy
2—n |z|<k »
2 " - 2
<ce, [ (o) sup [T = 5,0 — 3) — u(T = 5,05 — )| dsdy
0 —2-n |z|<k
P

—|—C’cn/ / (s,9) |w(T — s,z; —y) — u(T, xz)||z2) dsdy
2 "
= Il +I2a

where ¢, is defined in (89). By [872), we have that

Iy <Ccn/ / ”(171/Q)+/€}dsdy<0[ n(1- 1/0‘)+/<;]
9-n
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As for IF, by ([22) and (23] and by the Holder regularity of u(t, x) (see (TH)), we
see that

—n 9—n

(8.76) I3 <CCn/ / sV (T — s, 25 —y) — u(T, xz)Hi dsdy

2—n

9—7
<CCn/ ds/ 2(1-1/a)— 1/oc+ S_l/a‘y|2(a 1)]
SCQ‘Q"(l 1/0¢)+C2—2n(o¢ 1).

Therefore, ([874) is proved by combining these two cases and by using the fact that
1—1/a < a—1. Finally, (8XA) is proved by an application of the Borel-Cantelli
lemma thanks to (8274) when z = x; and (830) when = # x;. This completes the
proof of Lemma R4 a

LEMMA 8.15. For any k >0, 1 <i<d and n € N, it holds that
2

(8.77) sup |ty (T, z;) — p(u(T, xz))‘ <C [27"(171/'1) + /@2} .

|z|<k

p

As a consequence, for all x € R, when k =0,
(8.78) nli»n;o Uy (T, x) = p(u(T, ) Up—pyy  a.s.
PRrROOF. The proof for (877 is similar to that for (872]), where we need (8.74).
From (B3], we see that
Uy (T, i) = p(u(T, 7))
= 02T, z;) — p(u(T, x;))

/ [ GO = s = ) @ ) 5. )W (. )
T—2—m

+/0 ds/RdyG(T—s,xi— Y)zip (Uy(s,y))ug ' (s,y) (z,hi (s,y))
=Uy+ U+ Uy
By B.14),

2
<C{ 11/°‘)+/<;}.

p

sup |Ug'|
j2|<x

By @.9), B.50) and (8.23),

sup ||U7 || < C/ /G(s,y)2dsdy < ¢2~n(i=1/e),
|z| <k 0 R

Write Uf* as UT',. The difference ||U;, — Ulf”i has been estimated in Step 2
in the proof of Lemma [BI0, which is equal to I5 + I (with the notations there).
Hence,

sup ||U1z—U1z’H <02 n(1- l/a)‘ —Z/|2.

|z|V|z'|<k
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Then one can apply the Kolmogorov continuity theorem (see Theorem [AL) to see

that
2

sup ’Ulz‘ < oo -1/,

|z|<k

p
By the same arguments led to ([839) and by (831 and (820), using the bounded-
ness of p’, we see that

2

< HzC\Iln(T, zj) < K2C.
p

Therefore, (8.77) is proved by combining these three terms. Finally, (878 is appli-
cation of the Borel-Cantelli lemma thanks to (827) when © = x; and ([849) when
x # x;. This completes the proof of Lemma [8.15] |

sup [U3']
lz|<w

LEMMA 8.16. For allneN,te [T —2""T],p>2,1<i,k<d, K>0, and
x,y € (—K, K), we have that

2

(8.79) || sup [ug (¢, ) —uz(t,y)]
|z|<r »
_C(|{E—y|2—|—|1‘—y|a71—|—27n/a|1‘ |a 1/2>,
and
2
(8.80) || sup |ug’(t,x) —uy'(t,y)||| <C (\x oyt ooy — y‘(oﬂw) ’
|z|<k »
and
2
(8.81) sup ‘u"““(t,a:) amhk(t, y)|
|z|<k
P

<C (|l‘ _ yla—l + 2—n/a|x _ yl(a—l)/Q) )
PROOF. We first prove ([879). Notice that
Uy (8, ) =y (, y)
—JO t x Jo(t y)

// (t—s,x—2)—G({t—s,y—2)]p(u,(s,z)W(ds,dz)

—l—;zi/o /R[G(t—s,x—z)—G(t—s,y—z)]p(a;‘(s,z))h;(s,z)dsdz

::Il —|— IQ + Ig.

The continuity of z + Jy(t,x) (see Lemma 4.10 in [CD15]) implies that |I;| <
Clz — y|. By (830) and by the same arguments as those in the proof of Theorem

1.6 in [CK17], we see that

sup ||L|f; < Clz —y|*".
|z|<k
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Write I5 as I ,. Then by (862) and (A12),

sup [T — Lol
oIV I2/ <

<C// (t—s,2—w)— Gt —s,y—w)

sup ||dg (s, w) — QZ,(s,w)Hidsdw
|z\\/\z/\<ﬁ

¢
§C|z—z'|2/ /[G(t—sw—w)—G(t—s,y—w)]zdsdw
o Jr

< Cle—y|* Mz -2

Hence, an application of the Kolmogorov continuity theorem (see Theorem [A.6)
implies that

2
<Clz —yl* .
P

sup ||
|z <k

As for I3, by (R30), we see that

2

sup |Is]|| <Clypsrp_g-ny2" 3
p

lz|<r

sip2
/ / Gt—s,x—2)— Gt —s,y—z)|dsdz
T-2—"Jx

7,_2 "

T pm427 "

i—27"
<02~ n/a|l, |a 1) /2

where in the last step we have applied Lemma [A 4]

Now we prove (B80). From (8I3)), write the difference 42 (¢, ) — 42 (t,y) in
three parts as above. By the moment bound (B30), we see that the difference for
62" reduces to

2
sup [0 (t, ) — 0, (¢, )|

|z|<r
C </Ot/R|G(t—s,x— 2)—G({t—s,y— z)|hil(s,z)dsdz>

Then by Lemma[A4] this part is bounded by C2"/®|x —y|. Thanks to the bound-
edness of p/, by the same arguments (using moment bound (831])), the third part
of a2 in (8I3) has the same moment bound as I3 above. The second part can be
proved in the same way as those for I5. This proves (830).

The result (8RI) can be proved in the same way. We leave the details for
interested readers. This completes the proof of Lemma ([l

2
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Before proving Proposition Bl we introduce the following functionals to al-
leviate the notation: for any function g : Ry — R, n € N and ¢ € (0, 7T, define

(8.82)  Fulg](t)

= g(t) + (1= 1/) Tpogg 2" 071/ / (t— )" g(s)ds,
T—2-n

and for m > 1,

(8.83) F"[g] ()

n
t

=m(l—1/a) ]I{t>T727n}2mn(171/a) /T (t — s)m=1/ =1 g(5)ds.
72777/

LEMMA 8.17. For allmn,m,m’ > 1 and T > 0, the following properties hold for
allt € (0,T):

(8.84) Falgl(t) = g(t) + Fi[g)(2),

(8.85) nlggo F'gl(#)Tgyery = 0,

(8.36) 7l < (Pl 10)
(8.87) F [E2 )] (8) = G F ™ [g)(2)

If g is left-continuous at T, then

(8.88) lim F*[g)(T) = g(T).

n—roo

PROOF. Properties (884) and (B8] are clear from the definition. Note that
T
m(1—1/a)2mn1-1/a) / (T — s)mA-1/e)=1qg = 1.
T—2-n
Hence, the Holder inequality implies (886]). As for (8.87), we need only to consider
the case when ¢ > T'— 27". In this case, by the Beta integral,
, , t s
Er [F;n [g]} (t) =mm/ (1 — 1/a)?2(m+m)n(1-1/a) / ds / dr
T—2-n T—2-n

X (t — S)m(lfl/a)*l(s _ T)ml(lfl/a)flg(r)

t t
=mm’(1 — 1/a)22(m+m')”(1*1/a)/ dr g(r)/ ds
T—2-n r
X (t — S)m(lfl/a)*l(s _ T)m/(lfl/a)fl

m,m/,a(

t
% / (t _ T)(m+m’)n(1—1/o¢)—1g(,r)dr

T—2—"n

1— 1/a)2(m+m')n(1—1/a)

:Cm,m’,a F:Ln—i_m/ [g](t)
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Finally, if g is left-continuous at T', then for any € > 0, there exists N > 1 such
that when 7' — s < 27N then |g(T) — g(s)| < e. Hence, for all n > N,

[Ea 9)(T) = 9(T)| = [E"[g)(T) = F* [g(T))(T)]
< F"[lg(T) = gli(T)
< F[el(T) = e
Since € is arbitrary, we have proved (888). O

Now we are ready to prove our last proposition.

PRrROOF OF PROPOSITION BTl In this proof we assume ¢t € (0,7] and we use
{M,,}n>1 to denote a generic sequence of nonnegative random variable that goes
to zero as n — oo. Its value may vary at each occurrence. We divide the proof to
four steps.

Step 1. We first prove (871 for u} (T, x;). Notice that
uy (t,z;)—u(t, z;)

= [ [ 60 = s =) @20 = 05,90 W s, )
+3 [ [ 6l s o @) by sadsdy

J#i

+ z/ / Gt —s,x —y) [p (@2 (s, ) — p (@2 (s, 2:))] B, (s, y)dsdy
+ Zz/ / (t—s,zi—y)[p(uls, ;) — p(u(t,z))] h%(S,y)dsdy

+ 2V, (¢, z3) p (ult, x;))

/ [ 6= s ) o @5 :0) = p s, 20)] 5 p) sy
= Zlg(t)
(=1

Then we have that

5
sup |ﬁ2(t7:€z — Z sup |Ig +Cﬂ{t>T_2—n}2"(1_1/°‘)

|z]<w |z\<fi

t

[ s sup (e, ) — (s, .
T—2-n |z|<r

By Lemma [A.3] (see (A29)) and by (B32),

5
(8.89) sup |ug(t,x;) — u(t, z;)| <CZF

|z|<k —1

We estimate each term in the above sum separately. By (872) and ([824]), we see
that

sup fz(‘)I] (t).

|lz|<r

2

sup [I1(¢)||| <2 -1/,

|z|<r

p
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By ([830) and (R23)), and since i # j, we see that
2

sup |L(E)||| <C27" n(1+1/a)

lz|<r

P
As for I5(t), we have that

2

iy |13(t)| = C2n(2_1/a)1{t>’f—2*"}
lz|<x
xi+27 2
/ / s, —y) || sup |y (s,y) — Uy (s, 2;)||| dsdy.
T=27% Jay=27n |z[<k
P
Then since |y — x;| < 27™, by Lemma [B16]
2
sup [af(s,y) — ul(s, x)||| < 2730+,
|z| <r
P

which implies that
2

sup |I3(t)||| < 27 20+1/e)

1<k

P
Note that both I,(t) and I5(t) depend on z through a multiplicative factor z;. By
the Holder continuity of u(t, ), we see that

2

sup |Iy(t)]

lz|<r

t
<cn(i-1/e) / (t =) ||u(s, z;) — u(t,z;)||5 ds
0

p
t
SCQn(lfl/a)/ (t_s)fl/a(t_s)lfl/ads
0
:CQ—n(l—l/(X).

Because n(1+41/a) > §(1+1/a) > n(l —1/a) for alln > 1 and « € (1, 2], we can
conclude from the above computations that

4 2

D Fa

=1

< CQ—n(l—l/a)'

sup [/ )I] (t)

|z|<k

P
By the Borel-Cantelli lemma, we see that,

8.90 lim FE, | sup |Io( =0, a.s.

(8.90) ,HOOZ sup (1 >|]<>

The term I5 does not depend on z. By the property of ¥, (¢, z;) (see (BZI) and
B.22)),

(8.91) U, (¢, 20)p(u(t, 2:))| < Clo(ult,z:))],  as.

Hence, for all n € N,

(8.92) Ey (1)) (8) < CFa [[p(u(, i)l (1)-
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Note that the right-hand side of (892]) does not depend on n. Therefore, by com-

bining ([§]9), (890) and ([B92) we have that
(8:93)  sup [uy (t,x:) — u(t,a;)| < My + C|p(ult,z:))| + CF, [|p(ul- )] (¢)

J2|<x

a.s. for all n € N. Recall that M, is some generic nonnegative random quantity
that goes to zero a.s. as n — oo. Finally, by letting ¢t = T and sending n — oo,
and by the Holder continuity of s — p(u(s,x;)), we have that

limsup sup |uy (T, ;)| < limsup sup |ug (T, z;) — w(T,z;)| + |u(T, z;)|
oo |a|<r n—oo [zl<n
< [u(T,zi)| + Clp(u(T, z:))|,  a.s.,
which proves Proposition RIT] for u} (T, ).
Step 2. Now we prove Proposition BTl for u2*(T, z). Notice that
a2 —p( (t,2)
97’1, 'L(
e [ [ 6 s @) T W s
T—2-n

Yy / / Gt — 5,1 — )0l (@2 (5, )) T (s, )b (5, y)dsdly

J#

T / / Gt — 5,0 — )l (@2 (s ) [T (5 ) — A (s, )] B (5, y)dsdy
0

2 / / Gt — 5,25 — ol (@(5,9) [p (uls. 2:)) — p (u(t, 2:))] B (s, y)dsdly
+ zip (u(t, z;)) O (t, x;)

2 / / Gt — 5,: — 9)p' @ (5,9)) [T (5, 25) — p (u(s, 2:))] B (5, y)dlsdy

Then we have

5
sup [y’ (t, ;) — Z sup [I(t)| + Cllyysp_g-ny2" n(1=1/)
z|<k <k
(8.94) % t t=0 l7I<
S / (t— )71/ sup [a2(s,3:) — plu(s, @) ds.
T—2—n |z|<k

By Lemma [A.3] (see (A.9)),

(8.95) sup |uy’ (¢, z;) — p(u(t, z;))| < Z
|z|<k
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By the same arguments as those in Step 1 and using the fact that p’ is bounded,

we see that )

< C2—n(1—l/a)'

Z F,
Hence, the Borel—Cantelh lemma implies that

(8.96) lim ZF

The term I5 part is 1dent1ca1 to the term I5 in Step 1 whence we have the bound
®32). As for Io(t) we decompose 2,024 (t, x;) into three parts

sup [/ )I] (t)

|z| <k

p

sup |Iy( )|1 (t)=0, as.

|z|<k

ziHQ’i(t,xz) =, —u(t, x;)
/ / — ) [p (uls,9)) — p (@ (5,4))] W (ds, dy)
— Z Zj z’ t, I,L'
i

:ZI()’l(t) + Io,g(t) — Io’g(t).
Notice that I 2(t) is equal to I;(t) in Step 1. Hence,

lim F, | sup [o2(-)|| (t) =0, as.

n—oo |Z‘§H

From (833]), we have that

lim F, | sup [los(-)|| (t) =0, aus.

n—oo IZ‘<K/

As for Iy 1(t), by (B93) and (B2T), we see that

2
o sup |Io,1<->] () <M, + Clp(ult,2)| + C 3 F[lp(u( )] () as.
z|<k =1
Therefore,
2
(8.97) Iy, Sup Ifo(')] (t) <My, + Clo(ult, z:))| + C Y Frllp(u(-,2:))[] (1) a.s.
z|<K =1

Combining (895), ([896]), (R92) and (897) shows that for all ¢ € (0,7] and n € N,
sup [ iy (¢, 25) = plut, z,))]
(8.98) 2
< My + Clp(u(t,z))| + C Y Fy[lp(ul- )] (1) aus.
=1
Finally, by letting ¢ = T and sending n — oo, and by the Holder continuity of
s — p(u(s,z;)), we have that
lim sup sup }ﬂ;”i(T, x1)| < Clpu(T,z:))]|,

n—oo |z|<k

which proves Proposition BT for a2 (T, z;).
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Step 3. In this step, we will prove

(8.99) F,

sup \92’i’k(-awi)\] (t)
|z|<x
3

< M+ Clplult,z)| +C Y Fyllpul2))l] (8) as.
{=1

By (B351), we need only to consider the case when k = i. Notice from (8I3) that

20y (b ) =gt @) — O (8 20) — Y 200  (t 23) — I(t2s),
J#i
where

t
I(t,x;) == ]I{t>T_2_n}/ / Gt —s,x; —y)p (Ul(s,y)) ur’'(s,y)W(ds,dy).
T—2-n JR

By (B98]), we see that with probability one,

F,
|z]<r

sup |172’i(~,$i)!1 (t) < Fy

sgm%mwmmmﬂm
+ B lp(u(,2)]] 0
3
< My + Clo(ult, )|+ C Y- F llo(u(, 2} (1)
(=1

Notice that §2(¢, z;;) is the Iy term in Step 2, hence by (8.97)

F,

amwwﬂ@sm+wmwwchﬁwwwmw>w

|z|<r =1

Because i # j, from ([833]) we see that

2
sup Z ’szZ’i’k(T, z)||| < cgni=t/e),
|z|<r i »
Hence,
lim F, Z sup |20 (-, x)|| (1) =0, as.
n—oo oy |Z‘§K,
By the boundedness of p/, (831 and ([8.24]), we see that
2
sup |I(t,z)||| <2 -1/,
|z|<r
P

which implies that

lim Fj,

n—oo

sup I(~,xi)] (t) =0, as.

J2|<n

Combining the above four terms proves (899)).
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Step 4. In this last step, we will prove Proposition BTl for u%** (T, x;). Write

the six parts of a2** (¢, z;) in (8I5) as in ([860), i.e.,

4
(8.100) Uk (b, i) = O R (8 ) + 0% (8 ) + > UF (i),
=1

We first consider U} (¢, x;) because it contributes to the recursion. Write U} (¢, x;)
in three parts

+Zi/ /G(t—s,xz‘ —y)p' (uy(s,y)) [ mbk (s, y) — "Zk(S,ﬂci)} ht (s,y)dsdy

+zl/ /G (t — s,z —y)p' (@2 (s,y)) UP* (s, 25)hi (s,y)dsdy
=UL (t,m5) + Uf'o(t, 2:) + Ups(t, ;).
Notice that with probability one,
E&pﬁ ‘U4 3(t, )’ < CH{t>T,27n}2n(1_l/a) /Tt - (t—s)"t/e |Zu<pH [ (s, ;) |ds.
Therefore, by Lemma [A3]

(8.101) sup [ty * (t, ;)| < C > F,

lz[<k |z|<r

sup I} (- )] (t) as.,

where the summation is over all terms on the right-hand side of (BI00) except
Uf's(t,z;) and I} stands such a generic term.

By the similar arguments as in the previous steps, using (8X&Il), one can show
that

(8.102) lim sup F, [[Uf(2)|] (t) =0, as. for £=1,2.

n—oo ‘Z|<R

By &31), 832), the boundedness of both p’ and p”, and ([824]), we can obtain
moment bounds for both sup), <. U7 (¢, ;)| and sup, <., |U§' (¢, z;)| and then argue
using the Borel-Cantelli lemma as above to conclude that

(8.103) lim F,

n— oo

sup U;’(-,xi)|1 (t)=0, as. fort=1,3.

|lz|<r

We claim that with probability one it holds that

4

(8.104) Fy, | sup |U:§l('7$i)] (t) <My + Cp*(ult,z)) + C Y Fy [p (ul-,2))] ().

|z|<w
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Write UZ (¢, x;) as

" (t, ;) Zz Us” gk (t,x;), with

URIR (¢, ) = / / Gt — 5,1 — y)p" (@7 (s,9)) A (5, y)A0* (5, y)h (s, y)dsdy.

We need only take care of the case when i = j = k because otherwise it is not hard
to show that

lim sup F, [|U”Z’jk( z)|| ) =0 as.

n—oo ‘Z|<K2

As for Uy""""(t,x;), it is nonnegative and
U () <C’/ /G (t —s,2; — y)u" (s, y)?hi (s, y)dsdy

< c / [ Gl simi— ) [23 ) = T o)) B (s, sy
0 JR
t
+C G(t—s,z; —y) [u ’ (s x;) — p(u(s,xi))]2h;(s,y)dsdy

+C [ | Glt=smi—y) lpluls,z) - p(ult, z;))] hi(s,y)dsdy

= Uy (twi) + Uy ™ () + Uy ™ (¢, 2).
By (B380) and the Holder continuity of s — p(u(s,x;)) one can prove in the same

way as before that

lim F;,

n—00

sup U””Z( xl)] (t)=0, as. forf=1,3.

|z|<k

Notice that

sup U2"21”( z;) < CF}

s sup [@0 (v ai) — plu(, )] | (©).

|z|<r

By applying (8380) on (898) with m’ = 2, we see that with probability one,

2
sup [ (s, 1) — plu(s, :))]* < My + Cp(ult, 2:)) + CY Fy [p(ul,2:))] (¢)-

|z|<r

=1
Hence, by ([887), for all n € N,
|2T1<pN Uyy "' (t, @) <My + Cp?(ult, z;)) + C;:Ff; (P2 (u(-,2:))] (t)  as.
Then another application of ([B88T) shows that
F, ‘S}l<p U;; e J;z)] (t) <M, + Cp*(u(t,x;)) + C’i:Ff [0*(u(-,2:))] (t) aus.
z|<k =1

Combining these terms, we have thus proved (8I104).
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Finally, combining (899)), (8103), (8104), and (8I02), we see that

sup [, F (t,2i)| <M + C |p(u(t, z:))| + Cp*(u(t, 2:))

|z|<k
3 4
+C Y Frllp(u(,z))[] (0) +C Y Fy [0 (ul, )] (1) as.
=1 =1

Then by letting ¢ = T and sending n — oo in the above inequality, and by the
Holder continuity of s — p(u(s,z;)), we have that
limsup sup [@y " (T, z;)| < O (|p(u(T,2:))| + p* (u(T, z:))) ,

n—oo  |z|<k

which proves Proposition BI1] for u%*(T,z). Thus we complete the proof of
Proposition [R.11] a



APPENDIX A
Appendix

A.1. Some Miscellaneous Results

The following lemma is a well-known result.
LEMMA A.1. Let X be a real-valued nonnegative random variable. The follow-
ing two statements are equivalent:

(1) For all p > 0, there exists some finite constant Cp, > 0 such that
P(X <e)<Cpe? foralle>D0.
(2) E[X 79 < oo for all ¢ > 0.

The following lemma can be viewed as a special case of Propositions 3.2 and 4.3
in [CD15]. This lemma is used in the proof of Theorem[I.4l We will need the two-
parameter Mittag-Leffler function (see [Pod99l Section 1.2] or [KSTO06, Section
1.9]) is defined as follows:

k

A s =S : .
(A1) Eo (%) Z&Wm+ﬁ) a>0,5>0

LEMMA A.2. Suppose that o > 1, A\ > 0 and that § : Ry — R is a locally
integrable function.

(1) If f satisfies

(A.2) ﬂﬂ—mw+§[@—g*mﬂ@® for all t >0,
then
(A3) 10 =50+ [ B~ )i
where
(A.4) Aa(w::t—VaAr(l—]/a)El_UaJ_lﬁ,@l—vaxr(1—1/a)).

Moreover, when 3(z) > 0, if the equality in (A2)) is replaced by “<” (resp.
“>7), then the equality in the conclusion (A3)) should be replaced by “<” (resp.
“>7) accordingly.
(2) If B is a nonnegative constant, then there exist some nonnegative constants Cl,
and 7y, that depend on « only, such that for allt > 0,
(A5)  f(t) = B0(L = )M OBy o170 (P(1 = 1/a)At! ")
< BCqexp (YaAaTt).

93
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PROOF. (1) Denote g(t) = t~/*. Let “¢” be the convolution in time, i.e.,
g * t) = |, g(s)f(t —s)ds. Define ky(t) = g(f) and for n > 1,
f Cg(s)f ds. Define k d f 1

kn(t) := (g*~-~>kg>(t).

(n+1)sg
Denote b =1 — 1/a. We claim that
b n
e T .
(A.6) kn(t) =T(b)t T+ 100)’ for all n > 1.

When n = 1, by the definition of the Beta functions,
1 2
_ _ o L(D)
t) = -2/ 1— Veagg = ¢1=2/0 L = k().
(9%9)(1) | st= s Fpy =R
If (AZ6) is true for n, then by the same reason,
F(b)nJrl t 3 B
k 1) = (n+1)b—1 t— b ld
O T A

_ F(b)n+2
_4—1/ay(n+1)b _
t t '((n+2)b) 1 (t)-

Hence, (A.6)) is true. Therefore,
Kx(t) = ko(t) + Y X"k ()
n=1
_ 41/ -1/« b _
=1/ £ AD(b)t [Eb,b (AT () — 57 o
= AL(b)t ™ "By, ((PAT (1)) .

Finally, by successive replacements, we see that
(&) = B(t) + (B ka)(t) = B(t) + (B ) (2).
n=0

The remaining part of (1) is clear. (A5 is a direct consequence of (1) and the
following integral (see (1.99) in [Pod99])

/OZ Eo s\ P71t = 2PE, g1 (M2%), B> 0.
Finally, for any 7, > T'(b)'/%, by the asymptotic property of the Mittag-Leffler
function (see Theorem 1.3 in [Pod99]),
Co = ig% 2Ep145(T(0)2") exp (—74) < oo.
This completes the proof 0; Lemma O
LEMMA A.3. Suppose that a € (1,2], A\>0,T >e>0, and B : Ry —» R isa

locally integrable function.
(1) If f satisfies that

t

(A7) FE) = Be(t) + Ae” OV Mg / (t—s)"*f(s)ds

T—e¢
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for all t € (0,T], then

t
(A.8) f@#) = Be(t) + Loy ; Kye-a-1/a)(t — 5)Bc(s)ds,

for all t € (0,T], where Ky.—a-1/a (t) is defined in (AA). Moreover, when
Be(t) > 0, if the equality in (AT) is replaced by “<” (resp. “>7), then the
equality in the conclusion (A8) should be replaced by “<” (resp. “>”) accord-
ingly.

(2) When B(t) > 0, for some nonnegative constant C that depends on o, A and T
(not on €), we have

t

(A9) () < Be(t) + Cllgpmppe 71 / (t =)~/ "Be(s)ds,

T—e
for all t € [0,T]. Moreover, if B is a nonnegative constant, then for the same
constant C, it holds that

(A.10) ft) <CBe, forallte]0,T].
PROOF. (1) Write B¢(t) in two parts
Be(t) = Be(t)Lip<r—cp + Be()Lsr—p = B + BL (D).

Denote accordingly f*(t) = f(¢)Ij;>7—e. Then it is clear that f(t) = BI(t)+ f*(t)
and f* satisfies

FE(t) = B (t) + e 7Y/ /t(t —s)" Vo ¥ (s)ds  forall t > 0.
0

Hence, by Lemma [A.2]
t
£ = 520 + / Kyeoto1jm(t — 5)B5(s)ds
0

= B: (t) + ][{t>T,€} Ky —a-1/0) (t — s)ﬁe(s)ds
T—e

Then adding £} (¢) on both sides proves (A.8).
(2) By the property of the Mittag-Leffler function, we see that for some constant
C that does not depend on e,

Ky—-170) (t — 8) < OXe 7Y (3 — 5) "V exp (C’)\e_(l_l/o‘) (t— s)) .

Since the integral in ([(A.8) is nonvanishing only when T—t < ¢ and since t—s < T'—t,
we see that

Ky —t-1/a(t —5) < CAe™ 7V (¢ — g) "V exp (C’/\el/o‘)
< 0/6_(1_1/a)(t _ S)—l/a.

Putting this upper bound back into (A-8)) proves (A.9). (AI0) is clearly from (A.9).
This completes the proof of Lemma [A.3] O

LEMMA A.4. Suppose that o € (1,2] and 0] < 2 — . There exists some
nonnegative constant C > 0 such that for all e,h € (0,1) and x,y € R,

€ T+€e
) [as [z 166y -2 - G < 0y
0 T—e€
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PrOOF. Denote the integral by I. By the Cauchy-Schwarz inequality,

I< ds o dz ds o dz |G(s,y — z) — G(s, 2)|
0 r—€ 0 r—€
< Ce (/O ds/Rdz G5,y — 2) — G(s,z)|2)1/2 .

By the scaling property of G, we see that

/Oeds/RdﬂG(s,y_z)_G(S’Z”Q

1/2 1/2

1
:e/ ds’/dz\G(s'/e,y—z)—G(s’/e,z)|2
0 R
1 2
zel+2/°‘/ ds’/dz‘G(s’,el/o‘(y—z))—G(s’,el/az)’
0 R

1
:€1+1/a/ ds//dzl
0 R

< C€1+1/a|61/ay‘a—l — C€2|y|a—1,

2
G(s', ey — =) = G(s, )

where the inequality is due to (A12) below. Plugging this upper bound into the
above upper bound proves the lemma. ([l

PROPOSITION A.5 (Proposition 4.4 of [CD15]). For a € (1,2] and |§| <2 —a,
there is a constant C' depends only on « and § such that for allt > s > 0 and
z,y €R,

(A.12) /0 dr/Rdz [Gt—rx—2)—G{t—ry— z)]2 <Clz —y|* ™t

(A.13) /S dr/ dz[Gt—rx—2)—G(s—rx— z)]2 <O(t— 5)1—1/&7
0 R

and

(A.14) /t dT/RdZ Gt —r,z—2)? <Ot —s)'V.

In the following theorem, we state the Kolmogorov continuity theorem with an
emphasize on the constants. The proof can be found, e.g., in [Kho09, Theorem
4.3].

THEOREM A.6 (The Kolmogorov continuity theorem). Suppose {X (t)}ier is
a stochastic process indexed by a compact cube T := [a1,by] X -+ X [ag,bq] C RY.
Suppose also that there exists constants © > 0, p > 0, and v > d such that uniformly
foralls, t €T,
1X(t) = X(s)ll,, < Ot —s|/7.

Then X has a continuous modification X. Moreover, if 0 < < (v —d)/p, then

(A.15) < Cppa ©.

p
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The following lemma can be used to give an explicit form for ¢, defined by

[B28) when o = 2 (see Remark BH]).

LEMMA A.7. For allv >0 and t >0,

/Otds _ttdy\/%exp (—Qy—;)
:t[2<§+1) (\/ﬁ)——+\/2/7e %\t —1|.

PROOF. Recall that &(z) =

2
I \/%e_y?dy. Because

)dy?@(t/\/_)—l

oo (o

by change of variable t/1/vs = u, the double integral is equal to

o0

2%y~ 1 / ®(u)u3du — t.
\Vit/v

Now we evaluate the du integral. Apply the integration-by-parts twice to obtain

that

oo [e’s) e o) 1 2
2/ O (u)u3du = —u_2¢(u)‘ —|—/ u_Q—e_“ 12du
\Vt/v Vit/v Vt/v V2m

2
:—u2<I> u u’/2

" 7

e 1 2
—|—/ u Tt ——e /2 (—u)du
Vt/v vV 2w

= LoV ) [y~ (1= o))

Lemma is proved after some simplification. O

A.2. A General Framework from Hu et al

In Hu, Huang, Nualart and Sun [HHNS15], under certain assumptions on the
fundamental solutions and the noise, the existence and smoothness of density for
the following SPDE have been studied

(A.16) Lu(t, ) = b(u(t,z)) + o(u(t,z))W(t,z), t>0, zeR%

In this equation, L denotes a second order partial differential operator, which con-
tains a time derivative. The main examples in [HHNS15| include

9 A @=1) i T A =123
ot = we o ook

see Section 5 of [AAINS15]. The noise W is a centered Gaussian noise that is white
in time and homogeneous in space. Formally,

(A.17) E I/V(t7 :1c)W(s7 y)} =do(t —s)f(z —y),



98 A. APPENDIX

where f is some nonnegative and nonnegative definite function. Let p be the
spectral measure, i.e., the Fourier transform of f. Let H be the Hilbert space
obtained by the completion of C§°(R%) according to the inner product

W)y = [ o

for ¢ and ¢ € C$°(RY). The space H may contain distributions. Set Ho =
L?([0,00); H). Here are the four conditions in [HHNSI5], which have been verified
in Remark in our setting:

(H1) The fundamental solution to Lu = 0, denoted by G, satisfies that for all ¢ > 0,
G(t,dx) is a nonnegative measure with rapid decrease, such that for all T > 0,

dy o(e) fla =)o) = | FoFat@n(as).

Rd

T
(A18) | [ iFea©r naga < o,
0o Jrd

and
(A.19) sup G(T,R?) < Cr < 0.
t€[0,T

(H2) There exist positive constants x; and ko such that for all s,t € [0,T], z,y € R%,
T>0andp>1,

(A.20) E [lu(s, ) - u(t,2)["] < Cperlt — 5|37,
(A21) E [Ju(t,) - u(t, y)|"] < Cpurle — |,

for some constant Cp, r which only depends on p and T
(H3) There exist some constants n > 0, ¢g > 0 and C' > 0 such that for all 0 < € < ¢,

(A.22) ce"g/ |G ()] 13, dr.
0

(H4) Let n be the constant defined in (H3) and x; and k2 be the constants defined in
(H2).

(i) There exist some constants 1, > n and €; > 0 such that for all 0 < e < ey,
(A.23) / P |G |2, dr < Cem.
0

(ii) There exists some constant 1, > 7 such that for each fixed non-zero w € R,
there exists two positive constants C,, and e satisfying

(A.24) / (G(r, %), G(r,w 4 %)), dr < Cpe™, for all 0 < € < €.
0

(iii) The measure U(t) defined by |x|"2G(t, dx) satisfies that

T
| [ iFve@putaga < o
0 R4

and there exists a constant 73 > 7 such that for each fixed w € R%, there
exist two positive constants Cy, and e3 satisfying

(A.25) / (| "2 G (r,*), G(r,w 4 %)), dr < Cype™, for all 0 < e < €.
0
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THEOREM A.8 (Theorem 3.1 of [HHNS15|). Assume that conditions (H1)-
(H4) hold, and the coefficients o and b are smooth functions with bounded deriva-
tives of all orders. Let u(t,z) be the solution to (AJ6) with zero initial data.
Fiz t > 0 and let x1,...,2, be n distinct points in R?. Assume that u(t,x;),
i1 =1,...,n, satisfy the condition that for some positive constant C,

(A.26) lo(u(t,z;))| > C1 P-a.s. foranyi=1,...,n.

Then the law of the random vector (u(t,x1),...,u(t,z,)) has a smooth density with
respect to Lebesgue measure on R™.

REMARK A.9. In the remark 3.2 of [HHNS15|, the authors commented that
using a localization procedure developed in the proof of Theorem 3.1 in [BP98§|,
one can obtain a version of Theorem [A.8 without assuming (A26]). In this case,
one concludes that the law of (u(¢,z1),...,u(t,x,)) has a smooth density on {y €

R : o(y) # 0}".
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