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1. Introduction

Consider the parabolic Anderson model,

Opu(t,z) = 202u(t,z) + u(t,z)n(t, ), t>0,z€eR, (1.1)

with delta initial condition «(0) = dp, where n denotes space-time white noise on R x R.
Following Walsh [18], we interpret the stochastic PDE (1.1) in the following mild form:

u(t,z) = py() + / poy (& — y)uls, y)n(ds dy), (12)
(0,6)xR

where

oL
pt(x_\/%

Consider the following renormalization of the solution to (1.1):

e~’/(20) for all t > 0 and =z € R.

u(t, x)
p,(x)

Ut,z):= for all t > 0 and z € R. (1.3)

It is not too hard to prove that lim, o U(t,z) = 1 in L¥(Q) for all z € R and k > 2; see
Lemma A.4 below. Therefore, we also define

UO,z):=1 for all z € R,

throughout.

Amir, Corwin, and Quastel [1, Proposition 1.4] have shown that the process U(t) :=
{U(t,x)}ser is stationary for every ¢t > 0. The formulation (1.2) of the stochastic PDE
(1.1) can be recast equivalently in terms of U as follows:

Pi—s(r —y)ps(v)

Ult,x)=1+ U(s,y)n(dsdy).
) p()  Ceow)nldsdy)
(0,t)xR
Because'
ptfs(a)ps(b) S
Solath = Ps(t—s)/t (b - ;(a + b)) forall 0 < s <tanda,beR, (1.4)

equation (1.2) can be recast as the following random evolution equation for U:

1 In fact, both sides of (1.4) represent the probability density of X, at b where X denotes a Brownian
bridge that emenates from zero and is conditioned to reach a + b at time ¢.
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S
Uta) =1+ [ Ulsu)pu (u= 5o) n(dsdy). (15)
(0,t)xR

The purpose of this paper is to study asymptotic properties of the stationary process
U(t), equivalently u(t)/p,. The main results are stated as the following three theorems.

Theorem 1.1. The process U(t) is weakly mizing, hence also ergodic, for every t > 0.

It follows immediately from (1.5) that E[U(t,z)] = 1. Therefore, Theorem 1.1 and
the ergodic theorem together imply that for all ¢ > 0,

N— 00

N
1
lim N/U(t,x) de =1 a.s. and in L'(Q). (1.6)
0

In fact, Lemma 2.4 below implies that (1.6) holds in L*(Q) for every k > 1.
The next two theorems describe the rate of convergence in the ergodic theorem (1.6).
In order to state those theorems, let us introduce

N
1
S = N/[U(t,a:)—l]dx for all N > 0 and ¢t > 0. (1.7)
0

Then we have the following quantitative central limit theorem.

Theorem 1.2. For everyt > 0 there exists a real number ¢ = c(t) > 0 and Ng = Ny(t) > e
such that for all N > Ny,

SNt log N
dry [ —==24  N(0,1) ] <cy/ , 1.8
R ( Var(Sw +) ( )> ‘ N (18)

where drvy denotes the total variation distance, and N(u,0?) denotes the normal law

with mean p € R and variance o > 0.

Theorem 1.2 tacitly implies also that Var(Sy¢) > 0 for all N large. As part of the
proof of Theorem 1.2, we in fact prove in Proposition 4.1 below that

2tlog N

Var(SN7t> ~ N

as N — oo. (1.9)

Therefore, Theorem 1.2 implies that, for all ¢ > 0,

d
log N Snit — N(0,21) as N — oo. (1.10)
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where “%” denotes convergence in distribution. Since the limiting variance 2t is a linear
function of ¢, the above suggests the existence of a functional CLT with a Brownian
limit. This is confirmed by the next result of this section.

Theorem 1.3. Choose and fix a real number T' > 0. Then, as N — oo,

N Clo,T]
SNoe 2B, 1.11
\| og N SN V2 (1.11)

) . , . C[o,T)
where B denotes a standard one-dimensional Brownian motion, and “—— " denotes

weak convergence in the Banach space C[0,T] of all continuous, real-valued functions
on [0,T), endowed with the uniform topology.

Theorem 1.2 indicates the convergence in total variation distance of the one-
dimensional laws. It seems conceivable that one can obtain the convergence in total
variation distance of the finite-dimensional distributions. Moreover, one might wonder if
the weak convergence to Brownian motion in Theorem 1.3 can be replaced by conver-
gence in total variation. We leave this question as an open problem for the interested
readers.

Open problem: Does the process {y/N/log N Syt }+ejo, 1) converge to V2 By }epo,m)
in total variation, as N — oo, for any 7" > 07

Now let us compare our work with the existing ones to show the difficulties and hence
the contributions of the current paper. First, regarding Theorem 1.1, in Chen et al.
[6], we used Poincaré-type inequalities and Malliavin calculus in order to establish the
spatial ergodicity for a large class of parabolic stochastic PDEs that include the parabolic
Anderson model with flat initial condition u(0) = 1. Broadly speaking, the method in [6]
is also employed here in order to prove Theorem 1.1. However, because the initial profile
of (1.1) is the singular measure dp, novel technical issues arise. Chief among them is the
fact that the Malliavin derivative of the solution to (1.1) behaves radically differently
from the case with constant initial data. This can be seen by comparing our Lemma 2.1
with Theorem 6.4 of [6]. As a result, the Poincaré-type inequality [see (2.1)] yields a
(log N/N)-decay rate, which is bigger than the 1/N-rate obtained in the flat case [6],
and the asymptotic variance (1.9) is likewise different from the case of flat initial data.
The Poincaré-type inequality (2.1) is based on the Clark-Ocone formula, and the latter
plays an import role not only in this context, but in fact throughout the paper.

Secondly, for Theorem 1.2, such total variation estimates for spatial averages of solu-
tions to parabolic stochastic PDEs were introduced by Huang, Nualart, and Viitasaari
[11] for the one-dimensional stochastic heat equation driven by a space-time white noise,
and later extended in Huang, Nualart, Viitasaari, and Zheng [12] to the multidimensional
stochastic heat equation driven by a noise whose spatially homogeneous covariance is a
suitable Riesz kernel. The main ingredient in deriving such estimates is the Malliavin-
Stein approach (see Nourdin and Peccati [13,14]) which provides a convergence rate, in
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total variation distance, using a combination of Malliavin calculus and Stein’s method
for normal approximations. But unlike the case considered in Huang et al. [11] (see also
Chen et al. [7]), where the initial condition was u(0) = 1, in our setting the solution to
(1.1) with delta initial condition is scaled by the heat kernel, and this produces asymp-
totic variance for spatial averages of order log(N)/N; see (1.9). As a consequence, we
need to normalize the average in (1.10) by the unconventional rate y/N/log N. More-
over, the y/log N/N-rate of convergence of the total variation distance in Theorem 1.2 is
a natural one, which is of the same order as y/Var(Sy,;) as N — oo (see (1.9)). Such a
relation also holds in the context of Malliavin-Stein approach to central limit theorems
for other types of SPDES; see [9,11,12,17]. Furthermore, the presence of these unexpected
logarithmic factors is new in the literature, which shows the slow decorrelation of the
random field U(t), and can be attributed to the singularity of the delta initial condition.

Lastly, the functional central limit theorem stated in Theorem 1.3 is the counterpart
in our framework of Theorem 1.2 in [11]. The convergence in law of finite-dimensional
distributions is obtained using the Malliavin-Stein approach as in the proof of Theorem
1.2 in [11], but the proof of tightness, however, is more involved due to the singularity
of the initial condition and requires computations which are different from those in [11]
(see the proof of Proposition 6.1).

In the following, after introducing some preliminaries in §2, we first prove Theorem 1.1
in §3. Then we establish asymptotic results for the covariance of Sy in §4, which will
be used in the proof of Theorems 1.2 and 1.3 in §5 and §6, respectively. Finally, some
technical lemmas are proved in Appendix.

Let us close the Introduction with a brief description of the notation of this paper.
For every Z € LF (), we write || Z||y instead of (E[|Z|*])'/*. Let Lip denote the class of
all Lipschitz-continuous, real-valued functions on R, and define for all g : R — R,

b) —
L) = wp 120 0]
—oco<a<b<oo |b_a‘

Thus, g € Lip if and only if Lip(g) < oo. Recall that if g € Lip, then Rademacher’s
theorem (see Federer [10, Theorem 3.1.6]) ensures that ¢ has a weak derivative whose
essential supremum is Lip(g). Let ¢’ denote a given measurable version of that derivative.
Throughout, we define

log, (x) := log(e + x) for every x > 0.

We also use “ 7 to denote the Fourier transform, normalized so that

oo

f(z) = / e f(y) dy for all z € R and f € L'(R).

— 00
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2. Preliminaries
2.1. Clark-Ocone formula

Let H = L?*(R 4 xR). The Gaussian family {W (h)},ecx formed by the Wiener integrals

W(h) = / h(s,z)n(dsdx)
R4 xR
defines an isonormal Gaussian process on the Hilbert space H. In this framework we
can develop the Malliavin calculus (see Nualart [15]). We denote by D the derivative

operator. Let {F}s>0 denote the filtration generated by the space-time white noise 7.
We recall the following Clark-Ocone formula (see Chen et al. [6, Proposition 6.3]):

F=E[F]+ / E[D;,F | Fs]n(dsdz) a.s.,
R+ xR

valid for every random variable F' in the Gaussian Sobolev space D2, Thanks to Jensen’s
inequality for conditional expectations, the above Clark-Ocone formula readily yields the
following Poincaré-type inequality, which plays an important role throughout the paper:

| Cov(F, Q)| g/ds / dz |D,.F|, |Ds:Gl, forall F,GeD“2  (2.1)
0

2.2. Malliavin derivative of u(t,x)

According to Chen, Hu, and Nualart [4, Proposition 5.1] (see Chen and Huang [5,
Proposition 3.2] for the higher-dimensional case),

u(t,x) € (WID)UC for all ¢ > 0 and =z € R,
k>2

and the corresponding Malliavin derivative Du(t,z) satisfies the following stochastic
integral equation: For s € (0,1),
D yu(t,z) =p,_ (x —y)u(s,y) + / Pi_(x — 2)Dg yu(r, z) n(drdz) a.s.
(s,t) xR

We offer the following estimate on the Malliavin derivative of u(t,x).

Lemma 2.1. For every T' > 0 and k > 2, there exists a real number Cr > 0 such that
fort € (0,T) and z € R, and for almost every (s,y) € (0,t) x R,
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[ Dsyu(t,z)l|x < Crppis(x —y)ps (). (2.2)

Proof. The proof is similar to the proof of Theorem 6.4 of Chen et al. [6]. Fix ¢t € (0,T)
and z € R. Let ug(t,x) = p,(x) for every x € R, and define iteratively, for every n € Z,

Unt1(t,x) :=py(x) + / P (x — 2)un(r, z) n(drdz). (2.3)
(0,t)xR

Conus, Joseph, Khoshnevisan, and Shiu [8, Theorem 3.3] and Chen and Dalang [3, The-
orem 2.4] found independently, and at the same time, that there exists a real number
cr,k > 0 such that for all (s,y) € (0,7] x R,

Sup [Jun(s, y)llk v uls vk < ereps(y). (2.4)
neliq

We apply the properties of the divergence operator [15, Prop. 1.3.8] in order to deduce
from (2.3) that for almost every (s,y) € (0,t) x R

styun-i-l(t ; ‘T)

ol + [ e D ) as (25)
(s,t)xR

By (2.5), (2.4), and a suitable form of the Burkholder-Davis-Gundy inequality (BDG),

||D57yun+1(t,a:)||i

t 00

<269t (- ypt) + 200 [ dr [ de gt (@ 2)Duyualr DI (20

S —00

where ¢, = 4k; see [6, (5.6)]. Let Cy, := (QC%Jg) V (2¢g). We can iterate (2.6) to find that

1Dyt 1 (£, 2) [
t

< Crpi_y(x = y)P2(y) + Cipi(y / dry / dz1 P, (2 — 21)p7, (21 — y)
kpb /d’l“1 /le/dTg/dZQ /drn_l / dz,_1 pf_,.l(x—zl)

X prlfrrz (21 - 22) X X prn_lfs(znfl - y)

t e%e) 1 fe%s) Tn—1 [e%s)
+C’g+1p§(y)/dr1 /dzl/drg / dzg--- / dr,, / dz, pf_m(x—zl)
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Xp’l%lf’l‘g(zl_zz)x..-xp?“n 1—7T (Zn 1=

zn)pin—s(zn - ). (2~7)

In order to simplify the preceding expression, let us first use the elementary identity
(1.4) in order to see that

oo

2 (o2 (y— Y S S A YN
/ 1315—5(‘Ij y)ps—r(y Z) dy - 47T(t—8)(8—7') pt—’r(x Z)
Consequently,

t [e3e] 71 [e%e] Tn—1 [e%e]
/drl/dzl/dm/dzg--~ / drn/dzn

pf—rl (v — 21)1%2«1_,«2(21 — 29) X -+

= (4m)""2p}_(z—vy)

t 1 Tn—1
t—s
x [ dr /dr ~~/drn
/ v \/(t—r1)(r1—rz)~

o (rnfl - rn)(rn - s)

n/2
t—s dry---dry,
-(%) stae-w

0<ry < <r1 <1 \/(1 _Tl)(Tl —r2)...7~n
— S n/2 n
- (t47f ) Fr((lr{fg)) pis(z —y). o5

Together, (2.7) and (2.7)’ yield

X p72”n71—7"n (Zn_l - Zn)pvzﬂn—s(zn - y)

n

i1 (t=s\?r/2)
G (%) Tom

1Ds yuns1(t, 2) % < pi_(e — y)pi(y)

j=

o0

CIt iz r(1/2)7
2
= Peel Z (4m)i/2 T(j/2)

Since the above series is convergent, we can conclude that there exists ¢/, . > 0 such that
for almost every (s,y) € (0,¢) x R,

SUp [| Dsytin (£, 2) e < g Po—s(T = Y)P,(1)- (2.9)

Moreover, (1.4) and (2.9) together yield



L. Chen et al. / Journal of Functional Analysis 282 (2022) 109290 9

t [e'e)
SupE (|| Dun(t, 2)[2) < (¢p0)? / ds / dy P2 (2 — 9)p2()
0 —0o0
t

n>0
= (c/T’k /ds / dy ps(t s /t ) (2.10)

e V= ds <
/ 47rst—s 5500
0

where we have used the semigroup property of the heat kernel in the final identity. It fol-
lows from (2.10) and the closability properties of the Malliavin derivative that there exists

[=}

a subsequence n(1) < n(2) < --- of positive integers such that Du,,)(t,z) converges
to Du(t,z) in the weak topology of L?(£2;H). Then, we use a smooth approximation
{tb}e>0 to the identity in R, x R, and apply Fatou’s lemma and duality for L*-spaces,
in order to find that for almost every (s,y) € (0,¢) x R and for all k > 2,

| Ds yu(t, )|k <hm1nf /ds /dy Dy yu(t,z)e(s — s,y — )

% L
< lim inf /ds’ / dy'E[GDy yu(t,z)| (s — s,y —y')|.
e—0
”G”k/(k n<l 5

Choose and fix a random variable G € L?*(Q2) such that ||G|lx/k-1) < 1. Because
Duy,g)(t, ) converges weakly in L(€2;H) to Du(t,z) as £ — oo, we can write

/ds' / dy' E[GDy yu(t,z)| (s — s,y — )
0 —00

{— 00

- lim / ds’ / Ay E [GDr yrttn(ey(t,2)] e(s — 5",y — ¥')
0 —00

< lim sup/ds’ / dy’ HDS/’y/un(g)(tm)Hk (s — s,y —1)
£— 00 0 .
/ / / / / / / /
< cT,k/ds / Ay 10,6y (s )Pr—o (z — ¥ )Po (¥ )b (s — 8",y = ¥/).
0 —o00

Let € — 0 to conclude the proof of (2.2). DO
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2.3. The Malliavin-Stein method

Recall that if X and Y are random variables with respective probability distributions
p and v on R, then the total variation distance between X and Y is defined as

drv(X,Y)= sup |u(B)-v(B),
BeB(R)

where B(R) denotes the family of all Borel subsets of R. The same sort of definition
continues to hold when X and Y are abstract random variables on a topological space
X, except B(R) is replaced by B(X).

We abuse notation and let dpy (F',N(0, 1)) denote the total variation distance between
the law of F' and the N(0, 1) law. The following bound on drv(F ,N(0,1)) follows from a
suitable combination of ideas from the Malliavin calculus and Stein’s method for normal
approximations; see Nualart and Nualart [16, Theorem 8.2.1].

Proposition 2.2. Suppose that F € D12 satisfies E(F?) =1 and F = 6(v) for some v in
the L?(Q)-domain of the divergence operator 6. Then,

drv(F,N(0,1)) < 2¢/Var (DF, v)3).

In the proof of Theorem 1.11 we will make use of the following generalization of a
result of Nourdin and Peccati [14, Theorem 6.1.2].

Proposition 2.3. Let F' = (F(l),...,F(m)) be a random wvector such that, for every
i=1,...,m, FO = §w®) for some v?) € Dom [§]. Assume additionally that F*) € D2
fori=1,....m. Let G be a centered m-dimensional Gaussian random vector with co-
variance matriz (C; j)1<ij<m. Then, for every h € C*(R™) that has bounded second
partial derivatives,

[E((F)) = BRG] < 311" | D= B (|Cey = (DFO 00 [?),

1,j=1
where
0%h
IR ||oo == max sup (z) .
1<i,5<m perm | 02,02

2.4. On the ergodic theorem (1.6)

Recall the definition (1.7) of Sy and observe that the ergodic theorem (1.6) can be
recast in terms of the average integral Sy ; as follows:

lim Sy; =0 as.and in L'(Q).
N—o0
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The following lemma proves that the ergodic theorem (1.6) holds in L¥(Q) for every
k > 2, hence also in L*(2) for every k > 1. It also yields a quantitative upper bound
of O(y/log(N)/N) on the rate of convergence in L¥((2) for every k > 1, with a constant
that describes also the behavior of the limit uniformly in ¢ when ¢t < 1. Perhaps not
surprisingly, the mentioned rate of convergence coincides with the rate of convergence
to normality that was ensured by Theorem 1.2.

Lemma 2.4. For all real numbers k > 2 and T > 0 there exists a number At > 0 such

that
| N
S
log N ot .

where log | (w) := log(e +w) for all w > 0.

sup

< Ag,py/tlog, (1/t) wuniformly for allt € (0,T),
N>e

Proof. Choose and fix a real number k > 2. By the BDG inequality and (1.4),

2

N
1 S
HSNvt”i = N2 / U(S ) y) /ps(t—s)/t (y - ZI) dx n(ds dy)

0,t) xR 0 .
t 00 N 2

Ck s

<y [t [ @GR | [ oo (v-3)dol .
0 —o0 0

uniformly for all N,¢ > 0. Apply (2.4) to see that

N 2

2 t o)
Ck C K s
I1Sw.2ll7 < Ng /ds / dy /ps(tfs)/t (y—¥$> dz|
0 —00

0

uniformly for all N > 0 and ¢ € (0,T). Now expand the square and appeal to the
semigroup property of the heat kernel in order to find that, for every N,¢ > 0,

o0 N 2 N N
/ dy /ps(t—s)/t (y - ?3?) dz| = /dy/dz Pas(t—s)/t (%(y - Z))
“o 0 0o 0
N2 Ns/t  Ns/t
= ;) / da / db p2s(t—s)/t(a_ b)
0 0

t T (1—cosz t(t —s)z2
:g/(—?—%wc—m7>M
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see Lemma A.2 of the Appendix. Consequently, if N > 0 and ¢ € (0,7T), then

t
2 terci p 7 d 1—cosz ds t(t — s)z?
— r | —— —exp | ———~%—
- 1N 2 s b N2s
[e%s) 0

2 o0
cxcy plog N 1—cosz
=S [ () v

— 00

where G is defined in (A.1) below, in the Appendix. We may appeal to Lemma A.1
of the Appendix to conclude the result. O

3. Proof of Theorem 1.1

Since weak mixing implies ergodicity, it suffices to prove that U(t) is weakly mixing
for every t > 0. We follow the proof of [6, Corollary 9.1] in order to reduce the proof of
Theorem 1.1 to the verification of the following:

lim Cov[G(z),G(0)] =0, (3.1)

|z]— o0

where the functions gi,...,gr € C}(R) satisfy ¢;(0) = 0 and Lip(g;) = 1 for every
j=1,...k,

k
:ng(U(tal”er)) for all z € R,
=1

and ¢!, ..., ¢* are fixed real numbers. Thus, it suffices to prove (3.1).
By the chain rule for the Malliavin derivative [15, Proposition 1.2.4],

k

k
DeG@)=> | [[ % (UGt z+¢) |d), Ut ,z+°) DUtz + ().
jo=1\ j=1
J#3jo

Therefore, the definition of the process U in (1.3), (2.4), and Lemma 2.1 together imply

the existence of a real number ¢ = ¢(T', k) such that

k

1Ds,26 (2 ||2<Z II 19t e+ Dlar | I1Ds Ut @+ ¢z

Jjo=1 \j=1,j%#jo

k
. Zpts z+ (= 2)p,(2) :chs(t_s)/t(Z—i(erCj)),

p(z +¢J) =1
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uniformly for all 0 < s <t < T and z, z € R; the equality holds due to (1.4). Now apply
the Poincaré inequality (2.1) and the semigroup property of the heat kernel to see that

Cov [6) . GO < /pgs(t o (Gt =) as

JA=17

This implies (3.1), thanks to the dominated convergence theorem, and concludes the
proof. O

4. Asymptotic behavior of the covariance

Recall from (1.7) that

N
1
Sni= /[U(t,x) ~1]de,
0

where U(t,x) was defined in (1.3). The following proposition provides the asymptotic
behavior of the covariance function of the renormalized sequence of processes Sy as IV
tends to infinity.

Proposition 4.1. For every ti,t5 > 0,

]\7113100001)[\/ SNt s \llgNSNtQ] 2(t1 A ta).

Proof. First, let us recall from Chen and Dalang [3, (2.31)] that, for all s > 0 and z € R,

E (Ju(s, 2)*) = p2(2)(1 + 6(s)), (4.1)
where
Neve)
4/s/2 / e V2 dy for all s > 0. (4.2)

By (1.2), the It6-Walsh isometry, and (4.1),

Cov [U(ty,z) , Ulta,y)]

t1 A\t oo

ds / Az py, (5 — 2)pr,_o(y — 2)F (Ju(s, 2)|?)

— 00

B 1
B Dy, (x)ptg (y) )
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t1A\to [e’e]
1
— o [ s [ ep - ap, - R+ 6)
pu(@pLly) S ) T )t (
t1 Aty [ee]
S S
= / ds / dz ps(tl_s)/tl (Z — t—l‘) ps(tz_s)/t2 (Z — t—y) (1 + 9(8))
1 2
0 —00
t1 Aty
Ty
= | Psl(ti—s)/t1+(t2—s) /2] (3 [E - tzD (1+0(s))ds
0
t1At2
= [ Punnle )1+ 0)ds
0

notation being clear from context. Let 7 := 2t1t2/(t1 + t2), so that we can write

2(xty — yty) sw
Ps itz (T,y) = Ps s (W for Py (W) = Pos—s) e (7) -

Ift1 < to, then

N N
I N | N 1
IOgNSNtl ) mSN7t2] - NlogN/dy/dx COV[U(t17$),U(t27y)]
0 0
. t N X )
xty — Yty
= (1+06(s d d sr | ——— | .
NlogN/ * /y/ xp’( th+ b )
0

0

Cov

In order to simplify the exposition define

We then change variables [x — z/71 and y — y/72] to obtain

[‘ lOgN Ntl’“lgN Nt2‘|

NT1 NT2

0 0

Co

<

NT1 NTQ

1+6(s
_TlTQNIOgN/< >d8/dx/dyp2-r(-r s/s(x_ )
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where in the last equality we have used the scaling property,

P, (qw) = a_lpg/az (w), valid for all o, > 0 and w € R. (4.3)

Since 1o 0,0 (&) = al[o 1)(a€) for all @ > 0 and £ € R, Parseval’s identity ensures that

HlOgN Ntl"lgN Nt2‘|

14+0(s — (1 —8)T w?
= d 1 1 ———|d
271'7'17'2 log N / ( ) i / (0] (W) Ljo,7z)(w) exp ( s Nz )Y

1 T — =
- 27‘['7-17-2 1[077—1](w)l[O,Tg](w)GN,T(U}) dw
T (r — 8)7 w?
- m/? Lio,7,)(w)1[0,r,) (w) exp (SN2 dw
t1 —00
fow T o) w?
. i T (T - T—8)Tw
- W / s ds / Ljo,7) (W) 1[o,7,) (w) exp <_Tﬁ> dw
0 — 00

=AY - A + 4P

where the function Gy, is defined in (A.1) below, in the Appendix. We plan to prove
that

lim A =2{; and hm A( ) = hm A (4.4)
N—o0 —00
These facts together conclude the proof of the proposition.
In order to understand the behavior of Ag\l,) we first apply Lemma A.1 and the dom-
inated convergence theorem, and then the Parseval identity, in order to verify the first
of the three assertions in (4.4):

 _ 27 — T 27 _
]\}gnooA Dy / 10,7, ) (W) 1o 7y (w) dw = . (Lo, 1[0,72]>L2(R) = 2i;.

— 00

We study Ag\?) by making a change of variables [s — 7/(s + 1)] to find that

(ta—t1)/(t2+t1) oo

2
@ _ T ds — TSW
AN = 2717 log N / 1+s 10,71 ()07, (w) exp (_ N2 > dw.
0

— 00
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Since exp(—7sw?/N?) < 1, this proves that AS\?) = O(1/logN) — 0 as N — oc.
Therefore, it remains to prove the third assertion in (4.4) about Ag\?). For that, we
change variables [s — 7s] to obtain

42

1
/\ — O(ts 1—s)1 w?

1[07’1 )1[072]( )‘dw/ (S )exp (( s ) ]V2> ds
0

27T7'17210gN /‘

oo
— 0(r/(r+1)) wirr
m / ‘1[07-1 )1[0772](w)‘dw/?exp — N2 dT.
0

By the definition of the function 6 in (4.2),

T wQTT T TT
0 —— - 0 <e™/t [ —— forall 0.
(r_'_l)exp( N2)< (r+1>_e 1 or all r >

Hence,
T/4t\/_ ® _— 7 d
AY ‘ T ’1/\ To ‘d / 0
’ 277172 log N 0.72) ()0, (1)  dwr (r+1)3/2 -
—o00 0

as N — oo. This concludes the proof of (4.4) and hence the proof of the proposition. O
5. Proof of Theorem 1.2

For all N,t,s > 0 and y € R define

N
1 S
a5 i= Lo Oy [ Puease (= 5o)de and owals o) = gyas.0)U (s 0).
0

(5.1)

Because of (1.7) and a stochastic Fubini argument,

Sni= / onals,y)n(dsdy) = dowy) s, (5.2)

owing to the fact that vy is an adapted random field and hence its stochastic integral
agrees with its divergence (see Nualart [15, Chapter 1.3.3]). Our work so far shows that
Sn,t is Malliavin differentiable, and that the following defines a version of the Malliavin
derivative of Sy +:

D, SNt = Lo4)(r)one(r, 2) + Lo,4)(7) / D, .on(s,y)n(dsdy). (5.3)
(r)xR
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The key technical result of this section is the following proposition:

Proposition 5.1. For every T' > 0 there exists a real number Kt > 0 such that

log N)3
sup Var(DSn;,vNr)qy < K7 (log )

—_— for all N > e.
t,7€(0,T) N3

We plan to first prove Proposition 5.1. Then, we will use this proposition to prove The-
orem 1.2. The key to the proof of Proposition 5.1 is the following simple decomposition,
which is an immediate consequence of (5.3):

<DSN,t avN,T)q.L = Xntr + YnNtr (5.4)
where

XN,t,'r = <vN,t 7vN,'r>'H ) and

o0 o0
(5.5)
YN ir ::/dr / dz vy - (r,2) / D, ,un(s,y)n(dsdy)
0 o (r,t) xR
The decomposition (5.4) ensures that
Var(DSn ., oN,7)n < 2Var(Xn ) + 2Var(Vn e, -)- (5.6)

Therefore, the bulk of the work is to establish bounds on the last two variances. Those
require some effort and are carried out separately, using slightly different ideas, in Lem-
mas 5.3 and 5.4 respectively. In light of those lemmas and (5.6), the proof Proposition 5.1
is immediate, with no need for additional proof.

First let us observe that the mean of (DSn ¢, vn +)# is carried by Xn ¢ 7.

Lemma 5.2. For every T,N >0 and t,7 € (0,T),
EyN,t,T =0 and E <D'5N,t 7UN,7'>7.[ = EXN,t,T = Cov (SN,t ) SN,T) .

Proof. Thanks to Gaussian integration by parts (see Nualart [15, (1.42)]), E(DF , V)4 )=
E[F§(V)] for all F € D'2 and V € Dom[§]. Choose F = 1 to observe the well-known
fact that §(V) has mean zero, and choose F' = §(U) to see that E((DS(U),V)y) =
Cov(6(U),d(V)) whenever U,V € Dom[d]. Thanks to (5.2) we can apply the preceding
with U = vy, and V = vy, to see that Sy = 6(U) and Sy = §(V) [from (5.2)],
whence E(DSy 1+, vn )5 = Cov(Sn ¢, SN,7)- Since the Walsh integral has mean zero and
U is adapted, EYn ¢ - = 0; see (5.5). This and (5.4) together complete the proof. O
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Lemma 5.3. For every T > 0 there exists a real number Ap > 0 such that

3
sup Var(Xy.,) < Ar (log V)

< ——5— uniformly for every N > e.
t,7€(0,T) N

Proof. Choose and fix 0 < t,7 < T and N > e. It follows readily from (5.5) and our
efforts thus far that Xy, is Malliavin differentiable, and the following is a version of
the Malliavin derivative:

tAT o}
Dr,zXN,t,‘r = 2]-[O,t/\‘r] (’/‘) / ds / dy QN,t(S ; y)gN,T(S ) y)U(s ) y)DT',ZU(S ) y)

Moreover, it follows from this and the definition of the H-norm that

tAT o] 2

tAT [e'e]
DXy |2, = 4 / ar / dz / ds / dy gna(s . 9)gnr (s )V (s, 9) Dy U(s 1)
0 —00 r —00

According to (1.3), (2.4), and Lemma 2.1, whenever 0 < s,s' < T and y,3’ € R, the
following holds a.s. for a.e. every (r,z) € (s A s',t) x R:

[E[U(s,y)D,.U(s,y)U(s",y')D,.U(s", 4]
< CE,T ||DT7ZU(s,y)||4 HDT,ZU(Slayl)”4

ps—r(y - Z)pr(z) ps’—r(y/ - Z)pr(z)
p;(y) Py ()

2 2
< CT,4CT,4

.1 r .
= AT Pr(s—r)/s (Z N Ey) Pr(s'—r)/s (Z N ?yl) ’

where we have appealed to (1.4) in the last line. Therefore,

E (DX 13)

tAT [e%e] tAT e’} tAT [e’e]
SAT/dr / dz/ds / dy/ds' / dy’
0 —00 r —00 r —00

T T
X gt (8, 9)gn,r (8 9) N (8 ¥ ) gnr (8', Y )Py (s /s (z - ;y) Pr(s—r)/s (z - ;y’)

tAT tAT ] tAT ]
:AT/dr/ds/dy/ds’/dy’
0 s —o0 T —00

r T
X N (8, 9) N7 (5, y)gn e (s, ¥ ) gn - (', y/)p[r(sfr)/s]+[7‘(s’fr)/s’] (gy - gy') )
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thanks to the semigroup property of the heat kernel. Since gy, (s,y) < YN —1 for all
N > 0,v > s >0 and y € R, we may bound two of the g-terms from above, each by

N1, in order to find that

tAT tAT tAT

A t\/T tvV T
E (|| DXn¢,-|13) 7N—€/ / /dy/ ds’ /dy
0

r T
X ngt/\T(s ) y)gN,t/\T(Sla yl)p[r(sfr)/s]Jr[r(s’77“)/5’] (;y - ?3/)

A

tAT tAT tAT 0o N N
£V
— / /—d /dy/ Tds’/dy'/dx/dx'
—00 0 0

s , s,
X Ps({tAr}—s)/(tAT) (?/ TIA T»T) Psr({tnry—s")/(tAT) <y IA T»’U>

r r o,
X Plr(s—r)/s]+[r(s'—r) /5] (;y Y ) .

Tt follows from (4.3) that

T r oy S s
Plr(s—r)/sl+lr(s'~r)/s'] (glf gy ) = P Pls(s—r)/rl+[s2(s' =)/ (s')] (y B ;y) :

Therefore, the semigroup property of the heat kernel implies the following;:

A (t )2 tATd tAT t/\Td, [e’e) N N
VT r S
B(pel) < S [ [as [ [ far fao
0 T T —o0 0 0

S
Dy ({tary—s")/(tAT) (y/ - tA SU/>
T

s s
Pls(s—r) /rl+[s2(s'=1)/(s' D)+ [s({tAT} =5)/ (tA)] (;y A Tﬂf) :

A repeated appeal to (4.3) yields

s, S
Pls(s—r)/rl+[s2(s' 1)/ (s'P+[s({tAT} —5)/ (tAT)] (;y A ﬂ)

Sl

!/
= — 2 1(g! 72 f— 8—
= S Pl (s=r) /()]s (s =) /r]H ()2 ({tAT} =) /{s(tAT) }] (y N 7_33) :
And yet another appeal to the semigroup property reveals the following:

E (HDXNt Tll%‘l)
AT tAT N

" N
tVT /—/— s//dﬂ:/dz’
r S
0

T T 0 0
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/
S /
X P(s)2(s=r)/ (sr)]+[s" (s =7) /r]+[(s)2 ({tAT} =) {sEAT) ] +[s' (AT =5/ (¢AT)] (—t AT (@—a )>

4 (tv )Q(t/\ ) t/\-rd t/\Td , sAs’d N N
_ArVT)EAT) [ ds [ 48 ar /
a N4 /S/S’/T/dx/cbj
0 0 0 0 0
X p[(tAT)“"(s—r)/(sr)]+[(tAT)2(s’—r)/(s’r)]+[(mf)({tAT}—s)/s]+[(t/\T)({MT}—s')/s’](x —a'),

thanks also to scaling (4.3) and Fubini’s theorem. Since

ALATIEAT 1) _ (EATS(s = 1) | (AT —7) | (EAT)(EAT — )

r sr s'r s
tAT)EAT =8
L (AT )

)
Sl

we appeal to Lemma A.2 in order to find that

tAT tAT sA

S A (t Vv T) (t /\T) / dS / dS / dT' / dz gp ((t/\‘f')((t/\T)—”'))ZZ/(’r'NQ).
N3¢ T

Integrating in the variables s and s’ yields

tAT
Ar(tV T2t AT dr tAT\\? A (AT —7) 2
E ([DXn-]3) < % / - <log< " >> /e v N2 p(z)dz,
0 R

Making the change of variables % = 0, allows us to write
Ar(tV 1*(EAT) [ st
TtV T)*(tNANT 9 _ (tAr)ez?
E (”DXN,t,TH’QH) < T/@(Z)dz/dgm (log(f +1)) e v
R 0
Integrating by parts and using the fact that
1 3 _ (tAT)022 f=o0
=(log(6 + 1))°e™ " w2 =0,
3 6=0

we obtain
Arp (t\/T (tAT) w02 (tAT)2?
B (1D l) < } [etza N
R

dé (log(6 + 1))% e~ N7

- 3N3p

A (t\/T (tAT) 7 N2 3 _o
— 3NEr R/(p dz0/d9<log( )29+1)) e Y.

o\
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Using the inequality

2

N 1 1
log <m9+1) < 2log N +log(6 + 1) + log <— —1—1) + log (z_2 +1>

(210gN+log (%+1)) (1+log(9+1)+log (zi2+1))’

and taking into account that

o0 3
C = /<p(z)dz/d9 (1+10g(9+ 1) +log( ! + 1)) e ¥ < oo,
0

R

we finally get

A 2 1 3
E (| DXy |3,) < CATEY D (EAT) <2logN+log (MTH)) ,

3N37
which provides the desired estimate. O

Lemma 5.4. For every T > 0 there exists a real number Al, > 0 such that

3
sup Var (YVn..) < A M

3 uniformly for every N > e.
t,7€(0,T) N

Proof. Lemma 5.2 ensures that Yy ¢, has mean zero, and hence

Var (Ynt,-) = /dr/dz/dr /dz / uN (T, 2) Dy on (s, y) n(ds dy)
(

r,t) xR
. / ON (12 ) Do 2ron 2 (s, y) 1(ds dy)
(r',7)xR
which, by Fubini’s theorem, is

o0

tAT [e%e) tAT [e%e) tAT
= [ar [ [ar [ [ as [ dpametr 2one 6 oals w)ava(s.0)
0 —o0 0 —o00 rvr! —0o0

XE[U( s ) DrzU<S y) U(T’ Z/)'Dr’,z’U(Say)]'

Combine (1.3) and (2.4) with Lemma 2.1 in order to see that

21



22 L. Chen et al. / Journal of Functional Analysis 282 (2022) 109290

|E [U(T ) Z) : DT,ZU(57y> : U(TI ) Z/) : DT’,Z’U(Svy)H
< C%“A”Dr,zU(Say)||4||Dr’,Z’U(57y)H4

Ps_r(y — 2)P,(2) Ps_p (y — 2P, (2')
Ps(y) Ps(y)

2 2
< CT74CT,4

_. r o
= Ly Pris_r)/s (2 - E?J) Pri(s—r1)/s <Z - ;y) :

Plug this into the preceding identity for Var(Yn ) in order to see that

tAT e3¢} tAT e’} tAT e’}
Var(Vn.t,r) SLT/dr / dz/dr' / dz’ / ds / dy
0 —o00 0 —00 rvr! —00

r r’
X gN (1, 2) N7 (1 2 )N (8, 9) N7 (S5 Y)Pr(s— ) /s (z - ;y) Prr(s—r)/s (Z’ - ;y) :

We can apply first (5.1), and then the semigroup property of the heat kernel, in order
to see that

[e e}

N 0o
1 r
= N /d’l‘ / dz Pr(s—r)/s (Z - ;y) Prit—r)/t (Z - x)
0 —o0
. N
r r
=N /p[r(sfr)/s]Jr[r(tfr)/t] (;y - ;55) de.
0
Therefore,
I tAT tAT tAT 0o N N
Var(Vn i) < N—Tz /dr/dr' / ds / dy/dx/dx'gN,t(s,y)gNﬁ(s,y)
0 0 rvr! —0o0 0 0

r r 7’ r
X Plr(s—r) /sl +r(t—r) /1] (gy - ;f”) Pl (s—r) /sl (r—r) /o) | 59— =2 ) -

Since gy, (s,y) < %N‘l forall N >0,v>s>0and y € R,

I tAT tAT t/\‘rd 00 N N

tT ]

Var(Yni.r) < N4T /dr/dr’ / ) / dy/dx/dx’
0 0 rvr! —o00 0 0

r r r' r
X Pipgany /sl lrte—nyl (59 52) Potaryssiirirrym (59— =2 )
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Now we use scaling [see (4.3)] to see that

T T - S S
Plr(s—r)/s)+r(t—r)/1] (gy - ;m) = 5 Pls(s—r) /11 +[s2(t—s)/ ()] (y - ;x) )

with an analogous expression holding for the version with the variables with the primes.
This endeavor, and the semigroup property of the heat kernel, together yield

I t/\Td t/\Td tAT N N

tT L r ! , s s,

Var(Yni.r) < i /7 / w / ds/dx/dx P, (ga:— ;x),
0 0 rvr! 0 0

with T" and I being the following functions whose variable-dependencies are excised for
ease of exposition:

A change of variables [a = sz /t, o' = sz’ /7] yields

Ns/t Ns/T

tA
2
Var(yN,t,T)S(tszfifT/ / /ds 572 / da / da’p_ ,(a—d)

0 0 rvr!
Ns/(tAT) Ns/(tAT)

tA
(tT)ZLT d ’ ’
< i — | da da'p_ (a —a)

rvr!

_ E” Lt /d_/ /d—//d,w (2)e= P+ (AT /(2N25),
S r!

where ¢ is defined in (6.5) below, and we have used Lemma A.2 in the equality. Since

s(s—r) N s(s—1")

y ) +2tAT)((EAT) —5),

(C+T)(tAT)/s% > (t/\7)2( g =

we obtain

Var(Vn,i,r)
(tT)zLT
7t AT)N3 /

_(tr)’Ly / /d_ /%e—((tm)((tm)—r)+(tm)2r(r—s)/(sr))z2/(2N2)
7t AT)N3 r s
0 0

— 00

d_ / T (AT ((EAT)=8)+(EAT)2s(s—7) /(sT)) 22 /(2N ?)
S
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where we simply switch s and r in the equality.
Making the change of variables (r — s)/s = 0, yields

T (oo}
ds RO S ERVEILIEREE — WA= (99 (tAT+(tAT) 1 /1) g,
S

0

0

As a consequence,

Var(yN,t,‘r)
( )2L o t/\‘rl 0 1 2
tT T _ 22 _ _ (tAT)2220
< q 1 S aan@an -/ / w220 0| e
—00 0 0
ith the further change of variable ~—— = £, we obtain
With the further ch f variable AT=" — ¢ we obtai
Var(yN,tJ)
o0 o0 oo 2
_(tr)*Lr ST _eaniggnse
< (t/\T)N3 dz ¢(z ToNTdf ) dzdg
—00 0 0
(tT)2LT 7) _unn)s%
d TNz do| d
= (t/\T)N3 2elz 11 :
0
o 3
_(tr)’Ly / ot
= d do | d.
(t/\T)N3 zp(z / g 4 GAr)=? t/\'rz2 o
We have

oo

oo 1
1 —9 -0 / 1 -1 N?
———e 'df < de ———df = 1 1+ ———=
/9 + (t/\T)z - /e + 0+ (t/\‘r)z e~ +log + (t A 7-)22

1
e ! +2log N +log(1+1/(t AT)) +log(l+ 272)

Taking into account that

/cp(z)(l +1log(1 4 272))3dz < oo,
R

we obtain the desired estimate and complete the proof. O

We now conclude this section with the following.
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Proof of Theorem 1.2. From Proposition (5.1) [with ¢ = 7], we see that for all T > 0
there exists a number K7 > 0 such that

(log N)?

Var (DSn ¢, UN 1) 4 < KTT forallt € (0,T) and N > e.

By (5.2) and Proposition 2.2,

drv L’ A
Var(Sn ¢)

<92 | Var DSN,t : UN,t
\/Var(SN,t) \/Var(SN’t) o
(log N)?/2
N3/2Var(Sy +)

< 2v/Kr uniformly for all t € (0,7) and N > e.

Proposition 4.1 ensures that Var(Sy ) ~ 2tlog(N)/N as N — oo, which concludes the
proof. O

6. Proof of Theorem 1.3

In order to prove Theorem 1.3 we need to establish the weak convergence of the
finite-dimensional distributions, as well as tightness. The following addresses tightness.

Proposition 6.1 (Tightness). For every T > 0, k > 2, and v € (0,1/6), there exists a
number L = L(T, k,v) > 0 such that for all e € (0,1],

k log N k/2
sup E (|SN7t+e — Sntl ) < Lk (—) uniformly for all N > e.
0<t<T N

The proof of Proposition 6.1 hinges on the following lemma, which is a useful inequality
when ¢ stays away from zero.

Lemma 6.2. For every T > 0, k > 2 and 6 > 0, there exists a number K = K(T,k,d) > 0
such that

Kek/? <logN>k/2

k
B ('SN’“E Sl ) = (tADFFD/2 \ "N

uniformly for all N > e, t € (0,T], and € € (0,1).
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Proof. Thanks to (1.5) and (1.7), we may write the following: For all N,t > 0,

N
1
SNitte — SNt = N / [U(t+e,x)—U(t,r)]dz
0

= [ Uewasmasi [ UGB n(dsdy),
(0,6) xR (t,t+e)xR

almost surely, where

N
1 sT sx
A(s,y) == N/ [ps(t+s—s)/(t+s) (y - t—i—a) — Ds(t—s)/t (y - t)} dw, and
0
. N
sx
B(s,y) = N /ps(t+e—s)/(t+e) (y i+ €> o
0

and the dependence on the parameters NV and ¢ are subsumed for ease of notation. Thus,

ISNt+e — Sntlls < T4 + T, (6.1)
where
Ty = / U(s,5)As,y)n(dsdy)|  and
0,t) xR k
Ty = / U(s,y)B(s ,y) n(ds dy)
t,t+e)xR &

We will estimate T4 and Tp separately and in reverse order.
To estimate T we appeal to the BDG inequality (with BDG constant ¢g) as follows:

t+e [e'e) t+e [e'e)
T2 < o / ds / dy U (s, 9)[21B(s.9)> < excor / ds / dy |B(s . y)?
t — t —0o0
t+e ') N

N
2
CkCl.T ST
= 2 /ds / dy/dm/dm Ps(t+e—s)/(t+e) (y— t—i—e)
0

t —o00 0

STo
X ps(t+575)/(t+e) Yy — H'_c"f )
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where we used (2.4) to deduce the second inequality. Rearrange the integrals and compute
the dy-integral first to see from the semigroup property of the heat kernel that

Ckck T 5(371 — 31‘2)
& /“fm/“”%WﬁWWQﬁﬁ7ﬁ

+5 sN/(t+e) sN/(t+e)
ek p(t+¢)?
= N2 / / dl‘l / dCL‘Q
t 0

X Pas(tre—s)/(t4e) (1 — T2),

after a change of variables. Since the dxs-integral is bounded above by one, it follows
that

SR T (6.2)

5 ccrr(t+e) [ds cncir(t+e)
s Nt

The estimation of T4 is more involved, though it starts in the same way as did the
process of bounding Tr. Namely, we write, using the BDG inequality,

t [e'e)
ﬁs%/m/hmwwwWAaMQ

t o]
Sencip [ ds [ dy |As, )by (2.9) (6.3)
CkaTO/ Séy S,y y
t o}
_ahr [, [ae [fof = 20 [ [ ac e/
0 -0 0 —oo

owing to Plancherel’s theorem and a change of variables. The correct change of variables
is slightly tricky to find. But once we have it set up, as we have done above, we note
that

O G e s S R C

[e ( tyé t2(t+s—s)£2>exp (iygt(t—s)é‘?)]dy

t+e 25(t+¢)N? 2sN?

|
o—_ _

J J2a
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where
1
: t2(t + ¢ — s)&2 t(t — s)&2
— ity /(t+e) [ S S N TS
Ji: /e dy x [exp ( 250t + ) N2 exp 5 N2 , and
0
/ ¢ (i~ 5)¢?
. .ty B . _tt—s
Jo = / [exp (Zt n E) exp(zyf)] dy x exp ( o ) .
0

Since (a + b)? < 2a% + 2b? for all a,b € R, we see from (6.3) that

t oo
2tepc? ds 2t0k ds
2 < k,T i 2 k T 2 )

Ty < 9V 5 d¢ | 1" + df |J2|*. (6.4)

0 —00
Define,
1—

p(z) = —22 forall z € R\ {0}, (6.5)

2z

and (0) = 1/2 to preserve continuity. It is then easy to see that

- ) o 508 o (5)

2s(t +¢)N2 2sN?
5 173 t(t — s)€? ) et&?
(752 e () oo (o)

Therefore,

/fj%%Q
2 /ds/ ac e (52) oo (7)o (o)

t [ee]
ds 1 t(t — 5)€2 ete? 2
C/?/%?“%‘sm H““ﬁvamwﬂ
0 —00

2

IN

IN
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C_N]o%]o 2 exp (—t(r — 1)2)
- % 1/ r — 1
_ Tj% (6.6)

where in the third step we have changed the variables z = /N and r = t/s, in the fourth
step we have applied the inequality (1 — 6_12)2 <1- e’ < 22, and the constant C is
a generic constant that may change values at each appearance.

Next, we estimate the same quantity but where J; is replaced by Jy. A few lines of
computation show that

o () oo~ o (59) ] e o (425) ]

provided that & # 0. Because (a + b)? < 2a? + 2b* for all a,b € R,

j e

o _

2

t 4 4 t
) R e o | e )
2 et 222/ ote \? 4e?
_£_2<t+5) +@<t+s> SErer

since 1 — cosf < %6‘2 for all # € R. Alternatively, we could have used the tautological
bound, 1 — cosf < 2 in order to deduce

1
2 2 2
/[eXp<ztyi)—exp(iy€)} dy S§+8i2§§<t re )
0

Combine the preceding two bounds in order to see that

Oj oo (i

Consequently,

[ Jucio=s [ oo (50 [(52) ()

2

2 2 2
26 oo <+{(522) ()}
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8logN [ 2 £2 4 g2
Y o[22} ()

where G is defined in (A.1) in the Appendix. Lemma A.1 of the Appendix now tells
us that

t e’}
ds
[ [ acier
s
0 —00

< 561og(N) log+<1/t)_Z [(ﬁiﬁ) A <t2t;2§2ﬂ tog (1/1€D dé (6.7)

= 56log(IN) log., (1/t) <t2 +52> 7 [(%) A i] log., (1/[¢]) d¢

t2 t2 + 62 52

— 00

- 560log(N)log  (1/t)e
t )
see Lemma A.3 in the Appendix. Combine (6.4) with (6.6) and (6.7) in order to find
that

logN ¢

2
Ty < arks = 7s

where ap s is a real number depends only on (T, k,d). We combine this bound with
(6.2) and then (6.1) to conclude the proof. O

We are now ready for the following.

Proof of Proposition 6.1. We assume without incurring loss in generality that 7' > 1/e.
Choose and fix two arbitrary numbers & € (0,1) and 5 € (0,1). On one hand, Lemma 6.2
implies that, uniformly for all € € (0,1/e), N > e, and t € (¢°,T],

_ log N
|Sn.t4e = Snall < MeO20050/2, [ZB2 (6.8)

with M := K'/*. [The condition T > 1/e is there merely to ensure that (¢°,T] # 2.
On the other hand, Lemma 2.4 implies the existence of a real number M’ = M/ (T, k , «)

such that, uniformly for all N > e and t € (0,&”],
log N
|, < M’sﬁa/Q\/%. (6.9)

Choose 3 = (24 a + 26)~! to match the exponents of & in (6.8) and (6.9) and hence
conclude the asserted inequality of the proposition with L := MV M’ and v := o/{2(2+

k < ||8N,t+6||k + HSN,t

HSN,t-‘rE - SN,t
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a+2§)}. To finish the proof we note that v can be any number in (0,1/6) since « € (0, 1)
and 0 > 0 are arbitrary. O

Armed with Proposition 6.1, we conclude the section with the following.

Proof of Theorem 1.3. Choose and fix some T > 0. By Lemma 2.4 and Proposition 6.1,
a standard application of Kolmogorov’s continuity theorem and the Arzela-Ascoli the-
orem ensures that {y/N/log(N)Sn.e}n>e is a tight net of processes on C[0,T].
Therefore, it remains to prove that the finite-dimensional distributions of the process
t +— /N/log N Sy + converge to those of v/2B; see for example Billingsley [2].

Let us choose and fix some T' > 0 and m > 1 points t1, ..., t, € (0,7T). Proposition 4.1

ensures that, for every i,5 = 1,...,m,
Cov (SNﬂgi ,SN,tj) ~2(t; A tj)bgTN as N — oo. (6.10)
Therefore, there exists Ny > 0 such that
Var(Sn ;) > ti log N for every i =1,...,m and N > No. (6.11)

Choose and fix an arbitrary N > Ny, and consider the following random variables:

SNt- .
F=— fori=1,...,m,

1/ Val‘(SN,t,i )

and define C; ; := Cov(F; , F;) for every i,j = 1,...,m. We will write F := (Fy,..., Fp,),
and let G = (Gy,...,G,,) denote a centered Gaussian random vector with covariance
matrix C' = (Ci,j>1§i7j§m~

Recall from (5.1) the random fields vn ¢, ..., VN1, , and define rescaled random fields
Vi,..., Vi, as follows:

VZ-::L fori=1,...,m.
V Var(SN;ti)
According to (5.2), F; = d§(V;) for all ¢ = 1,...,m. Lemma 5.2 ensures that

E(DF;,Vj)y = C; ; forall i,j =1,...,m. Therefore, Lemma 2.3 ensures that

[ER(F) — ER(G)| < 1M llso, | Y Var{DF;, Vj)u,

i,j=1
for all h € CZ(R™). Proposition 5.1 and (6.11) together assure us that

_ Var(DSn 1, » UNt;)H < Krlog N
N Var(SN,ti)Var(SN,tj) T Nminj<p<m ty

Var(DF; ,V;)u
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whence

IER(F) — ER(G)| < c||h"||so/log N/V/'N, (6.12)

for ¢ = %\/KT/minlngm tk.

Now we let N — oo: Thanks to (6.10), C;; — (t; A tj)/+/tit; whence G converges
weakly to (By, /v/ti)1<i<m as N — oo. Therefore, it follows from (6.12) that F' converges
weakly to (By, /v/ti)i1<i<m as N — co. One more appeal to (6.10) shows that

N St St d ( By, B;
. .. ) = ( —=,... u N — 0.
\/ Tog N (\/Qtl T 2t Vi Vi * >

It follows from this fact that the finite-dimensional distributions of ¢ — /N/log N Sy,
converge to those of v/2 B as N — co. This verifies the remaining goal of this proof. O
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Appendix A

We include in this section a few technical results that have been used along the paper.
In order to describe the first result, define

s)t 22\ ds
Gl N/ ( 'm)?

for all N,t >0 and = € R\ {0}. (A.1)

Lemma A.1. For every t >0 and z € R\ {0},

sup Gv¢(w) < Ttlog, (1/1) log,. (1/]2]),

where we recall that log, (w) := log(e + w) for all w > 0. Moreover,

lim Gy (z) =2t for every t > 0 and x € R. (A.2)

N —oc0
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Proof. We change variables in order to see that

G
wal 10gN/s+N2

—S

where
ds.

—S

—e e
7(18, CNZ—_/72
tx
S ST T

1 1
N? 1

= log (—2—|—1>, By ::/ S

b/ ]\x{ tx : s+—%2

This proves (A.2) because By,Cn € (0,1). Next, we observe that

N2
— +1<N? (e+t7h) (e+ |z 7?),

whence
Ay < 2log N +log, (1/) + 2log, (1/]2]) < 5log(N) log, (1/t) log (1/]])

for all N > e, t > 0, and all non-zero x. This does the job since By + Cn < 2, which is
O

manifestly less than or equal to 2log, (1/t)log, (1/|z|)

The following lemma provides a useful heat-kernel formula

Lemma A.2. For all N,t > 0, we have
N (oo}
_N / p(2)e=t= /N g
T
— 0o

/dl‘l/dl‘gpt .131—(132 =

where ©(z) was defined in (6.5).

Proof. Plancherel’s theorem implies that

N N
1
dzy [ dzg p (21 — x2)
27T
0 0

—_— 2
|1[07N] e /2 dy

N? [ — .
= — [ |0 (Ny)Pe /2 dy.
o /| 0,1 (Ny)["e Y
A change of variables [z = Ny| implies the lemma, since |1j911(2)]* = 2¢(2) for all

zeR. O
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Finally, we mention the following simple inequality.

Lemma A.3. For every e € (0,1),

7 <s A 2—12) log, (1/]2]) d= < 10VZ.

Proof. Let J(¢) denote the integral in question. Because € < 1 and log(2e) < 2,

1/e

J(e):4/ (5/\22> dz+25/log(1/z)dz<4e/ <1/\522> dz + 2¢,

1/e 0 1/e

since z — log(1/z) defines a probability density function on (0,1) and 0 < € < 1. Change
variables to see that

J(e) < 4ye / <1/\—2>dr+2€:8\/5+2<1—g>57
T
VE/e

which readily implies the result since ¢ < \/e. O

Lemma A.4. Let ¢ be the constant defined in (2.4) and set Cp = nl/49-1/2 cr2. Then,

sup |U(t,z) — 1|z < Cptt/* for allt € (0,T].
zeR

Proof. Owing to (1.5), E[U(¢,z)]=1for all t € (0,7] and = € R, and

VarU (o) = [as [ dy |pueose (= 5o)[ E(UG.0P)
0 —00

s 2 . .
Ds(t—s)/t (y — Ex)’ [see (1.3) and (2.4)]

t [e%e]
< c%,Q/ds / dy
0 —00
t
= CQT,2 /p2s(t—s)/t(0)d8 = 02T,2 Vt/4,
0

thanks to the semigroup property of the heat kernel and a few computations. This
completes the proof. O
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