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Abstract

Suppose that {u(, x)};. ycre is the solution to a d-dimensional stochastic heat
equation driven by a Gaussian noise that is white in time and has a spatially homo-
geneous covariance that satisfies Dalang’s condition. The purpose of this paper
is to establish quantitative central limit theorems for spatial averages of the form
N4 f[o’ N} g(u(t, x))dx, as N — oo, where g is a Lipschitz-continuous function or
belongs to a class of locally-Lipschitz functions, using a combination of the Malli-
avin calculus and Stein’s method for normal approximations. Our results include a
central limit theorem for the Hopf—Cole solution to KPZ equation. We also establish
a functional central limit theorem for these spatial averages.
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1 Introduction

Consider the following stochastic heat equation on R¢:
Ju 1 d
E(I,x) = sAu(t, x) +o(u(t, x)n(, x) forall (z,x) € (0,00) x RY, (1.1)

subjecttou(0, x) = 1 forallx € R4 The diffusion coefficient o : R — R is assumed
to be nonrandom and Lipschitz continuous. Moreover, we avoid trivialities by always
assuming that

o(1) #0. (1.2)
! The noise term n denotes a centered, generalized Gaussian random field such that
Cov[n(t, x), n(s, y)1 = 8o(t —s) f(x —y)  foralls, 7 > Oandx, y € RY, (1.3)

for a nonnegative-definite tempered Borel measure f on R? that we fix throughout.
More formally, this means that the Wiener-integrals

Wi(¢) = / ¢(x)n(drdx) [r>0,¢ € 7R (1.4)
(0,1 xR

define a centered Gaussian random field with covariance

Cov [W(¢1), Wi(92)] = (s A1) (b1, 2 % f)2(ray
forall s, > 0 and ¢1, ¢» € .S (R?).

Note, among other things, that {W,},>¢ is an infinite dimensional Brownian motion.

Recall that the Fourier transform ?of the measure f is a tempered Borel measure
on R?. We assume here and throughout that fsatisﬁes the integrability condition’—
Dalang’s condition:

f(dz)

< 00 1.5
re 14|z (1)

For some results, we will need the following reinforced version of Dalang’s condition:

fRd % < 00, for some « € (0, 1]. (1.6)

1 Indeed, if o (1) = O then it can be checked that the the solution is degenerate: u(t,x) = 1 for all
(t,x) e Ry x R4,

2 To be concrete, the Fourier transform is normalized so that ﬁ(z) = fRd e (x) dx forall h € L! (Rd)
andz € RY,
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Dalang [15] has proved that, because of (1.5), the stochastic heat equation (1.1) has a
mild solution u = {u(, x)},5¢ cra that is the unique predictable random field such
that

sup sup E (|u(t,x)|k> <oo forevery T > Oand k > 2. (1.7)
1€[0,T] xeRd

Moreover, “mild” refers to the fact that u satisfies the evolution equation

u(t,x) =1 +/ Pi—s(x —y)o(u(s, y)) n(dsdy)
(0,1)xR4
forall7 > 0 and x € RY, (1.8)
where p denotes the heat kernel on (0, co0) x RY; that is,

p,(x) = ! exp | — I [t>0,x e R
! (2mt)d/? 2t

The mapping (¢, x) — u(t, x) is continuous in L¥(2) on [0, 00) x R? for every
k > 2; see Walsh [38] for the case that f = §p, and Dalang [15] and its method for
the general case.

In Ref. [7] we observed that the spatial random field u(t) = {u(t, x)},cga is
stationary for every t+ > 0, and we proved that u(¢) is an ergodic random field for
every t > 0 provided that f {0} = 0. In particular, if the spectral measure fdoes
not have an atom at 0, then the ergodic theorem implies that, for all + > 0 and all
measurable functions g : R — R such that E[|g (u(z, 0))]] < oo,

Nli_r)noo % /go,N]d g(u(t,x))dx = E[g(u(t,0))] as.. (1.9)

A natural question is to determine whether (1.9) has a matching central limit the-
orem (CLT). That is, we would like to establish the convergence in distribution of
N4/ 2SNJ(g) to a normal law as N tends to infinity, where

Sn.i(g) = Nﬁd/ gu(t, x))dx — E[g(u(z,0)] [N,t>0]. (1.10)
[0,N1¢

In a recent paper [8], we have derived such a CLT under the following assumption:
0 < f(R?Y) < oo, (1.11)

when g € Lip, where “Lip” denotes the collection of all real-valued Lipschitz-
continuous functions on R. Our proof rested on Poincaré-type inequalities and
Malliavin’s calculus, as well as compactness arguments and Lévy’s characterization
of Brownian motion. The positivity of the total mass of f [in (1.11)] merely ensures
nontriviality. And the finite-mass condition on f turns out to be optimal. Moreover,
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we considered, instead of only CLTs for N —d f[o, N g(u(t, x)) dx, functional CLTs
for N4 fRd Y (x/N)g(u(t, x))dx where ¢ : RY > R ranges over a large class of
nice functions.

In the present paper we appeal to the Malliavin—Stein method in order to establish
convergence of N df 2SN,,(g) to a normal law in the total variation distance, which
we denote by dry throughout. As was initiated by Nourdin and Peccati [30,31], the
combination of Malliavin’s calculus with Stein’s method for normal approximations
can provide an effective method for deriving quantitative CLTs for functionals of
Gaussian random fields. Moreover, we will establish such central limit theorems not
only for g € Lip, but also for certain locally Lipschitz functions such as

gw) =log(u) and g(u) =u* fora #0andu > 0. (1.12)

In particular, our results will cover the case when g(u) = log(u) (with o(u) = u,
f = 80, d = 1), in which case g(u) is called the Hopf—Cole solution or height
function of the corresponding Kardar—Parisi—Zhang (KPZ) equation [26].

Huang et al [24] were the first to use the Malliavin—Stein method in order to study
spatial averages of parabolic SPDEs. They (ibid.) studied the case that d = 1 and
| = do—thatis, the stochastic heat equation in 1 4 1 dimension, driven by space-time
white noise—and proved that, in the case that g(u) = u,

drv (NI/ZSNJ(u), X) = 0(1/¥N) asN — oo, (1.13)

for every fixed t > 0, where X = X (¢) has a centered normal distribution. Huang et
al [23,25] study the case that d > 1 and f(dx) = x|~ dx for some B € (0,d A
2). This Riesz-type covariance form does not satisfy condition (1.11). Huang et al
(ibid.) establish a CLT though with a nonstandard normalization that depends on the
numerical value of the Riesz kernel index 8. More recently, Nualart and Zheng [34]
use Wiener-chaos expansions to derive CLTs in the case that o (1) = u and g(u) = u.

Let us next describe some of the highlights of this paper. Precise formulations can
be found in the next section.

Theorem 2.1 states that if the variance of N4/ 2S;v,,(g) converges to a strictly
positive real number, then N da/ 2SN,,(g) converges in total variation to a normal law.
The proof is based on the Malliavin—Stein approach, as well as on an abstract ergodic
theorem for functionals of the underlying Gaussian noise 5. Sufficient conditions for
the limit variance to be nonzero are given in Proposition 2.6.

Theorem 2.3 provides a functional version, in the time variable, of some of our
recent work [8, Theorem 1.1]. This result is a non-trivial extension of a functional
CLT of Huang et al. in [24], valid for SPDEs that are driven by space-time white
noise.

We are able to explore the rate of convergence in total variation of N4/2S N.1(g) to
a normal law in two special cases:

1. In Theorem 2.4 we study the case that g(v) = v for all v € R, and find bounds on
the total variation distance between Sy ;(g), normalized by its standard deviation,
and N(0, 1); and
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2. InTheorem 2.5 we consider a general g, but study the rate-of-convergence problem
for the so-called parabolic Anderson model, whichis (1.1) in the case thato (z) = z
forall z € R.

In Theorems 2.1, 2.3 and 2.5, g can be either a globally Lipschitz function or cer-
tain locally Lipschitz function that includes examples in (1.12). The proofs of these
theorems can be found respectively in Sects. 4-7.

In this paper and its companion papers [7-9] we have presented several new ways
of establishing CLTs for functionals of infinitely-many particle systems based on
Malliavin’s calculus, compactness, Poincaré inequalities, the Malliavin—Stein method,
and Clark—Ocone formulas. Previous, more established methods, for deriving CLTs
for particle systems include:

e The use of martingale CLTs (see, for example, Deuschel [16]);

e CLTs for strongly mixing processes (see, for example, the monograph of Bradley
[1]); and

e Techniques based on association, a notion that we recall in the appendix (see, for
example, Newman and Wright [29] with various extensions that can be found in
Newman [28], and Rao [36]).

We can compare the techniques of this paper and its companions (ibid.) with the above
methods in the context of SPDEs and systems of interacting SDEs as follows:

e Our methods provide significant improvements over those that appeal to martingale
CLTs (see [9], and consider adapting the methods of the present paper to the semi-
discrete setting [16] for still dramatic improvements such as those hinted at in
Corollary 2.7 below);

e We do not know how to establish strong mixing for SPDEs except possibly when
o is constant. In that very simple case, the solution to (1.1) is a Gaussian process
and one can try to adapt the existing ergodic theory (see for example Helson and
Sarason [22], and Dym and McKean [17] for an overview) to the present setting.
We warn however that even that effort will likely require a fair amount of work;
and

e We can try to implement association techniques to derive CLTs for SPDEs (instead
of the present methods). It is known that the solution to (1.1) is associated in a
few special instances: Corwin and Quastel [14] (see also Corwin and Ghosal [13])
observed that u is associated when d = 1, f = §p, and o (1) = u; and a theorem
of Pitt [35] implies that u is associated whenever o is a constant. The strongest
association result that we are able to prove requires a good deal more effort, and
yet only states that: u is associated provided that o (1) does not change sign; see
Theorem A.4. As we shall see, CLTs for (1.1) do not require that o (u) does not
change sign. Therefore, we will not pursue association ideas vigorously here.

Throughout, F = {F;};>0 denotes the Brownian filtration generated by the infinite
dimensional Brownian motion {W;};>¢, defined in (1.4). As is customary, we assume
that F is augmented in the usual way. For every Z € L*(Q), we write || Z||; instead
of the more cumbersome | Z|| xq) = {E(1Z|*)}/%. We use N(0, 1) to denote the
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standard normal distribution. For every g : R — R we write

Lo = sup @ 2@

—oco<a<b<oo |b — al

Thus, g € Lip if and only if Lip(g) < oo.

2 Main results

Let Sy ./ (g) denote the random variable defined in (1.10) for every ¢t > 0, N > 0, and
any measurable function g : R — R. Throughout, we will write, for 71, 1, > 0,

By.ii.o(8) i= Cov (NS 1, (), NSy (8) ) .1

and for 1; = 1 =t we put By ;(g) = Bn.s.:(g). We have proven in [8, Proposition
5.2]3 that, when g € Lip,

ngnoo BN, (8) =By 1, (g) == /Rd Cov [g(u(ty, x)), glu(rr, 0)]dx, (2.2)
and
fRd |Cov[g(u(ti, x)) , gu(r,0))]ldx < oo; (2.3)

see [8, Lemma 5.1]. Denote B;(g) = B, ;(g).

We are also interested in the cases when the above Lipschitz functions g are replaced
by certain locally Lipschitz ones. In particular, assuming o (0) = 0, the solution u (¢, x)
is strictly positive almost surely. Depending on the results below, we will impose
different assumptions on the function g:

8§ € C2 (Ov OO) ) (248)
g’ is either strictly positive or strictly negative, (2.4b)
g” is monotone over (0, 00), (2.4¢)

£ (|2 w0
— u\,
dx?
It is clear that conditions (2.4a)—(2.4c) are satisfied by examples in (1.12). As for
condition (2.4d), thanks to the comparison principle established by Chen and Huang
[5] and nonnegative moments proved in Chen and Huang [6, Theorem 1.8] (see also

Theorem 5.1 of Conus et al [11] for the case when d = 1 and f = §p), by assuming
both condition ¢ (0) = 0 and the reinforced Dalang’s condition (1.6), all examples

k
) < oo, forallt >0,i €{0,1,2}and k € Z. (2.4d)

3 This result is proved in [8] in the case | = t; and the proof in the case #| # f; is analogous.
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in (1.12) satisfy condition (2.4d) (even for all i > 0). One can see that conditions
regarding locally Lipschitz g in Theorems 2.1, 2.3, and 2.5 are all special cases of
(2.4a).

Now we are ready to state our results. The following is the first result of this paper,
and shows that the weak convergence theorem of [8, Theorem 1.1] holds in total
variation when the limit variance is not zero. This is a strict improvement because
manifestly limy o0 Nd/zsNV,(g) =0in LZ(Q) when the limiting variance is zero.

Theorem 2.1 Let u denote the solution to (1.1) with u(0) = 1 and o (1) # 0 and
suppose that (1.11) holds. Suppose that one of the three conditions holds:

(i) g € Lip,
(ii) g € C'(R) and for some k > 4
. k
E (‘g(’)(u(s,O))‘ ) <oo, foralls >0, € {0, 1}. (2.5)

(iii) o(0) = 0, f satisfies the reinforced Dalang’s condition (1.6), g € C1(0, 00) and
(2.5) holds.

Then, properties (2.2) and (2.3) are satisfied and, for any t > 0, provided that
B;(g) > 0, we have that

Jim_dry (Nd”SN,t(g) . VBi(g)N(O, 1)) =0. (2.6)

Moreover, in Case (iii), we have the following sufficient condition for B;(g) € (0, 00):

o(x) # 0 forall x > 0 and g’ is either strictly positive or strictly negative for all
x >0, 2.7

It is clear that the parabolic Anderson model (d = 1,0 (u) = u, f = dp) and the
function g(u) = logu satisfy the conditions (iii) and (2.7) of Theorem 2.1; see [11,
Theorem 5.1] for the moment condition (2.5). Therefore, Theorem 2.1 implies the
following central limit theorem for the Hopf—Cole solution to the KPZ equation.

Corollary 2.2 Assumed = 1, f = 8y and o (u) = u for allu € R. Then, forallt > 0,

1 N
— {logu(t, x) — E[logu(t, 0)]} dx — N(O, 02) in distribution as N — 00,
VN !
0
2.8)

where o := [ Cov[logu(t, x),logu(t, 0)]dx € (0, 00).

In Condition (iii) of Theorem 2.1, o (0) = 0 and the reinforced Dalang’s condition
(1.6) for f imply that the solution u(z, x) is positive (see Chen and Huang [5]). Hence,
it suffices to impose g € C'(0, co) rather than g € C'(R). Regarding the additional
condition B;(g) > 0 and its sufficient condition stated in Theorem 2.1, we need to
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avoid some trivial cases such as g(u) = const.. It is clear that when g(u) = const.,
Conditions (i)—(iii) of Theorem 2.1 are satisfied and B;(g) = 0.

Our next result provides a functional version in time of the weak convergence
proved in [8, Theorem 1.1].

Theorem 2.3 Let u denote the solution to (1.1) with u(0) = 1 and o (1) # 0 and
suppose that f satisfies both condition (1.11) and the reinforced Dalang’s condition
(1.6) for some o € (0, 1]. Then we have the following two cases:

(i) Forany g € C'(R) such that g’ is Holder continuous of order § € (0, 1], it holds
that

Clo,
{Nd/ZSN,t(g)} (0.7] —>[ d {Gihiero.r1 asN — oo, foranyT >0, (2.9)
relo,

where {G;};>0 is a centered Gaussian process with covariance E[G,, G;,] =
By, .1, (8) [see (2.2)].

(ii) If (0) = 0, then (2.9) holds for any g € C*(0, 00) such that g" is monotone
over (0, 00) and
dig k

E( Fr (u(t, 0)) ) < oo forallt >0k >2, andi € {0, 1, 2}. (2.10)

In the special case that g(v) = v for all v € R, we can use Malliavin—Stein’s
method to show that the total variation distance between Sy ;(g) and a suitable normal
distribution is O (N ~%/2). The next theorem contains the exact form of this statement,
and generalizes the recent work of Huang et al [24].

Theorem 2.4 [f g(v) = v for all v € R, then for two real numbers A, L > 0—
depending only on ( f, o)—it holds that

Sn.i(g) Le*
dry [ 2218 N, 1) < , 2.11
TV( VS @) )) = NiPBy,(s) 4D

uniformly for all t > 0 such that B;(g) > 0 and all N > 0 large enough to ensure
that By :(g) > 0.

We are able to study the parabolic Anderson model as well. That is the when
o0 (z) = z for all z € R. Though we hasten to add that the proof of the following is
different from that of Theorem 2.4.

At this point, we are not able to analyze the case where both o and g are fairly
general [nice] functions. The major difficulty is that for general Lipschitz continuous
function o, we are not able to give a upper bound on the second Malliavin derivative
of the solution as in Proposition 3.4.
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Theorem 2.5 Let u denote the solution to (1.1) with o(z) = z and u(0) = 1 and
assume that f satisfies both (1.11) and the reinforced Dalang’s condition (1.6) for
some a € (0, 1]. Suppose that g € C?(0, 00) and for some k > 4,

i k
d—j(u(t,o» ) < oo forallt > Oandi € {0, 1,2). (2.12)

E(d

Then for two real numbers A, L > O—depending only on (f, o)—it holds that

Sn.(8) L ®;eM
d ———— N0, ) | £ —7, 2.13
v ( arSna @) )) = NIPBy () -

uniformly for all t > 0 such that By(g) > 0 and all N > 0 large enough to ensure
that By 1 (g) > 0, where ©; := | g’ (u(t, 0)) |, max(|g'(u(r,0)) | . | g" . 0|,

k>

In Theorem 2.5, the reinforced Dalang’s condition (1.6) is used to ensure that almost
surely u(¢t,x) > Oforall# > 0 and x € R“. We do not need this condition if we
assume g € C2(R) instead of g € C2(0, 00).

Note that both (2.11) and (2.13) are trivial when By ;(g) = 0.

Among other things, Theorems 2.4 and/or 2.5 and Eq.’s (2.1) and (2.2) together
imply the following extension of (1.13) from the case thatd = 1 and f = § to the
more general settings of Theorems 2.4 and/or 2.5: If either g(v) = v for all v € R?
oro(z) =z forall z € R, and if B;(g) > O then

drv (M,N(O, 1)) =ON"%  asN — .
Var(Sy 1 (8))

Moreover, because Theorems 2.4 and 2.5 involve quantitative bounds on the total vari-
ation distance, we can also sometimes use them to prove that Sy ;(g) is asymptotically
normal as N, t — oo simultaneously. The following provides the requisite technical
result that allows for this sort of undertaking. Before we state the result, let us note
that the parabolic Anderson model [that is, 0 (z) = z for all z € R] satisfies all three
conditions of the following.

Proposition 2.6 Suppose g(v) = v for all v € R, and let {ty}n=0 be a net of strictly
positive numbers such that ty = o(N?) as N — o00. Recall condition (1.2) and
suppose additionally that either Q = o or Q = —o satisfy any one of the following
conditions:

1. Q(x) > 0forallx > 0;
2. There exists ¢ > 0 such that Q(w) > c for all w > 0;
3. Q(0) = 0 and there exists ¢ > 0 such that Q(w) > cw for all w > 0.

Then, liminf y_, fﬁ] By .1y (g) > Ounder conditions 1 and 2, andlim inf y — o0 By 1y
(g) > 0 under condition 3.
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Indeed, Theorems 2.4 and 2.5, together with Proposition 2.6, yield the following
result immediately, with no need for additional justification:

Corollary 2.7 Suppose that g(v) = v for all v € R, o satisfies one of the three
conditions of Proposition 2.6, and {tny } N~ is a net of strictly positive numbers. Then,

S
lim dry (N"—N(@ . N(O, 1)) —0 provided that

N—>00 Var(Sy .1y (8))

ty =o(ogN) as N — oo.

Such time-dependent CLTs have been anticipated by Deuschel [16].
In light of our earlier work [8], the proof of Proposition 2.6 is short enough, and
simple enough, that it can be included here.

Proof of Proposition 2.6 According to the proof of Proposition 5.3 of Chen et al [8],
there exists a real number C > 0 such that, under either condition 1 or condition 2,

Cov[u(t, x), u(t, y)]
t
> cf (g f) (x=y)ds  forall >0 and x,y € R,
0

Since g(v) = v for all v € R, it follows that

@ Lo o )
— dx dy ds (pos *x f) (x — )
N9 Jio, Ny [0, N1 0 (P2 % /)

C t
= — dxf dz / ds (py * f) (2)
N4 [[O,N]d x—[0,N]¢ 0 (P2s % f)
C t
e dxf dz/dsp‘*f(z)
N4 /[N/4,3N/4]d NN/ Jo (P2s* f)
C

t
= — dz/ ds (pys * ) (2)
24 /[—N/4,N/4]d 0 (P2s * f)

. A
— dz | ds(py * f) (2).
24 Jpavi—nyjanap - Jo (P2 % /)

By.i(g)

v

C
= S7tf R —

Ifz ¢ [-N/4,N/4)? and y € [-N/8, N/8]¢, then z — y ¢ [—N/8, N/8]¢, and
hence

t
/ dz / ds (pas * f) )
]Rd\[—N/4,N/4]‘1 0

t
< f(I-N/8,N/81%) dx f ds pog(x)
RI\[-N/8,N/8]¢ 0
+1f (RI\[-N/8, N/8]9)
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< tf(RY) po(x)dx +1f R\ [-N/8, N/81%).
RI\[—-N/(BV1)].N/ (814

Replace 7 by ty and use the fact that 7y = o(N?) as N — oo in order to complete the
proof of the proposition under conditions 1 and/or 2.

Next suppose condition 3 of the proposition holds. In this case, the proof of Propo-
sition 5.3 of Chen et al [8] yields strictly positive numbers 6 and R such that

Cov[u(t, x), u(t, y)]

o> [?
. / dS/ fdw) par—s(x =y +w)
0 [—R,R]d

forallz > Oandx, y € RY.

Therefore,

[o(1)]?
BMA@>'2Nd‘/ /RRWf@w)wN<M/LNJUPmsﬂx—y+w)

_ [0,(1)]2 f ds/ f(dw) dX/ dz pys(z +w)
2Nd R.R}4 [0,N]4 x—[0,N]4 A

o [P / ds f £ (dw) dz pay (2 + w)
= 4+l R,RI [—N/4,N j41d :

[o(1)]28 e
= e (IR RY) = 55 / /W Jdw

dz prs(z + w).

/l;d\[—N/4,N/4]d

The preceding triple integral can be bounded from above as follows:

t
/ ds / F(dw) / Az oy + w)
t—§ [—R,R]d Rd\[—N/4,N/4]d

t
< f®Y / ds / dx pyy(x)
1—5  JRI\[R—N/4—R+N /41

< F@®RYS / a0 dx.
RI\[(R—N/4)//t,(N/4—R)//1]4

Replace ¢ by 7y and observe that the integral tends to zero as N — oo because
tn = o(N?) as N — oo. This completes the proof because f([—R, R1?) > 0; see
Chen et al [8, Proposition 5.3]. ]
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3 Preliminaries

In this section we collect some basic facts about the Malliavin—Stein method. We
also derive estimates on the LK (€2)-norm of the Malliavin derivatives of the solution
u = {u(t, x)},>0, xepra to the stochastic PDE (1.1). These Lk(Q) estimates will play a
pivotal role in the remainder of the paper. We also provide sufficient conditions, based
on our earlier work [8], for the nondegeneracy of the limiting variance of N /28 N .1 (8).

3.1 Malliavin’s calculus and Stein’s method

Let M denote the Hilbert space that is obtained by completing .7 (R?) under the pre-
Hilbertian norm that is defined by scalar product (¢1, ¢2), = (@1, P2 * f) 12(ra), and

let H = L*(Ry; Ho). The Gaussian random field {n(h)}pecn, formed by the Wiener
integrals

nh) = / h(s, x) n(ds dx) [h € H], 3.1
Ry xR4

is called the isonormal Gaussian process on the Hilbert space H. Thus, we can develop
the Malliavin calculus in this framework; see, for instance, Nualart [32].
We denote by D the Malliavin derivative operator and by § the corresponding
divergence operator that is defined by the following adjoint relation:
E(DF,v)n) =E[F5(v)], (3.2)

valid for every random variable F in the Gaussian Sobolev space D!-? and every v in
the domain in L?(£2) of 8. An important property of the divergence operator is that

s(v) = / v(s,x)n(dsdx) [the Walsh integral],
R+ XRd

when v is a predictable and square-integrable random field.
We make extensive use of the following form of the Clark—Ocone formula (see
Chen et al [7, Proposition 6.3]):

F =EF + / E(Dy.F | F)n(dsdz)  as.forevery F e D2 (3.3)
Ry xR4

Among other things, the Clark—Ocone formula readily yields the Poincaré inequality,
Var(F) < E(|DF||3,)  forall F e D"2, (3.4)

Recall that the total variation distance between two probability measures p and v
on R is defined by

drv(n,v) = sup |u(B) —v(B)|,
BeB(R)
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where B(R) denotes the family of all Borel subsets on R. As is customary, we let
drv (F, G) denote the total variation distance between the laws of F' and G whenever
F and G are random variables. And dtv (F, N(a, b)) is written interchangeably for
dtv(F, G) where G has a normal distribution with mean a and variance b.

The combination of Stein’s method for normal approximations with Malliavin cal-
culus leads to the following bound on the total variation distance. See Nualart and
Nualart [33, Theorem 8.2.1] for details and proof.

Proposition 3.1 Suppose that F € D2 satisfies F = §(v) for some v in the domain
in L*(Q) of the divergence operator 8, and suppose that T := E(F?) > 0. Then

drv(F.N(O. %)) < SE (17 = (DF. v)nl). (3.5)
T

Thanks to the duality relationship (3.2), the pair (F, v) of Proposition 3.1 satisfies
E((DF,v)y) = % = Var(F). (3.6)

Therefore, Proposition 3.1 is bounding the total variation distance between F and
N(0, Var(F)) by the centralized L'-norm of (DF, v)7¢. Note also that, as a conse-
quence of (3.5), (3.6), and Jensen’s inequality,

drv(F,N(0, 1)) <2/Var((DF,v)y) when Var(F) = 1. (3.7
3.2 Malliavin derivatives of the solution

In this part, we will establish the strict positivity of the Malliavin derivatives to the
stochastic heat equation in Theorem 3.2 and derive its moment estimates in Lemma
3.3 and Proposition 3.4. We first establish the positivity of the Malliavin derivative
and it will be a key ingredient in the proof of the positivity of the limiting variance in
our CLT.

Theorem 3.2 Let u denote the solution to (1.1) subject to u(0) = 1. Suppose that
0(0) = 0 and o(x) # O for all x > 0. Suppose that f satisfies the reinforced
Dalang’s condition (1.6) for some o € (0, 1]. Then, there is a version of the Malliavin
derivative of u(t, x) that satisfies

D u(t,x) >0 forallt > sandx € RY  a.s. 3.8)

foralls > 0and z € RY,

Proof Choose and fix an arbitrary s > 0 and z € R?. Proposition 3.2 of Chen and
Huang [6] implies that, for all (s, z) fixed, the random field { Ds ;u (7, X)}(; v)e(s,00) xR
satisfies the following stochastic integral equation:

Dy cu(t,x) = p;_(x — 2)o (u(s, z))
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+/ Pi_r(x —y)o'(u(r, y)) D cu(r, y) n(drdy).
(s,1)xRd

Because u(s, z) > 0, by the assumptions on o, we see that Cs ; := o (u(s, z)) belongs
to Fs and is strictly positive a.s. For (s, z) fixed, the field (¢, x) — V,.(¢,x) =
C;Zl Dy ;u(t, x) satisfies

Vs(t,x) = pr—s(x —2) + / Pi_y(x =)o ur, ) Vs o (r, y) n(drdy),
(s,1)xRd

where (1, x) € (s, 00) x R?. Note that the above integral equation is nothing but the
mild solution to the following variant of the stochastic heat equation:

d
o Vet X) = JAVs o (1, %) + Hy o (1, %, @) Vs (6, (1, %) [t > s, x €RY),

Vs,z(sv x) = o,

where H; ,(t,x,w) = o'(u(t, x)(w)). Notice that |Hy ;(t, x,w)| < Lip(c) uni-
formly in (s, z, #, x, ®); see Remark 4.1. This is exactly the same setup as Theorem
1.8 of Chen and Huang [6] or Theorem 1.5 of Chen et al [4] for the case whend = 1
and f = &g (see also Theorem 1.5 of Chen and Huang [5]). Therefore, one can apply
these references to conclude that

P{VS’Z(I,x) >0,1t>s,x e R4

Cs,; > O} =1,

or in other words,
p {Ds,zu(t,x) ~0.f>s5x¢€ Rd}

=P{Vs,z(t,x) >0,t>s,xecR?

Cs.. > 0} P{C,.>0} =1,

foralls > 0and, z € R?, which is nothing but (3.8). This completes the proof of the
theorem. O

In order to derive the moment estimates of the Malliavin derivatives of the solution
to (1.1), let us introduce some notation. Denote

A

2 d
TH) = v f ACY 5 for all A > 0.
2m)® Jra 20 + |1z|l

Dalang’s condition (1.5) ensures that T(X) < oo for all A > 0. In that case, T
decreases strictly as A increases. Therefore, Y has an inverse which we denote by

A=1"1

@ Springer



136 Stoch PDE: Anal Comp (2023) 11:122-176

The following variant of Chen et al [7, Theorem 6.4] shows a way in which A can be
used to control the size of the moments of the Malliavin derivative of the solution.

Lemma 3.3 For all real numbers ¢ € (0, 1), t > 0, and k > 2, and for every x € R4,
| Ds zut. 0)||, < CrreoPi—s(x —2), (3.9)
valid for a.e. (s, z) € (0,1) X R4, where

8 (o (0)| V Lip(a)) e2A@@/k)
Crkeo = £3/2 and

(1—¢)

9E) = ST 0210 0)] V Lip(0)]*’

(3.10)

where 1 =0 := oo.

Proof Choose and fix some T > 0. We proved in Chen et al [7, Theorem 6.4] (see
also [8, Lemma 4.2]) that, foreacht € (0, T]and x € R4, the random variable u(t, x)
is in the Gaussian Sobolev space DK (see Nualart [32, Section 1.5]) for every k > 2,
and that

” Dy cu(t, x) ||k < CrheoPi—s(X —2),

fora.e.s € (0,¢)and x, z € R?. Sett = T and relabel [T <> t] to derive the result.
O

Lemma 3.3 has nontrivial content if and only if |0 (0)| v Lip(o) > 0. This is
precisely when o # 0, which is equivalent to the statement that the stochastic PDE
(1.1) is not identically the same as the nonrandom heat equation d;u = %Au.

In the particular case of the parabolic Anderson model, that is, when o(z) = z
for all z € R, we are also able to estimate the moments of second-order Malliavin
derivatives. Notice that when o (z) = z for all z € R, the constant defined in (3.10)
has the form

Crre: =8 expl2tA a—ep (3.11)
Lk = p 2a+602; ) [ :

Later on, for the proof of Theorem 2.5, we will need the following moment bound of
second-order derivatives.

Proposition 3.4 Suppose that o(z) = z for all z € R. Then, for all real numbers
e€(0,1),t>0,andk > 2, and for every x € R4,

” D, ; Ds yult, x)”k = Cz*,k,g I:pz—s(x = WP (y — DL 1 (5)

(= DB, = Dlon®)]
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valid for all (s, y), (r,z) € (0,1) x RY, where

g2l o (L2 3.12
tke = e “exp t W . ( . )

Proof The proof is fairly involved, though it mostly follows arguments that have been
used earlier in simpler forms. Specifically, see the proof of Theorem 6.4 in [7]; see
also Lemma 2.2 of [5]).

Consider the Picard iterations defined by ug(f, x) := 1 and

i1 (1, %) = 1 + f Pros(t = Vn(, &) n(dr dE)
0,1)xR4

foralln € Z4,t > 0,and x € RY. The elementary properties of the Malliavin
derivative and induction together show that u, (¢, x) € ﬂkzz]D)z'k for every (z,x) €
Ry x R? and n € Z, . Moreover,

Ds,y”n—kl(t’ X)=p,_s(x = Yup(s,y)

+/ Pi—r(x —&)Ds yu,(t, §) n(dr d§), (3.13)
(s,1)xRd

for almost every (s, y) € (0,¢) x R4 Since Dy yup(t, x) = 0 a.s. for every 5,1 > 0
and x,y € Rd, we can change the value of Dy yu1(f, x) on a Lebesgue-null set of
values of (s, y) such that Dy yu(t,x) = p,_;(x — y) forall (s, y) € (0,1) x R4
and for all (r,x) € Ry X RY. For n > 1, we can, and in fact will, change the
value of D yu,1(t, x) on a Lebesgue-null set of values of (s, y) by defining it as
the value of the right-hand side of (3.13). Therefore, the equality (3.13) holds for all
(s,y) € (0,1) x RY.

A second round of differentiation yields the following, after one more round of
modifications on null sets:

Dr,zDs,yun+1(t, x) = Pi—s (x — y)Dr,zun(Sa y) + Ptfr(x - Z)Ds,yun(ry 2)
+f pzfr(x _E)Dr,zDs,yun(Tag)n(dt dé),
(svr,t)xRd
for every (s, y), (r,z) € (0,1) x R4,
According to the proof of Theorem 6.4 in Chen et al [7], and thanks to the same
argument that was used in Lemma 3.9, the estimate (3.9) holds also—with the same
constant C; x ¢ s—Wwhen we replace Dy ;u(t,x) by Dy ;un41(f, x). Indeed, Chen et

al [7] first bound the moments of D ;u, (¢, x) and then obtain (3.9) by passing to the
limit, as n — oo. In this way, we find that

1072 Dyt (1) = Cre [ P (6 = 0Py (3 = DLy (5)

+ P =P = VL )]
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’

k

* ”/ pt*‘f(x_S)Dr,zDs,yun(T’S)n(dfd%-)
(svr,t)xRd

for the same constant C; x . that was defined earlier in (3.11). We can now apply the
Burkholder-Davis—Gundy inequality [2], used with the Carlen and Kreé [3] bounds
on the optimal constants, in order to find that

k)

k/z)

E (‘/ Pi—r(x —&)Dy Dy yupy1(7, §) n(dr d§)
(svr,t)xRd

< (2«/%)%:( /r:sdt fRd dt /Rd £(dg")

Pir(x —E+E)p_(x =5 T(7, & —ENT (1, &)

where
T,(t,a) := D, ;D yu,(t,a) foreveryr > Oanda € RY.

We combine the above with Minkowski’s inequality and Holder’s inequality, and
deduce that

/ DPi—r(x —&)Dy Dy yuny1(7, &) n(dr d§)
(svr,t)xRd k

szﬁ[/ dr/ ds/ fUEEN) p(x —E+ED
rvs R4 R4

172
P (x =T (t, & = ENNk I Ta(z, E’)Ilk] .

The preceding computations yield the following inequality on the L¥(£2)-norm of the
second Malliavin derivative of u; (¢, x):

” Dr,zDs,yun-'rl(t» X) “k < CrielPs,ri(y, z; x)l(r,t)(s) + Prsi(z,y; x)l((),r)(s)]
t
+2¢E[ [ o[ e[ regrpw-gre)
rvs R4 R4

1/2
P (x =& | Tu(r.6 = &), ||Tn(r,s/>||k} ,

where
Psrit(y,z2:x) =p,_s(x —y)ps_, (y — 2).
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Set y := 29/216k and ho(r) := 1 for all t > 0, and define
t
h(t) == / hn—1(s) (Pa¢—s) * f) (0)ds  forallz > Oandn € N.
0

We claim that, for every n € Z,

” Dr,zDs,yun(ty x) Hk

n

<V2C ke |:Ps,r,t()’a 2ix) | Y yThi(t =) 1) (8) + Prsi(2, y: X)
i=0

> yinit —r) 1(0,,)(s)i|. (3.14)

i=0

We prove (3.14) using induction on 7.

Eq. (3.14) holds for n = 0 since ug = 1 whence D, ; D, yuo(t, x) = 0 a.s. We now
suppose that (3.14) with n replaced by any arbitrary m = 0,...,n — 1 and seek to
verify that (3.14) holds forn > 1.

Indeed, by the induction hypothesis,

t
/ dr f dé / FUE) Py — &+ 8NP o(x — O Toet (1. & — E)
rvs R4 R4
il Zn—1(t, &)k
n—1 ‘ t
<0G v [ ar [ a [ r@e) b g v E0p -
i=0 S
X ,Ps,r,r()’a z;6 — 5/)73“,:(% 23 g)ht(f —5)
n—1 . t
+21(o,r>(s)c,2,k,gl§y’/r dr /Rd de /Rd £(dg")
pt—r(x - é/-: +§/)pt—r(x - E)

X Prsc(@yi &€ —EVPr sz, y: Ehi(t —r)
=121 ()P (s, 7y, 2) + 210, ()P(r,s; 2, ).

Because
S
Pi—s(x =) (y —2) = P, (X =D Pyt (y —z- ;(x - z)) ;

it follows that

n—1 ¢
<I><s,r;y,z>=C?,k,5p§_r<y—z>2y’/ dr[ dé
i=0 s R4 R4
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X f(d&") p_r(x —E+ &P, (x — &)
X pr—s(g - %'/ - y)pr—s(g - y)hl(f - S)
= CliePis(y = 2P (x =)

n—1 t
il d d dg’
X gy l t./Rd ngd FAED PGy e=s)/a—s)

X(S—?—y—:_su—yo

— S

T S
X P(t—1)(t—s)/(t—s) <§ -y- (x — y)) hi(t — ).

t—s

Therefore, the semigroup property of the heat kernel, together with its symmetry, yield
the following:

n—1

t
D(s.r:y.2) = Clyp P (v — 2Py (x — y)Zy’/ dr
i=0 §

X / f(dé'/) pz(t—‘[)(‘[—s)/(t—s)(E/)hi(t —5).
Rd

According to Lemma 6.6 of Chen et al [7],

t t
f g(T =) Prr—s)(t—v)/1—s)(Y) dT < 2(d+2)/2f gt =) pa—ov)(y) dr,
N S

for every nondecreasing function g : (0,7 — s) — R. In accord with Lemma 2.6 of
Chen and Kim [10], every A; is nondecreasing (this fact follows from induction on 7).
Therefore, it follows from the above [with g <> k;] and the definition of the /;’s that

n—1
(s, r3y,2) < C 292 pY (v —)pr (x =) ) v hip(t =)
i=0
2
_Ctker (o —2)p;s(x — y)fy"hm — ),
8k S—r —S =
the last line holding since we originally made the special choice, y = 29/%16k.

Consequently,

“DV,ZDA‘,yun(t, )k
=< Ct,k,s[Ps,r,l(y7 ra x)l(r,t)(s) + pr,s,t(za Y, x)l(O,r) ()]

" 12
+V2C ke [l(r,t) )Py (Y = D)Ppr—s(x = y) (Z y'hi(t — S))

i=1
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n 1/2
+l(O,V)(S)prfs(Z_y)ptfr(x_y) (Zyihi(t_r)) ]s

i=1

which proves (3.14).
We appeal to the nondecreasing property of the /,,’s once again in order to deduce
from (3.14) that

n
1Dy Dy yttns1 (8. )l < V2Ci ke P(s. 7 15y, 2.%) | D yihi(0),
i=1

where

P(s,r,t;y,2,x)
=100 P, =P sx =)+ 10 Ppr_s@ = V)P (X —¥).

We now let n — o0© in order to obtain

Dy . Dy yu(t, x)|x < V2C;jeP(s,7,1;,2,x)

The details are the same as its counterpart in the proof of Theorem 6.4 of [7]. Therefore,
we skip those details. Because the Plancherel theorem implies that [OOO exp(—=At)(p, *
£)(0)dt = Y (1), Lemma 6.7 of Chen et al [7] implies that

exp(2)»t)
oy
Z y'hi(t) < Ny

for all large enough A > 0 that satisfy 2 > y Y (1). We now follow the proof of Lemma
4.2 in [8] and choose the particular value,

LA (1—¢)?
- k2(d+6)/2 |

This choice yields

~ (1—¢)?
I Dy Dy, yu(t, )l < 2e ‘/2ct,k,sexp{”‘ (W P(s.r.1:y,2,%),

and completes the proof of Proposition 3.4. O
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3.3 Malliavin derivatives and shifts of the noise

In the general setup of Malliavin calculus, the Hilbert space L?(£2) includes square-
integrable random variables that are functions of the isonormal process i +— n(h); see
(3.1). Thus, we identify every random variable F € L?(2) with a function F () of
the underlying noise 7. Note that this function need not be local. That is, the instance
F (w) of the random variable F [w € 2] need not be a function of the instance n(w)
of the noise. To see how this can happen, choose and fix some & € H and consider
the random variable Fy = n(h). Because Wiener integrals cannot be defined pathwise
(unless 4 is sufficiently smooth), this shows that the random variable Fy is not a local
function of n, though it is of course a function of 5.

Let us follow the proof of Lemma 7.1 in [7] and define, forevery y € R4, the shifted
Gaussian noise 7y, and the corresponding Gaussian family of random variables in the
following manner: For all ¢ € H and y € R? we set

ny(@) :=n(gy),

where ¢y, (s, x) := ¢(s, x —y). Weremark that the elements of the Hilbert space H are
generalized functions, so the shifted element ¢, should be defined as in distribution
theory: (¢y, ¥) := (¢, ¥_y) for every smooth function v of rapid decrease. By
the Wiener isometry for Wiener stochastic integrals, 7, has the same law as n for
every y € RY. As in Chen et al [7, Lemma 7.1], we define a family of shift operators
{0y}, era thatact on every random variable F € L?(2) to create new random variables
{F 00,},cpa in L*() as follows:

(Foby)(n) :=F(ny) forevery y € RY.

Lemma 3.5 Choose and fix some y € R? and F € DV2. Then, a.s., D(F o 0y) =
(DF)y 00,.

Proof We first examine the case that F'(n) = n(¢) for some ¢ € H. On one hand,
(DF)y = ¢y. Since ¢ is non random, this proves that (DF)y o 6, = ¢, a.s. for all
a € R?. This holds in particular when a = y. On the other hand, F o Oy =ny(p) =
1n(¢y) and hence D(F o 0y) = ¢,. This proves the lemma in the case that F' = n(¢).

The preceding special case and the chain rule of Malliavin calculus (see Nualart
[32, Proposition 1.2.3]) together imply that the lemma holds also when F () =
I—[l;zl ®;(n(pj)) when &y, ..., d; : R — R are smooth and grow at most poly-
nomially, and ¢, ..., ¢k € H. The general result follows from this case and density;
see Nualart [32, Proposition 1.1.1]. O
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3.4 An abstract ergodicity result

In [7] we proved that the infinite dimensional random variable u (¢) is [spatially] ergodic
for every t > 0. The following is a non-trivial variation on that and uses similar ideas.

Throughout this section, we suspend the finiteness portion of assumption (1.11).

Because of the above, the Fourier transform f of f is a positive-definite tempered
measure that need not be bounded.

Theorem 3.6 To every randomvariable G € L*(2) we associate a random field—also
denoted by G—via G(x) := G o 0y for all x € R. Then, {G(x)} cra is stationary.
Moreover, the following are equivalent:

1. {G(x)} cpa is ergodic for every G € L2(2) such that x — G(x) is continuous in
probability;
2. f{o}y=0.

The spectral condition 2, f {0} = 0, is equivalent to either one of the following:

1. fhas no atoms;
2. fix eR: x| <r}=o0@?) asr — oo.

See Chen et al [7] for details.
Before we prove Theorem 3.6, we point out a further generalization which is note-
worthy (though we will not need it here).

Remark 3.7 One can make only small adjustments to the proof of Theorem 3.6 in
order to see that if G = (Gy, ..., G,,) is an m-dimensional random vector with
G; € L*(Q) for everyi = 1,...,m, then {G o 6}, pe is stationary and ergodic,
where (G o 0,)(n) := G(ny), the same as in the case m = 1. This particular phrasing
of Theorem 3.6 extends the ergodicity result of [7] since it was shown in the latter
reference that u(z, x +y) = u(t,x) o0y as.forallt > 0Oand x, y € RY. In fact, this
phrasing can be viewed to be an infinite-dimensional extension of a classical result of
Maruyama [27]; see also Dym and McKean [17].

Proof of Theorem 3.6 Stationarity is immediate; we prove only ergodicity.

First, suppose that {G(x)},cre is ergodic for every G € L?(R) such that
x — G(x) is continuous in probability.* Consider random variables of the form
G = (10,11 ® ¢) where ¢ € . (RY) is a probability density function. In this case,
G(x) = f(o,l)de @(y —x) n(ds dy) is continuous in L?(£2) and hence in probability.
Indeed,

Cov[G(x), G(0)] = / o(y —x)(px* f)(y)dy forall x € RY.
R4

4 Continuity in probability is here only to ensure that x + G (x) has a Lebesgue-measurable version.
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Consequently, |G (x) = G(xX)I3 =2 [ralp(y) — 9y —x + )@ * f)(y)dy — 0
as x’ — x. Also, the assumed ergodicity implies among other things that

HN—d / G(x)dx
[0,N]

where Iy = N_dI[O’N]d and O(z) := O(—z) forallz € R? and all Q : RY — R.
Because

2
=(IN*iN*¢*<p*f>(0)—>0 as N — oo,
2

~ - 1 N d I —cos(Nzj)\ »
(]N*IN*(p*(p*f)(O)ZW/Rd l9(2)] H(W>f(d1),

j=1

and ¢(0) = 1, the dominated convergence theorem implies that f {0} =0.

For the more interesting half of the proof we assume f {0} = 0, and extend the
ideas of the proof of Lemma 7.2 of Chen et al [7].

Define G(x) := ]—[ljf:l g (G(x + ¢h)), where k > 1, ¢',...,c% € R4, and
g1,...,8 : R — R are Lipschitz-continuous and bounded functions that satisfy
g;(0) = O and Lip(g;) = 1 forevery j =1, ..., k. Since G is a stationary random
field, the ergodic theorem reduces the problem to proving the following:

Vn(G) := Var (N_d/
[

gx) dx) -0 asN — oo. (3.15)
0N

See [7, Lemma 7.2 ] for the details of this argument.
The bulk of the proof is concerned with the proposition in the special case that the
random variable G has the form,

G =h),....n0m)), (3.16)

where h € C°(R™) and 1, ..., ¥ € Cc(Ry x R?). Let us first understand why it
is enough to study G’s of the form (3.16).

Given an arbitrary random variable G € L?(2) and a number ¢ > 0 we can find
a random variable G that can be written as the right-hand side of (3.16) and satisfies
|G — G|l < e; see Nualart [32, Proposition 1.1.1]. The argument that we used at the
very beginning portion of the proof can be recycled to show that x > G(x) := G o6,
is continuous in L2(2) and hence in probability. Let G denote the analogue of G but
with G replaced by G everywhere. By the triangle inequality,

‘\/VN<G> ~Jwé)| = (Nd /[0 L G —Eg(0)>
- <Nd / G(x)dx — EQ(O))
[0,N]4 2
< 2e.
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If we could prove (3.15) for all random variables of the form (3.16), then
limy_ o Vi (G) = 0 whence lim SUPN_ oo VN (G) < 4¢? by the above. Since ¢ > 0
is arbitrary this shows that it is enough to prove (3.15) for random variables of the
form (3.16).

Suppose now that G has the form (3.16). By the Poincaré inequality (3.4),

)

_ N ff dxdy E[(DG(x), DG(y))H].
[O,N]zd

Vn(G) <E (HN“’/ DG(x) dx
[0,N14

Before we study the expectation inside the double integral, note using the chain rule
of the Malliavin calculus (see Nualart [32, Proposition 1.2.3]) that

k k
Di.6x) =Y | ] &G+ |Ds G+,

Jo=1 \Jj=Lj#jo

and observe that DS,ZG(x+§j°) = Zf":l(aih)(y)xpi (s,z—x —{jo), where Y denotes

the m-dimensional Gaussian random vector (77, ot (Y1), oy Nyyeim (Ym)). Thus,
k k . m .
[D:G0], stibty Y- | [T &Ga+en| 3 |wits.z—x ¢
jo=1 [l j=1.j#o 5 il
< Lipth) sup lg; ™ 37 |yitsz v =)
<j< .
ueR (e
=L Z ‘I/Ii(S,Z—x — .
1<jo<k
1<i<m

Consequently, the Walsh—isometry for stochastic integrals yields
t
E[(DG(x), DG(»)] = / ds f da f f(db) E[Ds,aG(x) Dy a—pG ()]
0 R4 R4

t
2
<> > /(;ds/Rdda/Rdf(db)

1<jo,j1<k
1<ip,ij<m

Vig(s,a —x — )y (s,a—b—y —¢Ih)

Recall that Iy := N~¢ 1)y yje» and integrate the preceding displayed expression
[Iy(x)dxIy(y)dy] in order to deduce from Fubini’s theorem that

t
IAOELDY /ds(IN*iN*f*|wio(s>|*|¢il<s>|)(qfO—cfl),

1<jo.j1<k 0
1<ip,it<m
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where Q(s) = Q(s, o) for all s > 0 and space-time functions Q : R} x RY - R,
and §(x) = g(—x) forallx € R? and g : R? — R. Since Iy * Iy * f is a continuous,
positive definite function, it is maximized at the origin. This is a consequence of the
Bochner-Hergloz theorem of classical Fourier analysis, and found in introductory
probability textbooks. This yields

2
~ ! " ~
VN (G) = K1) (I T+ £ ) (©) fo (Z i (S)”L](Rd)) ds.
i=l1

According to Chen et al [7, Proof of Proposition 3.7], (I * Iy * f)0) — 0asN — o
because f{0} = 0. This establishes (3.15) when G has the form (3.16), and completes
the proof of the proposition. O

4 CLT: Proof of Theorem 2.1

Before we begin the proof properly, let us pause to make two elementary remarks, one
from real analysis and the other from information theory.

Remark 4.1 If g € Lip then according to Rademacher’s theorem, the weak derivative
g’ of g is a.e.-defined and satisfies |g’| < Lip(g) a.e.; see for example Federer [18,
Theorem 3.1.6].

Remark 4.2 If 0 < ¢ < ¢y, then

1 -
drvIN(O, ¢1), N(0, ¢2)] < = | L — 2.
2 C2

One can prove this quickly using Pinsker’s inequality (see, for example, Cover and
Thomas [12]). Indeed, Pinsker’s inequality tells us that 2[dtv (\/c1Z, \/c2 Z))? is at
most the relative entropy of N (0, c¢) withrespectto N(0, ¢2), whichis —|log(cy/c2) |+

(c1 —¢2)/2c2) < (c1 — c2)/(2c2).

According to Chen et al [8, Lemma 4.3] or (3.9), it is easy to see that in case of
Lipschitz g,

Sn.(g) € Mi=2DYF  forall N > 0, 4.1
and

Dy Sni(g) =N~1 /0 ) 8'(u(t, x)) Dy zu(t, x) dx. (4.2)
[0.N]

However, when g goes beyond the globally Lipschitz functions, we need to identify
those g’s that satisfy g(u(z, x)) € DK forallk > 2,¢ > 0, and x € RY, in order to
apply Clark—Ocone formula (3.3). The following lemma serves this purpose. Indeed,
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an application of part (i) of Lemma 4.3 below shows that under conditions of part (ii)
of Theorem 2.1, Sy ,(g) € D4 c D2,

Lemma4.3 Let I = R or I = (0, 00). Suppose that F is a random variable taking
values in I that belongs to ﬁkzl]D)l’k. Let g : I — R be a measurable function such
that ||g(F)|x < oo for some k > 2. Then:

(i) If g € CY(I) satisfies Ig'(F)|l, < oo for some p > k, then g(F) € DY, and
D[g(F)]=g¢'(F)DF. 4.3)

(ii) If g € C*(I) satisfies g (), + 18" (F)l, < oo for some p > k, then g(F) €
D%k and

D*[g(F)] = ¢"(F)DF ® DF + g'(F)D*F.

Proof We prove (i); (ii) is proved similarly and so we skip the proof of that part. For
every M € Nand x > 0, we set gy(x) = (g(x) A M) Vv (—M). Because gy is
Lipschitz, by the chain rule for the Malliavin calculus gy (F) € DK and

Digu(F)] = g/(F)1{|F|SM}DF a.s. “4.4)

Because ||g(F)|lx < oo, gm (F) converges to g(F) as M — oo in Lk(Q). Moreover,
by Holder’s inequality and (4.4), D[ga (F)] converges in L¥(Q; H) to the right-hand
side of (4.3) as M — oo. This completes the proof of (i). O

Once the property Sy /(g) € D2 is established, one can apply the Clark—-Ocone
formula (3.3) to see thata.s., Sy ;(g) = f(O,t)x]Rd E[D; ;Sn.+(g) | FsIn(dsdz). Since
the Walsh stochastic integral is an extension of the divergence operator §, it follows
that (a.s.)

Sn.(g) = d(un,(g)) with
UN,(8)(s, 2) := E[Ds,:Sn.1(8) | Fs11[0,11(5). 4.5)

Throughout the paper,we denote by

KNy =N DSy (8) . vnin(g))y, and Ky:=Ky.i — (46)

The next lemma shows that properties (2.2) and (2.3) hold under assumptions (ii)
or (iii) of Theorem 2.1.

Lemma 4.4 Suppose that either g € C'(R) oro(0) =0, g € C1(0, oo)and f satisfies
the reinforced Dalang’s condition (1.6) . Suppose, in addition that (2.5) holds for some
number k > 2. Then, (2.3) and (2.2) hold for all t, t, > 0.
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Proof Let us first show (2.3). First of all, note that g (u(z, x)) € D2 thanks to Lemma
4.3 and the fact that (2.5) holds for some k > 2. This proves that the Clark—Ocone
formula (3.3) is valid. Applying Clark—Ocone formila yields

Cov [g(u(t1, x)), gu(tz, 0))]

o
= E<f dS/ dy/ FAE [g' (u(tr, x)) Dy yulty, x)1io,,1(5)|Fy]
0 R4 R4
x E[g'(u(t2, 0)) Dy, yu(tz, 0)110,1,(s)| Fs | )
Finally, Holder’s inequality and the estimate (3.9) together yield
/Rd | Cov [g(u(tr, x)), g(u(r2, 0))] |dx

1WA #)
<C / ds / dxdyf(dz) p;_s(x =) pp—s(x =y —2)
0 R3d

=CfRY (1 A1) < 0.

The equality in (2.2) follows from the following claim:

lim Cov (1\/”’/2(>‘N,,1 (2), NSy, (g))

N—o00
= [, Covlgtutn.n). gluti 0. 47
R
Indeed, by the stationarity of the solution in its spatial variable, we see that
Cov (NS4, (&), NSy, (8) )

1
= Wf dx/ dy Cov (g(u(t1, x)), g(u(r2, )))
.7 Jio.ne

/ Cov (g(u(r1, 2)), g(u(r2,0))) dz.

[0.N]4

Now let N — oo to deduce (4.7) from (2.3) and the dominated convergence theorem.
O

The following proposition is a basic ingredient in the proof of both Theorems 2.1
and 2.3.

Proposition 4.5 Suppose that f satisfies (1.11). Under each of the three cases (i), (ii)
and (iii) of Theorem 2.1, the following convergence holds true

lim Var (Nd (DSy. (2) . UN’tz(g)>H) =0, foranyt,>0. (4.8)

N—o00
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Proof of Proposition 4.5 in Case (i) We may use (4.5) together with Fubini’s theorem
and the definition of  in order to decompose the quantity of interest Ky , ;, defined
in (4.6) as follows:

AR
Knos = N /O ds /R 42 Dy Sy (@) (BLDs uSx.(8) | Fil % £) )

13WAY %)
=Nd/ dx/ dy/ ds/ dz Dy .g(u(ty, x))
o.Ne Jone Jo RY

x (B[ Dy,egu(t2, y) | Fsl % f) (2)
=L ny—Dn,

H AR
LN = Nd/ dx/ dy/ ds/ dz Dy ;g(u(t1, x))
[0,N]4 R4 0 R4

X (E[Ds,eg(u(12, y) | Fs1% ) (2),

nAR
Ly = Nd/ dx/ dy/ ds/ dz Dy ;g(u(ty, x))
[0,N]¢ RA\[0,N]d 0 R4

X (E[Ds,eg(u(t2, y) | F51* f) (2).

where

m}

The following shows that the asymptotic behavior of Ky ;, 1, is the same as that of
I N.

Claim1 Ly — 0in L?(Q) as N — oo. Thus, (4.8) holds if I y — El;.y — 0 in
L*(Q) as N — oo.

Proof of Claim 1 The second assertion of Claim 1 is a ready consequence of the first
assertion and Jensen’s inequality. It suffices to prove the first assertion then. We may
appeal to (3.9) with ¢ = Cy, k6.6 Chy k,e.0. k =4, and & = 1/2 (say) as follows:

AR
Lyl <N dx d ds | dz
, y
[0,N]¢ Rd\[o N4 R4

X || Ds. g (u(t1, X)) |4 (1 Ds .g(u(tz Mla* f) (@)

L 2 nAR
_d 1p<g)] / / ds / i
[0,N]¢ RA\[0,N]d R4

X Py, b(x =P * [z —Y)

C[Llp(g)]2 / q /'Wz
= y
[0,N]¢ R4

X le\[o,N]d(Y) (Prigr—as % f) (x = ¥)
13WAY )
— C[Llp(g)]2/ dS/ dZ (p11+t2—2s k f) (Z)/ d_x
0 R4 R4
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* i, 1pdna@ayio,114-+ ) (%)

owing to the semigroup property of the heat kernel. Now f is a finite measure [see
(1.1D] and [pq 1[0,1]dm(Rd\[0,1]d+ﬁ)(x) dx — 0as N — oo for every z € R
Therefore, the dominated convergence theorem ensures that the preceding displayed
expression converges to zero as N — oo. This proves Claim 1. O

In order to investigate the asymptotic behavior of I y, we first define
Hy(z) := / E[Ds.g(u(t2, @) | F]da  foralls € [0, ,]andz € RY.
R4

Since Dy . gu(t2, y)) = g'(u(t2, ¥)) Dy u(tz, y) for ae. (s,z) € (0,1) X R?, and
since y — Dy ;u(t2, y) is continuous in L3(Q) fora.e. (s, z) € (0, ) x R¥ (this can
be proved by the same arguments as in [15, Lemma 19]), Lemma 3.3 (applied with
e = 1/2, say) implies that H := {H(2)} (s ;)e[0,11xr¢ 1 an adapted random field that
satisfies

1 H 2 llx = Cir k12,0 Lip(8) /Rd Pi—s(y —2)dy = Cpk12,0Lip(g),  (4.9)

uniformly forall k > 2,5 € (0,12),and z € R4, Our interest in the random field H
stems from the fact that /1 y can be written in terms of H as follows:

AR
hny=N"? dX/ dS/ dz D g(u(ty, x))(Hs * f)(2)
[0,N]¢ 0 R4

- N4 W(x)dx, (4.10)
[0, N4

where

13WAY %)
V(x) = / ds /d dz Dy - g(u(t1, x))(Hy * f)(2). (4.11)
0 R

Similar estimates to those used in the proof of [7, Theorem 6.4] and [8, Lemma
4.2] show that (s,z) — H,(z) has a version that is continuous in probability on
[t1 A 2] x RY. In particular, there also exists a measurable version of the random
field W, and it can be written as W (x) = g’ (u(t1, x)) W (x), where x — W;(x) :=
fotl ds [pa dz Dy cu(t, x)(Hg % f)(z) is continuous in probability. This and a simple
extension of Doob’s separability theorem [19] together imply that H, Wy, and W all
have Lebesgue measurable versions, which we feel free to use.

Claim2 Foreveryx,y e R4 W(x 4+ y) = ¥(x)o 0y a.s.

Proof of Claim 2 We may write

1AWAY )
W(x +y) =/ dS/ da/ dz Dy g(u(t, x +))
0 R4 R4
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x (E[Dy,e8u(t2, @)) | Fl* [) (2)
t]Atz
f / da/ dz Dy g(u(t1, x +y))
Rd
x (E[Dy,egu(t2, @ + y)) | Fsl* f) (2).
We have proven in [7, Lemma 7.1] that for all £ > 0, u(f, x +y) = u(t, x) o 6y a.s.
Therefore, by Lemma 3.5,
13WAY %)
W(x+y) = / ds /,1 da/ dz (Dy,.—yg(u(t1, x))) o Oy
R:
x (E[{Ds,e—ygu(tz, )} 0 6y | Fs] * f) (2)
13WAYS
/l 2 / d(x/ dz szg(u(tl,x)))OOy
Rd
X ({E[Ds,eg (12, @)} 06, | Fl* f) (2),

after a change of variables [z—y <> z]. Now, F; is generated by all random variables of
the form f (0.1 xRd ¥ (s, x) ny(ds dx) as ¥ ranges over 'H.5 Because of this observation,
it is now a simple exercise in measure theory to verify that {E[D; og(u(f2, @))} 0 0y |
Fs] = E[Dy og(u(t2, @) | Fy] o 6y as., which in turn implies that

N
VUx+y) = </ 2ds/ da/ dz Dy ;g (u(t1, x))
0 R4 R4

X (E[Ds,egu(t2, ) | Fs] % f) (z))

almost surely. This proves Claim 2. O
Claim3 W(0) € L%(RQ).

Proof of Claim 3 We proceed as we did for Claim 1. Thanks to the definition (4.11) of
V¥ and Lemma 3.3,

AR
19 O)ll2 < Coa.12.0Lip(g) £ RY /O ds /R 4z | Dy zgtuin, 00

HnAR
< Cy 4120 [Lip(®)1 f (RY) / ds / dz|| Dy zu(, 0
0 R
. 2
< Cna12.0Cna1p2.0 [Lip(@)] fFRD (11 A1),
where we used (4.9) in the first line (with k = 4), the chain rule of Malliavin calculus

(see Nualart [32, Proposition 1.2.3]) in the second line, and Lemma 3.3 in the last line.
This verifies Claim 3. O

5 Point being that F; is generated equally well by the infinite-dimensional Brownian motion {W; o 6y};>0
forany y € RY; compare with (1.4).
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We can now complete the proof of the proposition in Case (i) as follows. Thanks
to Claims 2 and 3, we may deduce from Theorem 3.6 that the L?(2)-random field
{W(x)}, cpa is stationary and ergodic. Thus, (4.10) and the ergodic theorem together
ensure that /1 y — EW(0) as N — o0, a.s. and in L%(Q). This implies, among other
things, that /1 y —El; y — Oin L%(2) as N — oo. Now apply Claim 1 to deduce
(4.8) and hence Case (i) of Proposition 4.5. O

Proof of Proposition 4.5 in Cases (ii) and (iii) Cases (ii) and (iii) can be proved similarly.
For Claim 1, notice that fori =1, 2,

| Dy, x|, < [[8' @@, x|, | Ds.cuti, x)
= [ g’ @@, 00|, || Ds.cuti, x)

p/

plv

where p~! + (p/)~! = 1/4, and the last equality is due to the stationarity of x >
u(t;, x). Hence, the moment bound for /5 is still valid with the constant C[Lip(g)]2 =
Cty.4.1/2.0Cry.4.1/2.0 [Lip(g)]* replaced by

Cip1/2.0 Coopr 12,0 |8 (e, OD 8" (a2, 0], -

The above constant is finite thanks to (2.5). Hence, Claim 1 is true. Claim 2 still holds
without any change. As for Claim 3, the moment bounds for W (0) are replaced with
the following, using similar arguments as above:

WOz = Coy,p1/2.0Cropioo |8 e, ), 8 (2, 0D, FRD (11 A1)

With these changes, the proof of Cases (ii) and (iii) follows the same arguments as
Case (i). m]

We now proceed with the following.

Proof of Theorem 2.1 We first consider Case (i). Throughout, we choose and fix some
t > 0 and recall that limy_, oo By ;(g) = B;(g) > 0. In particular, we observe that
By :(g) > O for all sufficiently large N. Also, Remark 4.2 shows that /By ;(g)Z
converges in total variation to /B;(g)Z as N — oo. Therefore, it suffices to prove
that

Ex = dpy (Nd/ZSN’,(g) , BN,t(g)z) S0 asN oo (412)

In view of the representation of Sy ;(g) given in (4.5), we may therefore apply (3.5)
to see that

Env <
V= Byi(e)

E([Bri(@ = N (DSv.(0) ., vowa(@)y|). @13)

valid for all N large enough to ensure that By ;(g) > 0. According to (3.6),
E((DSNJ(g), vN,t(g)>H) = B; n(g). Therefore, in light of (4.12) and (4.13), and
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owing to Jensen’s inequality, it suffices to prove that the variance of N9 (DSN,,(g),
vN’,(g))H converges to zero as N — 0o, which has been shown in Proposition 4.5.
For Cases (ii) adn (iii), the limit (2.6) can be proved in the same way as above and
(2.3) and (2.2) hold due to Lemma 4.4. Finally, Property B;(g) > 0 in Case (iii) is a
direct consequence of Corollary 4.7 below and (2.3) O

Proposition 4.6 below is devoted to establish the nondegeneracy of B,;(g) in Case
(ii1) of Theorem 2.1. Our next result is an application of Lemma 3.2 and the Clark—
Ocone formula (3.3). In some sense, the following says that the solution « to (1.1) has
a strict association property; see “Appendix” for more exploration in this direction.

Proposition 4.6 Letu denote the solutionto(1.1) subjecttou(0) = 1, and suppose that
d(0) =0,0(x) #0forall x > 0, and f satisfies the reinforced Dalang’s condition
(1.6) for some o € (0, 1]. Choose and fix n space-time points (t1, x1), ..., (t;, Xn) €
(0, 00) x R?, and real-valued functions g1, g» € C'((0, 00)") such that for every
i=1,...,nand j=1,2:

1. 0;gj > 0; and

2. gi(u(ty, x1), ..., u(ty, x,)) € LZ(Q) and 0; g (u(ty, x1), ..., u(ty, xp)) € Ups2

L? ().

Then, we have the strict positivity result,
Cov[gi(u(ty, x1), ..., ultn, xn)) , g2(u(ty, x1), ..., u(ty, xp))] > 0. (4.14)

Proof Denote the covariance in (4.14) by /. According to Lemma 4.3, Assumption
2 ensures that g;(u(f1, x1), ..., u(ty, xp)) € D2 for j = 1, 2. Therefore, we may
appeal to the Clark—Ocone formula (3.3) in order to obtain

1=E(/Oods/ dy/ f(dz)
0 Rd Rd

x E |:Z 0ig1(u(ty, x1), ..., ultn, xp)) Dg yu(ti, x;)110,1,(s)
i=1

g
a

(4.15)

n
x B | Y 0jga(u(t, x1), ..., ut, %0)) Dy, yyzte(tj, x)1j0,1,1(5)
j=1

The integral [ is well defined and finite. Indeed, Assumption 2, Holder’s inequality
and the estimate (3.9) together yield

| gch ds /Rd dy /Rd f(dz) (; Dy —s (i —y)l[o,z,-](S))
Zl’z,«—s(xj =y —=21o.4;(s)
j=1
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n 1iNLj
sc Y [ as [ ay [ g p, - npy g -y -0 <o
0 R4 R4

i j=1
(4.16)

Since o (0) = 0, u(0) = 1, and o (1) # 0, and because f satisfies the reinforced
Dalang’s condition (1.6) for some « € (0, 1], one can apply Theorem 1.6 of Chen and
Huang [5] in order to see that u(#, x) > 0 almost surely for all # > 0 and x € R4,
Hence, by Assumption 1 and Theorem 3.2, the two conditional expectations in (4.15)
are strictly positive a.s. This proves that / > 0, which is another way to state the
proposition. O

Notice that Proposition 4.6 remains valid if in its assumption 1 we require that all
partial derivatives are strictly negative, instead of strictly positive. In this way, we can
include examples such as g(x1, ..., x,) = H?:l x;y" where o1, ..., a, < 0.

The following corollary is an immediate consequence of Proposition 4.6.

Corollary 4.7 Let u denote the solution to (1.1) subject to u(0) = 1 and o (0) = 0, and
suppose that f satisfies both condition (1.11) and the reinforced Dalang’s condition
(1.6) for some a € (0, 1]. Choose and fix some g € C1(0, 00) that satisfies (2.5) for
some number k > 2. Suppose, in addition:

1. o(x) #0forall x > 0; and

2. g is either strictly positive or strictly negative on (0, 00);
then By, 1, (g) > O forallt;, t, > 0.

Note that all examples in (1.12) satisfy the conditions of the above corollary.

5 Functional CLT: Proof of Theorem 2.3

In order to show Theorem 2.3 we will establish the weak convergence of the finite-
dimensional distributions, as well as tightness. We start with a couple of technical
lemmas.

Lemmab5.1 Fix0 <a < b <71, k> 2 Let {@(s,y)}(&},)e[o,T]XRd be an adapted

and measurable random field such that, for some constants M > 1 and K > 0, and
for some function ¢ : [0, ] —> R4,

[P (s, Ve = KN*dw(S)/ Pu—s) (X —y)dx, (G.D
[0.N1

forall (s,y) € [0, t] x RY. Then,

b 1/2
<2./kf(RHK N2 (/ <p2(s)ds) .

Hf D(s, y)n(dsdy)
[a,b] xR k
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Proof By the BDG inequality, the estimate (5.1) and the semigroup property of the
heat kernel together yield

2 b
H/ CD(S,}’)U(de)’)H §4k/ dS/ dy f@DDPCs, WP (s, y — 2Dk
[a,b]xRd k a R2d

< 4kKIN—24 /
[0,N

X PM(r—s) X1 = V)P M(r—s)(X2 — ¥ +2)

= 4kK*N 2 /
[O,N]Zd

b
2
o dxldxz./a ds ¢ (S)A.w dy f(d2)

b
dX1dX2/ ds 92 (s) /Rd fd2) pap(z—s) (X1 — X2 —2)
a
b
< 4kK2N_df(Rd)/ @2 (s)ds.
a

The proof is complete. O

Lemma 5.2 For every p € [0, 1) there exists a constant C,, such that

1
/ (1 —x)"Pe ™09 gy < Cp(1 AMTYY  forevery A > 0.
0

Proof Without loss of generality, we may—and will—assume that A > 1. Now simple
computations allow us to write

1 1/2
f (1— x)—Pe—Ax(l—X) dx = / / = x)—pe—kx(l—x) dx
0 0
1
+ (1 —x)Pe 09 g4
1/2
1/2 1
< 2%’/ e M 2dx + [ (1 —x)Pe*9/2qx
0 1/2

o0
<(2° + 1)/ xPe M2 dx < 4T (1 — p)aP~L.
0

This provides the desired estimate. O

According to Sanz-Solé and Sarra [37], the reinforced Dalang’s condition (1.6)
implies the following Holder continuity of the solution:

sup [lu(r2, x) —u(ty, X)|lp < Cr pylta — 17, (5.2)
xeRd

valid for all t1,#, € [0, T], y € (0,«/2), and p > 2. The next proposition provides
moment estimates which are well tailored to establish tightness.

Proposition 5.3 Assume that f satisfies both (1.11) and the reinforced Dalang’s con-
dition (1.6) for some a € (0, 1]. Then we have the following two cases:
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(i) Ifg € C'(R) is such that g' is Holder continuous of order 8 € (0, 1], then for every
T>0y¢e©a2),andk =2V 8~ there exists a number L > 0 depending
onT,k,o, f,y and g such that

sup_ E ('SN”Z(g) — SNy (g)|k> < Lity — 1y |[F¥ N—kd/2,

0<t1,<T

(ii) If 0 (0) = 0and if g € CZ(O, 00) is such that g’ is monotone over (0, 00) and
condition (2.10) is satisfied, then for every T > 0, y € (0, ®/2) and k > 2 there
exists a number L > O depending on T, k, o, f,y and g such that

b (|5N,,2(g) — SN (g)l") < Lity — 1y |y N~k4/2,

0<t1,<T

Proof of Case (i) of Proposition 5.3 Fix p € (0,1/2).Forall N > 0and0 <t <t <
T we can write using Clark—Ocone formula (3.3) and stochastic Fubini’s theorem
S (®) = Swa(®) = N7 | | [g(uttz, )~ E(g(u(t2, x)))
[0,N]
— gu(r, x)) + E(gu(r, x)))]dx

=/ A(s,y)n(dsdy)+f B(s, y) n(ds dy),
[0,¢1]1x R4

[t1,02]x R4

where

Als,y):==N"* /[0 i E[D; y(g(u(t2, x)) — g(u(ty, x))) | Fs]dx [0 <s <],

B(s,y):=N"4 E[Ds yg(u(, x)) | F]dx [ <s <nl
[0,N]

We can make the additional decomposition, A(s, y) =: A1 (s, y) + A2(s, y), where

Al(s,y) i=N"* o E[(g'(u(r2, %)) — &' (u(t1, X)) Dy, yu(r2, x) | Fy] dx,

Aa(s,y) == N4 o E ¢/ (u(t2, ))[ Dy, yu(t1, x) = Dy yu(r2, x)] | Fy]dx.
N

We first estimate the k-norm of the random variables A, (s, y), Ax(s, y), and B(s, y)

in order to apply Lemma 5.1. The Holder continuity of g’, the estimate (3.9), and the
Holder continuity of u (¢, x) (see (5.2)) together imply

AL (s, Wik < Ls(g)) sup [lulta, x) — u(ty, )55 N ¢ / IDs ez, ) g dx
[0,N]

xeRd
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< Crokeo Lo(@)C gy 12 — 117N~ / Piy(x = y)dx,
[0,N]
(5.3)
where Ls(g') = SUP_ oo g <poo 18'(0) — &' (@)|/1b — al’.
The estimation of the k-norm of A3 (s, y) is more involved. We first write for every

s €[0,11]and y € R?,

Ds,yu(tla x) — Dx,yu(IZ, Xx)
=0, Y)py—s(x = y) = pp,_s(x = y)]

41
+ / fRd[ptl_r(x —2) = pp_r(x — 210" (u(r, 2)) Ds yu(r, z) n(dr dz)
stz
+/ /Rd Pi,—r(x —2)0"(u(r, 2)) Dy yu(r, 2) n(dr dz),
a1
where o’ denotes the weak derivative of o; see Remark 4.1. As a consequence,
I A2 (s, Wl < N74 /O 1 g (2, ) 2k [P1(x) + P2(x) + P3(x)]dx,
[0,N]

where

@ = llo s, Y)llog |Pry—s (X —¥) = Ppy—s(x = ¥,

&y = H/ (P, (x —2) — pp,_, (x — )]0’ (u(r, 2)) Dy yu(r, z) n(dr dz)
(s,11)xR4

’

2k

&3 1= H/ Po—r(x = 2)0" (u(r, 2)) Dy yu(r, z) n(dr dz)
(t1,1) xR4 2k

First we estimate @;. Let Cr 2k.0 = sup,¢po, 7 llo (u(s, 0))[lox and use the following
estimate from Chen and Huang [5, Lemma 4.1]:

t— 1 p/2
n—s P4(;2_s)(x =¥ 5.4

[Py—s(x —y) = p_s(x =W =C <

valid with p = 2y§ < «, where @ € (0, 1] is the exponent that appears in the
reinforced Dalang’s condition (1.6). Thus, we obtain

h —1
®; < Crok,oC p
1

yé
s ) Pa(i—5) (X = ¥). (5.5

For ®@,, we apply the BDG inequality, (5.4), and (3.9), and write

1
@3 < 8k[Lip(0)Cr 2k .01 / dr /R | dz /R @D Py = 2) = pyy (x = 2)
N
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X |py_,x —z24+2)=pp_,x =2+, —Dp,—s(y —2+2)

) ) fn dr
< 8k[Lip(c)CC7 ok 6,61 (t2 — tl)p/ —
s (1 —r)P

X / dZ/ @) pay—ry (X = D Pagy—py(x —2+2)
R Jrd
X pr—s(y - Z)pr—s(y —z+ Z/)

) al dr
< P4Lip(0)CCr gt PA(t2 — 1) / 4
s (t1 —r)P

x / dZ/ f(dzl) p4(t2—r) (x - Z)P4(;2_r) (X —z+ Z/)
R4 R4
X p4(r—s)(y - Z)P4(r—s) y—z+7).

The elementary identity,

Po)Ps(¥) =29poy (x — ¥)pay (x + ), (5.6)
valid for every o > 0 and x,y € RY, yields the following with C(V :=
222 [Lip(0)CCr 2k .01

o dr
3 < C(”(rz—tl)”/ T

N
X / de f(dz) pggy—ry2x =22+ 2) Py, ) (@)
Ré  JRe
X Py 2y =22+ 2 pgr_s) (@)
no o dr
=27CcW @ty —1)° 2(x — / — dz’
(= 11)" Py —5)(2(x = y)) T e fdz)
X P8y—r)(Z ) Pgr—s) (@)
2d (1) p 2 noodr
=27CY(tr —t — P
(1 1) P4(12_S)(x y)/; -1 e
X P8(tr—r)r—s)/(1r—5) (2 )- &7

fa@z)
d

In the last equality we used the formulas
Po®)p,(x) = Q1) 0+ 1) py )o@ [0.T>0,x e R, (5.8)
and
P, (2x) =272rn0)?p} h(x) [0 >0,x eR’]. (5.9)

Plancherel’s identity allows us to write
/Rd P8(t2—r)(r—s)/(n—s)(2) [ (d2)
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4ty — r)(r — R
= @m)¢ /R Jexp (—M ||5||2) F(&)de. (5.10)

Ih—3s

Moreover,

n 4(tr —r)(r —s) ) dr
/s P <_ ns I ) (11 — )P

h 4(t1 = r)(r —s) ) dr
sfs exp (— O e ) —

! d
= - s>1—"/0 exp (~4x(1 =00 = 9) IEIP) 75
= Cotr =97 (1A i = 9)lgH)
< CA47HAD) P A JEIPPTY), (5.11)

where we made the change of variable (r —s)/(f; —s) = x in the equality and applied
Lemma 5.2 in the second inequality. We substitute (5.10) and (5.11) into (5.7), taking

into account that [, (47)'~% A €2 ~D) f(£) d& < oo due to (1.6) and p < @, in
order to find that

@) < L(ty — 1) pagy—g)(x = ¥). (5.12)
where here and for the rest of the proof L will denote a constant that depends on
(T,k,o,y,p, f), and can vary from line to line. We use the same arguments as
before and employ the formulas (5.6), (5.8) and (5.9), in order to write

@3 < 8K[Lip(0)Cr 2k 6.0
5]
X / dr/ dz/ f@z) p,,_,(x —2)p, ,(x —z2+2)
131 R4 R4

X Pr,s(y - Z)prfs(y —2Z+ Z/)
< 224F3k[Lip(0) Cr 2k .0 1

5]
< [Car [z [ £ Py @x = 24 s @)
1 R4 R4

X Do) 2y =22+ )Py (@)

n
=C®p - [ o [ [ 5@ b 0@ 613
1] R4 R4
with C® := 8k[Lip(0')Cr 2x.¢.0]>. Again, Plancherel’s identity allows us to write

/ 1 P2(t2—r)(r—s) /(12 —s)(2) f(d2)
R{

= @m)™ /R Jexp (—w ||s||2) fora, a9

th —
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and we have

b5 r
/zexp (—wnsn )dr s/zexp (—wnén )
1 5] 1 15

=(n- n)f exp (—x(1 = x)(2 = 1§ ) dv
0
< Cotr —t)(L A (2 — t)IENH™Y < Colta — 1) (A A (12 — D) EIIH* Y
< Colty —t)“(T'™% A EIP*7H, (5.15)
where we used Lemma 5.2 with p = 0 in the equality. From (5.13)—(5.15) we obtain
®3 < Lty — 11)*?py,_(x — y). (5.16)

From (5.5), (5.12) and (5.16) we deduce

IA2(s, Wl < || 8" ulta, 0)) |, Ltz — 1) (11 — s) VN4

/[0 i Pa(r—s) (X — y) dx. (5.17)

The Holder continuity of ¢’ implies that sup, (o 7} || g (u(r,0)) || o < 0o and an appli-
cation of Lemma 5.1 with [a, b] = [0, 1], T =1, M =4, ¢(s) = (1 —s)_Vgl[o,,l)(s)
yields the desired bound for || f[o,zl]de A(s, y) n(ds dy)|ix.

Finally,

1B, ik < sup | g @, 00|, CrakoeN ™
rel0,T]
/ Di—s(x — y)dx, (5.18)
[0,N]4

and a further application of Lemma 5.1 with [a,b] = [t1, 0], T = 6, M = 1,
and ¢(s) = 1 allows us to bound || f[n 1] xR B(s, y) n(ds dy)||x by a constant times

N—4/2 (tr — t1)V/?. The proof of Case (i) of Proposition 5.3 is now complete. O

Proof of Case (ii) of Proposition 5.3 We follow the proof of Case (i) of Proposition 5.3,
making necessary changes to adapt the arguments to the present setting. The main
difference comes from the bound for .4 under the new assumptions on g. In particular,
notice that

lg" (i, x)) — g (2, )|
< (|¢" @@, x) |y + 8" @2, x)),,) sup llu, x) — u(tz, x)la

xeR4
< Craky (|&" @@, 00)] 4 + [ & w2, 00| 4) 112 — 111
<Craky sup ||g" w(t, 00|, 102 — 1l
te(0,7T]
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=: Ci|ln — 1|,

where the first inequality is due to the monotonicity of g”, the second is due to (5.2)
and the stationarity of the solution, and the constant Cr 4%, comes from (5.2). Note
that the continuity of t € [0, T'] || g’ (u(t,0)) || 4 ensures that the above constant
C, is finite. Hence,

AL (s, Wi < Cilty — 2 N4 /0 . Pr—s(x —y)dx. (5.19)
[0,N]

The remainder of the proof is similar, with the remark that sup, .o 71 || ¢’ (u(r, 0)) | 5, <
oo due to condition (2.10). O

Equipped with Proposition 5.3, we can now proceed with the proof of Theorem
2.3.

Proof of Theorem 2.3 We first prove Case (i). Choose and fix some T > 0. By
Proposition 5.3, a standard application of Kolmogorov’s continuity theorem and the
Arzela-Ascoli theorem ensures that { N9/2 Sn.e(g)}N=1 is a tight net of processes on
C([0, T']). Therefore, it remains to prove that the finite-dimensional distributions of
the process t +— Nd/ZSN,,(g) converge to those of {G; };¢[0,77-

Let us choose and fix some 7 > QO and m > 1 points 71, ..., t, € (0, T'). Consider
the random vector Fy = (F(]), R FIE,'")) defined by

F = NSy (),  fori=1,....m,

let G = (Gyy, ..., G,) denote a centered Gaussian random vector with covariance
matrix (By, 1;(g))1<i, j<m- Recall from (4.5) the random fields vy 1, (), - - ., UN 1, (8)

which are such that Fl(\,i) = B(Nd/zvN,tl. (g)) forall i = 1,...,m. Set V,g,i) _
N 2vy 4 (g) fori = 1,...,m and let Vy = v Vlslm)). Since E[F]E;)] =0

and F 15; ) e D4 (see (4.1)), we can write, by a generalization of a result of Nourdin
and Peccatti [31, Theorem 6.1.2],

m

E(h(Fy)) = EG(G)] < LK oo | Y E(

i,j=1

@ v |?
Bi,;(g) — (DFY, V; >H‘ (5.20)
for every h € C 2(R’”) that has bounded second partial derivatives, and with the
notation

92h(x)
8xi3xj

A" loc = max sup
I<i,j<m ycgm
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Thus, in view of (5.20) in order to show the convergence in law of Fy to G, it suffices
to show that forany i, j = 1, ..., m, we have

. . 2
; @) )
ng;@E(Bi,j(@ — (DFY, V)| )=0. (5.21)
Notice that, by the duality relationship (3.2) and the convergence (2.2) and we have,
as N — oo,

E ((DF,S), V,E/’)H) = NYE ({(DSn.;,(8). vn.1;(8))7)
= NE (Sn.;(8). 8(vn.1;(2)))
= NE (Sn.;,(8). Sn.1;(8)) = By, (2). (5.22)

Therefore, the convergence (5.21) follows immediately from (5.22) and (4.8). It fol-
lows from this fact that the finite-dimensional distributions of ¢ > N9/2 Sn.i(g)
converge to those of G as N — oo. The proof of Case (i) of Theorem 2.3 is now
complete.

The proof of Case (ii) follows the same lines as that of Case (i) with the following
changes: Tightness is a consequence of part (ii) of Proposition 5.3. In order to apply
Theorem 6.1.2 of Nourdin and Peccati [31], we need to verify that S, ;(g) € D4
for all # > 0. This follows from the fact that g(u(z, x)) € DV* for all r > 0 and for
all x € R? due to Lemma 4.3 and assumption (2.10) and the fact that the integral
Jio.nj¢ 8 (2, x)) dx can be approximated by Riemann sums in the norm of D4,
Finally, the convergence in (5.22) is due to (4.7). This completes the proof of Theorem
2.3. O

6 Total variation distance for linear g: Proof of Theorem 2.4

Throughout this section, we choose and fix a number ¢ > 0. The strategy of the proof
of Theorem 2.4 is as follows: We proceed as we did with Theorem 2.1, and begin by
appealing to (4.12), (4.5), and (4.13), but use the linearity of g in order to make precise
estimates of the centralized moments of Ky (rather than appeal to ergodic-theoretic
arguments). The details are lengthy and technical, and will follow in due time. For
now, we suffice it to say that one can indeed anticipate simplifications in the present
setting in which g is linear. For example, because g(v) = v for all v € R?, (4.2)
simplifies to the a.e. identity (in (s, z) € (0, 1) X RY):

Dy .Sy.(g) = N7¢ Dy .u(t, x) dx. 6.1)
[0,N]4

This is one of the quantities that appears in the H-inner product in the definition (4.6)

of Kx. We will be able to make use of the above because of the well-known fact that
the integrand Dy ;u(t, x) solves the following stochastic integral equation forall > 0
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and x € RY and a.e. (s,¥) € (0,1) x RY: as.,

Dy yu(t, x) = p,_(x — y)o(u(s,y))
+/ Pi_s(x —2)0"(u(r, 2)) Dy yu(r, z) n(drdz). (6.2)
(s,1)xRd
The above integral eqution also allows us to better understand the second quantity
vy (g) in the H-inner product of the definition (4.6) of K. Indeed, because of

the martingale property of Walsh integral, the above eadily yields the following a.s.-
identity that is valid with the same null-set restrictions as does the preceding identity:

E[Dyyu(t, x) | Fs] = prs(x — y)o (uls, ).

Integrate this over x € [0, N]¢, apply Fubini’s theorem, and divide by N to find that
forall > 0 and a.e. (s, y) € (0,1) x R?,

E[DsySn.i(g) | Fs] =N o(u(s. y)) as., where

6.3
o) =)@ =N / Pi_s(x —y)dx. 63)
[0.N14

In light of (4.5), we find the following formula for the random field vy ;(g), valid
since g(v) = v forall v € R: Forall > 0 and a.e. (s, z) € (0, 1) x RY,

o, (8) (s, 2) = TN o (uls, 2) 110, (s).

Finally, let us integrate both sides of (6.2) over x € [0, N ]d, and then divide by N 4
in order to deduce from standard Fubini-type arguments and (6.1) that a.s. for a.e.
(s,y) € (0,1) x RY,

D ySn.i(8) = vn i (8)(s,y) +T(s,y), where

6.4
T(s,y)=Tgin(s,Y) —/ dHg{\?a’(u(”,Z))Ds,yu(",Z) n(drdz), (6.4)
(s,1) xR

and o’ is any [measurable] version of the weak derivative of o (see Remark 4.1). And
Dy ,Sn,; = 0 when s > t. The preceding yields, among other things, that

K
S = lowe@ 5 + (T owr @)y ©.5)

see (4.6). We estimate the preceding two quantities separately and in turn by way of
two lemmas.

Lemma 6.1 There exists a real number L1 = L{(f (R?), Lip(c)) such that for every
£€(0,1), N,t > 0,

Var ([[ox. ) [5,) < Lir*CPy e o ATN
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where Cy 4.¢.o was defined in Lemma 3.3 and A; := Supg¢ o ) llo (u(s, 0))|la.
Proof Choose and fix N, ¢ > Oand ¢ € (0, 1) throughout. The definition of the Hilbert
space H implies that

t
low.e ()5, = / ds / dy un.(8)(s, y) (vn.i(g)(s, @)  f) ()

N)(N)
/ ds/ dy/ £ MY o s, o u(s, y — ).
Therefore, we can apply Minkowski’s inequality for integrals® in order to see that

var ([on. ()7,

' 12 72
[/ {Var (/ dy/ fdg) o) Za(u(s,y))a(u(s,y—z)))} ds:|
0 Rd "~ JRA
t 2
: [/ {Var(Fy)}1/2 ds] , (6.6)
0
the definition of the process {Fs}se(0,r) being obvious. By the Poincaré inequality

(3.4), Var(Fy) < E(||DFX|I%_[). Therefore, we need to compute D F;. But that is, by
the chain rule [32, Proposition 1.2.3], given by

IA

DrwFs = / dy / £@2) TN TN D,y [0 (uis, y)ouls. y —2))]
—2/ dyf £@2) TN TN o’ (s, ) Drwu(s. y)o (s, y = 2)),

where the prefactor 2 comes from symmetry. In this way we find that

B(10703) = | [ar [ au [ 1@ DD
:4/ dr/ dw/ f(dv)/ dy/ f(dz)/ dy’
0 R¢ Rd d d Rd

x/ fazy o) o
R4

$,y—2
x E[o” (u(s, ) Dy wuls, y)o (u(s, y — 2))o’ (u(s, y'))
X Dy y—ytt(s, y)o (u(s, y' = 2))].

Holder’s inequality ensures that the final expectation in the above display is bounded
above in modulus by

[Lip(0)1 || Drwit(s, Y|, llouls, y — D)l | Drw—vieCs, )], |lols. ¥y =N,

6 That is, Il jg[XS —E(Xg)]ds|2 < /é | Xs — E(Xs)|l2 ds, whenever this makes sense, for any stochastic
process X = {Xs}o<g<s-
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= [Lip(@)1* llo-(u(s, DI || Dr.wie(s. Y|, | Drow—vres. ¥,
[stationarity]

. 2
< [Cr4.6.0ALip(0)] ps_ (y — w)p,_, (v — w + ),

uniformly for all s € (0, ), where ¢ € (0, 1) is arbitrary; see Lemma 3.3 for the last
line. These computations and the Poincaré inequality together yield the following:

Var(Fy) < 4[Cr00 ArLip(0)] fsdr f dw / F(dv) / dy / F(d2) / ay’
d ]Rd Rd ]Rd Rd

x / @YY a5 - wip,, (6 —w )

5,y =z

= 4[Cpis AdLip(@)] fdr/ f(dv)/ dyf f(dz)/ ay

N N N
x/w faHn®N o ofon) ey =y + ),

owing to the symmetry and semigroup properties of the heat kernel. Since TN < N—¢
[see (6.3)] we may replace three of the four terms that involve the IT’s with N ¢
order to find that

VM(FS)S4[C,4MALIp(o)/ /f(dv)

xf dy/ f(dz)/ dyf f(dz)/ON]

X psla—y)pys— r)(y —y+v)

Cia60AL
s NIEEG)] f /R fav) f ay

X / da ps3s_o.(a+y +v)
[0,N]4

4[CracoALip@)] £ (RY) s
- N4d

Plug this bound into (6.6) to deduce the result. O

Lemma 6.2 There exists a real number Ly = Lo(f (R?), Lip(c)) such that for every
ee€(0,1), N,t >0,

Var (T, vy (9))y) < Lat’Cly , s AIN T,

where C; 4. o and A; were respectively defined in Lemmas 3.3 and 6.1.
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Proof Choose and fix N,t > 0 and ¢ € (0, 1) throughout. It follows from (6.4), the
definition of the Hilbert space H, and a standard appeal to a stochastic Fubini theorem
that

t
(Tooma@ly = [ a5 [ av [ raw T - w)
0 R4 R4

=/ [/rds/ dy/ f(dw)
0,t)xRRd 0 R4 R4

HgN)a/(u(r, 2)) Dy yu(r, z)ng)_wa(u(s, y — w))]n(dr dz)

»Z

=: / A(r, z) n(dr dz),
(0,1)x R4

notation being clear. Among other things, we see from the above representation that
the random variable <T, uN, f(g)>H has mean zero. Therefore,

Var (T, vn.1())y,) = E (7. v (®))3,)

t
=/ dr/ da/ fdb)E[A(r,a)A(r,a — b)]. (6.7)
0 R4 R4

The integrand is bounded as follows:

E|A@r, a)A(r,a — b)|

< / dsf dy/ f(dw)/rds/f dy// f(dw)
0 R4 R4 0 R4 R4

« Y g™ g

S, y=w> s\ a—b" s,y —w’

X E|: o (u(r, @) Dy yu(r, a)o (u(s, y — w))|

x o' (u(r,a — b)) Dy yu(r,a — b)o (u(s', y' — w’))|:|

< [Lip(o)P / Cds / dy / F(dw) /rds’ / ay’ / Fdw)
0 R4 R4 0 R4 R4

(N) 11 (N) (N) (N)
x HSJZ HS,)’*wns/,afbHs’,yLw’

X | Dy yu(r.a)|, lo@(s,y —w)lly | Dyyulr.a =b)|, [ows', y —w],.

thanks to Holder’s inequality. Thus, it follows from Lemma 3.3 and the stationarity of
x = u(s, x) that

E|A@r, a)A(r,a — b)|

< [A,c,,4,g,oLip(a)]2/r ds/ dy/ f(dw) /rds// dy’/ fdw)
0 R4 R4 0 Rd R4
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N N N
MmN, nY n, p @ yp, ga—b—y)

S, y—w= s\ a—b" s,y —w'

< [Atct,4,8,gLip(a)]2/rdsf dyf £ (dw) /rds// dy// f(dw)
0 R4 R4 0 R4 R4

X N_de(N) H(N) w/prfs(a - y)prfs/(a —b— y/)‘

S, y—w gl y —

This and the semigroup property of the heat kernel yield

/ E|A(r,a)A(r,a — b)|da
R4

. 2
A.C Lip(c r "
_ [ACraeoLin@)] f ds f dy [ fdw) / ds’ f dy’ / £ dw)
N2 0 R JRd 0 R4 R

N N
X H( ) H( ) w/erfsfs’(y —b— y/)'

S, y—w sy —

Apply the simple bound Hﬁ{vz,_w, < N~ and first compute the dy’-integral to remove
the term p,_.(y — b — y’), and then the dy-integral to see that

[rfRY)A(C, 4.6.0Lip(0)]

2
N3d :

/ E|AGr, a)A(r,a — b)|da <
R4

Plug this inequality into (6.7) to complete the proof. O

Proof of Theorem 2.4 Since Var(X+Y) < 2Var(X)-+2Var(Y) for all random variables
X and Y, (6.5), and Lemmas 6.1 and 6.2 together yield

Var(Ky) < 2(Ly + L)t*C}y , ,AINT. (6.8)
Because |0(z)| < |o(0)| 4+ Lip(o)|z| for all z € R?, the large-deviations method
of Foondun and Khoshnevisan [21] implies that A, < [o(0)] + Lip(o) supy¢(g
llu(s,0)|la < aexp(bt) for all t > 0, and for strictly positive numbers a, b that
depend only on (f, o). And Lemma 3.3 shows that C; 4 . » < cexp(dt) forallt > 0
and positive numbers c and d that depend only on (f, o). This proves immediately

the existence of positive real numbers ¢ and A—depending only on ( f, o )—such that

21t

Var(Ky) < NT

It is easy to see that drv(a¢ X, @Y) does not depend on the numerical value of « > 0
for all random variables X and Y. Therefore, as long as By ;(g) > 0, (2.1) implies
that

Sn.i(8) Nd/zSNz(g)
d —— N@O,1) )| =d —_— 7
B < Var(Sy ;(g)) ¢ )) A ( By, (g)

= drv (N2Sy.i(9). VB (8) )
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=<

E|Ky — E(Kn)I;
By, (g)

see (4.13) for the last inequality. Apply the Cauchy-Schwarz inequality [see also (3.7)]
and the preceding upper bound for Var(K ) to complete the proof with L = 2+/¢,
since limy_,oc By :(g) = B;(g) implies that indeed By ;(g) > O for all sufficiently
large N > 0. O

7 Parabolic Anderson model: Proof of Theorem 2.5
We begin by trying to mimic the proof of Theorem 2.4, except we do not assume that

glv)y=vforallv e R4,
Recall Ky from (4.6) and note that

t
Vartt) = 83Var ([ as [ ay Do) (BIDLaSv 00 17055 ).

Therefore, we may take square roots and appeal to Minkowski’s inequality [cf. (6.6)]
in order to see that

t
v Var(Ky) < Nd/() ds \/V3-r ((E [DS,OSN,t(g) | ]:s] ) DS,OSN,I(8)>HO)- (7.1)

We have seen already [see (4.2) and (6.2)] that
Ds,ySN,t(g) = Nﬁd‘/‘ g’(u(l, x))Ds,yu(t’ x)dx,. (7.2)
[0.N]4
where Du(t, x) satisfies the linear stochastic integral equation,

Dy yuu(t, %) = p,_y(x — yuls, y) + / Pioy (& = Dy u(r, 2) n(dr dz).
(s,1)xRd

See (1.8). It follows form these remarks that

Dy Sys(g) = s, y) N~ / &/t )Py (x — y)da
[0,N]4

+ N’d/ g u(t, x)) [/ Py (x — 2) Dg yu(r, z) n(dr dz)] dx.
[0,N]4 (s.t) xR

This is more or less (6.4), except that: (i) g is not necessarily linear; (ii) o (z) = z
for all z € R here; and most significantly (iii) because of the presence of the non-
anticipative term g’(u(z, x)), we can no longer interchange the dx-integral with the
n(dr dz)-stochastic integral. It is in fact because of item (iii) that we will need to adopt
a different way to estimate Var(K ) in the proof of Theorem 2.4. And at present the
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only other proof that we can construct works only when g € C%(0, oo) satisfies (2.12)
and o (z) = z for all z € R, whence follow the conditions of Theorem 2.5.

According to (7.1) and the proof of Theorem 2.4, the key step of the argument is
to find an efficient bound for

V() = Vnag(0) = Var ([E[DsaSn.i(9) | F] s DyaSna(@y,) 10 <5 <1l

However, as was alluded to earlier in this section, the above estimation will need to
involve other ideas than those that were used in the course of the proof of Theorem
2.4. Indeed, we plan to estimate V(s) by appealing to the Poincaré inequality (3.4).
In order for this method to work, we will need to assume that g € CZ(O, 00) satisfies
(2.12).
In the following, we abbreviate Sy ;(g) by Sy in order to simplify the typesetting.
With this convention in mind, the Poincaré inequality yields
: 7.3
H) . (7.3)

Vis) <E (HD(E [DsaSx 1 ]+ DsaSily,

Now,
Dy (E[Ds,eSn | Fs] + Ds.eSn)y,
= / dy/ f(dyl)E [Ds,ySN | ]:s] Dr,zDs,y—ylsN
R4 R4

+/ dy/ f(dyl) DS,ySN Dr,zE [Ds,y—ylSN | }—v]
R4 R4

_.gyN.1 N2
- lIIr,z + qu,z .

By Proposition 1.2.8 of Nualart [32], one can exchange the Malliavin derivative and
the conditional expectation so that

\prIYé2 = /d dy/d Sdyn) Ds,ySN E [Dr,zDs,y—ylsN | fv] .
R R

Therefore, it follows that

V(s) < 2E (H\IJN" H;) +2E (H\y“H;) . (7.4)

Both expectations can be estimated in the same way, and both estimates will yield the
same upper bound. Therefore, we present only the details of the estimate for the first
expectation.

We can write

2 t
e(fer]) = / ar / a f dy f ay’ / £(d2) / Fdv) / Fdy)
H 0 R R4 Rd R R4 R
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X E|: E [Ds,ySN | -7:3] Dy :Ds,y—y SN

X E[ Dy, Sy | Fs| Dy oz Dy y yISN]

Then an application of Holder inequality shows that

t
E(H\I/N’IHZ > 5/ dr/ dzf dy/ dy’f f(dzl)/ Sfdy1)
H 0 R4 Rd R4 R4 Rd

< [, £ @D IDssSN L 1Dyl

% [ DyySully | PreeDeyoySu| - (7.5)

According to Lemma 3.3 and Holder’s inequality,

1
105,y Snla = g’ (u(t, 0D Ik 577 f o 1Deyutt, 0] dx

<C, a8 (@ 0D,

where ¢ € (0, 1) is arbitrary and 'Y was defined in (6.3). Next we apply (4.2) in
order to see that

Dy Dy Sy =N~ &'(u(t, ) Dy Dy yu(t, x) dx
[0.N]

(7.6)
+ Nfd ‘/[0 e g”(u(t, x))Dr,zu(l, X) Ds’yu(t, x)dx.

Therefore, Proposition 3.4, Lemma 3.3, and the notation for TI™) in (6.3) together
yield

I Dy,z Ds,ySnll4 < C* g (@, 00k

x I:psfr(y o Z)l{r<3}n( ) + D s(Z - y)l A<V}H§'{\;):|

02 R FUCTAON
+ = Nd /[O’Nld P (x —2)p,(x —y)dx
P EACTO)
< ke Pls—r(y — 2)
- Nd [s—r]
C? gy, llg" (. 0]k
+ -2
Nd Dot—r—s\y )
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owing to the semigroup property of the heat kernel and Rademacher’s theorem
(Remark 4.1), where the constant C;f e is defined in (3.12). Thus,

e (|;) < cneuon [
< Cillg' (u(,0)llx | dr dz dy
H 0 R4 R4

X f dy’ / £z / fadyp) f Fyp mm)
Rd R4 Rd R4 ’

Callg’ (u(t, 0))ll
X Tph_”(y —y1—2)

Csllg" (u(t, 0)) I
t—ya Pu—r—sO =3 —2)
Callg"(u(t, 0))lix
X <Tp|s—r|(y/ -y —z+2)
Csllg" (u(t, 0)) I

+

Nd p2t—r—s(y, - )’i —Z+ Z/)),

where C1 = Ctzi .

(k—4° k4>
Hil\;)/ < N~ and integrate [first dy’, then dz, and then finally dy, and in this order],

oG = C:j a ,and C3 = Ci%&o. We apply the bound
using also the inequality fRd HE{\;) dy < 1, in order to obtain

E (1w 13,) = Calf RPN, 7
where

Cs = Cillg' w(, )7 [C2llg'(u(r, )l + C3l1g" (ur, 0))||k]2~ (7.8)

The very same method applies and yields the same upper bound for E(|| W ’2||%{).

Therefore, we may deduce from (7.3) and (7.4) that V(s) < 4C4tN =3[ f(RY)]3. We
plug this estimate into (7.1) to obtain the following:

t
Var(Ky) < Nd/ VV(s)ds < 20,2 PPF RPN, (7.9)
0

This is the replacement of the inequality (6.8) in the present setting of the parabolic
Anderson model; the remainder of the proof of Theorem 2.4 goes through unhindered
to complete the proof of Theorem 2.5.

Acknowledgements We would like to thank two anonymous referees for their valuable and useful com-
ments. F. Pu is grateful to University of Luxembourg where the research was carried out.

@ Springer



172 Stoch PDE: Anal Comp (2023) 11:122-176

Appendix: Association for parabolic SPDEs

We conclude the paper by showing how we can adapt the ideas of this paper to also
document a result about the association of the solution to (1.1). First, let us recall the
following.

Definition A.1 (Esary et al. [20]) A random vector X := (X1, ..., X,) is said to be
associated if

Cov[h(X), ha(X)] = 0, (A.1)

for every pair of functions i1, iy : R* — R that are nondecreasing in every coordinate
and satisfy 11 (X), hy(X) € L?().

It is easy to see that i; and hj could instead be assumed to be nonincreasing in
every coordinate: One simply replaces (&1, hy) by (—h1, —h3). Other simple varia-
tions abound. Esary, Proschan, and Walkup [20] prove the more interesting result that
X is associated iff (A.1) holds for all /1, hy € Cp(R") that are nondecreasing coordi-
natewise.’ This and the dominated convergence theorem together imply the following
simple criterion for association; see also Pitt [35].

LemmaA2 X = (Xy,..., X,) is associated lﬁ‘(A 1) holdsfor allhy, hy € CP(R")
such that 0;h >Oforeveryl =1,2and j =1,

The notion of association has a natural extension to random processes. Here is one.

Definition A.3 A random field ® = {® (¢, x)},50 yerd s associated if (P (11, x1), ...,
®(t,, x,)) is associated for every #1,...,t, > O0and xq, ..., x, € R4,

The following is the principal result of this appendix.

Theorem A.4 Let u be the solution to (1.1) with u(0, -) being a nonnegative measure
such that (u(O, -) % p,) < 0o forallt > 0. Under Dalang’s condition (1.5), if 0 o u
a.s. does not change signs; that is,

P{o(u(t,x))o(u(s,y)) >0} =1 foreverys,t >0andx,y € RY, (A2)

then, u is associated.

Theorem A.4 reduces to simpler results in two important special cases that we
present in the following two examples.

Example A.5 Condition (A.2) holds tautologically when o is a constant, say 0 = og €
R. In that case, it is not hard to see that the solution to (1.1) is a Gaussian random field
with covariance function,

t
Cov[u(t,x),u(t',x"] = 002/ (pas * f) (x — x") ds.
0

7 Recall that C »(R™) denotes the collection of all real functions on R” that are bounded and continuous.

8 Recall that the subscript “c” in CZ° refers to functions of compact support.
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Because this quantity is > O forevery 7,7 > Oand x, x’ € R4, Pitt’s characterization
of Gaussian random vectors [35] immediately implies the association of # when o is
a constant.

ExampleA.6 If 0 (u) = u,d = 1, and f = §p, then the sign condition (A.2) holds
simply because u(¢, x) > 0 a.s. In this case, Corwin and Quastel [14, Proposition
1] have observed that u is associated; see also Corwin and Ghosal [13, Proposition
1.9]. Strictly speaking, the statements of the latter two results are weaker that the
association of u. But the proof of Proposition 1.9 of Corwin and Quastel (ibid.) goes
through unhindered to imply association. Indeed, Corwin and Quastel note the said
association from the well-known fact that all exclusion processes are associated (the
FKG inequality for i.i.d. random variables).

The preceding examples are proved using two different “direct hands-on” methods.
The general case is quite a bit more involved. In order to avoid writing a lengthy
proof, we merely outline the proof, with detailed pointers to the requisite literature
and preceding results of the present paper.

Outline of the proof of Theorem A.4 By considering —o in place of o if need be, we
may—and will—assume without loss in generality that

o(u(,x)) >0 a.s. for every (¢, x) € (0, 00) X RY.

We begin by rehashing through the proof of Theorem 3.2, and recall that the Malli-
avin derivative of u(¢, x) a.s. solves

Dy u(t,x) = p,_ (x —2)o(u(s, z))

+/ Pi_r(x —y)o'(u(r, y)) Dy cu(r, y) n(drdy), (A.3)
(s,1)x R4

for almost all (s,z) € (0,1) x R4, And, of course, Dg ;u(t,x) = 0 as. for a.e.
(s,2) € (r,00) x R4, Note that the right-hand side of (A.3) is in fact a modifica-
tion of Dy ;u(t, x). Therefore, we can—and will without loss of generality—redefine
Dy ;u(t, x) so that (A.3) is an almost-sure identity for every (s, z) € (0, f) x R?, and
that D ;u(t, x) := 0 whenever s > ¢. It is not hard to deduce from (A.3), and argu-
ments involving continuity in probability, that the use of this particular modification
does not change the law of the Malliavin derivative. However, it makes the following
discussion simpler as we can avoid worrying about null sets.
We aim to prove that, under Dalang’s condition (1.5) alone,

Dy ;u(t,x) >0 a.s. for every(z, x) € (0, 00) x RY. (A4)

Once this is proved, one can appeal to the Clark—Ocone formula (3.3) to conclude the
theorem; see the proof of Theorem 4.6 for a similar argument.

Choose and fix (s, z) € (0, 00) x R4, and consider a space-time random field & ;

defined via

@, (1, x) = Dy u(s+1,z+x) foralls > Oandx € R’
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Our claim (A.4) is equivalent to the a.s.-nonnegativity of ®; (¢, x).
Observe (similarly to what we did in the proof of Theorem 3.2), that &, ; solves

Dy (1, x) = p;(z + x)o (uls, 2))

+/ Di—y(x — Y)H; (t, y) D5 . (r, y) 15, (dr dy),
(0.1)xIR4

for (¢, x) € (0, 00) % RY, where ns.; 1s the same shifted Gaussian noise that arose in
the course of the proof of Theorem 3.2, and

Hy (t,y) =0 (u(s +1,z2+y)),

also as in the proof of Theorem 3.2. In other words, conditional on the sigma-algebra
Fy, the random field @, , solves the SPDE,

alq)s,z = %Aq)s,z + q’x,sz,zT]x,z Subject to
D;.:(0, x) = o (uls, 2))80(x). (A.5)

This is a standard Walsh-type SPDE. In order to understand why this is the case, note
first that u (s, z) is Fs-measurable and 7, ; is independent of F;; see also the proof of
Lemma 3.2. In order to complete the assertion about (A.5) being a standard Walsh-
type SPDE we note that M;(A) := f(O,t)xA H; .(r, y) n5,;(dr dy) defines a martingale
measure in the sense of Walsh. Hence, we view (A.5) conditionally on F; to see that
it is a reformulation of the Walsh SPDE,

9 ®@y. = FAD, . + By M (x) subjectto Py -(0,x) = o (uls,2))8(x),

also viewed conditionally on 5. In fact, we can interpret (A.5) as a parabolic Anderson

model with respect to the martingale measure M. Because of (1.11), and since o € Lip,

M is in fact a worthy martingale measure because Hj ; is bounded; see Walsh [38].
For every € € (0, 1) let nj’;"’ . denote the Gaussian noise

ng..(t, x)dt == /Rd P (x — ¥)ng..(dt dy).

The spatial correlation measure fe of 75 _ is in fact a function [not just a measure] and
is given by fe = p,, * f. Because f is a finite measure, it follows that f. satisfies
the extended Dalang condition (1.6) with o = 1. Let &5 , denote the unique solution
to the SPDE,

&P, = %A@?Z + (0" ou)®5 15 . subjectto @y (0, x) = o (u(s, 2))8o(x).

A

This is the same SPDE as (A.5), but with respect to the mollified version U?,Z of
the Gaussian noise 7, ; in place of 7y .. Because f; satisfies (1.6) for some o > 0,
Theorem 1.6 of Chen and Huang [5] [applied conditionally on Fs] implies that, if
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H; ; were a constant [that is, o (u) o u], then @5 (7, x) > 0 a.s. for every > 0 and

x € RY. Careful scrutiny of the proof of Theorem 1.6 of [5], using the boundedness of

H; ;, yields that ¢ . > 0 a.s. in all cases; see also Theorem 1.8 of Chen and Huang

[6]. Finally, we let ¢ | 0 and appeal to Theorem 1.9 of Chen and Huang [5] to see that
limg o <I>§’z(t, x) = P, (¢, x) in L?() for all (¢, x) € (0, 00) x R?. These facts,
together imply ®; (¢, x) > 0 a.s. for all (¢, x) € (0, c0) x R4, which is another way
to write (A.4). This concludes the proof. O
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