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Abstract. In this paper, we prove a sample-path comparison principle for the nonlinear stochastic fractional heat equation on R
with measure-valued initial data. We give quantitative estimates about how close to zero the solution can be. These results extend
Mueller’s comparison principle on the stochastic heat equation to allow more general initial data such as the (Dirac) delta measure
and measures with heavier tails than linear exponential growth at 00. These results generalize a recent work by Moreno Flores
(Ann. Probab. 42 (2014) 1635-1643), who proves the strict positivity of the solution to the stochastic heat equation with the delta
initial data. As one application, we establish the full intermittency for the equation. As an intermediate step, we prove the Holder
regularity of the solution starting from measure-valued initial data, which generalizes, in some sense, a recent work by Chen and
Dalang (Stoch. Partial Differ. Equ. Anal. Comput. 2 (2014) 316-352).

Résumé. Dans ce papier, nous montrons un principe de comparaison trajectoriel pour I’équation de la chaleur stochastique, frac-
tionnaire, nonlinéaire sur R avec une donnée initiale a valeur mesure. Nous donnons des estimations quantitatives de la proximité
a zéro d’une solution. Ces résultats étendent le principe de comparaison de Mueller pour 1’équation de la chaleur stochastique et
permettent de considérer des données initiales plus générales telles que des mesures de Dirac et des mesures a queue plus lourde
qu’une croissance exponentielle linéaire en +oo. Ces résultats généralisent un travail récent par Moreno Flores (Ann. Probab. 42
(2014) 1635-1643), qui a prouvé la stricte positivité de I’équation de la chaleur stochastique partant d’un Dirac. Comme applica-
tion, nous établissons la compléte intermittence pour I’équation. Dans une étape intermédiaire, nous prouvons la régularité Holder
de solutions partant d’une donnée initiale a valeur mesure ce qui généralise, dans un certain sens, un travail récent de Chen and
Dalang (Stoch. Partial Differ. Equ. Anal. Comput. 2 (2014) 316-352).
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1. Introduction

The comparison principle for differential equations tells us whether two solutions starting from two distinct initial
conditions can compare with each other when the initial conditions are comparable. The sample-path comparison
principle for stochastic differential equations (SDEs) and also for stochastic partial differential equations (SPDEs)
have been studied extensively; see e.g. [17, Chapter VI] and [30, Section V.40] for SDEs, and [2,21,24,26,31] for
SPDEs. A related problem is the stochastic comparison principle, which is of the form:

E(db(u[)) < ]E(CD(U,)), for all > 0,

IResearch supported by a fellowship from the Swiss National Science Foundation (P2ELP2_151796).


http://www.imstat.org/aihp
http://www.imstat.org/aihp
http://dx.doi.org/10.1214/15-AIHP719
mailto:chen@math.utah.edu
mailto:kkim@math.utah.edu

On comparison principle and strict positivity of solutions to the nonlinear stochastic fractional heat equations 359

where {u;(x)} and {v,(x)} solve SDEs or SPDEs, with the same initial data but comparable drift and diffusion coeffi-
cients. One looks for as large a class of functions & as possible. See [12,16,18,19].
In this paper, we will focus on the pathwise comparison principle for the following nonlinear stochastic fractional
heat equation:
d _ I —
{ (37 —xD§u(t, x) = pu(t, x)W(t,x), t Ry =10, +ool, x €R, (L

u(0, ) = (),

where a €]1, 2] is the order of the fractional differential operator  D§ and § (|8] <2 — a) is its skewness, W is the
space—time white noise on R4 x R, u denotes the initial data (a measure), and the function p : R + R is Lipschitz
continuous. Throughout this paper, we assume that a and § are fixed constants such that

aell,2] and |8|<2—a, (1.2)

unless we state otherwise (see Corollary 1.2).

When a =2 and § = 0, the fractional operator , D§ reduces to the Laplacian on R, which is the infinitesimal oper-
ator for a Brownian motion. On the other hand, when a €]1, 2[ and |§| <2 — a, the operator ng‘ is the infinitesimal
generator of an a-stable process with skewness §. In particular, , Df = —(—A)?/2_ This fractional Laplace operator
has been paid many attentions for several decades because of its non-local property, and thus it is widely used in many
areas such as physics, biology, and finance to model non-local (anomalous) diffusions. We refer to [23,32,34] for more
details on these fractional operator and the related stable random variables.

The existence and uniqueness of a random field solution to (1.1) have been studied in [7,9,11,13—15]. In particular,
the existence, uniqueness, and moment estimates under measure-valued initial data have been established recently in
[7.,9,11].

We now specify the weak and strong comparison principles. Let u1 (¢, x) and us(¢, x) be two solutions to (1.1)
with initial measures w1 and w7, respectively. We say that (1.1) satisfies the weak comparison principle if u(t, x) <
uy(t,x) forall > 0 and x € R, a.s., whenever | < us (i.e., o — w1 is a nonnegative measure). And the equation
(1.1) is said to satisfy the strong comparison principle if u(t,x) < u(t, x) for all + > 0 and x € R, a.s., whenever
1 < uo (i.e., the measure pp — w1 is nonnegative and nonvanishing). Note that the stochastic comparison principle
for (1.1) with ®(z) = |z|¥ for k > 2 (so-called the moment comparison principle) has been shown lately by Joseph,
Khoshnevisan and Mueller [19].

When a = 2, the equation (1.1) reduces to the stochastic heat equation (SHE). The special case when p (1) = Au
for some constant A # 0 is called the parabolic Anderson model; see [4,5,15]. The weak comparison principle can be
derived readily from the Feynman—Kac formula; see [4].> But the proof of the strong comparison principle requires
some more efforts. This question is important because, e.g., the Hopf-Cole solution to the famous Kardar—Parisi—
Zhang equation (KPZ) [20] is the logarithm of the solution to the SHE.

For general p which is Lipschitz continuous, we do not have the Feynman—Kac formula. The weak comparison
principle is no longer obvious. In this case, Mueller [26] proves the strong comparison principle for the SHE on
R for the initial data being absolutely continuous with respect to the Lebesgue measure with a bounded density
function. Mueller uses the discrete Laplacian and discretizes time to approximate the solution to the SHE, which
results in the weak comparison principle. He then obtains the strong comparison principle by employing some large
deviation estimates for the stochastic integral part of the solution. Using Mueller’s large deviation estimates, Shiga
[31] gives another proof of the strong comparison principle for the initial data being a so-called Ciep, function, that is,
a continuous function with both tails growing no faster than e**! for all A > 0. He outlines a different approach for
proving the weak comparison principle in the Appendix of his paper: smooth both the Laplace operator and the white
noise so that one can apply the comparison principle for SDEs. We will follow his approach in our proof for the weak
comparison principle.

In both Mueller [26] and Shiga [31], the initial data should be functions. One natural question is whether the
solution remains strictly positive if we run the system (1.1) starting from a measure, such as the Dirac delta measure.

20nce the noise is mollified, there is a Feynman—Kac formula for the solution (see (2.17) in [4]). Hence, the solution to the mollified equation is
nonnegative. Then by passing to the limit, the nonnegativity is preserved.
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Using the polymer model and following a convergence result by Alberts, Khanin and Quastel [1], Moreno Flores [25]
recently proved the strict positivity result for the Anderson model (i.e., the case where @ = 2 and p(#) = Au) with the
delta initial data. Our results below generalize their result to the stochastic fractional heat equation (i.e., a €]1, 2]),
and moreover, we consider general measure-valued initial data and allow p to be any Lipschitz continuous function.

Recently, Conus, Joseph and Khoshnevisan [10] give a more precise estimate on the strong comparison principle
for the SHE. When the initial data is the Lebesgue measure, they prove that for every ¢ > 0, there exist two finite
constants A > 0 and B > 0 such that for all € €0, 1[ and x € R,

P(u(l,x) < 8) < Aexp(—B[|log(8)| -10g(|10g(8)|)]3/2). (1.3)

Clearly, this result implies the strong comparison principle. In [28], Mueller and Nualart prove that when a =2 and
the space domain is [0, 1] with the zero Dirichlet boundary condition, for some constants Cy and Cf,

P(u(t,x) < &) < Coexp(—Ci|loge|*/*7). (1.4)

We will generalize these results to the stochastic fractional heat equation (1.1) following [10]. This shows how close
to zero the solution to (1.1) can be.

In order to state our results, we need some notation. Let M (R) be the set of signed (regular) Borel measures on R.
From the Jordan decomposition, 4 = 4 — p— such that 4 are two nonnegative Borel measures with disjoint support
and denote || = u+ + p—. As proved in [9], the admissible initial data for (1.1) is

1
M;(R) := {ueM(R):sup/ |l (dx) g <+oo}, fora €11, 2].
yeR JR L+ [y — x|+

Moreover, when a = 2, the admissible initial data can be more general than M (R): It can be any measures from the
following set

MpyR) := {MGM(R):/ efcxzml(dx) < +00, forallc>0};
R

see [7]. Clearly, M, (R) € Mg (R). In the following, a “+4” sign in the subscript means the subset of nonnegative
measures. An important example in M, 4 (R) is the Dirac delta measure. For simplicity, denote

M,@®) ifl<a<?2,

Ma(®) = {MH(R) ifa=2.

We will follow Shiga’s arguments [31] to prove the following weak comparison principle. This result allows more
general initial conditions than those in [26] and [31]. Recall that for two measures w1 and wo, if p:=u; — o is a
nonnegative measure, then p1 > p@». Moreover, if u # 0, then g > us.

Theorem 1.1 (Weak comparison principle). Ler u (¢, x) and uy(t, x) be two solutions to (1.1) with the initial data
w1 and py € M(R), respectively. If iy < uo, then

P(ul(t,x)fuz(t,x),forallt20andxeR):l. (1.5)

Here is one example. Let §, be the Dirac delta function with unit mass at x = z. Suppose that ;| = §p and py = 28p.
Then u (¢, x) <u(t,x) forallt > 0and x € R, a.s.

As a direct consequence of Theorem 1.1, one can turn weak intermittency statements in [9,15] into the full inter-
mittency. More precisely, define the upper and lower Lyapunov exponents of order p by

_ . 1 .
mp(x) :zltlf_is_lig;logEﬂu(t,x)V), mp(x) ::}gnﬁg?loglﬁl(|u(t,x)|p), (1.6)

for all p > 2 and x € R. According to Carmona and Molchanov [5, Definition III.1.1, on p. 55], u is fully intermittent
if inf,er m,(x) > 0 and m;(x) =0 for all x € R.
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Corollary 1.2. Suppose that a €11, 2[, |§| <2 — a (strict inequality), u € M, +(R), and p satisfies that for some
constants I, > 0 and ¢ > 0, p(x)? > l% (52 + x2) for all x € R. If either 1 # 0 or S # 0, then the solution to (1.1) is
fully intermittent.

Proof. By [9, Theorem 3.4], infycg m,(x) > 0. By Theorem 1.1, u(z, x) > 0 a.s. and so, E[|u(?, x)|] =E[u(z, x)] =
Jo(t, x) (see (2.3)). Therefore, m(x) =0 for all x € R. (Il

We adapt both Mueller and Shiga’s arguments (see [26,31]) to prove the strong comparison principle (part (1) of
Theorem 1.4). In the proof of part (2) of Theorem 1.4, we adapt the stopping time arguments, akin to those by Mueller
and Nualart [28] and Conus, Joseph and Khoshnevisan [10]. In these proofs, following the idea of [10, Theorem 5.1],
we develop a large deviation result similar to that in [26] using the Kolmogorov continuity theorem.

Theorem 1.3 (Strong comparison principle). Let u((t, x) and us(t, x) be two solutions to (1.1) with the initial data
i and py € M (R), respectively. If 11 < w2, then

P(ul(t,x) <uo(t,x) forallt > 0and x ER) =1.

The following theorem gives more precise information on the positivity of the solutions. Let supp(f) denote the
support of function f, i.e., supp(f) :={x e R: f(x) # 0}.

Theorem 1.4 (Strict positivity). Suppose p(0) =0 and let u(t, x) be the solution to (1.1) with the initial data | €
MZ(R). Then we have the following two statements:

(1) If u > 0, then for any compact set K € R% x R, there exist finite constants A > 0 and B > 0 which only depend
on K such that for small enough ¢ > 0,

P(([’il)lgl(u(t, x) < 8) < Aexp(—B|log(8)|l_l/a 10g(|10g(8)|)2_1/a). (1.7)

(2) If n(dx) = f(x)dx with f € CR), f(x) =0 for all x € R and supp(f) # &, then for any compact set D C
supp(f) and any T > 0, there exist finite constants A > 0 and B > 0 which only depend on D and T such that
for all small enough & > 0,

P(,,nt  utn) <e) < Aexp(-Bloge)] - log(log(e))}*~"). (1.8

Theorem 1.4 shows that for all ¢ > 0, the function x — u(¢, x) does not have a compact support (see [26] and [27,
Section 6.3] for some other scenarios where the compact support property can be preserved). We also note that thanks
to Theorem 1.4, one can regard the solution u(¢, x) to (1.1) as the density at location x of a continuous particle system
at time ¢, where particles move as independent a-stable processes but branch independently according to the noise
term; see [19].

Note that part (2) of Theorem 1.4 gives essentially the same rate as those in (1.3) and (1.4) when a = 2. For the
case i =g, a =2 and p(u) = Au, Moreno Flores gives a better bounds; see [25, Theorem 1(a)].

The next three theorems will be used in the proofs of the above theorems. Since they are interesting by themselves,
we list them below.

The first one, which is used in the proof of Theorem 1.1, says that we can approximate a solution to (1.1) starting
from pu € M (R) by a solution to (1.1) starting from smooth initial conditions. Define

1 if x| < 1/e,
Ye(x) =11+ 1/e —|x| ifl/e <|x|<1+1/e, (1.9)
0 if x| > 1+ 1/e.
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Theorem 1.5. Suppose that 1 € M} (R). Let sG(t, x) be the fundamental solution associated to (1.1) (see (2.1)
below). Let u(t,x) and uc(t,x) be the solutions to (1.1) starting from pu and ((ue) * 5G4 (¢, -))(x), respectively.
Then

lirr(l)]EHu(t,x) — us(t,x)|2] =0, forallt>0andxeR.
E—>

The following theorem, which is used in the proof of Theorem 1.3, shows the sample-path regularity for the
solutions to (1.1). When the initial data has a bounded density, this has been proved in [14]. For general initial data,
the case where a = 2 is proved in [6]. The theorem below covers the cases where 1 < a < 2. We need some notation:
Given a subset K € R, x R and positive constants 81, B2, denote by Cg, g, (K) the set of functions v: Ry x R— R
with the property that for each compact set D € K, there is a finite constant C such that for all (¢, x) and (s, y) in D,

[, x) —v(s, )| < C[It = sIP' + [x — yI].
Denote

Cﬁl—,ﬂz—(D) = ﬂ ﬂ Cm,(xz(D)-

a1€10,B81[a2€]0,62]
Theorem 1.6. Let u(t, x) be the solution to (1.1) starting from p € M (R). Then we have
u € Ca—1)/@a)-.a—1/2— (R} x R),  as.
The last one, which is also used in the proof of Theorem 1.3, shows that the solution u(¢, x) to (1.1) converges to
the initial measure p in the weak sense as t — 0. The case when a = 2 is proved in [6, Proposition 3.4]. Let C.(R)

be the set of continuous functions with compact support.

Theorem 1.7. Let u(t, x) be the solution to (1.1) starting from p € M (R). Then,

lin(l)/ u(t, x)¢p(x)dx =/ ¢(x)u(dx) forall p € C.(R) in LZ(Q);
t—0 JR R
see Section 2 for the probability space.
In the following, we first list some notation and preliminary results in Section 2. Then we prove Theorem 1.1 in
Section 3 with many technical lemmas proved in the Appendix. The proof of Theorem 1.3 is presented in Section 4,

Theorem 1.4 is proved in Section 5. Finally, the three Theorems 1.5, 1.6 and 1.7 are proved in Sections 6, 7, and 8§,
respectively.

2. Notation and some preliminaries

The Green function associated to the problem (1.1) is
1 ,
5Ga(t, %) = F~ ! [exp{sva()1}] () = / d& expigx — 1]g|"e™ T2 @.1)
R

where F~1 is the inverse Fourier transform and
sVa(§) = —|g| e 0O/,
Denote the solution to the homogeneous equation

)
{(a—t—ng)u(t,x)zo, reRY, xeR, 22)

u(0,-) = u(),
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by

Jo(t, x) = (5Galt, -)*M)(x)=AM(dy)sGa(t,x—y), 2.3)

T3]

where “x”” denotes the convolution in the space variable.

Let W = {W,(A), A € By(R), t > 0} be a worthy martingale measure [33] defined on a probability space (2, F, P)
such that I['E(W,2 (A) =t f 4 dx, where B(R) is the collection of Borel sets with finite Lebesgue measure. Let (]-'ZO,
t > 0) be the natural filtration generated by W and augmented by the o-field N generated by all P-null sets in F:

F=0c(Ws(A):0<s<t,AeBy(R) VN, 1>0.

Define F; := f-g_ =Ny~ f-? for ¢t > 0. In the following, we fix this filtered probability space {2, F, {F; : t > 0}, P}.
Throughout of the paper, we use || - ||, to denote the L?(£2)-norm (p > 1).
The rigorous meaning of the SPDE (1.1) is the integral (mild) form

u(t, x) = Jo(t, x) + 1(z, x),

where I (¢, x) = // 5Ga(t —s,x — y)p(u(s, y))W(ds, dy), 24
[0,1]1xR
where the stochastic integral is the Walsh integral [33].

Definition 2.1. A process u = (u(t, x), (¢, x) € R} x R) is called a random field solution 7o (1.1) if:

(1) u is adapted, i.e., for all (t,x) € RY x R, u(t, x) is F;-measurable;

(2) u is jointly measurable with respect to B(RY. x R) x F;

3) G Gg * ||p(u)||§)(t, x) < +oo for all (t,x) € RY x R, where “x” denotes the simultaneous convolution in both
space and time variables. Moreover, the function (t, x) +— I (t, x) mapping Ri x R into L3(2) is continuous;

(4) u satisfies (2.4) a.s., for all (t,x) e R} x R.

Throughout the paper, we assume that the function p : R — R is Lipschitz continuous with Lipschitz constant
Lip o> 0, and moreover, for some constants L, > 0 and ¢ > 0,

|,0(x) |2 < Lf, (?2 + xz), for all x € R. 2.5

Note that the above growth condition (2.5) is a consequence of p being Lipschitz continuous.
Let a* be the dual of a, i.e., 1/a + 1/a* = 1. The following constant is finite:

A=5A,:=5supsG,(1,x), (2.6)

xeR

and in particular, gA, = 7~Ir (1 4 1/a); see [9, (3.10)]. In the following, we often omit the dependence of this
constant on § and a and simply write s A, as A. This rule will also apply to other constants.
Forall (t,x) e R} xR, n € Nand A € R, define
Lo, x3 1) := 135G (1, x),
L., x;0):= (Lox---xLy) , forn>1, 2.7
—_——

n+1 factors Lo(-,0;1)

Kt x; ) = Zﬁn(t,x; 2). (2.8)
n=0
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We apply the following conventions to /C(z, x; 1):

K@, x) =K@, x; 1), K(l,x) =Kt x; L), I/C\p(t,x) =K, x;4/pL,), forp=>2.
The following theorem is from [9, Theorem 3.1] for 1 < a < 2 and [7, Theorem 2.4] for a = 2.

Theorem 2.2 (Existence, uniqueness and moments). Suppose that i € M} (R), and p is Lipschitz continuous and
satisfies (2.5). Then the SPDE (1.1) has a unique (in the sense of versions) random field solution {u(t,x): (t,x) €
R% x R} starting from p. Moreover, for all even integers p > 2, all t > 0 and x € R,

I3, x) + (T2 + JF1* K) (2, x), ifp=2,

~ 2.9
205, %) + (S + 251« Kp) (1, %), if p>2. =2

ool <

In order to use the moment bounds in (2.9), we need some estimates on /C(¢, x). Recall that if the partial differential
operator is the heat operator % — 5 A where v > 0, then

, 22 2 [t
’Chedt(t, X )\‘) — G\)/Z(ts x) + _ek4t/(4v)q) )“2 - ,
dwvt  2v 2v

where & (x) is the distribution function of the standard normal random variable and G, (¢, x) = \/2;7 f:xp(—)c2 /(2vt));

see [7]. If the partial differential operator is the wave operator % — k2 A where k > 0, then
22 A2((k1)? — x2)
KYe(t, x5 0) = TIO( T)lﬂﬂgm},

where Io(x) is the modified Bessel function of the first kind of order O; see [8]. Except these two cases, there are no
explicit formulas for XC(¢, x). The following upper bound on (¢, x) from [9, Proposition 3.2] will be useful in this

paper.

Proposition 2.3. Let y := A2AT (1 — 1/a). For some finite constant C = C (1) > 0,

C ¥
K, x; 1) < a 5Ga(t,x)(l + /e exp(ya t)) forallt >0 and x € R. (2.10)

3. Proof of Theorem 1.1

Before proving Theorem 1.1, we need some preparation. One may view s§G,(t, x) as an operator, denoted by sG,(?)
for clarity, as follows:

5Ga () f(x) := (5Ga(t, ) * f)(x).

Let I be the identity operator: I f(x) = (6 x f)(x) = f(x). Set

Let

o0

§5Ga(t) =exp(t§Dy) =e /¢ )
n=0

(t/e)"

n!

Gy (ne) = e I+ R, (1), (3.1)
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where the operator §R, (¢) has a density, denoted by §R,(t, x), which is equal to

SR4(t,x) =e_t/82(til—&;)ngGu(n8,x). (3.2)

n=1

One may also write the kernel of §Ga (1) as
5Ga(t,x) =e™"/*80(x) +§Ra (1, %). (3.3)
The two operators §G, and ;G are close in many senses; see Appendix for more details.

Proof of Theorem 1.1. Denote ¢, (x) = (2e) /2 exp(—xz/(2£)). For ¢ > 0 and x € R, denote

t
W) ::/ / ¢e(x — y)W(ds,dy), forz=>0.
0 JR

Clearly, t — WZ(t) is a one-dimensional Brownian motion. Denote Wf (t) = %W; (t). Then the quadratic variation
of dWE(¢) is

d(W)f(t)):A;{qbg(x —y)dydr = dr. (3.4)

1
Vame
Consider the following stochastic partial differential equation

{ %u,g(t, x) = Daute (t, x) + p(ue (£, X)WE(E), t>0,x€R, (3.5)

ug(0,x) = (n*5Gale, ) (x), xeR

Since p is globally Lipschitz continuous, (3.5) has a unique strong solution

' t
ug(t, x) = (,u *5Gql(e, -))(x) —I—/ ds§Dque (s, x) + / ,O(ug(s, x)) dW: (s).
0 0

Step 1. Let u, ;(t,x) be the solutions to (3.5) with initial data u;, i = 1, 2, respectively. Denote v, (¢, x) :=
ug2(t, x) —ug 1(t, x). We will prove that

P(vg(t,x) >0, forevery t >0andxe]R)= 1. 3.6)

Let a, = —2(n2 +n+ 2)_1, n > 0. Then a, 1 0 as n — oo and facf,n_l x2dx = n. Let Yo(x),n=1,2,..., be
nonnegative continuous functions supported on ]a,_1, a,[ such that

2 an
0<yn(x)<— and / Y (x)dx = 1.
nx an1
Define

x y
W, (x) :=/ dy/ Y (2) dz.
0 0

Clearly, W, (x) € C2(R) with W (x) = ¥, (x), ¥y, (x) = 0 forx > 0,and —1 < ¥/ (x) = f(f Yu(z)dz <Oforall x e R.
Let 1(-) denote the indicator function. Here are three important properties: For all x € R, as n — 400,

W, (x) P —(x A0) =: W (x), U (x) ) —1(x <0) and W, (x)x 1 ¥(x). 3.7



366 L. Chen and K. Kim

Because for each x € R fixed, u. (¢, x) is a semi-martingale, by 1t6’s formula,
t

Wi (ve (1, ) = / W, (ve (s, 0)) [0 (1,205, %)) = p(ute,1 (s, %)) | AW (5)
0

ds

1 t
+ E/ W (e (s, ) [ (e 205, 1)) = p(ue,1 (5, 1))
0 TE

t
+ f wr/z (vs(s’ X)) §Dav£(s, x)ds.
0
By the Lipschitz condition on p,
2 . _
Wy (vs (5. 2)) [ (1te,2(5. 2)) = p(e1(5.0))]” < Lipp Wy (ve (s, 1)) v (s, x) < 2Lip; /.
Hence,

LiP;zaf +E|:1/’dllﬂ( ( ))/d Gl )[ve s, ) ( )]j|
nv/4me e Jo §¥n (Uels, X . V5Ga(e, x —y)|ve(s,y) —vels, x)| |-

Now let n go to 400, by (3.7) and the monotone convergence theorem,

E[W, (ve(t,x))] <

t

E[\Il(vg(t,x))] < %/ IE[]l(vg(s,x) < O)US(s,x)] ds

0
1 t

— —/ ds/ dy(;Gu(s,x—y)E[]l(vs(s,x) <0)v€(s,y)].
€ Jo R

Notice that
1 t
—;f ds/Rdy(gGa(e,x — y)IE[]l(vs(s,x) < O)UE(S, y)]
0
1 t
< _5/0 ds/RdyaGa(E,x — VE[1(ve (s, x) <0, v(s, y) < 0)ve(s, y)]
1 t
- ;/0 dszdnga(s,x — ME[1(ve(s, x) <0, ve(s,y) <0)|vels, y)|]
1 t
< 5/ dszdyaGa(e,x — ME[L(ve (s, y) <0)|ve (s, )|]-
0
Then using the fact that |x|1(x < 0) = W (x), we have that

1
B[ (0., 0)] =+ /0 ds /R dy 5Gale x — ME[W (vs (5. )]

Therefore, by Gronwall’s lemma applied to SUpy R E[W¥ (ve (s, y))], one can conclude that E[W (ve(s, y))] = 0 for
every t > 0 and x € R. This proves (3.6).

Step 2. In this step, we assume that u(dx) = f(x) dx with f € L°°(R) and f(x) > 0 for all x € R. Denote f,(x) :=
(1 *5Gqa(e, -))(x). Recall that || - ||, denotes the L? (£2) norm. We will prove that

lim sup |us (7, x) — u(t, x)|> =0, forallz >0, (3.8)
e—>0 R

where u, is a solution to (3.5) with u. (0, x) = fz(x) and u is a solution to (1.1).
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Fix T > 0. Notice that u, (¢, x) can be written in the following mild form using the kernel of {G () in (3.3):
t
ue(t, x) = (fo *5Galt, ) (x) +f eI p (g (s, x)) AWE (s)
0

t
+/0 _[RER{;(I—S,x—y)p(ue(sﬁy))dWyE(S)dy,

where the last term equals to

t
f /(/ dz§Ra(t—s,x—z)p(us(s,z))fﬁs(y—Z)>W(ds,dy).
0 JR R

By (A.12) below, the boundedness of the initial data implies that for all ¢ > 0,

A;:= sup sup sup||u8(s,x)||§ v ||u(s,x)||§ < +o0. (3.9
£€10,1]5€[0,1] xR

By the linear growth condition (2.5),
2
fuet, x) —ut, x)|;
<6(fe #5Ga(t.) = f %5Ga(t, )’ (x)

! 1
i [ ol

]
]

t -
+6/ ds/dyE /dz[ERu(I—s,x—z)—aGa(t—s,x—Z)]P(M(S,Y))%(Y—Z)
0 R R

, _
+6/ ds/dyE
0 R

t i
+6/ ds/dyE /dzgRa(t—s,x—z)[,o(ug(s,z))—P(M(S,Z))]¢e(y—z)
0 R LIJR

, _
+6/0 ds/RdyE /Rdzgka(r—s,x—z)[p(u(s,z))—p(u(s,y))]qbs(y—z)

L 2}
]

/Rdz[aGa(t 55— 2) = 3Galt — 5, x — )]s, )by —2)

6
=: 6ZIn(t,x; g).
n=1

Denote C g :=sup, g f(x) > sup,cg fe(x). Using the semigroup property, we see that

Ii(t,x;¢)
<[(fe *[§Ga(t, ) — sGa(t, )])(x) + (f * |sGalt +&,°) — 5Galt, )])(x)]
x [(fe #5Ga(t, ))x) + (f *5Ga(t, ) ()]

szc}<e—’/8+fRdy|§Ra<t,y)—scaa,y)\+/Rdy|aGa<t+e, y)—aGa(r,y)|)
§2C]2c(2e_1/8+(C/+C//)(8/t)1/2),

where the last step is due to Lemma A.2, (A.7) and the fact that log(1 + x) < /x for all x > 0, and C" and C” are the
constants defined in (A.5) and (A.8). For simplicity, define Cy := C’' + C”.
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As for I(t, x; &),

Lt x;8) < L5 (7 + Ar) Ve (1—e27%),

g

which implies

lim sup sup lx(¢,x;¢e)=0.
e>00<r<T xeR

By the Holder inequality and the Lipschitz continuity of the function p,
2 ' 2 2
I3(t, x; €) < Lipp/0 dsﬁ%dy/RdzgRa(t —5,x —2)ue(s, 2) —u(s, 2|5 ¢ (v — 2)

2
5 (3.10)

t
§Lip2/0 ds/Rdngg(s,x—y)“us(t—s,y)—u(t—s,y)

and similarly,

Ii(t,x;8) < Lip% /(;tds/Rdy/l;degRi(S,Z)Hu(t —s,x—z)—u(t—s,x—y) ||§¢s(y —2).
By Lemma A .4, for some constant C :=C(T, a, 8, 1),

”u(t —s,x—2)—ut —s,x — y)||§ <C@t—9)"Vy—z|+CArly —z|*7 L.
Hence, integrating over dy first and then integrating over dz using (A.12) give that

ATz(a—l)ﬂ
N

dss_l/a[(t —s)_l/a\/%—{—ATZ(”_1)/2F(a/2)8(a_1)/2],

t
14(t,x;e)5Lip§c/ ds/dzgRZ,(s,z)[(t—s)—‘/“ 2e /7 + F(a/2)8(”_1)/2]
0 R

B Lip CCus (!
IRVZ 0

where C, s is defined in Lemma A.3. Finally, integrating over ds using the Beta integral, we have that for some finite
constant C* := C*(T,a, 8, u, Ar) >0,

Iy(t, x18) < C*Lip? (¢'2/e!/2 4 g@=D/2),
By Holder inequality, (2.5) and (3.9),
t
Is(t.x;8) <L2(S° + Az)/ dS/ dy/ dz¢e (v — D[GRa(t — 5, % — 2) = 5Galt — s,x — |-
0 R R

Integrate dy and enlarge the integral interval for ds from [0, ¢] to [0, T'],

T
Is(r,x;e)sLﬁ(?2+AT)/ dS/dz[§Ra(S,z)—aGa(S,Z)]2,
0 R

and then apply (A.11) to obtain

lim sup sup/s(¢,x;¢e)=0.
e>00</<T xeR
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Similarly to the case of /5, we have that
T
2 (=2 2
Is(t,x;8) <L (S +AT)/0 ds/Rdy/Rdwe(y—z)[aGa(s,x—z)—aGa(s,x—y)]

T
=2L%(?2+AT)/(; dS/Rdy[aGg(S,y)—(SGa(S,y)/RdZaGa(S,Z)@(y—Z)]-

Define F(s,y) := 5G§(s, y) —sGa(s,y) fR dzsG, (s, 2)¢pe (y — z). Clearly, limy_,o Fs(s,y) =0 for all s > 0 and
y € R. On the other hand,

Fe(s,y) < aGg(s, V) +5Ga(s, y)s VA,

where the constant A is defined in (2.6). In fact, this upper bound is integrable:

T
/0 ds/Rdy(sGi(s,y>+aGa<s,y>s—‘/“A)

T
B —1/a7 _ 5Ga(1,0) a 1-1/
_/0 ds[5Ga(25,0) + As a]_( 21/a +A a—lT K

Hence, the dominated convergence theorem implies that

lim sup sup/le(t,x;¢e)=0.
e=>00<r<T xeR

Now set M (1; &) := sup,cg llus(r, y) — u(t, y)||%. Fix T > 0. Combining things together, we can get that for some
constant C7 > 0,

t
M(t;e) < CT/ ds(t —s) "V M(s; &) + H(T; ¢) + H(t; ),
0

where

H(T;e):=6 Z sup sup I, (¢, x; €),
n=2.560=1=T xeR

H(t;e) = 12C7(2e7"/% 4 Cu(e/1)'/?) + 6C* Lipy (1! */e!/? 4 £47D/2),

Then by Chandirov’s lemma, which is a variation of Bellman’s inequality (see [3, Theorem 1.4, on p. 5]), for
O0<t<T,

t t
M(t;a)gH(T;e)+ﬁ(t;e)+/ ds(H(T;e)+ﬁ(s;s))(t—s)—l/“exp</ dr(r—r)—l/a>
0 K
t
=H(T;e)+ﬁ(z;g)+/ ds(H(T;e)—l—ﬁ(s;s))(t—s)_l/“exp<aa—l(t—s)l_l/“)
A _

T1-1/a
SH(T;e)(l—i-LlT]_l/“exp(a ))
a—

a—1
a(t _s)l—l/(l
a—1 '

t
+ H(; €) +/ dsH(s; e)(r —s)~1/@ exp(
0

Clearly, as ¢ — 0, the first two terms in the above upper bound go to zero. The integral also goes to zero by applying
the dominated convergence theorem. This proves (3.8).
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Finally, suppose that u;(dx) = f;(x)dx with f; € L*(R), i =1,2.If fi(x) < fa(x) for almost all x € R, then by
Step 1 we know that v (f, x) := u2(¢,x) —ue 1(t,x) >0 for all # > 0 and x € R, a.s. Then Step 2 implies v, (¢, x)
converges to v(f, x) = u(t,x) —u(t, x) in L%(Q) for all 7 > 0 and x € R. Therefore, the nonnegativity of v(z, x) is
inherited from that of v, (¢, x), that is,

P(ul(t,x) <uy(t,x), forallt >0and x € ]R) =1.

Step 3. Now we assume that u; € M*(R). Recall the definition of v, in (1.9). Fix ¢ > 0. Let u,;, i = 1,2,
be the solutions to (1.1) starting from ([;¥¢] * 5G4 (€, -))(x). Denote v(z, x) = uz(t,x) — uy(t,x) and v, (¢, x) =
ug2(t,x) —ug 1(t, x). Because ¥, is a continuous function with compact support on R, the initial data for u, ; (¢, x)
is bounded:

A
sup| ([1i el % 5Ga(e. D) 0| < 7= / Ye()lil dy) < +oo,
xeR & R

where A is defined in (2.6). Hence, by Step 2, we have that
P(ve(t,x) >0, forallz >0andx e R) =1, foralle>0.
Applying Theorem 1.5, we obtain
P(v(t,x) >0, forallt >0and x € R) =1.

This completes the proof of Theorem 1.1. ]

4. Proof of Theorem 1.3
We need several lemmas. Lemma 4.1 below plays a role to initialize the induction procedure.

Lemma 4.1. Let d > 0. For all t > 0 and M > 0, there exist some constants 1 <mg=mo(t, M) <ocand 0 <y <
1/4 such that for allm > mg, all s € [t/(2m), t/m] and x € R,

(5Ga(s, ) * i—g.at())(x) = ¥ Li—a—m/m,d-+M/m[ (X). 4.1)

Proof. Let Z be a random variable with the stable density sG,(1, x). Define y := min{P(Z < 0), P(Z > 0)}/2.
Clearly, 0 < y < 1/4. We first consider the case where —d — M /m < x < 0. Because t/2 < ms <t, we have

d (x-‘rd)/sl/“
((SGu(S, ~)*1]*d‘d[(-))(x)=/ 5Ga(s,x—y)dy=/ sGa(1,2)dz
—d (x—d)/s\/a
> P(_d(Q,m)l/”t—l/a <Z< —Mm(l_a)/at_l/a)_
Similarly, when 0 < x <d 4+ M/m, we have

(5Ga(s, ) * 11-a.a () ) = P(Me~Vem =0/ < 7 < d@m)' /91~ 17).

Therefore, when m is large enough, the above probabilities are bigger than y. This completes the proof of
Lemma 4.1. 4

Lemma 4.2.

(1) [9, Lemma 4.9 and (4.20)] If u € M, (R) and p satisfies (2.5), then for all p > 2, there exists some finite constant
C:=C(a,d,Ly, <, 1, p) > 0 such that,

Sup”u(t,x)”i < C([ v 1)2(1+1/a)t_2/a[1 + tl—l/d —I—teXp(y“*t)],
xeR

forallt >0, where y :==8pL,AT (1/a*).
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(2) If n(dx) = cdx, ¢ # 0 and p(0) =0, then for some constant Q := Q(c,a, Lip,, A) >0,

supE(|u(t, x)|”) < QP exp(Qp®*~ /@ Dt), forall p>2andt > 0.
xeR
Proof. We need only to prove part (2). Notice that Jy(z, x) = c. Then by (2.9) and (2.10), for p > 2 and p € N,

t
“u(t,)c)”f7 <27+ Cc2/0 ds(s_l/a +exp(y[§’*s))

a _ " *
< 2c2—|-Cc2<—1 t@=D/a +ypa exp(y[‘,J t)),

where y, =16 pL%AF(l /a*) and the constant C = C(Lip ,) is defined in Proposition 2.3. Notice that log(x) < Bx for

all x > 0 whenever 8 > e~ 1. So by choosing 6 = %y;“*, we have that exp(@y[?*t) > t4/(@=1 for all r > 0. Hence,
if ¢ # 0, then

a

Jua 0, < [2c2 + Ccz(m + yza*)] exp(0721).

Then, raise both sides by a power of p/2. This completes the proof of Lemma 4.2. (]

The following lemma proves the inductive step.

Lemmad4.3. Letd > 0,t >0and M > 0. If p(0) =0 and p(dx) = 1{—g,41(x) dx, then there are some finite constants
0 :=Q(8, Lipp, A,t)>0,0< B <1/8, and my > 0 such that for all m > my,

t t
P(u(s,x) > Bl —a—m/md+m/m(x) forall — <s < —andx € R)
2m m
_ _ 1-1/a 2-1/a
>1 exp( Om [log(m)] )

Proof. Define S := S; mam :=1{(s,y):t/2m) <s <t/m,|x| <d+ M/m}. By Lemma 4.1, for some constant
0<pB=<1/8,

(1% 5Ga(s,))(x) = 2B11—g—pt/ma+m/mi(x) foralls € [t/(2m),1/m] and x € R. (4.2)

Recall that 7 (¢, x) is the stochastic integral part of the mild solution; see (2.4). Hence,
t t
P<u(s,x) < BY—a—m/m,a+m/m[(x) for some om <s<—andxe R)
m m

< P(I(s,x) < —p for some (s, x) € S)

< P( sup |I(s,x)| > ﬂ) Sﬂ_pE[( supS|I(s,x)|p],

(s,x)eS $,X)E

where we have applied Chebyshev’s inequality in the last step. Denote t =7/m and §" :={(s, y) : 0 < s <t/m, |x| <

d 4+ M /m}. By the fact that (0, x) =0 for all x € R, a.s., we see that forall0 <n <1 — i((‘;tll)) R
I(s, 4 I(s,x)—1(0, 4
E[ sup % ]SE[ sup ﬁs;) ( X)l 2 ]
(s.x)€S ra=1/Qaym s.esl (1x — x|@=D/2 4 |g — 0|@=D/Qa)yn
I(s,x)—I(s',x' P
<E| sup (5, %) = I(s", ) . (4.3)
(s,x),(s",x")es’ (|x - x/l(a—l)/2 + |S - S/|(a—l)/(2a))n
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Let us find the upper bound of (4.3). By the Burkholder—Davis—Gundy inequality and [9, Proposition 4.4], for some
universal constant C > 0,

E[|I(s,x) — I(s’,x/)|p] < Cl(ix — x/|(a_1)/2 + |s — s/|(a_1)/(2a))p/2 sup “u(t, y)| 2,
(t,y)es’

for all (s, x) and (s’, x") € §’. Hence, by part (2) of Lemma 4.2,

sup_utt, )| < 07 exp(@p@ V@) = C,. .,
(t,y)eS’

for some constant Q := Q(a, Lip,, A) > 0 and for all p € [2, oo[. Notice that we may assume that d < 1 by the
weak comparison principle and hence when m is sufficiently large, S C [0, 1]*. Hence, the right-hand side of (4.3)
is bounded by the same quantity with S replaced by [0, 1]%. Then by Kolmogorov’s continuity theorem (see [22,
Theorem 1.4.1] and [6, Proposition 4.2]), for some universal constant C > 0, the expectation on the right-hand side of
(4.3) is bounded above by C”C), ;.

We consider the case where p = O ([mlogm]'~1/%) as m — oo (see (4.4) below). In this case, we have p®/ @~ D¢ =
O (logm) as m — oo since T = t/m. This implies that there exists some constant Q' := Q' (8, Lip,, A, 1) such that

ﬂ—pE[ Su)PSV(S’x)V] < Q7@ I/CDP ey (' pa=D/a=D )
(s,x)€

a—1
- Q/exp<Q/P(2“_l)/(a_l)’ + %Pl"g(”)'
2 a+l
a—1

By denoting n =6(1 — >

) with 6 €0, 1[, the above exponent becomes

N log(t)0(pla — 11 — 2[a + 1])

f(p) = QrpPe= /@b
2a

It is easy to see that f(p) for p > 2 is minimized at

_ ((a - 1)2910g(1/r))1‘”“ B ((a - 1)29mlog(m/t)>“””
"\ 2a2a-1Q't “\7 242a -0 :

Thus, for some constants A := A(B, Lip,, A, 1) and Q" := Q"(B, Lip,, A, 1),

min / (p) < f(p) = —0"m" "V log(m)]”"*,  with p’ = A[mlog(m)]'~"“. (4.4)
=
This completes the proof of Lemma 4.3. ]

Proof of Theorem 1.3. Let u(t, x) := un(¢t,x) —u1(¢,x) and p(u) := p(u +u1) — p(u1). Then u(z, x) is, in fact, a
solution to (1.1) with the nonlinear function p and the initial data @ := wy — 1. We note that p(0) =0 and p is a
Lipschitz continuous function with the same Lipschitz constant as for p. For simplicity, we will use p instead of p.
By the weak comparison principle (Theorem 1.1), we only need to consider the case when p has compact support and
prove that u(¢,x) > O forall > 0 and x € R, a.s.

Case 1. We first assume that ;(dx) = f(x)dx with f € C(R) and f(x) > 0 for all x € R. Since u > 0, there exists
x € R such that f(x) > 0. By the weak comparison principle (Theorem 1.1), we only need to consider the case where
f(x) =1{—g,41(x) for some d > 0. This is because, if f(x) = 1{4,5(x), then we can use f(x — (a+b)/2) as our initial
function; in addition, if f(x) = clj—4,4j(x), then we can consider u (¢, x) := cu(t, x) which is the unique solution to
(1.1) with the initial function 1[_4 41(x) and with replacing p(z) by cp(z/c) which is also Lipschitz continuous with
the same Lipschitz constant as p(z).
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t
[t/2,4] x [~M/2, M/2] m =4
t
P EE—— SO R (@m—1)t
- 2m
Bs a0
A2 m
k=2 e st
: 2t
B, .
2 - .
—0 s °
‘ 1 f . 1 1 x
g mM i-M  —d 0 d gy M d+ tmhut

Fig. 1. Induction schema for the strong comparison principle.

Let y €]0, 1/4] be the constant defined in Lemma 4.1 and let 8 := y /2. Forany M >0and k=0,1,...,m — 1,
define the events
Qk+ Dt (k+ Dt
2m

kt 2k + Dt
Bi:={u(s, x) > gr*! Lgn (x) forall s € [—, Gkt Dr
m

A= u(s, x) > ﬂk+113£1(x) forall s € [ ] and x GR},

:| and x ER}, fork>1,

2m

t
By:=ju|=—,x)>pBlgn(x)forallx e R¢,
2m 0

where

Mk M
spim]a- M a2
m

m

See Figure 1 for an illustration of the schema.
By Lemma 4.3, there are constants Q > 0 and mq > 0 such that for all m > my,

P(Ag) = 1 —c(m),
where
c(m) :=exp(—0m' " [log(m)]*~*). (4.5)

By definition, on the event Ay, k > 1,
kt x
ul —,x ) =p%"1gn (x), forallxeR.
m k—1

Let wg (s, x) be the solution to the following SPDE:

(2 =« DY wils, x) = pr(wi (s, X)) Wie(s,x), s € R% :=10, +o0[, x € R,
wi (0, x) = Tgm (x),
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where pg(x) := ¥ p(B¥x) and (Wi (s, x) := W(s + kt/m, x)}i>1 is the time-shifted white noise. Note that o (x) is
also a Lipschitz continuous function with the same Lipschitz constant as for p and px(0) = 0. Thus, by Lemma 4.3,
we see that by the same constants Q and mg as in (4.5), for all m > my,

P(wk(s,x) > ﬂls;(n(x) for all s € |:L, ii| and x € ]R) >1—c(m). 4.6)
2m m

Let v(s, x) be a solution to (1.1) with the initial data u(dx) := ﬂk 1 sm (x) dx, subject to the above time-shifted noise

Wi with the same pk. Then v(s, x) = BFwy (s, x) a.s. for all s > 0 and x € R. Since u(s + kt/m,x) > v(s, x) for all
x € R and s > 0 by the Markov property and the weak comparison principle (Theorem 1.1), (4.6) implies that

P(Ax | Frtym) 21 —c(m), as.onA; jforl <k<m-—1.
Hence,
P(Ay | Ag—1N---NAY) >1—c(m), foralll <k<m-—1.
Furthermore, because Ay C By, on the event Ag, we see that
P(Bg) = P(Ap) 2 1 —c(m).
Similarly, one can prove that
P(By|By—1N---NBy)>1—c(m), foralll <k<m-—1.
Then,
P( ﬂ [AkﬂBk]) 21—<I—P< ﬂ Ak>>—<1—P( ﬂ Bk>>
0<k<m—1 0<k<m—1 0<k<m—1
m—1 m—1
> (1—=cm)"™ P(A0) + (1 —c(m))" ™ P(Bo) — 1
>2(1 —c(m)" — 1. 4.7)
Therefore, for all t > 0 and M > 0,
P(u(s,x) >0forallt/2 <s <tand|x| < M/2) > lim P( ﬂ [Ax N Bk]>
e 0<k<m-—1

> lim 2(1 —c(m))" —1=1.

m—0o0

Since ¢ and M are arbitrary, this completes the proof for Case 1.
Case I1. Now we assume that u € My , (R). We only need to prove that for each & > 0,

P(u(t,x)>0 forr>eandx eR)=1. 4.8)

Eix e > 0. anote V(t,x) :=u(t + ¢, x). By the Markov property, V (¢, x) solves (1.1) with the time-shifted noise
We(t, x) := W(t + ¢, x) starting from V (0, x) = u(e, x), i.e.,

V(1 x) = (ule. o) % 5Galt. ) (x) + //[O PV )Gl =5 = D Welds, )
1%

=: Jo(t,x) + I, x). (4.9)
We first claim that

P(u(e,x) =0, forall x € R) = 0. (4.10)
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Notice that by Theorem 1.6, the function x +— u(¢, x) is Holder continuous over R a.s. The weak comparison principle
(Theorem 1.1) shows that u(¢, x) > 0 a.s. Hence, if (4.10) is not true, then by the Markov property and the strong
comparison principle in Case I, at all times 7 € [0, €], with some strict positive probability, (7, x) =0 for all x € R,
which contradicts Theorem 1.7 as 1 goes to zero. Therefore, there exists a sample space Q" with P(Q’) = 1 such that
for each w € ', there exists x € R such that u(e, x, w) > 0.

Since u(e, x, w) is continuous at x, one can find two nonnegative constants ¢ and 8 such that u(e, y, w) >
Blix—c.x+c)(y) for all y € R. Then Case I implies that

P(Vy(t,x)>0forallr >0and x e R) =1,
where V,, is the solution to (4.9) starting from u (¢, x, w). Therefore, (4.8) is true. This completes the whole proof of

Theorem 1.3. U

5. Proof of Theorem 1.4

We first prove part (1). For any compact sets K € Rj_ x R, one can find » > 0, T > 0 and N > 0 such that K C
[n,T] x [-N, N]. Then choose M =2NT/n. If u(dx) = f(x)dx with f € C(R) and f(x) > O for all x € R, then
following the proof of Theorem 1.3, from (4.7), we see that

p( inf u(s,x)<,3m>§1—P< N [AmBk]>

(s.x)ek O<k<m—1
<2[1-(1—cm)"],
where c(m) is defined in (4.5). Because log(1 — x) > —2x for 0 < x < 1/2, when m is sufficiently large, so that
mexp(—0m' = logm)]*~1) <172, 5.1)
we have that
(1 - c(m))m > exp(—2m exp(—le_l/a [log(m)]z_l/a)).

Since 1 — e™ < x for x > 0, if m is sufficiently large such that (5.1) holds, then

[1 - (1 - C(m))m] <2m exp(—le—l/ﬂ[log(m)]Z—l/a)_

If u € M | (R), then we follow the notation of Case I in the proof of Theorem 1.3 with & = 1/2. Using the Markov
property, for each initial data u(e, x, w), we apply the previous case to get (1.7) with u(¢, x) replaced by V,,(t — ¢, x).
Because the upper bound which does not depend on @ and u(e, x) is independent of V (¢, x), (1.7) holds for V(¢ —
&,x) = u(t, x). This completes the proof of part (1) of Theorem 1.4.

Now we prove part (2). Since f is a continuous function, there exists finite constant ¢ > 0 such that f(x) > clp(x).
Without loss of generality, we assume that ¢ = 1. Let v(z, x) be the solution to (1.1) with the initial data 1 p(x) dx. By
Theorem 1.1, u(t, x) > v(¢, x) for all > 0 and x € R, a.s. Hence, it suffices to prove that for all n > 1,

P(' f inf w(r,x) < —")<A —B(nl @a=Djay
xlthel]%,T] v(t,x) <e™™) < Aexp(—B(nlog(n)) )
We define a set of {F;};>0-stopping times as follows: Tp := 0, and

Tit1:= inf{s > Ty : inf v(s, x) < e *7! },
xeD

where we use the convention that inf ¢ = oo.
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Similar to the proof of Theorem 1.3, let (Wi (2, x) k € N} be time-shifted space—time white noises and let v (¢, x)
be the unique solution to (1.1) subject to the noise W, starting from vg (0, x) = e~ *~D1p(x). Then

wi(t, x) 1= k1 vr(t, X)
solves

{ (2 —  DHwi(t, x) = pr(we (t, ) Wie(t, x), ¢ €RY :=]0, +oo[, x €R,
wi (0, x) =1p(x),

k=15 (e=*=Dyx). From the definitions of the stopping times, we see that

where pi(x) :=e
ekilv(Tk_l, x)>1p(x), forallx eR,as.on{T;_; <oo}, forallk>1.

Therefore, by the strong Markov property and the weak comparison principle in Theorem 1.1, we obtain that on
{Ti—1 < 00},

2t
P(Tk—Tk—1§— ’ka1)§P< sup |wk(l‘,x)—wk(0,x)|21_1/e>.
n (t,x)€10,2T/n]x D

Since py is Lipschitz continuous with the same Lipschitz constant as p, a suitable form of the Kolmogorov continuity
theorem (see the arguments in the proof of Lemma 4.3) implies that for all n €10, 1 — 2(a + 1)/(p(a — 1))[, there
exists a finite constant Q > 0, not depending on p, n and 7, such that forall p >2,n > 1,and t €]0, 1[,

IE[ sup ]wk(s, x) — wk(O,x)|p] < Qrpna=b/2a exp(Qtp(Z“_l)/(”_l)). (5.2)
(s,x)€10,t]xD

Letting t :=2¢/n for 0 <t < T and minimizing the right-hand side of (5.2) over p, we obtain that for some finite
constant Q' > 0, not depending on n,

P(Tk — Tk 1< — ’]:Tk 1) < Q exp{ Q/ (a— 1)/a(10gn)(2a71)/a}'
Therefore, we obtain the following:
(mf inf v(t,x)<e ") <P{T, <1}
xeDt€]0,T]

< P(atleast [n/2]-many distinct values k € {1,2, ..., n} such that Ty — Ty_; <2t/n)

(an) [/ exp{—caln/2)n =D/ (logn)@a=D/a}.

This completes the proof of Theorem 1.4.
6. Proof of Theorem 1.5

Fix ¢ > 0. By Theorems 2.2, both u(¢, x) and u. (¢, x) are well-defined solutions to (1.1). By Lipschitz continuity of
p and the moment formulas (2.9),

Jut, x) = ue 6, 0|3 < [((1¥e) % 5Gale, ) % 5Galt, ) (x) — (1 % 5Galt, ) (X)]

t
+Lip%/0 ds/Rdy”u(s,y)—ug(s,y)Hi(sGi(t—s,x—y).
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Denote the first part on the above upper bound as I.(z,x). Let Iz(t,x) = K(t, x; Lip,) and denote f.(z,x) :=

[|u(t, x) —u(t, x)||%. Then formally,

(fe x K)(t,x) < (I % K)(t, x) + Lip3(fs #sG2 % K) (1, x).

Using the fact that (Lipf) 5Gg * I%)(t, Xx) = I%(t, x) — Lipf) 563 (¢, x), one has that

(fe %5G2)(t,x) < Lip,2(Ie » K)(t, x).

Hence, it reduces to show that

lim (I * K)(t, x)
e—0

=0, forallf>0andxeR.

We first assume that a € ]1, 2[. Notice that

Le(t,x) = [((e) * [5G a(t +&,) = 5Galt, )]) () + (Iuve — pl*5Galt, '))(X)]z-

By [9, (4.3)], for 0 < ¢

(|I“ﬁ8| *5Gu(t,-

<T and x € R,

) (x) < (Il * 5Galt, ) (x) < Crt~ 1,

with Cr 1= A K,.0(T v 1)1/ where A, is defined as

| l(dz)

A :=supf _.
T er R L1y — 2t

Hence,if 0 <t 4+ & < T, then

L(t,x) <4Crt 7 Vo (Il % |sGa(t + &, ) — sGat, )|) () + (12 — pl * sGa(t, ) ()]

Now use the upper bou

t
(Ia*IC)(z,x)§2CTC’C/T/ dss™ Vet — )"V g1, 5,6, ) + g2(t, x, £, 1)],
0

nd on K(¢, x) in (2.10),

6.1

6.2)

(6.3)

(6.4)

where C":= C’(a, 8, Lip,) is defined in Proposition 2.3, C;. = 1 + T1/a exp((Lip% AT(1/a*N) ' T), 1/a* +1/a =1,

and

gl(t7s’gsx) = (ll’l“l//é" * |8Ga(5 + &, ) - SGa(Sv )| *5Ga(t -9, ))()C),

g2(t,5,6,x) = (Iue — il % 5Gals, ) ¥ 5Galt =5, ) (x).

By the semigroup property and the dominated convergence theorem,

g2(t,5,6,x) = (Iue — ul*5Ga(t,))(x) > 0, ase— 0.

Clearly, g2(t,s,¢e,x) < 2(u * §G4(t,-))(x). Again, by the dominated convergence theorem and by bounding
sGq(t + €, ) using [9, (4.3)], one can show that lim,_,o g1 (¢, 5, €, x) = 0. Then by the semigroup property and (6.2),

forO<t+e<T,

gi(t,s,6,x) < (Inl* (5Ga(s + &) +5Ga(s, ) %sGa(t —5,)) (x)

=(|
<C

il #5Ga(t +&,))(x) + (Il * 5Galt, ) (x)
r((t+e)7 V417V <207V,



378 L. Chen and K. Kim

Hence, both upper bounds on g; and g are integrable over ds in (6.4). Therefore, by another application of the
dominated convergence theorem, we have proved (6.1). Since both functions f. (¢, x) and §G,(¢, x) are nonnegative

and the support of sG,(¢, x) is over R, we can conclude that lim,_, ¢ f¢ (¢, x) = 0 for almost all # > 0 and x € R.

When a = 2, one can apply the dominated convergence theorem to show that I.(¢,x) — 0 as & — 0. Another
application of the dominated convergence theorem shows that (6.1) is true. The rest is same as the previous case. We

leave the details for interested readers. This completes the proof of Theorem 1.5.

7. Proof of Theorem 1.6

Without loss of generality, we assume that p > 0. Let u(z, x) be the solution to (1.1) starting from p© € M, (R).
Fix T > 0 and ¢ €0, (T/2) A 1]. Denote V (¢, x) := u(t + ¢, x). By the Markov property, V (¢, x) solves (1.1) with
the time- shlfted noise Wg (t,x) = W(t + &, x) starting from V (0, x) = u(e, x). Recall the integral form V(z, x) =

Jo(t, x) + I(t, x) in (4.9).

Time increments

Recall that u(t, x) = Jo(t,x) +I(t,x). Let0<e <t <t <T —e¢.So
|76 +ex) =10 +ex) [, <2futc + o0 —u( +e.x)

+ 2000t +&,x) — Jo(t' +¢,%)|

with
||u(t +&,x)— u(t/ + s,x) ||i = || V(t,x)— V(t’,x) ||f)
<2||T(r,x) - I~(t/,x)||i + 2| Jo(t, x) — Jo(t', x) ||i
Notice that for all p > 2, by the Burkholder-Davis—Gundy inequality (see [7, Lemma 3.3]),
|70 x) = T(¢, %)}, <222 L2 1 (¢, 1, x) + 22 L2 B (1,1, x),

where z,, <2,/p and z2 = 1, and
Il(t,t’,x)://[‘o ] Rdsdy(gGa(t—s,x—y)—(;Gu(t’—s,x—y))z(?z—i—HV(s,y)Hi),
11X

) =/f[ G =k =)@ + V6.

By part (2) of Lemma 4.2, for some finite constant Q := Q(a,8,L,, <, u, p,&,T) >0,

sp [V, = swp fuesw]) <0
(s,y)€[0,t1xR (s,y)€le, t+e]xR

Then apply [9, Proposition 4.4] to see that for some finite constant C; = Cy(a, §) > 0,

“I~(l, X) - T(I/,x) ||f7 < Clzf)Lf)Q“/ _ t|171/a'

By Minkowski’s integral inequality and (A.7) below, for some finite constant C, := Cz(a) > 0,

2
[ Joct, x) — Jo(t', x)n <supHu(e |’ (/Rdybca(r,w—aGa(t’,y)|)

< C20[log(¢'/1)]7 < Cat 20| — 1]

s

(7.1)
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where in the last step, we have applied the inequality log(1 4+ x) < x for x > —1. Because |t/ — ¢| < T@+D/Qa) ¢/ _
t]@=D/Q2) and ¢ > ¢, we have that

[t Tl = Cor 2 DIl o

Similarly,

2
|Jo(t +&,x) — Jo(t' + 5,x)|2 < suﬁ Ji(e,y) (/R dy|sGa(t,y) —sGa(t', y)|>
ye

< Cre2T@lagy — t|(a71)/a.
Space increments
Fixt>e¢.Letx,x’ € [T, T]. Then
|1 +e.x) = 1(t+e,x) |2 <2]uc+e,0) —u(t+e,2)|

+2|dolt +6,x) — Jo(t + &, %)

with
[uct +e,x) —u(t +e,x) ||i <2| 7, x) —I(z, x") ||i + 2| Jo(t, x) — Jo(t, x') ||f)

For p > 2, by the Burkholder—Davis—Gundy inequality and [9, Proposition 4.4],

|70 =105} = 2515 / /[0 ] Rdsdy(aGaa—s,x—y)—aGa(r—s,x/—y>>2(fz+ [vis. ;)
1] x

< ZZ%L%QM - x’a_l.

By the Minkowski’s integral inequality and (A.21), for some finite constant C3 := C3(a) > 0,

2
|90, x) = Jo(t, )| < Sgg”“(& y>||f,(fR dy|sGa(t.x — ) = 5Ga(t.x" — y)!)
,

a—1

< GOtV x —x| < C30e7 VT TN — x| (7.3)

Similarly,

2
ot +&,x) — Jo(t +&,x) " < sug]&(e,y)(/ﬂ{dtha(t,x) —5Ga(t,x/)|)
ye
< C3Qe~1a@T)> 0w — x|

Finally, combining the two cases, we see that for all compact sets D C Ri x R, one can find T > 0, ¢ €]0,
(T/2) A 1], such that D € K (e, T) :=[2¢,T] x [—T, T]. There is some finite constant Q' := Q’(a,$,L,, <, i, p,
e, T) > 0 such that for all (¢, x) and (+/, x") € D,

Hl(t,x) — I(I/,x/) ||i < Q/(it/ _t|1—1/a 4 |)C/ _x|a_1)'

Then the Holder continuity follows from Kolmogorov’s continuity theorem (see [22, Theorem 1.4.1] and [6, Proposi-
tion 4.2]). Note that Jy (¢, x) belongs to C OO(Rj x R) (see [9, Lemma 4.9]). This completes the proof of Theorem 1.6.



380 L. Chen and K. Kim

8. Proof of Theorem 1.7

The case when a = 2 is proved in [6, Proposition 3.4]. Assume that 1 < a < 2. Fix ¢ € C.(R). For simplicity, we only
prove the case where p (1) = Au and u > 0. As in the proof [6, Proposition 3.4], we only need to prove that

t—>04

lim [ dxI(t,x)¢(x)=0 in L%(S).
0+ JR

Denote L(t) := fR I(t, x)¢ (x)dx. By the stochastic Fubini theorem (see [33, Theorem 2.6, p. 296]), whose assump-
tions are easily checked,

t
L(r)=f0 A(AmaGa(r—s,x—y)qs(x))p(u(s,y))W(ds,dy>.

Hence, by Itd’s isometry,

t 2
E[L(t)2]=/\2/0 dszdy<fRdx(;Ga(t—s,x—y)¢(x)> Jus, »]3-

Assume that ¢ < 1. Since for some constant C > 0, |¢ (x)| < CsG,(1, x) for all x € R, we can apply the semigroup
property to get

t
E[L(t)z] < C2A2A/ ds dysGa(t+1—35,y) Hu(s, y) H;,

1
0 (l'f‘l—s)l/a,/]%

where the constant A is defined in (2.6). Apply the moment formula (2.9),
E[L(1)*] < C*2A[L1(1) + La(1)],
with
Li(t):= /I ds;/ dy]oz(s, V)sGa(t+1—s,y),
0o @+1—-9l g
and

. ! 1 2
Ly(1) ~—/0 dsm /Rdy(Jo *’C)(S, ¥V)sGat+1—5,y).

We first consider L(z). By [9, (4.20)], for some constant Cy := Cy(a, §, n) > 0, Jo(t,x) < Cit~1/4, Thus,

! 1
Ll(t)§C1/0 ds(t_l_l_S)]/asl/a/Rdylo(s,y)aGa(t—i-l—s,y)

t
—CJG+1,0 | d
1ot + )/0 St 1= s)laglja

t
SClJ()(t“—l,O)‘/(‘) ds(l_s)—l/asl/a—)(), ast — 0.

The case for L, (¢) can be proved in a similar way, where one needs to apply (2.10). We leave the details for interested
readers. This completes the proof of Theorem 1.7.
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Appendix

Recall the kernel function § R, (¢, x) defined in (3.2). The following two lemmas A.2 and A.3 below show that § R, (¢, x)
is an approximation of §G,(¢, x). The proofs of both Lemmas depend on Lemma A.1 below.

Lemma A.1. Forall b e R,

lim e 3zb*! i i =1. (A.1)
z7—00 P kkb
Ifb> —1, then
-1
Cp: —igge —2 b“z i <+ (A.2)

Note that when b € N, the series in (A.1) converges to the generalized hypergeometric function (see [29, Chap-
ter 16]):

Zk]

——be(( . 1),(2,...,2);z), forbeNandzeC.
k %/— !‘,—/

?Mg

b+1 b+1

Proof of Lemma A.1. Clearly, the series converges on z € C and it defines an entire function. We first assume that
b € N. We will prove (A.1) by induction. Clearly, the case b = 0 is true. Suppose that (A.1) is true for b. Now let us
consider the case b + 1: Applying I’Hopital’s rule and the induction assumption, we obtain

lim e~ b+2i ARRETIND B g 373/ 00 WD B S E ey 4 G2/
7—00 z — Kb+ T 5% eZ/Zb+] T 00 (Pt — (b + 1)Zb)/Z2(b+l)
bl k-1
_ 1 —2Z —
= e ,;k!kb I (A3)

This proves Lemma A.1 for b € N.
Now assume that 0 < b < 1. Because the function f(x) = x? for x > 1 is concave, we have that for all k¥ > 1 and
z>1,

|22 — k"] <b(" VR Tk — 2l < b (P KPT) k=2
Hence, forall z>1and k > 1,

1 1

kb Zb

|28 — kP

1 1 1 1
:W§b|k—z|<zﬁ+zb—k>§b|k—Z|<m+Zl/—2k). (A4)

Thus, for z > 1, by Cauchy—Schwartz inequality and (A.18),
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b {2k X 12 o0k \ 112
CHE) ()

0 1/2 ko1 12
_—(ez2z k'k) Z(ZZ%,(Z:% ‘k2> .

Hence, by the previous proof for the case b € N, and because b < 1,

> 1 2b
lim z° ——(ef —1—-2)| < lim =— =0.
Jim 2% E_: & —1-2) < lim —=
Therefore,
o0 k
b _—z b — 1 - =
zl—lfgoz e kE_ AT ZlgIoloz e (f=1-2)=1

Now assume that b < 0. Let ¢ €]0, 1[ and n € N such that b + n = c. Then apply ’Hopital’s rule n times as in
(A.3),

k—1 o k—1 o0 k—1

o0
. Z . Z el b4
1=11mezz‘+]z = lim e ZZCZ—=---=hmeZzC nHZ .
7—>00 P klk¢  z—o0 P Ik!k':_1 7—00 : lk!kc_"

Similarly, if » > 1, then let ¢ € ]0, 1[ and #n € N such that b = ¢ + n. Then apply I’Hopital’s rule n times as in (A.3),

bl k 1 A 00 Zk_l b . 00 Zk—l
lim e %zt = lim e % - =...= lim e %z07"* =1.
28 Z kb e’ © kzl K11 ot Z kzl Klkb=n

This proves (A.1) for all b € R.

Finally, (A.2) follows from the fact that the function f(z) = z/*le™? pyal k k,, is continuous over R U {400}

with f(co) =1and |f(0)] < coif b > —1 (actually, f(0) =0if b > —1 and f(0) = 1 if b = —1). This completes the
proof of Lemma A.1. |

Lemma A.2. There exists a finite constant C > 0 such that

1/2
/dx|§Ra(f,X)—6Ga(f,X)|Se_t/g-f-c(;) , foralle >0andt >0,
R

where the constant C can be chosen as

12
C==(14+KaiT r( )Y supe—: (422 +7 jtl)izkf1 (A.5)
up e A , .
al +2 2 Zz%) 7(4z"+ 7z 2

k=1

with the constant K41 defined in [9, (4.3)].

Proof. By the scaling property of sG, (¢, x) and [9, (4.3)],

ad
EﬁGa(tv-x)

a _ _
:‘Et VasG, (1,671 9x)

_ ‘_i<‘sG“(”) ”M>'
at

0x
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)

K 1lx| i|

1+ |t_1/ax|2+“

aéGa(t: -x)
0x

IA

1
<6Ga(tvx) + ‘x

at

IA

1
at [8 Galt,x) +17%/ (A.6)
a

Thus, for 0 <t <t

t/
/dx|5Ga(t’,x)—5Ga(t,x)| S/dx/ ds
R R t

!

</t dsi 1+/dyM < C'log v , (A7)
~Ji as R 1+|y*te )~ t
where

C"=l 1+fdyM Zl 1+ K, 4 r at4 (A.8)
" a R 14 |y2te a @ a+2 a+2)) '

and the integral in (A.8) is evaluated by Lemma A.5. Notice that

3
E&Ga(svx)

00 k
t 1
|SRa(t, x) — 5Ga(t, x)| < e/¥5G (2, x) +e—f/82(;) —16Ga(t,x) = 5Galke, x)|.

P k!
By the above inequality, we have that
2 /\F1
/dx|§Ra(t,x) —5Ga(t,x)| e/ +C’e’/€z<—> — [log(ke/1)|.
R o\ k!

Denote the summation over k in above upper bound by I(¢/¢). Because the function x — log(x) is concave,
[log(t' /D) < |t —tl(5 v 1) < |t —1](F + 1). So, by letting z =1/,

o 2t 11 =¥ 2_ .2
I(z)fzylk—d(%—kg):ZWM - 2%
! — k!

k=1

Then by Cauchy-Schwartz inequality,

oo k-1\ /270 k1 5 172
I(Z)S(Zm) (ZT[kz—zz]) :

k=1

Notice that

00 kI
z
Z T[k2 - 12]2 =e* (42 + Tz +1) — 2 < (42 + Tz + 1). (A.9)
k=1 :
To prove the equality in (A.9), one can write k> = sz + Pk1 and k* = P,f + 6Pk3 + 7Pk2 + Pkl, where P! :=k(k —
1)---(k—n+1). Hence, (k* —z%)* = P} + 6P} + (1 —2z%) P} + (1 —2z%) P} + z*. Then use the fact that for n > 1,
0o Fpn _ Z,n
Zk:l FP]( =er7.
Therefore,

2]

o _j_1\ /2
-z — 2
I(z)e " < (3 z2(42 +7Z+1)Zm>

k=1

-
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By Lemma A.1, the function f () = e~*z(42> + 7z + 1) Y52 27 is continuous over Ry U {+00} with f(0) =0
and f(oco0) = 4. Thus, sup,- f(z) < +00. This completes the proof of Lemma A.2. O

Lemma A.3. We have that

linga(t,x)=5Ga(t,0)1{x:0}, (A.10)
e—0

t
lim ds/ dx[gRa(s, x) —sGu(s, x)]2 =0, forallt=>0, (A.11)
e—=0Jo R

and there is a nonnegative constant C, s < +00 such that
/ dx§R2(1,x) < Co5t™"%,  forallt > 0. (A.12)
R
Proof. Fix t > 0. Denote A := 5sG,(1,0). Clearly,

t
/ ds/dx[§Ra<s,x>—aGa<s,x)]2=h(r,s>—212(z,e)+13<r>,
0 R

where

Il(t,s)=// dsdx §R2(s, x), (A.13)
[0,¢]xR

Iz(t,s):// dsdnga(s,x)gGa(s,x), (A.14)
[0,/1xR

13(t):// dsdx sG> (s, x). (A.15)

[0,/1xR
By the semigroup property and scaling property [9, (4.1)], we have that
B = [ dssGa@s. =4 [ @) Vods = — A j1-va A16
3(t)—0 55G4(2s5,0) = O(S) S—mf . (A.16)

Step 1. We first calculate /7. Use the semigroup property and scaling property [9, (4.1)]:

t 2/ oo 0 s n—+m 1
—Z5/€
Il(t,8) :A dse E E (g) M@Ga((n—}—m)s,O)

n=1m=1

t 2/ o0 o0 s n+m 1
o —2s/¢ >
_A/O dse ZZ(&) nlm!(n +m)l/agl/a’

n=1m=1

Then by change of variables u = s/¢ and let z = ¢ /¢, we have that

o)
un+m

1 Z
_ad-1a L —2u E —
11(t,¢) = At Z171/61/0 due = 1n!m!(n+’ﬂ)1/a'

By I’Hopital’s rule,

A S Zm
tl—l/a lim Zl/ae—Zz Z

1(7) = lim I, (¢, &) = S —
1(0):= lm 111, ) = 7= —00 e nlml(n )1/
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Because Zn ]n,(k o %(2"—2),

0 n+m oo k-1 00
Z n'm‘(zn—}—m)l/“ ZX:kzl/a n!(kl_n)v Zk!kl/a -2).
nm=1" "~ k=2 n=1 k=2
Hence,
_ aA [=1/a = aA 1-1/a
Il(t)—a_l lefgoz Z |k1/a - ) Zl/a(a—l)t ) (A.17)

where the last equality is due to Lemma A.1 withb=1/a € [1/2, 1].
Step 2. In this step, we calculate I (¢) := limg_, » I>(t, €). Similarly to the Step 1, use the semigroup property and
scaling property [9, (4.1)], and then change the variables u = s/¢ and z =1/,

St n

t o0 n
1 1 < u
_ —s/e s _ ad=1/a —u
Iz(t,s)—/(; dse E (8) —n!aGa(s—i—ns,O)—At Zl_l/“/o due ng_l nil(u+n)1/a.

n=1

By I’Hbpital’s rule,

n

aA >
() = 22 1=V =y L
2(0) a—1 zl}goz Z}’l'(Z-Fn)l/a

n=1

Apply inequality (A.4) below with b =1/a € [1/2, 1],

1 1
z+mla (27

1
<—ln—
a

|< 1 N 1 ><1+v§m—z
Z 9
2zn+z (n+2)V2z 2a  3?
for z > 1 and n > 1. Notice that (see the proof of (A.9)),

o 7"

Z_|n_z|2_ez (A.18)

n=0
By Cauchy-Schwartz inequality and (A.18), for z > 1,

ESicioe-abo)
n!\ (z+n)l/a  (2z)l/a

n=1

1+v2 &

= 2a73/7 n'
n=1

12 ) oo 172
1+\/_ 2 Zn
= 20732 <Z n!ln—zl ) (Z E)
n=0
14+2
=—%¢

2az

7" 1 .
nX:;’”(ern)‘/“ (@)l (5 =1)| =

Therefore,

_ aA 1-1/a 1 1/a —z 1 z _ aA 1-1/a
Iz(t)—m[ le)rgoz e (22)1/‘1 (e —1)—mt . (Alg)

Finally, (A.11) is proved by combining (A.16), (A.17) and (A.19).
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Step 3. Now we prove (A.10). Clearly, if x # 0, then limg_,ogRa (t, x) = 0. Otherwise, by Lemma A.1 with b =
1/a,

& _ : 1/a —z _
elg%BR“(t’O)__tl/a Zh_}l;oz e kg 1 ATV =5G,(t,0).

Step 4. As for (A.12), denote I (¢; &) = fR dx §Rg(t, x). Following the arguments in Step 1,

© i
1(,¢) < 1/ag=z S A.20
(t,e) < ani i‘ﬁﬁz e ]; T ( )

Clearly, the function f(z) = Y po, k'li—]:/" is an entire function over C. By Lemma A.1 and lim,_,z!/%¢™ f(z) =0,
we know that the supremum in (A.20), which depends only on a, is finite. This completes the proof of Lemma A.3

a
Lemma A4. If u(dx) = f(x)dx with f € L*(R), thenforall0 <t <T and x,y € R,
Jut, ) —utt, )3 < Ct79x =yl + ArCilx =y,

where K, 1 is defined in [9, (4.3)], C1 := Ci(a, d) is defined in [9, Proposition 4.4], and

. a+1 a+3 2 L 2
C:= SKa,lr(a +2)r<a +2) izﬁ[f(x)] . Ap:= Ses[g%]izﬂg||p(u(s,x))l|2-

Proof. By It6’s isometry,
t
|utt, ) —ut, »|3 = [Jo(t,x)—Jo(t,y)]2+/O ds/Rdz||p(u(s,z))||§
x [sGa(t —s,x —2) — 5Galt — s,y — z)]z.

Denote Cy :=sup,cg | f(x)] and fix 0 <t < T. Then
2
Jut, x) —u(e, »)|; < 2c§-/ dz|sGa(t, x —2) — 5Gal(t,y — 2)|
R

t
+AT/ ds/dz(aca@,x—z)—aGa<s,y—z>)2.
0 R

By [9, Proposition 4.4], for some constant C; := Ci(a, §), the second part of the above upper bound is bounded by
ArCrlx — yla_l. As for the first part, notice that by [9, (4.3)], forall > 0 and x, y € R,

Y9
|5Ga<t,x>—aGa<r,y)|=/ 5-3Galt, ) dz
x 0x

y
</
X

_ Y dz
< Kot 2/“/ TSt
v L]t 1ag]

dz

d
5Ga(t7 Z)
0x

—2/a lx — ¥l
1+ (|t*1/“x| A |t71/ay|)2+a'

=< Ka,lt
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Thus,
‘éddﬂ%mx—zrdeny—©|

_ |x —y|ldz
< Ka1t 2/“/
= el R L+ (1 Va(x — )| A - 1a(y — z)])2+

1 1
< Kgit™x — /d
= Ba,l lx =yl R < 14 |t=Va(x — z)|2+a + 1+|t_1/”(y—z)|2+“

dz dz
_ —2/ay,. s —l/a, _ -~
—2Ka,lt |)C y|\/]R 1+|l71/“z|2+“ _2Ka11[ |-x }4[;{ 1+|Z|2+u

Hence, by letting

dz 1 3
Ca:zfiz =2T _a+ r at )
r 1+ |72t a+2 a+2
where the integral is evaluated by Lemma A.5, we have that

f dz|sGalt, x —2) — 5Ga(t,y — 2)| <2K41Cat™/*|x —y|, forallx,yeR.
R

This completes the proof of Lemma A .4.

Lemma AS. Fora>0andbel—1,a+1[, [° dyHyy—”M — D (ashilyp(abidy)

Proof. Let 1 + y>*@ =71 Then dy = — L5 r=@)/@+2) (] — p)=@+D/@+2) g So,

1
a+?2

1
/ drrr—b/(a+2)(1 _ r)b/(a+2) r—(a+3)/((l+2)(1 _ r)—(a+l)/(a+2)
0

1
T a+2

1
/ drr(a‘f’l*b)/(a‘f’z)*l(l _r)(b+1)/(a+2)71'
0
Then apply the Beta integral and use the recursion xI'(x) = T'(x 4 1).
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