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Abstract In this article, we study the nonlinear stochastic heat equation in the spatial
domain R? subject to a Gaussian noise which is white in time and colored in space. The
spatial correlation can be any symmetric, nonnegative and nonnegative-definite function that
satisfies Dalang’s condition. We establish the existence and uniqueness of a random field
solution starting from measure-valued initial data. We find the upper and lower bounds
for the second moment. With these moment bounds, we first establish some necessary and
sufficient conditions for the phase transition of the moment Lyapunov exponents, which
extends the classical results from the stochastic heat equation on Z¢ to that on RY. Then,
we prove a localization result for the intermittency fronts, which extends results by Conus
and Khoshnevisan [9] from one space dimension to higher space dimension. The linear case

has been recently proved by Huang et al [17] using different techniques.
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1 Introduction

In this article, we will study the following stochastic heat equation (SHE)

(% — % A) u(t,z) = p(u(t,z)) M(t,z), zeRY t>0,

u(0,-) = u(*),

(1.1)
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where M is a Gaussian noise (white in time and homogeneously colored in space), v > 0 is the

diffusion parameter, and p is a globally Lipschitz continuous function satisfying linear growth

L, e sup )
z€R |Z|

condition:

< 0

The initial data p is a deterministic and locally finite (regular) Borel measure. Informally,
E[NE(t, )N (s, )] = do(t = 5)(z — y),

where &g is the Dirac delta measure with unit mass at zero and f is a “correlation function”
(that is, a nonnegative, nonnegative definite, and symmetric function that is not identically
zero). The Fourier transform of f is denoted by f

[ =Ff(&= /R exp (—i&-z) f(x)de.

In general, f is again a nonnegative and nonnegative-definite measure, which is usually called
the spectral measure. When f is genuinely a measure, f(£)d¢ is to be understood as f(d€).
For the existence of a random field solution (see Definition 2.3) to (1.1), a necessary condition

for the correlation function f is Dalang’s condition [10, 12]:

f(d
Y(B):= (2m)7¢ N 5)2 < 400 for some and hence for all 3 > 0. (1.2)
ra B+ (€]
For the lower bound of the second moment, we will need the following assumption on p:
_ e P(2)
l,:= ;161% 2] > 0. (1.3)

The case when p(u) = Au, for some A € R, is called the linear case or the Parabolic Anderson
model.
The main contribution of this article is the finding of the point-wise moment formula for

E [u(t, z)u(t,2’)]. In the linear case, that is, p(u) = Au, we can write

E [u(t, z)u(t,z’)] = A2 //}RM p(dz)pw(d2") Ktz — z,2" — 252" — 2), (1.4)

for some kernel function K. When p is nonlinear, the above moment formula turns into lower
and upper bounds (see (2.9)—(2.11) below). In order to use this formula (1.4), one needs to
find some easy-to-use, while nontrivial, upper and lower bounds for this kernel function K. It
turns out, as usual, that the upper bound is relatively easy to obtain, while to obtain some
nontrivial lower bound is a task that is much more challenging. One of central aim of this
article is to derive some nontrivial lower bounds for the nonlinear SHE. For this purpose, we
need to introduce an asymmetric convolution operator “0>" as is defined in (2.4) below. In the
end, we obtain a lower bound of the following form ': If the initial measure x is nonnegative
such that fK p(dz) > 0 for some compact set K C R?, then for any ¢ > 0 and = € R?, it holds
that
2 —2 ’ 2[z* + Gy bt g2
E [u(t,:z:) ] >1, </K G(t/2,z)u(dz)> exp (—7> H, <§,x ;Cglp> , (1.5)

vt

1See (3.2) below for the proof of (1.5).
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where C; > 0, Co > 0, and 2’ € R? are some constants which depend on K, G(t,z) denotes
the heat kernel

G(t,z) = (2mvt) Y% exp (—@ut)y Mz|?), t>0,z€ RY, |z|? = a? + - 422,

and H, is defined in (2.14) below. The exponential growth in ¢, if any, will be contributed by
the function H, (%, x'; Cglz). Unlike the linear case (that is, p(u) = Au), where the p-th, p > 2,
moments of the solution to (1.1) admit the Feynman-Kac representations, from which one can
obtain sharp lower bounds as is done in [17], to the best of our knowledge, the lower bounds
obtained in this article are the only nontrivial lower moment bounds for the nonlinear SHE
(1.1); note that our lower bounds holds for any nonnegative and nonvanishing initial measure.

As a consequence of the upper bounds, we can allow the initial data to be any Borel
measures subject to some mild integrability conditions; see (1.6). Similar upper bounds have
also been recently obtained by Huang [16] for a more general class of second order operators
than the Laplace operator studied in this article. The most interesting results of this article
come from various applications of the lower bounds on the second moment. Firstly, these lower
bounds allow us to establish several equivalent conditions for the phase transition of the second
moment Lyapunov exponents. Secondly, we are able to use these lower bounds to establish the
existence of intermittency fronts (for the nonlinear SHE (1.1)), which extend results by Conus
and Khoshnevisan [9] from one space dimension to higher space dimension. For the linear
case, similar results have been recently obtained by Huang [17] et al through the Feynman-Kac
representations of the moments.

In the rest of this introduction section, we will explain in more details these consequences

of our moment bounds.

1.1 Rough initial data

We first introduce some notation. By the Jordan decomposition, any Borel measure p can
be decomposed as = py — p—, where py are two nonnegative Borel measures with disjoint

support. Denote || := p4 + p—. The requirement for the initial measure p is that
/ e_“|I|2|u|(d:E) < +oo, foralla>0. (1.6)
R4

For convenience, we denote this set of measures by My (Rd) and we call them the rough
initial data. Hence, the phrase “rough initial data” conveys two properties, namely, the local
regularity which is as regular as a Borel measure and the tail property which is controlled by
(1.6).

The solution to the homogeneous equation is

Jo(t,z) = / Gt e~ y)u(dy).

Then, condition (1.6) is equivalent to the condition that Jy(t, ) with u replaced by |u| is finite
for all t > 0 and x € R?. This is an extension of the work [4] from R to R?. If the initial measure
has a bounded density, then Dalang’s condition (1.2) is a necessary and sufficient condition for
(1.1) to have a random field solution; see [10, 12, 13, 19]. We will show that this statement is
still true for all initial measures in My (R?), provided that either p(u) = Au is linear or the

weak positivity (comparison) principle holds, namely,
u(t,z) >0 a.s. for all t > 0 and = € R? whenever p > 0. (1.7)
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One should not worry about this additional assumption (1.7). Historically, the comparison
principle was proved with restrictions either on initial data or on the spatial correlation function
f, or on both; see [7, 20, 24]. The most general form, that is, the one both under Dalang’s
condition (1.2) and for initial measure u € My (R?), which is exactly what we need here, has
recently been established by Chen and Huang [5]. In that article, the second moment upper

bounds were extended to all p-th, p > 2, moment upper bounds of similar form.

1.2 Full intermittency and phase transitions

Using the moment formula (1.4), we will study the asymptotic behaviors of the solution.

We first define the upper and lower (moment) Lyapunov exponents of order p (p > 2) by
mp(x) := limsup % log E (Ju(t,z)["), m,(x) = liminf ! logE (Ju(t, )|P) . (1.8)

t—+o00 t—+oo ¢

If the initial data are homogeneous (that is, p(dz) = Cdx for some constant C' € R), then
neither 7, (x) nor m,(z) depends on x. In this case, a solution is called fully intermittent if
my > 0 and m; = 0 by Carmona and Molchanov [2, Definition III.1.1]. See [18] for a detailed
discussion of the meaning of this intermittency property. By the same rationale, for non-

homogeneous initial data, we call a solution fully intermittent if infd mo(z) >0 and my(z) =0
EAS

for all z € R%.

Foondun and Khoshnevisan proved in [13, Theorem 1.8] and [14, Theorem 2] that if the
correlation function f satisfies Dalang’s condition (1.2) plus some other mild conditions, and
if p(x) satisfies (1.3), then for constant initial data, when [, is sufficiently large, the second

moment of the solution to (1.1) has at least exponential growth in time, that is,
inf ma(x) > 0. 1.9
inf s (a) (19)

We will show that the condition that [, should be sufficiently large is necessary in certain

situations. Moreover, we will strengthen statement (1.9) into
inf my(x) > 0.
zeRd =2 ( )

The change from the upper Lyapunov exponent iz (z) to the lower one m,(x) is highly non-
trivial, and this is only doable if one has some nontrivial lower bounds on the second moment.

By the same reason, we are able to study the necessary and sufficient conditions for the
phase transition of the second moment Lyapunov exponent. The phase transition for moment
Lyapunov exponents are well known for the stochastic heat equation on Z%; see, for example,
Carmona and Molchanov [2]. However, this is not clear especially for the nonlinear stochastic
heat equation on R?. We say that the solution u(t,z) to (1.1) admits a phase transition for the
second moment if there exist two nonnegative constants 0 < A, < A < 00, such that

sup ma(x) =0 if (I, <)L, < A,

z€R? (1.10)

zienﬂgd my(z) >0 if Ao <1, (< L,).

Here, two parameters L, and [, play the same role as A for the Anderson model p(u) = Au. We
will prove that under some mild conditions on the initial data, the phase transition happens if

and only if

1(0) := éli% T(B) < oo; (1.11)
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see Theorem 1.3 for the precise statement. As a consequence, we have the following statements:

1. No phase transition occurs when d =1 or 2.

2. Phase transition happens if and only if

d>3 and / |f|(d)2d < 0. (1.12)

3. Let B; be a Brownian motion on R? starting from the origin with E(|B;|?) = vt. Define,
for t > 0,

k(t) :=E(f(B)) = f() (t, 2)dz,

[ o] - [

Then (1.11) holds if and only if

(1.13)

lim hq(t) < 0. (1.14)

t—oo

Remark 1.1 It is well-known that if f € S(R?) (the Schwartz test function), then
f(x) f ©)
h =C dz = C —=d¢=C
109 =1 [ st =Ca [ e = 0O
see, for example, [23, Lemma 2, Chapter 5] for the second equality. In this case, the equivalence
among (1.11), (1.12), and (1.14) is clear.

Remark 1.2 Condition (1.12) sets restrictions on the behaviors of f both at the infinity
and around zero. In particular, when d > 3, in order to have phase transition, the local

integrability of f around zero is not enough, and the tails should be not too fat. Clearly,
the integrability condition in (1.12) is stronger than Dalang’s condition (1.2). If f is radial
f(z) = f(]z|), the integral condition in (1.12) reduces to I fryrdr < co.

We summarize these results in the following theorem. Recall that a measure g > 0 means
that 1 > 0 (nonnegative) and p # 0 (non-vanishing, that is, [ |ul(dz) # 0).

Theorem 1.3 Suppose that the initial data p € Mg (R) is such that g > 0 and
/ e Pl y(dr) < 400 for all B> 0. (1.15)
Rd

Then

(1) If T(0) < oo, then (1.10) holds for some nonnegative constants 0 < A\, < A, < c0.

(2) If T(0) = oo, then u(t,x) is fully intermittent, that is, mq(z) = 0 and iélﬂgd mgy(x) > 0.
(3) The following three conditions are equivalent:

Condition (1.11) <= Condition (1.12) <= Condition (1.14). (1.16)

The proof of Theorem 1.3 is given at the end of Section 3.

Let us see some examples. Because the behaviors of f(-) matter both at the origin and at
the infinity, we first take a look at the case when f is well behaved at zero, that is, f(0) <
oo. Examples of such kernel functions include the Ornstein-Uhlenbeck-type kernels f(x) =
exp (—clz|®) for a € (0,2] and ¢ > 0, the Poisson kernel f(z) = (1 + |=|?)~(@*t1/2 and the
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d
Cauchy kernel f(z) = [ (14 23)~". All these examples satisfy condition (1.12) for d > 3,

thus there is a phase tr;n;ition for the second moment. When p(u) = Au, the above results are
proved using the Feynman-Kac representation of the solution by Nobel [21, Theorem 9], and
its discrete counterpart (Z? replaced by R%) has been well studied by Carmona and Molchanov
[2].

As for the case when f blows up at zero, that is, f(0) = oo, the typical examples are the
Riesz kernels f(x) = |z|~* with a € (0,2 A d). They fail to satisfy the integrability condition
in (1.12) because of their fat tails. Hence, there is no phase transition. Recently, this case has
also been studied by Foondun, Liu, and Omaba [15]. They focus on the case with function-
valued initial data and the Riesz kernel, and obtained a lower bound for the second moment

which implies that inf mo(z) > 0. Note that our results hold for more general initial data and
T€eR

general kernel functions. Nevertheless, results in [15] hold for the fractional Laplace operator.

1.3 Intermittency fronts

Another application of our moment formula (1.4) is the study of the intermittency fronts.

Following [9], define the following growth indices:

1
A(p) :=sup {a >0: litminf = sup logE (|u(t,z)|”) > O} , (1.17)
70 Uz >at
- 1
A(p) :=inf {a >0 : limsup 7 Sup log E (Ju(t, z)|P) < O} . (1.18)
t—o0 lz|>at

These quantities characterize the propagation speed of “high peaks”; see [4, 9] for more details.
The higher spatial dimension cases have more geometric properties than the one space dimen-
sional case. Here we will give a rough characterization of the locations of the peaks using the
space-time cones. Refined investigations in this direction can be an interesting, but separate,

project.

Theorem 1.4 Suppose that p satisfies (1.3) and the initial data p > 0 satisfies that
/ Alelu(dz) < 400,  for some 3> 0. (1.19)
R4
Then, it holds that
0
vB+5) < +oo (1.20)

where the two constants 6 := (v, L2) and 6. := 0.(v,12) are defined as follows:

0(v, L2) := inf {ﬁ >0: T(28/v) < é} : (1.21)
0.(v,12) = lim %log (i ([2@]_dz§>nhl(t/n)n> . (1.22)
n=0

Moreover, if T(0) = oo, then 6. (v,12) > 0 (strict inequality) for all v > 0 and [, > 0. Otherwise,

0.(v,12) is strictly positive only when either [, is sufficiently large or v is sufficiently small.
This theorem is proved in Section 4.
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Note that two conditions (1.19) and (1.15) look similar. One may allow some tempered
tails for the initial condition in Theorem 1.3. However, for Theorem 1.4, the initial conditions

should be localized in the sense that they should have exponentially decaying tails.

Remark 1.5 When d = 1, f = dy, p(u) = Au, and the initial measure p > 0 satisfies
(1.19), it is proved in [4] that

A2 — 1612 A

— < < < — 4+ —

y SA) =AM =T+ g

in particular, when 8 > A2/(2v), A(2) = A\(2) = A2/2. On the other hand, as shown in Example
4,0 =v~'\* and 0, = (6mve?)~ 'A% Hence, by (1.20), when 3 > \2/v, we have

2
0.0847335 A% ~

<A2) <X(2) <\
e\ 6m

These estimates in (1.20) are not as sharp as those in [4] but they cover more general noises.

Theorem 1.4 holds for the nonlinear SHE. However, in the linear case, one may use the
Feynman-Kac representations for the moments and a recent sharp time asymptotic result by
X. Chen [8] to derive both sharp growth indices and the criteria for phase transitions for all
p-th moments, p > 2. During preparation of this article, these arguments have been carried out
by Huang, L&, and Nualart [17]. Nevertheless, we would emphasize that our methods are very

different and we allow the nonlinear dependence on the solution.

1.4 Some comments on the recent progress

Before the end of this introduction section, we would like to make some further comments
on the recent progress since the first submission of this article in the Fall of 2015. With time
passing, some results in this article are no longer new, such as the rough initial data part and
the linear cases for Theorems 1.3 and 1.4. However, we believe that our results in the nonlinear
setting are still new and valuable to the field, which in particular include both Theorem 1.3 and
Theorem 1.4 (in case of nonlinear p). The workhorse behind these results is our convenient lower
bound for the second moment as in (1.5). This lower bound works for both linear and nonlinear
SHE. Even just for the linear SHE, compared to the Feynman-Kac representation as in [17],
our lower bound (1.5) is much more explicit and therefore more convenient for applications.

Some techniques used in this article have been applied by Balan and the first author of
this article in [1] to study a similar SHE with time-fractional noise (instead of noise “white in
time” as in this article). In particular, one may find full details for the proof of Lemma 2.5 in
[1, Lemma 3.8].

Under exactly the same settings as this article, Huang and the first author of this article
have made some significant progress in [5]. They have obtained some convenient upper bounds
for the general p-th moments, p > 2, through an application of the Burkholder-Davis-Gundy
inequality. With these moment bounds, they have further established the Hoélder regularity
and the pathwise comparison principle. The results in [5] rely on the upper bound for the p-th
moments and in particular they do not require the lower bound for the second moment obtained
in this article.

Outline This article is organized as follows. We first study the existence and uniqueness of a
random field solution to (1.1) under rough initial conditions in Section 2. The phase transition
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result (Theorem 1.3) is proved in Section 3. The growth indices result (Theorem 1.4) is proved
in Section 4. Finally, some examples are listed in the Appendix.
Throughout this article, ||-|[, denotes the LP(£2)-norm.

2 Existence and Uniqueness

The upper and lower bounds of the second moment are derived in this section. We first
state some prerequisites in Section 2.1. The main results (Theorem 2.4) concerning the exis-
tence/uniqueness and moment bounds are stated in Section 2.2. The proof of Theorem 2.4 is
given in Section 2.3, where we prove one of the key results — Lemma 2.7 — of this article.

2.1 Some prerequisites

Throughout this subsection, let R(x,y) be a nonnegative and nonnegative definite kernel

in the sense that
// R(z,y)Y(x)y(y)dady > 0, for all p € CF° (Rd) ,
R2d

where Cg° (Rd) denotes the set of smooth functions with compact support. Suppose that
R(x,y) satisfies the following condition:

// R(z,y)dzdy < 400, for all compact sets K € RY.
KxK

Associated with such R, there is a nonnegative and locally finite measure, denoted by p g, over
R?, such that

pr(K) = // R(x,y)dzdy , for any Borel sets K C R? .
KxK

Definition 2.1 A spatially R-correlated Gaussian noise that is white in time is an L?(€2)-

valued mean zero Gaussian process
{F(¥): Y eCx (R},
such that
t
BIFWF@) = [ ds [[ w000 (5.0 drdy.
0 R2d

Note that if R(x,y) = h(z — y) for some kernel h, then the above definition reduces to the
spatially homogeneous Gaussian noise that is white in time [10]. In particular, if h(x — y) =
do(z — y), then this noise becomes the space-time white noise and the associated measure ppg
reduces to the Lebesgue measure on R%.

We need some criteria to check whether a random field is predictable. As in [10], we extend
F to a o-finite L2-valued measure B — F(B) defined for bounded Borel sets B € [0, 00) x R?
and then define

Mi(A) == F([0,t] x A), A€ B, (R?).

Let (F,t > 0) be the filtration given by
Fi ::O'(MS(A)Z 0<s<tAeB, (Rd)) VN, t>0,

which is the natural filtration augmented by all P-null sets N in F, where B,(R9) is the
collection of Borel measurable sets with finite Lebesgue measure. The family of subsets of
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[0, 00) x RY x 2, which contains all sets of the form {0} x A x Fy and (s, ] x A x F, where Fy, € Fo,
F e F,for 0 < s <tand A is a rectangle in R?, is called the class of predictable rectangles.
The o-field generated by the predictable rectangles is called the predictable o-field, which is
denoted by P. Sets in P are called predictable sets. A random field X : Q x [0, 00) x R? — R
is called predictable if X is P-measurable.

For p > 2, denote P, to be the set of all predictable and L% ([O, o) x RY; LP (Q)) integrable
random fields, namely, f € P, if and only if f is predictable and

W= [f[, RG0S o)l dsdody < poe, @)

where [|-||, denotes the LP(€2)-norm. In particular, if R(z,y) = do(z — y), then

IIfII?V[,p://(0 | (s o)) dsd
,00) X

Py 2Pp 2Py, for2<p<qg<+oo.

Clearly,

The following proposition is useful to check whether a random field belongs to P, or not.

Proposition 2.2 Suppose that for some ¢ > 0 and p > 2, a random field
X={X(s,9): (s,9) € (0,t) xR*}

has the following properties:

(i) X is adapted, that is, for all (s,y) € (0,t) x R% X (s,y) is Fs-measurable;
(ii) X is jointly measurable with respect to B ([0, 00) x RY) x F;

(iii) ||X||M1p < +00.

Then, X (-,0) 1(g,+)(-) belongs to P,.

This proposition is an extension of Dalang & Frangos’s result in [11, Proposition 2] in the
two senses: (1) the second moment of X can blow up at s = 0 or s = ¢, which is the case,
for example, when the initial data is the Dirac delta measure; (2) the condition that X is
L?(Q2)-continuous has been removed. The proof of this proposition follows essentially the same
arguments as the proof of the case where d = 1 and the noise is white in both space and time
variables; see [4, Proposition 3.1]. Proposition 2.2 will be used in the Picard iterations in the
proof of Theorem 2.4.

2.2 Statement of the result
We formally write the SPDE (1.1) in the integral form

u(t,x) = Jo(t, z) + I(t,x), (2.2)

where

I(t,z) = //[O,t]x]Rd G(t— s,z —y)p(u(s,y))M(ds,dy).

The above stochastic integral is understood in the sense of Walsh [10, 25].

Definition 2.3 A process u = (u(t,z), (t,z) € (0,00) x R?) is called a random field
solution to (1.1) if
(1) w is adapted, that is, for all (¢,z) € (0,00) x R%, u(t,x) is F;-measurable;
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(2) w is jointly measurable with respect to B ((0,00) x R?) x F;

(3) ||I(t,z)||, < +oo for all (t,z) € (0,00) x RY;

(4) The function (t,z) + I(t,z) mapping (0,00) x R? into L2(Q) is continuous;
(5) wu satisfies (2.2) a.s., for all (t,2) € (0,00) x R

Denote
Ji(t,z, ") = Jo(t, ) Jo(t, x)

and g(t,z,2') := Eu(t,z)u(t,z’)]. Then by Itd’s isometry, g satisfies the following integral
equation (for p(u) = Au)

g(t,z,2') = Ji(t,z,2") +)\2/ds// dzdz’ g(s,z,2")
R2d
X Gt —s,x—2)G(t — s, 2" = 2")f(z — 7). (2.3)

Replacing the function g on the r.h.s. of (2.3) by (2.3) itself repeatedly suggests the following
definitions. For h,w : [0,00) x R3¢ +— R, define the operation “>”, which depends on f, as
follows:

(h>w) (¢, z,2";y) /ds/‘/ﬂwdzdz h(t — s,z — -2y —(2-2"))
xw(s,z,23y) fly = (z = ). (2.4)

By change of variables,

(h>w) (t,x, 25 y) : /ds//]R2ddzdzhszz y—[(x —2z)— (2" = 2")])
xw(t—s,x—z,2' —2y) fly—[(z—2)— (@' =2"))]). (2.5)

Note that for general f, this convolution-type operator is not symmetric, h>w # w > h, except
for some special cases, such as, f = 1 or f = dg. Operators of this type have been studied
in Chen’s thesis [3, Chapter 3] 2. Some calculations show that by introducing the additional

variable y, this operator becomes associative, that is, for h, w,v : [0, 00) X R34 — R,
(h>w)>v)(tz,25y) = (h> (w>0)) (¢, x,2";y);

see Lemma 4 below. We will use the following convention: If & is a function from [0, co0) x R4
to R, when applying the operation > to h, we write ﬁ(t,x,x’;y) = h(t,z,2’).
For t > 0 and z,2’,y € R?, define
G(t,z)G(t, x' ifn =0,
Ln(t,z,2'5y) == 6,56, =)
(Lo Ly—1) (t,x,2';y) ifn>1.

For A\ € R, define formally

Ka(t,z, 2’5 y) Z)\Q""’l)ﬁ (t,z,2';y).
n=0

2The operator in [3, Chapter 3] is more general. Indeed, by taking the spatial dimension to be 2d, and
0%(t,x) = f(& — ') where x = (&, #') with &,#’ € R?, one reduces the operator in [3, Chapter 3] to the current
operator.
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The convergence of the above series is proved in Lemma 2.7 below. We will use the following

convention for Ky:
K=Ky K= Ker, K:=K,. (2.6)
Using these notation and conventions, we see that (2.3) can be written in the following way:
g(t,z,2") = Ji(t,z,2") + N\ (Lo > g) (¢, 2,2';0), (2.7)
which suggests, after iterations, that
g(t,x 2" = Ji(t,z,2") + (K> Jy) (t,z,2";0).

Theorem 2.4 For any 1 € My (R?), SHE (1.1) has a unique (in the sense of versions) ran-
dom field solution {u(t,x) : t > 0,2 € R?} starting from . This solution is L?(€2)-continuous.
Moreover, the following moment estimates are true:

(1) If p(u) = Au, then the two-point correlation function is equal to

E [u(t, z)u(t,2")] = Ji(t,x,2") + (K > Jy) (t,z,2';0) (2.8)
=A" // (d2)u(dz") K(t,x — z,2" — 252" — 2). (2.9)
de
(2) If |p(z)| < L,|z| for all z € R? with L, > 0 and if 1 > 0, then
E [u(t, z)u(t,z")] < L, // (d2)u(d") K(t,z — 2,2’ — 252" — 2). (2.10)
R2d
(3) If p satisfies (1.3), then
E [Ju(t, z)u(t,z')|] > 1,7 // p(d2)u(d2") K(t,x — 2,2 — 252" — 2). (2.11)
R2d

In a recent article [6], an explicit expression for this kernel function K is obtained when

d=1and f(z) = do(x).
2.3 Proof of Theorem 2.4

We will first prove some lemmas. Recall the definition of the function k(¢) in (1.13). By
the Fourier transform, this function k(t) can also be rewritten in the following form

= —d f ex _“
k) =0 [ e (<R ) 2.12)

from which one can see that ¢ — k(t) is a nonincreasing function. For ¢ > 0 and y € R?, define
ho(t,y) :=1 and for n > 1,

hn(t,y) == /Ot ds hy—1(s,y)k(t — s)T, /4(t — 5,y), (2.13)
where ]2
T,(t,x) :== exp <_l/—t) .
Define
Lt ysy) Z”yh (t,y). (2.14)

We will use the convention that
hn(t) :=hp(t,0) and H,(t;7) := H,(t,0;7).
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Lemma 2.5 For v > 0, it holds that

1
lim sup n log H,(t;v) < 0,

t—o0o

where this constant 6 can be chosen as

g = 0(y,7)_inf{6>0: Y (28/v) < %} (2.15)
Moreover, if T(0) < oo and v > 2y7(0), then
v
; < — > 0.
H,(t;v) < =T (0) forallt >0

Proof Notice that for 8 > 0,

/Ooo e Pth, (t)dt = % (/OOO e—ﬁtk(t)dt)n = % [% T (?)]n

Because Y(3) — 0 as 3 — oo, by increasing 3, we can make sure that 2v~1Y (23/v)y < 1.
The smallest 8 that satisfies (2.15) gives the constant §. When Y(0) < oo, notice that

. .2
tli)rgo hi(t) = Bli)n& ;T(2ﬁ/u). (2.16)
Hence, by the induction, h,(t) < [2v71Y(0)]" for all n > 0. O

Even though the integrand in the definition of h,, is positive, because of the presence of t in
the integrand, the following result is nontrivial (considering, for example, fg (s(t —s))"2/3ds =
Ct=1/3).

Lemma 2.6 Forn > 0and y € R?, all functions ¢ € [0,00) — h,,(t,y) are nondecreasing.

Proof Fix y € RZ. The case n = 0 is true by definition. Suppose that it is true for n.
For all € > 0, by the induction assumption,

t+e
hn+1(t+€7y) = / ds hn(t+€_ Say)k(S)TV/él(Say)
0
t
> / ds hy(t + € —5,9)k(s)T, /4(5,y)
0

t
> / ds i (t — 5, Y)E() Ty a(5,9) = Bt (£,).
0

This proves Lemma 2.6. O
The following lemma plays the central role in this article. Recall convention (2.6) for L.

Lemma 2.7 Suppose that the correlation function f satisfies Dalang’s condition (1.2).
Then, for alln >1,t >0, z,2',y € RY,

L,(t,x,x'5y) < 2" G(t,x) G(t, 2" )h,(t), (2.17)
Lotz ' y) > (2v3)™MG(t,2)G(t, 2 )T, (t,x — x') hy (t/2,y), (2.18)
Hence,
Ka(t,z,2'5y) < Lo(t,x,2')H, (£;2)%), (2.19)
Kat,z,2'sy) > Lo(t,z, 2 )T, (t,x — ') H, (t/2,y; (2v3 ) ~9A2). (2.20)
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Proof By definition,
Li(t,z,2'5y) = /Ot ds //de dzdz’ G(s,2)G(s,2") f(y — (2 — 2'))
X Gt —s,x—2)G(t—s,2" —2).
Notice that (see [4, Lemma 5.4])

Gls,2)G(t — 8,0 —2) = G <S(t - 8) . §x> Gt z)

and similar for the other pair. So,

Lilt,a,2sy) = G(t,2)G(t, ) /Ot ds //R dzd2’ fy — (2 — 2'))

><G(S(t_s),z—f:v)G(S(%_S),z’—ixD. (2.21)

t t

Because

AN = o (-5 16F).

the double integral over dzdz’ in (2.21) is equal to

(2m) / fag) exp((y——<:c—w>) -0 )|§|2)
e (B L S
~ [ e e (P2 -a). (2.22)
Now, let us prove (2.17). From (2.21) and (2.22), it is clear that
x, ' ) "4G(t, x x t s f(d€) ex US( ) ep?
Laltand'sy) < G060 [ as [ flages (<2EDi). o)

Because s/2 < s(t — s)/t for s € [0,t/2], by symmetry, the above double integral is equal to

/ds/fd§ < valt - )|£|2>
<2 /0 as [ fage (—%&P) —2(m)* [ " k(s)as

=2(2m)%h (t/2) < 2(27)%hy (1),

where in the last step we have applied Lemma 2.6. The induction step is routine. This proves

(2.17) and hence (2.19).
As for the lower bound, we first prove the case n = 1. Because f is nonnegative and

G(@,z—i—y—%(m—x’))

27%@ (S(tt_s),z+y> T,(t,x — ')

lz+yl?
(2mvs(t — s)/t) "V 2e" T0= T, (t, x — 2')

Y

Ml&

2”

(2mws(t — s)/t) "V 2%e” ‘<f*‘)‘/ST (t,z — ')

Ml&

> 2~
12 lyl?
5)/se vs(t—s)/s T(t I—x)

|z
=27 ws(t — 5)/t) "2 vem
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l— o
I (8( - 8)72) o T T (1 — o)

t— ly|?
>271@ (S( 57 S),z) e 2T, (t,ox —a')

_ 9 (% z) T, (t,x — «')T, ;o(5,y), (2.24)

where we have used the fact that s(t — s)/t > s/2, which is equivalent to s € [0,t/2]. we see
that from (2.21) and (2.22),

Li(t,x,a'5y) > 27dG(t, x)G(t, )T, (t,x — ')

t/2 s(t—s)
X /0 ds T, 2(s,y) /]Rd dz f(z)G( 57 ,z)
> 274G (t, 2)G(t, 2T, (t,x — 2)

t/2 s(t—s
X/o dsT,,/4(s,y)/Rd dzTy/g(t—s,z)f(z)G( (2t ),z>

Because the function z — f(2)T,,/2(t — s, 2) is a valid correlation function, that is, it is symmet-
ric, nonnegative, and nonnegative-definite, by taking Fourier transform and since s(t—s)/(2t) <

s/2, one can see that
/ dz T, )5(t —s,2)f(2)G (S(t —5) , z)
R4 2t

> [ ATt = 5. 9f ()G (5122
Rd
z?rd/?/ dz f(2)G(s/6, 2)
R4
> 3*“/ dz f(2)G(s,z) > 379 2k(s). (2.25)
R4
Hence,
t/2
Liftsaa'sy) 2 273G G 0 T r o) [ Tya(s)b)ds,
0

where the integral is equal to hy(t/2,y). Therefore, the case n =1 is true.
Assume that (2.18) is true up to n. Then

Loi1(t,z,2'sy) = (Lo Ly) (t,z,2'5y)

> (2\/5)_"‘1/0%&9 I, (t;Sy) //R dzds’ G(s, 2)G(s, 2')

X Gt —s,x—2)Gt—s12" —2)
x Tyt —s,(x—2) = (&' = 2)fly = [(x = 2) = (2" = 2)])
> (2v/3) " /05 ds hp (t/2 — s,y) //R2d dzdz’ G(s,z — 2)G(s,2' — 2')

X Gt —5,2)Gt —s5,2)T,(t—s,2—2")fly—[z—2])

= (2v3)™™ /: dr hy, (r —t/2,y) //R dzdz' G(r, 2)G(r,2")
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XGt—rx—2)Gt—ra =2, (r,z—2")fly — [z = 7)), (2.26)
where we have used the fact that s — h,(s,y) is nondecreasing (Lemma 2.6). Notice that
Tu(ru Z = ZI) > Tu/?(rvy - (2 - Z/))TU/Q(ru y)

By the same arguments as those in (2.21) and (2.22) with the correlation function f(z) replaced
by z — f(2)T,2(r, z), the double integral dzdz" in (2.26) becomes

G(t,z)G(t, )T, 2(r, y) /]Rd dz T, o(r, 2) f(2)G (M,z—i—y - %(x — :v')) :

By (2.24), the above quantity is bounded from below by

279G (t, 2)G(t, 2" )T, (t, = — 2T, )4(r,y) /]Rd dz T, a(r, 2) f(2)G (T(t2; r) 7 z) 7

where we have used the fact that T, /5(r, y)? = v/a(r,y). Then, apply (2.25) with s replaced
by t —r to get
EnJrl (tv Zz, .’,E/; y) = (2\/5 )7(n+1)dG(t7 {E)G(t, I/)Tl’ (ta T — x/)

t
x/ ds by (r —t/2,9)T, ja(r, y)k(t — 7).
t/2

Because r € (t/2,t), T,,/4(r,y) > T, j4(t — r,y). Hence,

t

/ ds ha(r — £/2,9)T, ja(r, y)k(t — 1) > / s hn(r — £/2,4)T, palt — ry)k(t — 1)

t/2 t/2

t/2
:/O h(t/2 = 5,9)T, /4(s,y)k(s),

where the integral is equal to h,41(¢/2,y). This proves the case n+1 and (2.18). Finally, (2.20)
is a direct consequence of (2.18). This completes the proof of Lemma 2.7. O

Lemma 2.8 For all u € My(R%) and all t > 0, z, ' € R?, it holds that

(K1) (t,2,2";0) // p(dy)p(dy Ktz —y, 2" — sy —y) — Ji(t,z,2"). (2.27)

Proof By writing Jy(t, z) and Jy(t, 2') in the integral forms and then applying the argu-
ments in the proof of Lemma 2.7, we see that

(K> J1) (t,z,2";0) =/0t ds //de dzdz! //RM m(dy)u(dy’) G(s, 2 — y)G(s, 2" —y')

X f(z' = 2)K(t —s,0— 2,2 — 252" — 2).

By change of variables, 2 = z — y and 2’ = 2’ — ¢/, and by Fubini’s theorem,

(K> Jy) (t,z,2';0) // pu(dy) pe(dy’) /ds//wdzd Y —y) - (-2))

x G(s,2)G(s,2)K(t —s,a—y—2,2" —y' =25 (y —y) — (2 —-2))
//RM (dy)u(dy’) (K> Lo) (t,x —y,2" —y'sy" —y).

Then use the recursion K > Lo = A72K — Ly to get (2.27). O
Now, we are ready to prove Theorem 2.4.
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Proof of Theorem 2.4 The proof follows the same six steps as those in the proof of [4,
Theorem 2.4] with some minor changes:

(1) Both proofs rely on estimates on the kernel function K. Instead of an explicit formula
as for the heat equation case (see [4, Proposition 2.2]), Lemma 2.7 ensures the finiteness and
provides a bound on the kernel function A.

(2) In the Picard iteration scheme (Steps 1-4 in the proof of [4, Theorem 2.4]), we need to
check the LP())-continuity of the stochastic integral, which then guarantees that at the next
step, the integrand is again in Pa, via [4, Proposition 3.4]. The statement of [4, Proposition
3.4] is still true for G(t,x) on R%; see [3, Proposition 2.3.13]. Note that during each iteration,
the measurability is guaranteed by Proposition 2.2 (in place of [4, Proposition 3.1])

(3) In the first step of the Picard iteration scheme, the following property is useful: For
all compact sets K C [0,00) x R?,

sup (Ko [1+4]) (¢ z,2;0) < +o00.
(t,x)eK
For the heat equation, this property is discussed in [4, Lemma 3.9]. Here, Lemma 2.8 gives
the desired result with minimal requirements on the initial data. This property, together with
the calculation of the upper bound on the function K in Lemma 2.7, guarantees that all the
LP?(Q)-moments of u(¢, x) are finite. This property is also used to establish uniform convergence
of the Picard iteration scheme, hence LP())-continuity of (¢,x) — I(¢,x).

(4) Moment formula (2.8) is clear from the Picard iterations. Formula (2.9) is due to
Lemma 2.8.

As for (2.10), we only need to consider the nonlinear case. By (1.7), the function g(¢, z,2’) =
E [u(t, z)u(t,2')] satisfies (2.3) with “=", X, and K replaced by “<”, L,, and K, respectively.

Similarly, for the lower bound (2.11), thanks to (1.3), the above g function satisfies (2.3)
with “=" and A replaced by “>” and [,, respectively. Hence, this integral inequality is solved
by (2.11), that is, by (2.9) with “=" and A replaced by “>" and [,, respectively. With this, we
complete the proof of Theorem 2.4. O

3 Conditions for Phase Transitions: Proof of Theorem 1.3

In this section, we will prove Theorem 1.3. We need to prove three lemmas first.

Lemma 3.1 Fix a > 0. Let ¢ = v7/(2a?). Then for all ¢ € [0,00) x RY,
|Gtz aren
[—a,a]?

and

. 2¢71 (\/ct—l—l—l) ifd=1,
/ ds/ G(s,y)dy > { ¢ tlog(l +ct) ifd=2,

0 [—a,a]?
2(c(d—2)]7" (1 - (1 +ct)=%?) ifd > 3.

Proof We only need to prove the case where d = 1. Notice that

a

G(t,y)dy = 20 (\%) _1,

—a
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where ®(x) is the distribution of the standard normal distribution. Denote

/ Zs a
Fit):=4/1+ —t|20| — | —1|.
w 2 [ (\/vt> ]
Clearly, F'(0) = 1. By I'Hospital’s rule, lim;_,, F(t) = 1. By studying F’(t), one can show that

for some top > 0, F(t) is nondecreasing over [0, o] and nonincreasing over [tg, c0]. Therefore,
F(t) > 1. The rest calculations follow from Example 4. O

Lemma 3.2 For all y € R%, we have
tlim hi(t) < o0 <= tlim hi(t,y) < oco.
Proof Because hi(t,y) < hi(t), the “if” part is clear. On the other hand, for any

e€ (0,1),

ha(ty) > / ds k()T a(s) > Toyalesy) [ (6) — (o).

This proves Lemma 3.2. O

As we mentioned in the introduction section, finding some nontrivial lower bounds for the
second moment is the most challenging task of this article. The following function gives this

nontrivial lower bounds: -
Hy(ty;y) = >y ha(t/n,y)"
n=0
Lemma 3.3 The following statements hold:
(1) Forallt >0,y € R% and v > 0, H,(t,y;7) > Hx(t,y;7)-

(2) For all @ >0 and y € RY, if v > e/h1(a,y), then

. et/a_l
H(t,y;) > T for all t > 0.
o _

3) If lim hq(t) = oo, then for all ¥ > 0 and all y € R?, we have
¢
t/a

-1
H(tyiy) > T forallt>0,
c_

where a > 0 is the value such that hq(a,y) = e/7.

(4) Fort > 0 fixed, the function y — H,(¢,y; ) is radial and nonincreasing in the sense that for
all ,y € R, Hy(t,237) = Hy(t,y;y) if |2] = [yl and H, (t,2;7) < Hy(t,y:7) if 2] > [yl.
The same is true for H (¢, y;7).

Proof (1) This is because
hn(t,y) > hi(t/n,y)", forn e N, (3.1)

which can be proved by induction. Indeed, it holds trivially for n = 1. Suppose (3.1) holds for
n. Now by the induction assumption and the fact that ¢ — hq(¢,y) is nondecreasing (Lemma
2.6), we see that

t
B (t,y) = / ds bt — 5,9)k(t — )Ty ja(t — 5.7)
0
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t
/d8h1<
0
t

T t— o !
> / dshy | —L y ) k(t— )T, u(t — 5.7)
0 n

t =,
:hl <n—+179> /0 ds k(t_S)TV/4(t_Say)
= (t/(n +1),y)"*".

y) Kt = )T, 4t — 5,9)

(2) Fix a >0 and y € R%. Note that hi(t,y) is nondecreasing. So, when hy(a,y) > e/v,

t/a t/a [t/a]+1 t/a
" " " e -1 _ e -1
gfyhlt/ny >§~yh1t/ny >E~yh1ay p— > p—

(3) Fix arbitrary v > 0 and y € R?. One can find @ > 0 such that hy(a,y) = ¢/7. Then apply
the same arguments as those in (2).
(4) Fix t > 0. It is clear that both functions T, (t,y) and ho(t,y) are radial and nonincreasing

in y. Then by induction, one can easily show that the same is true for all functions y — h, (¢, y),

n > 1, which implies the same property for both functions H, (¢, y;~y) and H(t, y;7). O

Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3 (1) We start with the case where T(0) < co. From (2.23), we
know that

Li(t,z,2'5y) < (2m)" % G(t, 2)G(t, z") / ds/deexp ——|§|)

I R 3
sama b aeta) | SR

Denote 6 := T(0). Hence, by induction,

(2 v(2m)?
‘Cn (ta €T, II; y) S enG(tv {E)G(t, II)

and if Lfﬁ < 1, that is,

L, <271@2m) Y22y 0)7Y2 = )\

c)

then
Kit,,#'59) < G, 1060, gz
By (2.10), for all 4 € Mg (R?) with p > 0,
1
2
Ju(t, z)|[; < Jg(t’x)l—iel%'

As p satisfies (1.15), for all 5 > 0,

Jolt,2) < <sup G(t,x—meﬁ'y') [ e utay)
y€ERd R4

Notice that

- (ri = )
G(t,x —y)e < H exp( 1791+g|y1|)

2ut

@ Springer



No.3 L. Chen & K. Kim: NONLINEAR SHE ON R¢ 663

d
< (2mwt) 2 exp <622ydt +8) |$z|> :

i=1

Therefore,

2vd
sup ma(z) < pv

for all 8 > 0,
z€R4 2

which implies that sup Ta(z) = 0. This proves the first case in (1.10).
z€R4
As for the second case in (1.10), by the lower bound for the second moment in (2.11) and

that for K in (2.20) and part (1) of Lemma 3.3, we see that
E [u(t,z)?] > 1,? // wu(d2)pu(d2" ) Lo(t,w — 2,2 — 2')
R2d
t
x T,(t,z—2")H, (5, z—2' (2\/§)_dl§) .

Because p > 0 and p # 0, there exists a > 0 such that f[fa.a]d wu(dz) > 0. Hence, we can
restrict the above double integral from R2¢ to [—a, a]??. Because of the radial and nonincreasing
property of both functions x +— T, (¢, ) and  — H,(t, ;) (the latter one is due to part (4)

of Lemma 3.3), we see that for all 2,2’ € [~a,a]?,

12 Ad. 2

and
t _ t _
H, <§,z — 21 (2V3) dli) >H, (5, 2a; (2v/3) dli) ,
where @ = (a, ...,a) € R%. Moreover, we can bound £y from below in the following way:
9|2 2 2
Lo(t,x —z,x—2') > (2nvt) " Lexp <— ol + |Zt| + 17 >
v

=279L4(t/2, 2,2\ T, (t/2, x).
Therefore, combining these lower bounds shows that
2
4da? + 2|z|?
E [u(t,2)?] >1,> l/ u(dz)G(t/2,z)] H, ( 23; (2/3) dl2> (—%m)
[—a,a]d v

(3.2)
Finally, one can replace the above H, by H; because of part (1) of Lemma 3.3. For the
cases when [, is sufficiently large, one can apply part (2) of Lemma 3.3 to conclude that
inf m,(z) > 0.
z€R
(2) When T(0) = oo, the moment bound (2.8), Lemma 2.7, and part (3) of Lemma 3.3 together
imply that inﬂgd mq(x) > 0. The statement mq(z) =0 is due to (1.7).

S

(3) The equivalence between (1.11) and (1.14) is due to (2.16). The implication “(1.12)=-(1.14)”
is because that

lim hq(t (2m)~ / dt/ f d¢) exp (__|€|2) . (2 f(df)'

=00 2m)? Jra [§1?
On the other hand, if d < 2, then Lemma 3.1 implies that (1.14) fails. This proves the
implication “(1.14)=-(1.12)”. This completes the whole proof of Theorem 1.3. U
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4 Intermittency Fronts: Proof of Theorem 1.4

We first prove the following lemma.

Lemma 4.1 If > 0 satisfies (1.19) for some S > 0, then we have
J2(t,x) < C?(2mvt) " Lexp < \/_|x| +vp%t )

where C' = [, €12l u(dz).
Proof Notice that

lya| + -+ + |yl
e <yl = R < ||+ + yal-
Vd lyl Y1 yi < |yl Yl

By the same arguments as the proof of [4, Lemma 4.4] with (3 replaced by 8/ Vd,

JO (t,z) < 02(27wt dHexp <——|$z| L v3? >
=1 \/_ d

< C%(2mvt) "% exp < \/_|x| +vp%t )

Now, we prove Theorem 1.4.
Proof of Theorem 1.4 We first prove the upper bound. By (2.9) and (2.19),

lult,@)|l; < L, J (¢ @) exp (6),

where 0 := 0(v, L,) is defined in (2.15). Hence, by Lemma 4.1, for « > 0,

2
sup ||u(t, a:)||2 <L, 2(27wt) "4 exp (——ﬁat + Bt + 9t> ,
|z|>at \/E

where C' := [p, ePl#ly(dz). Now, the exponential growth rate are

—%at+l/62t+9t<0 = a>£( 6+5>

Vd
which proves the upper bound.
Now, we consider the lower bound. Fix a constant a > 0 such that f[ a)d p(dz) >
Denote # := (2v/3 )~%. Following the notation in the proof of Theorem 1.3, from (3.2) we see
that for a > 0,

2
20%t  4da?
sup ||u(t, :1c)||2 >, 2 l/ G(t/2,z)u(dz)] exp (— ar - )H,, (t/2,2a; Fali),
[—a,a]?

|z|>at v vt

which implies that

2 2
hmlnfg sup log||u(t, x)||2 > —i —I—hmlnf logH (t/2,2a; Iilg) .

t—+o0 |z|>at

Therefore, by part (1) of Lemma 3.3,
1 1/2
A(2) > (I/ liggilgf n log H}, (t,2a; nli)) .
Then apply Lemma 3.3 for the above limit. This completes the proof of Theorem 1.4. 0
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Appendix

In Appendix 1, we will compute the functions k(t) and hq(t) defined in (1.13), and also the
lower bound for the second moment Lyapunov exponents for some specific kernel functions that
satisfy Dalang’s condition (1.2). In Appendix 2, we will show that the asymmetric convolution

> is associative.

1 Appendix: Examples
Example 1.2 (Riesz kernels) Suppose f(z) = |z|~® with « € (0,2 A d). Then,
0o 2 d/2
k(1) = (2 t—d/Z/ Yt _ T g0 gt
(1) = @ma) = ) esp | =g ) T(1+dj2)" — —omtt

. Ufa/Z —a
Wlth Coz,l/,d = W%, and

hl (t) = C:c,u,d tl_a/2a T(B) = C;,u,d6_1+a/2a

v=/2  D((d—a)/2
20/2(2—a) T(1+d/2)

N tn(lfoc/Q)F(l _ a/2)n
i) = Covd Tma a1 1)

for some constants C¥% |, , = ) and C!, , 4> 0. By induction,

for all n > 0,

and hence
H,(t;X*) = F1_aj21 (/\Qca,v,d NG Q/Q)tlfoﬂ) ,
where E, g(z) is the Mittag-Leffler function with two parameters

oo Zn
Eac = T/, 2 ) ) ;
5(2) ;F(anw Ra>0,6ecC, zeC

see, for example, [22]. The following asymptotic expansions are useful: As |z| — oo,

1 = —k
E,p(z) ~ ~exp (Zl/a) _ ; ﬁ, if0<a<?2and|argz| < ar/2, (A1)
we have .
Jim ~log H, (t; ) = [Coa T(1 - a/2)|7= AT,
By Lemma 3.3,
. . 1 * 2 * _4 . * C; v,d %
htmlnfglogHu(t;/\ ) > Cr AT, with C» .= - .
— 00 [ [ e

The power of A\, which is 4/(2 — @), in both upper and lower bounds recovers the result by
Foondun et al [15, Theorem 1.7]. The solution is always fully intermittent, that is, there is no
phase transition for the second moment.

Example 1.3 (Ornstein-Uhlenbeck-type kernels) Suppose f(z) = exp (—|z|%) for a €
(0,2]. The case when o = 2 has a closed form as follows:

0= @ [l (35 =)t

d/2
dr=d~'(1+ 2vt)" %2,

and
v (V2vt+1-1) ifd=1,
hi(t) = § (4v) "' log(1 + 2vt) if d =2,
[v(d—2)d] " (1—(1+2vt)=42) ifd >3,
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and )
4/2g-e*/2 ) i 8
T = (2m)~¢ 7Tid =d 12 %A 221D 1——,=
3 = Cmt [ Tt /251 10
where I(v,z) := [ 7" t"~!e~'dt is the incomplete Gamma function. Among the three equiv-

alent conditions (1.11), (1.12), and (1.14), it is immediate to see from condition (1.12) that
phase transition happens if and only if d > 3 because of the fast decay of f(z) at co and the
boundedness of f(z) at zero. One can also check this from condition (1.14). When d =1 or 2,
hi(t) — oo as t — co. However, when d > 3, hy(t) — (v(d — 2)d)™! < oo as t — co. Hence,
phase transition occurs if and only if d > 3.

Example 1.4 (Brownian motion case) When f(z) = 1, the noise reduces to a space-

independent noise. In this case,
KO =1,  m)=t, T =),

and by (2.15) and Lemma 3.3,

z2 2y o A
* > o
an) and hm 1nf logH (t; \%) »

Jim logH (t;\?) =

Because hy(t) — oo as t — or because T(f) — oo as 8 — 0, we see that there is no phase
transition in this case. The system is always fully intermittent.

Example 1.5 (Space-time white noise case) When d =1 and f = dp, we have

)= =m0 =\ T ==

and by (2.15) and Lemma 3.3,

1 A4 204
tlim glong,(t; M) = % and hmlnf logH (t;\?) >

v Tve?

Clearly, there is no phase transition in this case.
Example 1.6 (Lower bound for d = 1,2) When f(x) > 1j_, 4a(z) for some a > 0 and
d=1,2, then by Lemmas 3.1 and 3.3,
-1 e

2
liminf - L tog H (#: )\2)>%{(1+%) —1] — asAoooifd=1,

and )
1 -1 A
liggfglogHj(t;A2)>2—7;[exp (%)—1} - as A — oo if d = 2.
2 Associative property of the convolution “>”
Lemma 2.7 Let h, w, and g be three real-valued functions defined on [0, 00) x R34,
Suppose that (h > (w > g)) (¢, z,2';y) and ((h>w) > g) (¢, z,2';y) are well defined, where ¢ >

0, z, 2/, and y € R%. Then
(h>(weg)) (¢, 25 y) = (h>w) > g) (2,271y).
Proof By definition,
(h> (wr>g)) (t,z,2'5y)

/dsl// dz1dz] h(t — s1,0 — 21,2 — 215y — (21 — 21))
R2d
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(w l>g 81,21,21,y)f(y - (Zl - 21))

= [ass [ anastnt— iz =20~ iy (1 070 - 1= 0)
R2

/ / / /
X / dsa // dzodz) w(sy — S2,21 — 22,21 — 25;y — (22 — 25))
0 R2d

X g(s2, 22, 205 9) f (y — (22 — 23)).

Then by change of variables

A 2 2! / /
S§51=1t— 59 21 =T — 2o =7 — 29,

§o=t—5; 29 =2 — 2 sh=a'—21,

we see that

(h> (wr>g)) (t,z,2'5y)

= [asn [ anastge—sie -5 - )0 (0 - 20) - - )
<[ //dd Wi = 80,51~ 22,2 — iy~ [0 = 21) — (0" = 2)))
X hsa, 22, iy — (@ = 22) = (@ = 5DI0 ~ (2 = 22) — (@ = )

= [as [ anaztgte -5 -2 - s (o - 20 - e - )

x (h>w) (81,21, 215y — [(z — 21) — (z — £1)])
= ((h>w)>g) x5 y).

This completes the proof of Lemma 2.7. O
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