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Stochastic comparisons for stochastic heat equation®
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Abstract

We establish the stochastic comparison principles, including moment comparison
principle as a special case, for solutions to the following nonlinear stochastic heat
equation on R

(% — %A) u(t, z) = p(u(t,z)) M(t, ),

where M is a spatially homogeneous Gaussian noise that is white in time and colored
in space, and p is a Lipschitz continuous function that vanishes at zero. These
results are obtained for rough initial data and under Dalang’s condition, namely,
Jra(1 + €]2)71f(d¢) < oo, where f is the spectral measure of the noise. We first
show that the nonlinear stochastic heat equation can be approximated by systems of
interacting diffusions (SDEs) and then, using those approximations, we establish the
comparison principles by comparing either the diffusion coefficient p or the correlation
function of the noise f. As corollaries, we obtain Slepian’s inequality for SPDEs and
SDEs.
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1 Introduction

In this paper, we study the stochastic comparison principle (see Definition 1.4)
including moment comparison principle for the solutions to the following stochastic heat
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Stochastic comparisons for SHE

equation (SHE)

(a _ IA) u(t,x) = p(u(t71‘)) M(t,l‘), S Rd’ t>0,

ot 2 (1.1)
u(0,) = ("),
In this equation, p is assumed to be a globally Lipschitz continuous function with
p(0) = 0. (1.2)

The linear case, i.e., p(u) = Au, is called the parabolic Anderson model (PAM) [3]. The
noise M is a Gaussian noise that is white in time and homogeneously colored in space.
Informally,

E |M(t,2)M(s,y)| = do(t — s)f(x — y),
where dq is the Dirac delta measure with unit mass at zero and f is a nontrivial “correla-
tion function/measure” i.e., a nonnegative and nonnegative definite function/measure
that is not identically zero !. The Fourier transform of f, which is again a nonnegative
and nonnegative definite measure and is usually called the spectral measure, is denoted
by f

(&) = Fre) = /}R exp (-1 € ) fla)da

The SPDE (1.1) is understood in its integral form, i.e., the mild solution,

t
ut)= [ Gt -y + [ [ G- so-pptuls)d@sdy), A
R4 0 JR4
where G(t, x) is the heat kernel function
G(t,z) = (2mt)~ ¥ exp (—|z|?/(2)), (1.4)

and the stochastic integral is in the sense of Walsh [11, 29].

We are interested in the stochastic comparison principles for (1.1), which should not
be confused with the sample path comparison principle [5, 7, 24, 25] where one compare
solutions for the same equation but with different and comparable initial conditions. We
consider under either one of the following two scenarios:

(S-1) Let u; and us be two solutions to (1.1) with the same (nonnegative) initial data
and the same noise but with different diffusion coefficients, namely, p; and ps,
respectively. Assume that

either pi(z) > p2(z) >0 or pi(z) < p2(x) <0 forallz > 0.

(S-2) Let u; and us be two solutions to (1.1) with the same (nonnegative) initial data
and the same diffusion coefficient, but with different correlation functions, namely,
f1 and f5, respectively. Assume that

f1 > fo (i.e., fi — f2 is a nonnegative measure).

We plan to work under weakest possible conditions on (1.1), which include rough initial
data and Dalang’s condition on f. Let us explain these two conditions in more details.

1In the following, the terminology “correlation function” should be understood in the generalized sense,
i.e., it refers a function - the Radon-Nikodym derivative — when f is absolutely continuous with respect to the
Lebesgue measure; otherwise, it refers to a genuine measure.
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We first note that by the Jordan decomposition, any signed Borel measure u can be
decomposed as i = 4 — p— where p4 are two non-negative and mutually singular Borel
measures. Denote |u| := p4 + p—. The rough initial data refers to any signed Borel
measure p such that

/d e~ u|(dz) < +o0, foralla>0, (15
R

where |z| = /z} + -+ 22 denotes the Euclidean norm. It is easy to see that the
condition (1.5) is equivalent to the condition that the solution to the homogeneous
equation - Jy(¢, z) defined in (2.1) below — exists for all ¢t > 0 and z € R®. Existence and
uniqueness of a random field solution for rough initial conditions are recently established
in [6] (see also [5] and [17]) under Dalang’s condition [11], i.e

T(B) = (27r)_d/ f(de) < 400 for some and hence for all 5 > 0; (1.6)
re B+ €]2

Dalang’s condition (1.6) is the weakest condition for the correlation function f in order

to have a random field solution (in the sense of Definition 2.1). Throughout this paper,

we will assume that p is a nonnegative measure.

Instead of presenting our results in full details, which will be done in Section 1.1, let
us first take a look of several examples. Under Dalang’s condition and for rough initial
data, for either one of the above two scenarios (S-1) or (S-2), we have the following
comparison results:

(E-1) (Moment comparison principle) For m arbitrary space-time points (¢, z¢) € (0, 00) X

R4 (not necessarily distinct) and m integers k, € IN, £ =1, --- ,m, it holds that
H “(te,xe)| > E Hu2 tz7$g)‘| . (1.7)
=1 =1

(E-2) For any (¢,7) € (0,00) x R%, ¢ > 0 and any integer n > 1, it holds that
E ([ul(t, ) — C]Q") >E ([UQ(t,z) - C]Z") . (1.8)

In particular, by choosing ¢ = Jy(¢, x) (see (2.1) below), (1.8) tells us that all central
moments of even orders can be compared. When n = 1, this is a comparison result
for the variances.

(E-3) For m arbitrary space-time points (¢;, ;) € (0,00) x R? (not necessarily distinct)
and m integers k, € N, ¢ = 1,--- , m, it holds that

>k

E (] g/ (ur(te, 20)) I (W(Uﬂ%))] : (1.9)
/=1

=1
where g¢(z) can be any of the following functions

Z*‘”) with Ay > 0, ay > by > 0 and ¢, > 1.
z+ by

1
exXp (7>\[Z) y m, or log (

(E-4) Statement in (1.9) is true with g¢(z) being either of the following two functions:

be [log(ce + x)]** or zd, with ag, by, d¢ > 1 and ¢, > e.
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(E-5) Forany m > 1, t,, > -+ > t1 >0, k1, -k, € N\ {0}, a1, ,up € [2,00), and
2§ e RYwith ¢ = 1,--- ,;mand j = 1,--- , k; such that {z} ,---,z},} are distinct
points for each /,

" (H [uf (te,21) + -+ uf (te,xiz)}a;>
/=1
- (H [uf (te, 1) + -+ + 3 (u,%)ﬁ) . (110

{=1

Note that (1.8) is not a special case of (1.7) when n > 2. The oscillatory nature caused
by the negative one makes (1.8) non-trivial. One more example, that is slightly different
from the above ones, is the following Slepian’s inequality for SPDESs:

(E-6) (Slepian’s inequality for SPDEs) Under the scenario (S-2), if f; and f> are equal to
each other near the origin (see the precise meaning in Corollary 1.7 below), then
foralle >0,¢t>0,and z1,--- ,zn € R?,

IP{ max uq(t,zg) < a} > IP{ max usg(t,xg) < a}. (1.11)
1<k<N 1<k<N

For the parabolic Anderson model (PAM), it is well known that the moments enjoy
the Feynman-Kac representation, based on which one can obtain very sharp estimates
for the moments. The literature is vast and we refer the interested readers to Xia Chen’s
papers [8, 9] and references therein. One may also check the work by Borodin and
Corwin [2] where the p-th moment is represented by some multiple contour integrals.
Using the sharp estimates of the moments for PAM, intermittent phenomena (i.e., the
solution develops tall peaks on small islands of many different scales), have been studied
extensively, e.g., see [3, 14] for the definition and analysis of intermittency in terms of
moments and also [21, 22, 23] for the study on intermittency based on the macroscopic
multi-fractal analysis. However, whenever p is nonlinear or whenever the functionals
go beyond the moments functionals, much fewer tools are available. The stochastic
comparison results of the above kinds, including moment comparison principle, play a
fundamental role in this setting.

When the noise is additive, i.e., p(u) = constant, the moment comparison principle —
Case (E-1) — under the second scenario (S-2) comes from Isserlis’ theorem [19] since
the solution is a Gaussian random field whose distribution is determined by the spatial
correlation function f. On the other hand, to the best of our knowledge, the comparison
principle including the moment comparison principle under the second scenario is new
for (1.1) with the condition (1.2). As for the first scenario, the moment comparisons
principle — Case (E-1) — has been studied recently. In [20], Joseph, Khoshnevisan and
Mueller proved one-time comparison of (1.7) for the one-dimensional case, i.e., d =1,
with space-time white noise f = §y, and ¢t; = --- = t,,,, which was later generalized by
Foondun, Joseph and Li in [13] to the multiple-time comparison of the form (1.7) in the
higher dimensional case d > 1 with the Riesz kernel

f(x)=z|~"  with g€ (0,2A4d). (1.12)

It is easy to see that the Riesz kernel with the range of 3 specified above satisfies
Dalang’s condition (1.6). In both [20] and [13], the initial conditions are assumed to be
the Lebesgue measure p(dz) = dz. We will generalize these results to cover rough initial
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data and all possible correlation functions under Dalang’s condition (1.6). Moreover,
we will cover many other functionals other than moment functionals in Case (E-1).
The approximation results in Sections 3 and 4.2 below are interesting by themselves,
where we use different approximation procedures which produce strong solutions in this
paper rather than mild solutions as in [20, 13]. We believe strong solutions are more
straightforward and easier to handle when showing approximations.

1.1 Statement of the main results

In order to state our main results, we first need to introduce some notation. We
first note that under our assumptions, namely, p(0) = 0 and the initial data y being
nonnegative, the solutions to (1.1) are nonnegative (see [5, 7] and also Theorem 5.5
below). Hence, all function spaces in Definition 1.1 have their domains in R’ for some
m > 1.

Definition 1.1. For m > 1, let C*" (R7;Ry) be the set of nonnegative functions on
R’ having continuous second order partial derivatives and all second order partial
derivatives are nonnegative. Let C;"" (R""; R ) be the set of functions in C>" (R7; R)
such that all partial derivatives of orders 0, 1 and 2 are bounded. Let ng (]RT; 1R+) be
the set of functions in C%V (RT; IR+) such that the gradient has at most some polynomial
growth, namely, if f € Cg”(]RT; R, ), then there exists some constant C > 0 and k € N
such that

| f(2)| < CQA+|2|%), forallze RT. (1.13)

Let C*" (R7;R) (resp. oY (R7;R4)) be the set of functions in C*¥ (R7; R,.) such
that all first derivatives are non-positive (resp. nonnegative) and set Ci’” (]RT; ]R+) =
CYY (R Ry) UC? (R Ry). Similarly, one can define

Cyt (RY5Ry ), Cpy (RTsRy), CpY (RY5Ry), and
Gl (RT:R4), O (RT:R4), O (RY:R4).

Definition 1.2. Let K be the spatial index set, which could be either R® or Z¢ or a
finite set {0,--- ,d}. Let F¥[C?"] denote the set of cylindrical nonnegative and twice
continuously differentiable functions, namely,

| K|

U U {f:Ri‘HlR+:39€Cz’”(RT;R+) s.t.f<z>g<z<x1>,-~,z<xm>>}

m=1 xy€K:
=1, ,m,
TiFT), 1#£]
(1.14)

where |K| is the cardinality of the index set K, which is equal to d for K = {1,--- ,d}
and oo when there is countably or uncountable many elements in K. In the same way,
one can define

FR[CTY), ER(C?Y), FR[CYY), FR[CRY) BRG], ER[CRY), FR(CY.
(1.15)
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Let IF); and I, denote the set of moment and Laplace functions, i.e.,

|K|
FE = U U {f:RE =Ryt f(2) = 2(z1)" - 2(zm) }, (1.16)
m=1 (kg,xy) ENXK:
l=1,--- ,m,
TiFT), i)

| K|

m
Fy = U {f:]Rme:f(z):exp (—ZAN(WO}. (1.17)
m=1 ()\g,Ig)GR+XK: /=1
=1, ,m,
TiFT), i£]
When there is no ambiguity from the context, we often omit the superscript K for
these function spaces.

Remark 1.3.1In [10], ]F[C’Z”J] and any one in (1.15) are function cones because we
will see latter that they are preserved under certain semigroup operations (and/or
multiplication). In contrast, IFy; and IF';, are not cones in that sense. It is clear that these
sets of functions satisfy the following inclusion relations:

F[C}"] € TF[CE'] < F[C?]

Ul Ul Ul
Fy C F[C2Y] C FICYY] C F[C?] (1.18)
Ul Ul
F, C F[C;Y] < F[CY] < F[C))

Definition 1.4. Let {u;(¢,z);(¢t,x) € Ry x K}, i = 1,2, be two random fields, where
K is the spatial index set as in Definition 1.2. For some set of functions I, such as
those defined in Definition 1.2, and for some n > 1, we say that u; and us satisfy
the n-time stochastic comparison principle over I with u; dominating us if for any
O<ti<---<tp<oo,and Fy,...,F, € I, it holds that

E >E

TT 7 (e, )
/=1

ﬁFg (uz(t47~))] . (1.19)
(=1

Now we are ready to state our main results:

Theorem 1.5 (Comparison with respect to diffusion coefficients). Suppose that the cor-
relation function f satisfies Dalang’s condition (1.6). Let u be a nonnegative measure
that satisfies (1.5). Let u;(t,z) and us(¢,x) be two solutions of (1.1), both starting from
w, but with diffusion coefficients p; and p», respectively. If

either pi(x) > pa(x) >0 or pi(z) < p2(x) <0 forallz >0,

then for any integer n > 1, u; and us satisfy the n-time (resp. 1-time) stochastic
comparison principle over either ]E‘[Ci;i] or F[C2"] (resp. F[C%"]) with u; dominating
ug, Where the spatial index set is K = R-.

We now state the stochastic comparison theorem with respect to two comparable
correlation functions f; and fs.

Theorem 1.6 (Comparison with respect to correlations of noises). Let MY and M®
be two noises with correlation functions f, and f,, respectively, that satisfy Dalang’s
condition (1.6). Let u be a nonnegative measure that satisfies (1.5). Let u;(t,z) and
us(t, z) be two solutions of (1.1), both starting from u, with the same diffusion coefficient
p, driven by MY and M®), respectively. If

fi>fo (.e. f1— f2is a nonnegative measure),
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then for any integer n > 1, u; and us satisfy the n-time (resp. 1-time) stochastic
comparison principle over either ]F[C’i’i] or ]F[C;’f] (resp. F[Cgv”]) with u; dominating
uo, where the spatial index set is K = Re.

We would like to point out that for multiple-time comparison results, working on IF,,
alone won’t be sufficient since IF'j; is not a function cone, i.e., it is not preserved under
the underlying semigroup and multiplication (see Step 3 of the proof of Theorem 1.15
in Section 4.3 below). One needs to go through the function cone ]F[C’i’”] or F[C*"] as
in [10]. On the other had, as an application of the 1-time comparison principle, we can
obtain Slepian’s inequality for SPDEs. Let C2(R¢;R.) denote the set of C? functions
with bounded partial derivatives of orders 0, 1 and 2.

Corollary 1.7 (Slepian’s inequality for SPDEs). Under the assumptions in Theorem 1.6
and, in addition, either

(i) for some e > 0 such that f, ([—¢,€]?) = f5 ([—€,€]?) or
(ii) both f; and f» are in CZ(R%; R) such that f1(0) = f2(0),
we have that, for any numbers a; >0, z; € R% fori=1,...,N, andt > 0,
P{ui(t,z1) <ay,...,u1(t,zn) <an} > Plus(t,z1) < aq,...,us(t,zn) <an}. (1.20)

In particular, for anya > R, 2; € R? fori =1,...,N, and t > 0, the inequality (1.11) it
true.

Here, one example for the case (i) in Corollary 1.7 is that d = 1, fi(z) = do(z) +
c(0—1(x)+1(z)) and fa(x) = dp(x) where ¢ € [0,1/2] is a fixed constant. For the case (i),
fi(w) = e and fo(z) = el or f1(x) = 1y and fo(x) = 1.

Interacting diffusions. The proof of the above comparison theorems 1.5 and 1.6
rely on similar comparison results for the following linearly interacting diffusions, which
are of interest by themselves. Let K denote a non-empty set with at most countably
infinite elements (e.g. K = §Z< with § > 0 fixed or K = {1,--- ,d}). Let us consider

dU(t,i) =k > pij (Ut §) = U(t,i) dt+ p(U(t,9))dM;(t), i€ K, t>0,
jeK (1.21)
U(O,Z) = UO(i)v i €K,

where k > 0 is a fixed constant and we make the following assumptions over this
equation:

Assumption 1.8. Assume that

(i) p:=A{pi;; i,j € K} is a probability transition matrix in K such that

A :=sup me- < +00. (1.22)
jeK Tk

(ii)) p: R4y — Ry is a globally Lipschitz function with p(0) = 0.

(iii) {M;(¢t);t > O};cx is a system of correlated Brownian motions with the following
covariance structure:
E[M;(8)M;(s)] = (¢ A s)y(i = j), (1.23)

where v : K — R, is a non-negative, symmetric and non-negative definite function.

(iv) uo : K — Ry is a non-negative function in ¢*(K) such that u(i) > 0 for somei € K.
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Remark 1.9. Regarding condition (1.22), when the state space K has finite cardinality,
it is trivially satisfied. When the underlying random walk is symmetric, i.e., p; ; = p;.,
then this condition is satisfied with A = 1.

We say that U = {U(¢,i); t > 0,i € K} is a strong solution to (1.21) with the initial
data ug(+) if it satisfies that for alli € K and ¢ > 0,

U(t,i) = uo(i) + H/o Z pi;(U(s,7) —U(s,i))ds + /0 p(U(s,4))dM;(s). (1.24)

JEK

The existence and uniqueness of a strong solution to (1.21) when the driving Brownian
motions are independent is well-known (see, e.g., [26]). Since we only need the case
when the initial data is in EZ(K ) — (iv) of Assumption 1.8, we won’t need the weighted
(?(K) space as was used in [26]. In [13], p;,; depends only on j — 7 and it is shown that
there is a unique mild solution to (1.21) in L>([0,7] x K; L¥(Q2)) for any T > 0 and k > 2.
The next theorem, on the other hand, provides a proof of existence and uniqueness of
a strong solution in a slightly better space (see (1.25)) and for more general transition
probabilities p; ;. As one can see later, a strong solution is easier to handle than a mild
solution when showing approximations.

Theorem 1.10. There exists a unique strong solution {U (t,7);t > 0,7 € K} to (1.21) in
L> ([0, T]; L* (9 0F(K))) forany T > 0 and k > 2. (1.25)

In particular, U(t,-) € ¢*(K) a.s. for anyt > 0 and k > 2. Moreover, for any T > 0 and
k> 2,

sup E {sup |U(t,i)k} < sup E {HU(t,')HZ(KJ < 3k||u0||§k(K) exp (Ck*T) < oo,
o<t<T  Liek 0<t<T

(1.206)

where the constant C' > 0 depends only on k, Lip,,, 7(0) and A.

Note that the discrete nature of the spatial variable enables us to bring the supremum
over the spatial variable inside the expectation; see (4.10). This is in general not true
when the spatial variable lives in R?. For this interacting diffusions (1.21), we have the
following two similar stochastic comparison results:

Theorem 1.11 (Comparison with respect to diffusion coefficients). Let U; and U, be
two solutions to (1.21), both starting from ug, but with diffusion coefficients p; and p»,
respectively. Then the condition

p1(x) > p2(x) >0 or pi(x) < pa(x) <0, forallz >0

implies that for any integer n > 1, Uy and U, satisfy the n-time (resp. 1-time) stochastic
comparison principle over either ]F[C’;:i] or ]F[C’;’f] (resp. F[C2"]) with U; dominating
Us,.

Theorem 1.12 (Comparison with respect to covariances of noises). Let Uy and U, be
two solutions to (1.21), both starting from ug, with the same diffusion coefficients p, but
driven by two sets of correlated Brownian motions {Mi(l)(t); t > 0};ex and {Mi(z)(t); t>
0}icx, respectively. Let ; be the covariance function for M¥), Then the condition

y1(k) > v2(k), forallk € K

implies that for any integer n > 1, Uy and U, satisfy the n-time (resp. 1-time) stochastic
comparison principle over either]F[Ci:i] or]F[CbQV’f} (resp. F[C2*]) with U; dominating Us.
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Corollary 1.13 (Slepian’s inequality for interacting diffusions). Under the assumptions
in Theorem 1.12 and, in addition,

71(0) = 72(0),
we have that, for any numbers ay € R, i, € K fork=1,...,N, andt > 0,
]P{Ul(t,il) S ai, .. .,Ul(t,i]v) S aN} Z ]P{Ug(t,il) S ai, .. .,Ug(t,iN) S aN}. (127)

In particular, we have that, foranya € R, iy, € K fork=1,...,N,andt > 0,

IP{ max Up(t, i) < a} > IP{ max Us(t,i) < a}. (1.28)
1<E<N 1<E<N

At the very core of the chain of arguments is the following comparison results for
the finite dimensional SDE with C?(RR. ) diffusion coefficient. Here C%(R.) = C2(R.;R)
refers to the functions defined on R, having compact support and continuous second
derivative.

Assumption 1.14. In the SDE (1.21), we assume that (i) p € C%(R) and p(uo(i)) # 0
for some i € K; and (ii) the cardinality of the index set K is finite.

Theorem 1.15. Under Assumption 1.14, the statement in Theorem 1.11 is true with
F[C2Y], ]F[C’Iif], and F[C?"] replaced by F[C?"], F[C*"] and F[C?"], respectively.
Theorem 1.16. Under Assumption 1.14, the statement in Theorems 1.12 is true with

F[C2Y], ]F[C’Ii’ﬁ], and F[C?"] replaced by F[C?"], F[C*"] and F[C?"], respectively.

Both Theorem 1.11 and Theorem 1.15 are essentially covered by Cox, Fleischmann
and Greven [10]. The main difference is that Theorem 1.11 covers a much richer family
of functions and another difference is that we have correlated, instead of independent,
Brownian motions; See Remark 4.5 below for more details.

1.2 Outline of the paper

This paper is organized as follows: After some definitions, notation and preliminaries
in Section 2, we provide the approximation procedure which shows thatSHE (1.1) with
rough initial data and noise whose spatial correlation only satisfies Dalang’s condi-
tion (1.6) can be approximated by systems of infinite dimensional SDEs (i.e., interacting
diffusions on the d-dimensional lattice) in Section 3. Combining the approximation
procedures and the comparison theorems for infinite dimensional SDEs (Theorems 1.11
and 1.12, and Corollary 1.13) proves the main theorems 1.5 and 1.6 and also Slepian’s
inequality for SPDEs — Corollary 1.7 in Section 3.4. It remains to establish Theorems 1.11
and 1.12, and Corollary 1.13, which is done in Section 4. We first prove the existence and
uniqueness result — Theorem 1.10 — in Section 4.1. Then we will prove Theorems 1.11
and 1.12 by first showing that a system of infinite dimensional SDEs can be approximated
by systems of finite dimensional SDEs with a nice p in Section 4.2 and then obtaining
the comparison theorems for finite dimensional SDEs following the procedure of Cox,
Fleischmann and Greven [10] in Section 4.3. With these preparations, we proceed to
prove Theorems 1.11 and 1.12 and Corollary 1.13 in Section 4.4. Finally, in Section 5,
we give several examples to cover those in (E-1) - (E-5) above and one application of our
approximation results to give another straightforward proof for the weak sample path
comparison principle.

2 Some definitions, notation and preliminaries

Throughout this paper,

||, denotes the LP(Q2)-norm, N := {0,1,2,---}, Lip, refers to
the Lipschitz constant for p, D; := %, and Ry := [0, c0).
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Recall that a spatially homogeneous Gaussian noise that is white in time is an L?(2)-
valued mean zero Gaussian process on a complete probability space (2, F, P)

{F(): ¢y e Cx([0,00) xRY) },
such that -
EF@F@) = [ s [ ols.0)os.0f - pdady.
0 R2d

Let B,(IR?) be the collection of Borel measurable sets with finite Lebesgue measure. As
in Dalang-Walsh theory [11, 29], one can extend F' to a o-finite LQ(Q)-vaIued martingale
measure B — F(B) defined for B € B,(R; x R?), where R, := [0, 00). Then define

M;(B) := F([0,t] x B), B € By(R%).

Let (F;,t > 0) be the natural filtration generated by M.(-) and augmented by all P-null
sets MVin F, i.e.,

Fri=0(My(A): 0<s<t,Ae B, (RY)) VN, t>0,

Then for any adapted, jointly measurable (with respect to B ((0,00) x R?) x F) random
field {X(¢,7) : t > 0,7 € R?} such that for all integers p > 2,

/Oocds//]wdxdy HX(S,y)X(S’x)Hgf(zfy) < 00,

the stochastic integral
| xswras.a)
0 JRd

is well-defined in the sense of Dalang-Walsh. Here we only require the joint-measurability
instead of predictability; see in [6, Proposition 2.2] and [4, Proposition 3.1].
Let Jy(t,z) denote the solution to the homogeneous equation

Jot, ) := (nx G(t,-))(2) = » G(t,z —y)u(dy), (2.1)

and I (¢, x) be the stochastic integral in the mild form (1.3). Hence, the mild form (1.3)
can be written as u(t,z) = Jo(t,x) + I(t, x).

Definition 2.1. A process u = (u(t, ), (t,z) € (0,00) x R?) is called a random field
solution to (1.1) if

(1) u is adapted, i.e., for all (t,z) € (0,00) x RY, u(t, ) is F,-measurable;
(2) u is jointly measurable with respect to B ((0,00) x R?) x F;
(3) ||I(t,z)||, < +oo for all (t,z) € (0,00) x R

(4) I is L*(Q)-continuous, i.e., the function (t,x) ~ I(t,x) mapping (0,) x R¢ into
L?(Q) is continuous;

(5) u satisfies (1.3) a.s., for all (t,z) € (0,00) x RY.

Existence and uniqueness of a random field solution for bounded initial data is covered
by classical Dalang-Walsh theory [11, 29]. For rough initial data, this is established in
[4, 5, 6, 17]. A key tool for dealing the rough initial data is the following moment formula.
We need first introduce some notation. Denote

k(t) == " f(2)G(t, z)dz. (2.2)

EJP 25 (2020), paper 140. https://www.imstat.org/ejp
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By the Fourier transform, this function can be written in the following form

k(t) := (QW)*d/Rd f(d€) exp <t|522> . (2.3)

Define ho(t) := 1 and forn > 1,

hn(t) = /Ot ds hy—1(s)k(t — s). (2.4)

Theorem 2.2 (Moment bounds, Theorem 1.7 of [5]). Under Dalang’s condition (1.6), if
the initial data p is a signed measure that satisfies (1.5), then the solution u to (1.1) for
any givent > 0 and x € R? is in LP(Q2), p > 2, and

@), < [¢+VE (il « Gt ) ()] B (1) @.5)

where $ = [p(0)|/ Lip,, 7, = 32p Lipi, Lip, > 0 is the Lipschitz constant for p, and
H(t;7y) :== Z’y"hn(t), for all v > 0. (2.6)
n=0

Moreover, if the strengthened Dalang’s condition (2.7) is satisfied, namely,

/ (1f|(;|§;1_a < o0, forsome a € (0,1], 2.7)
Rd

then when p > 2 is large enough, there exists some constant C' > 0 such that
lut,2)ll, < C[ 5+ (lul + G(t, ) (@)] exp (€ Lip2/*pt/et) . 2.8)

Note that H(t;) in (2.6) has genuine exponential growth as proved in the following
lemma:

Lemma 2.3 (Lemma 2.5 in [6] or Lemma 3.8 in [1]). For allt > 0 and v > 0, recalling
that Y () is defined in (1.6), it holds that

t—o0

hmsup%logH(t;fy) Sinf{ﬂ>0: T (258) < 21’y} (2.9)

3 Approximation procedure and the proof of Theorems 1.5 and
1.6

The following approximation procedure is interesting by itself, based on which our
comparison results are direct consequences (see Step 4). Basically, we show that
stochastic heat equations on R¢ with rough initial condition and driven by Gaussian
noise which is white in time and correlated in space can be approximated by systems of
interacting diffusions on the d-dimensional lattice. There are several steps in order to
achieve this goal.

3.1 Step 1 (Regularization of the initial data and noise)

We will need the following approximation results, which were proved in Theorem 1.9
of [5] for L?(Q2) case. The generalization to the LP(Q), p > 2, is straightforward thanks
to the moment formula (2.5).
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Lemma 3.1. Assume that f satisfies Dalang’s condition (1.6).
(1) Suppose that the initial measure y satisfies (1.5). If u and u. are the solutions to (1.1)
starting from p and ((u 9.) * G(e, -))(z), respectively, where

VYe(w) = Mgipi<1/ey + (1 +1/€ = [2]) Uiy jeciaj<it1/e}s (3.1)

then
lim [Ju(t,z) —uc(t,z)||, =0, forallp>2,t>0andz € R™.

e—04

(2) Let ¢ be any continuous, nonnegative and nonnegative definite function on R? with
compact support such that fRd ¢(x)dz = 1. Let u be the solution to (1.1) starting from
bounded initial data, i.e., u(dxr) = g(x)dr with g € L>(R%). If i, is the solution to the
following mollified equation

0 1 .
aﬂe(t, x) = iAﬂE(t, x) + p(ae(t,x)) M(t,x), (3.2)
with the same initial condition u.(0,-) = p as u, where

(ds, dx) / de(x —y)M(ds,dy)dzx, (3.3)

and ¢.(r) = e %¢(x/¢), then the spatial correlation function f¢ for M€ is given by
fe€ = ¢ x ¢ x f which satisfies the strengthened Dalang’s condition (2.7) with o« = 1 and

lim sup [[u(t,z) — @(t,z)|[, =0, forallp>2andt>D0. (3.4)

€04 peRd

Moreover, one can always find such ¢ so that

o) e CHR%:R,)  with é%f“(o) =0 and ;,eungd 833; fo(x)| <oco  (3.5)
foralli,j=1,---.d.
Proof. (1) Theorem 1.7 of [5] shows that
uc(t,x) — u(t,r) in L?(Q), forallt > 0 and = € R%. (3.6)
If one can show that for any p > 2
sup ||uc(t,z)||, < oo, forallt>0andz e RY, (3.7)

€€(0,1)

then the L?(f2) convergence in (3.6) also holds for all p > 2.
Let pe := () x G(e,-)) (x). Since, for some constant C; > 0, G(t+¢,z) < C;G(2t, x)
forall z € R? and € € (0,1 A t), we have

(el * G(¢,) () < (Jul * Gt +¢,-)) (2) < Co (|pl * G(2t,-)) (x) < oo

Hence, (2.5) in Theorem 2.2 shows (3.7), which also proves part (1) of Lemma 3.1.

(2) From the direct computation, the spatial covariance function for M€ is given by
foe(z) == (¢e *x pe * f)(x) and f©° is nonnegative and nonnegative definite and it satisfies
strengthened Dalang’s condition (2.7) for each € > 0 (see Step 3 of Section 7 of [5]). In
addition, the L?(Q2) convergence has been established in Theorem 1.7 of [5]. As in the
proof of part (1), we need only show that forall £ > 0 and p > 2,

sup sup ||a(t, z)|[, < oo. (3.8)

€€(0,1) zeR
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By Theorem 2.2,
liie(t, )||,, < CHe(t, )",

where we have used the fact that g € L°°(R%) and v, = 32p Lipi, and H.(t;7,) is defined
in (2.6) with the function k(-) replaced by k.(-). Because

2 2
-| [ e eswn < ([ o) 1,
R4 R4

~ ~ 2
() = [5G = m [ faaoren (~15E)
~ 2
<en [ ages (-955) ko,

for all ¢ > 0, where K(t) is defined in (2.2), we see that

|6e(6)* = |d(e)I?

which implies that

e (2, x)”p < CH(t77p)1/27

where the upper bound is uniform in both € and x.
It remains to prove (3.5). Let g(x) = 1{_; yja(z) for € R* and choose

d
p(z) =4 g*g)(z) =477 H(2 — |z L), <23 -

It is easy to see that ¢ is a continuous, nonnegative and nonnegative definite function
on R? with compact support such that fRd ¢(x)de = 1. It is also clear that f<¢(:) €
C?*(R%;Ry). Fixi € {1,---,d}. To show that %fé’f(o) = 0, it suffices to show this for
€ = 1. Direct computation shows that

am o
S0 = [ o) fay
with ¢(z) = (¢ * ¢)(z) = 4~ [[{, 0(x;) and
1 16 1
0(x;) = <2(fﬂz - )JC + ) I[{\$1|<2} + = ( _ ‘xi‘)3ﬂ{2§|xi|§4}~

It is clear that 6(-) is an even and C? function on R with ¢'(-) being a continuous odd
function and #”(-) a continuous even function. More precisely,

1 1
0 (z;) = % i (3| — 8) M4, <oy — 751gn( )4 = i) * La<)a,<ay,
0" (x:) = (3[zi| — D)Wy y<y — (4 = 2 Lj2<as <ay-

Because f is nonnegative definite, we see that

8 1,1
—f(0) = dy) =4~ 0( f(dy) =0.
G 10 = [ St =4 [ TT#0) ) #7000 =
One can also find some constant C' > 0 large enough such that for all4,j € {1,--- ,d},
02 d
5 H (4 = lzil) Lpesj<ay = € (Lgy<zy * Lyy<zy) (@),
xlajj e}
EJP 25 (2020), paper 140. https://www.imstat.org/ejp
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where the right-hand side is a continuous, nonnegative, and nonnegative definite function.
Hence, for any i,j € {1,--- ,d},
)
R

d
= /]Rd H(4 i - yi|)]1{|90i—yi|§4}f(dy)
=1

e >

o

ox iLj

¢xzyﬂfmw

(‘)xixj

d
=¢ /]Rd H(4 =iy, 1<ay f(dy) < oo,
i=1

where the third inequality is due to the fact that the integrand is a nonnegative definite
function and in the last inequality we use the fact that the integrand is a continuous
function. This completes the proof of Lemma 3.1. O

We also point out that the initial data ((u ¢.) * G(e,-))(z) in the above theorem has
Gaussian tails so that it is in LP(R?) for any p € [1,00). This will be used in Step 4 of
Section 3.4.

Lemma 3.2. Suppose that i is a (possibly signed) Borel measure that satisfies (1.5).
For any 6 > € > 0, there exists some constant C' = C(e, 6, 1) > 0 such that

|((tpe) * G(e, ) ()| < C G(6, ),
for all z € R?, where ¢ (-) is given by (3.1).
Proof. Fix § > ¢ > 0 and denote

_ (e te) x G(e, ) ()]
U(x):= Go.a) .

It is clear that ¥ is a nonnegative and smooth function. Notice that

2

)

Gler—n) o [ G- e (ol

— _ < — .

GOy O/ exp 26 T | ST e (555
Hence,
2
we) <6/ [ e (52 ) = s <.
Yl <141/ 2(0 —¢)

which proves the lemma. O

3.2 Step 2 (Mollification of the Laplacian operator)

In this section, we regularize the Laplacian operator by using Yosida’s approximation.
Thanks to Step 1, we may assume that the initial data pu(dz) = ug(z)dr with ug € S(R?),
i.e., ug is a Schwartz test function, and f € Cz(Rd; R, ) with

82

8%1'1’3‘

o
—f9¢(0)=0 and
a:mf (0) and - sup

fo(x)| < oo, foralli,j=1,---,d. (3.9)

First, let us view the G(¢, x) as an operator, denoted by G(t), as follows:

G(t)f(z) == (G(t,-) * f)(x). (3.10)

EJP 25 (2020), paper 140. https://www.imstat.org/ejp
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Let I be the identity operator: If(x) := (6 * f)(z) = f(x). For any € € (0, 1), set

A€ = M ) (3.11)
€
Let -
G(t) = exp(tA) =e™¢ Y (t/e)nG(ne) = e VI 4+ RE(t) (3.12)
P B — nl o ’ '
where the operator R¢(¢) has a density, denoted by R¢(¢, ), which is equal to
c —iex (/)"

R(t,x) =e My -~ Glne,x). (3.13)

n=1

Because f € C?(R% R, ), the stochastic integral with respect to M (ds,dy) is equivalent
to the stochastic integral with respect to M, (ds)dy, where {M,(t),t > 0,z € R?} are
Brownian motions starting from zero indexed by = € R? with the following correlation
structure

E[M, (t)M, ()] = f(z - y)t. (3.14)

Denote M, (t) = & M,(t). Consider the following stochastic differential equation

St (b @) = Afuc(t,x) + pluc(t, 2) My(t), >0, € R, (3.15)

ue(0,2) = up(x), reR?.

Since p is Lipschitz continuous and A€ is a bounded operator, (3.15) has a unique strong
solution

ue(t, x) = ug(x) —|—/0 dsAuc(s, ) —i—/o p(ue(s,z)) M, (ds), (3.16)

where

¢
/ dsAu(s, ) / / Y) [ue(s,y) — ue(s, z)] dyds. (3.17)
0 R4

We will need the following lemma regarding the spatial regularity of u.(¢, ).

Lemma 3.3. Let u. be a solution to (3.15). If the initial data vy € S(R?), and if the
correlation function f in (3.14) is in € C?(R%; R, ) with f'(0) = 0 and f"(-) being bounded,
then for any e > 0, T > 0, and p > 2, there is a constant C = C(T, p, e,,u,Lipp) > 0 such
that

lue(t, z) — ue(t,y)l|, < Cle—yl,  forallte[0,T]andx,y € R

Proof. Fix p > 2, T > 0, and € > 0. Let C be a generic constant that may depend on
these constants, namely, T, p, ¢, and Lipp. For any t € [0,7] and z,y € R?, we have that

ue(t, 2) — ue(t, y) =uo(x) —

uo(y
/ds/Rddz (62— 2) — Gle,y — 2)] [ue(s, 2) — (s, )]

+ Z/O ds [ue(s,y) _ue(57$)}

(uc(s, x)) = plue(s,y))] Ma(ds)
)

+/0 [
# [ otutonn
5

M, (ds) — M, (ds)]

~
Il

I
ng
S
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It is clear that |I1| < [|ugl| ;e (grae) |2 — y|. The boundedness and regularity of the initial
data implies that

Arpe = sup sup [[uc(s, z)[, < oo. (3.18)
s€[0,T] zeR?

Hence, we have that
1 t
|\Ig||p §2AT,I,767/ ds dz|G(e,x — 2) — G(e,y — 2)] .
€ 0 Rd
Notice that Lemma 3.1 of [5] with o = 1 implies that

|G(e,x — 2) — Gle,y — 2)| < —= (G(2¢,2 — 2) + G(2¢,y — 2)) | — y|.

N Q

Therefore,

t
||12||,,sc|x—y|/ ds/ dz (G262 — 2) + G2e,y — 2)) = Cla —y,
0 R4

where we note that the constants C' depend on e.
As for I3, we see that

T [t 5
i / te(5,9) — e(s, 2)] 2 ds.

€

2
2 1 K
1 < 5 ([l - usall as) <
As for I, by (3.14) and the Burkholder-Davis-Gundy inequality, we see that
t
112 <CLip, £(0) [ [fue(s.9) — wels.o)][2 s (3.19)
0

As for Iy, by the Burkholder-Davis-Gundy inequality, (3.14), and (3.18), we see that

1| <C H< [ ot (a9 - 3y as) )

tiip/2

e H2 / ol 9) [F(0) — £ — ) ds

p/2
<c / (e (5, )11, 1£(0) — F(z — )] ds

0
<C1£(0) - f(z— ).

Because f € C%(R% R, ) with properties (3.9), we see that |f(0) — f(z — y)| < C|z — y|?.
Therefore,
Us]l, < Clz —yl.

Combining these five terms, we see that

t
2
et ) = welts)lf} < Clo =y +€ [ el n) =~ uels, )3,
0
Finally, an application of Gronwall’s lemma proves Lemma 3.3. O
Lemma 3.4. Under the same setting as in Lemma 3.3, we have that

lim sup |lue(t,z) —u(t,z)||, =0, forallt>0andp>2, (3.20)

e—0 zER4

where u(t, z) is the solution to the same equation (3.15) but with A° replaced by the
standard Laplacian operator A.
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Proof. The proof of this lemma is very similar to the proof of Lemma 3.1. In particular,
since

uc(t, ) = (ug * G<(t,-)) (x) + /O e =/ p(uc (s, 2))d M, (s)
+ / R(t — 5,2 — y)p(uc(s,y))dMy(s), and
0 JR4

u(t.a) = (0 Gt ) @)+ [ [ Gl sa = p)ofuls.)dt, o)

we see that

4
luc(t. ) = ult,@)|; < C Y Lu(t,z;e),

n=1
with
L(t,w5€) 1= [(ug # {G“(t,) — G(t,)}) (x))*

2

Ly(t, z;€) := /0e_(t_s)/sp(ue(s,x))dMa:(s)

)

p

Lot 2 €) = / /}R R = 5,2 = ) [ (uels, ) — p (uls, )] AV, (5

2

’
p

L) = || [ [ 1RG50 =) = Gl = sz = )] p(uts9) 4 ()

2

p

By Lemma B.3 of [5] and the boundedness of the initial data uq, we see that I; (¢, z;€) < Ce.
The boundedness of the initial data implies that

A; = sup sup sup Hue(s,glc)||127 \Y ||u(s,x)||127 < 00. (3.21)
€€(0,1] s€[0,t] zeR4

Now we apply the Burkholder-Davis-Gundy inequality, (3.21), and the fact that f(0) < oo
to both 15 and I, to see that

2(

t —s
Iy(t,z;e) < C/ e~ ds < Ce and
0

2

Li(t,3;6) < Cpf(O)/Otds [/R |R€<t—s,x—y>—G(t—sw—yﬂdy}

t
< c/ (es/f + f) ds < Cv/e,
0 S

where among the two factors of fle |R¢ — G| dy, we have bounded one by 2 and the other
one by C(e~*/¢ — /e/s) using Lemma B.3 of [5]. Similarly, for I3, we have that

‘ 2
Lt 20 < CF(0) / ds sup |[ue(s,2) — u(s, 2|2 [ / RE(t—s,x—mdy}
0 z€R4 R4

t

<C | ds sup ||ue(s,z) — U(&Z)H;Q;
0 z€R4

Combining these arguments, we see that

t
sup ||ue(s,x) —u(s,x)||i < C\/E+C/0 ds sup [|ue(s,2) —u(s,z)Hi.

zER? 2€R4
Finally, an application of Gronwall’s lemma proves the lemma. O
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3.3 Step 3 (Discretization in space)

For ¢ € (0,1) and = € R, denote

e = (2]

where [z] is the function that rounds half away from zero, e.g., [4.5] = 5 and [-4.5] = —5.
Note that [z]s is an odd function of 2. Moreover, for z € R?, set

[z] = ([x1], ..., [xq]) and [z]s = ([z1]s,- - -, [Td]s)-
For = € RY, denote
, i—l,...,d}.

d - r(i—ir+1/2)8
H / Gl(evy)dya
k=1 (ik—Jrk—1/2)d

| 9

Qs(e) = {yeRd: 2 — 1] <

Foreand € (0,1), and i,j € Z9, let

P [ Guteis —y)dy =
Qs(j0)

where G4(t, x) is the heat kernel on RY (see (1.4)) and when there is no confusion from
the context, we will simply write it as G(¢, x).
Now we consider the following infinite dimensional SDE:

du‘z(t,zé) - % Z P;]’(; [ug(tajé) - uf(t,zé)] + p(uf(t,zé))d ieé(t)a t> Oai € Zda
jezd

u®(0,i6) = (u* G(e,-))(id), ieZ.
(3.22)
It has a strong solution

ul(t,i0) = (u* G(e, ) (i6)+ / Z P 5 (5,50) — ul(s, i6)] ds
jezs (3.23)

4 / p(ud(s,i6))dM5 (5).

We first note that (3.23) is a discretization of (3.16): If we replace x in (3.16) by [z]s
and set ¢ = [z/], we see that the first and third terms on the r.h.s. of (3.16) becomes the
first and third terms on the r.h.s. of (3.23), respectively. The r.h.s. of (3.17) becomes

%/0 /}RdG(e,ichy) [te(s,y) — ue(s,i6)] dyds
1 t
~— | ds G(e,i0 — y) [ue(s,j0) — uc(s,id)]d
S [ G ) o, 8) s i) dy

jezad
/ ds Z Pe‘s [ue(s,50) — ue(s,id)],
jezd

which is equal to the second term on the r.h.s. of (3.23) (then one may put a superscript
¢ in u. to denote the step size of this discretization).

Note that {M5(t),t > 0};cz is a sequence of correlated Brownian motions starting
from zero with

E (M5(t)Mjs(s)) =(t As) / o G(e,i0 — y1)G(€,50 — y2) f(y1 — y2)dy1dy

~

=00 [ exp (~2elef?) cos(i — 7)) Flde):

see (3.14).
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The main result of this step is the following lemma:
Lemma 3.5. Suppose that the initial data p is bounded, ie., p(dx) = g(z)dx with
g € L>®(RY). Let uc(t,x) be the strong solution (3.16) to (3.15) and for any ¢,§ € (0, 1),
let ud(t, [z]5) be the system of stochastic differential equations given in (3.22). Then for
anyt >0, z € R% and p > 2, it holds that

5 _
5&%14, s;fli)d ||ue(t, z) — ul(t, [x]5)||p = 0. (3.24)

Proof. Fix arbitrary p>2,t>0andz € RY Notice that
Huetﬂc —u || <|ue(t, ) — ue(t, [x]s || —I—Hu6 5)—uf(t,[x]5)Hp
=19t ) + IS°(t, x).
For I7°, Lemma 3.3 shows that

sup If"s(t7:r) < sup sup sup |lue(s,z) — ue(s,y)ll, < Ced. (3.25)
zeR4 s€[0,t] j€Z z,y€Qs(59)
Now we study I5°. Denote v(t, [z]5) := ul(t, [z]5) — uc(t, [z]s). By setting i = [z/4], we

see that
4

ve(t,id) = AP (t,i0),
=1
where

1 t
AL t,id) := 7/ ds
Sim=t [0y

€

/ dy Ge,i6 — y) [te(s, y) — ue(s, 45
Qs5(39)

jezs
1 t
A;’S(t, i0) == 7/ ds Z / dy G(e, i5—y)vf(s,j5),
€Jo 2747 Qs(i0)
JEZ
1 t
Ag’(;(t, i0) == 77/ v2(s,i6) ds
€Jo

t
AT 0.10) = [ (u8(5:38)) = p (ul5,38))] M5 5).
By Lemma 3.3 again (see also (3.25)),

HAi"s(t, || <c.

p

For AS° and AS°, by Minkowski’s inequality, we see that
1 t
€,0 . Fy .
ma; A’t,§H<7/s s,70)|| ds.
2:1?§H ¢ (8,9) p €Jo jeuZdeve( g )Hp
For AZ"S, by the same argument as (3.19), we see that

HAG‘SH <c/ sup [[08(s.)[} s
0

JEZ
Combining these terms we see that
t
2 . 2
sup Hv (t ]5)”p < C.8° +C€/ sup va(s,jé)”pds.
jeza 0 jezd

An application of Gronwall’s lemma implies that

Iy s < sup ||v (t j5)|| < Ce6. (3.26)

jez b
Finally, (3.25) and (3.26) together prove (3.24). O
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3.4 Step 4 (Proof of Theorems 1.5, 1.6 and Corollary 1.7)

We now combine Steps 1-3 above to construct solutions to the infinite dimensional
SDESs (3.22) which converge in LP(2) to the unique solution u(t,z) to SHE (1.1) with
rough initial data and driven by Gaussian noise whose spatial spectral measure only
satisfies Dalang’s condition (1.6). Let us fix arbitrary ¢t > 0, € R? and p>2.

Step 1 shows that there exist a solution u,, (¢, ) to (1.1) with bounded initial data
(see Lemma 3.2) and driven by Gaussian noise whose spatial spectral measure satisfies
the strengthened Dalang’s condition (2.7) with o = 1 such that

lim  lim [[u(t, 2) — ue, ¢ (t,7)[|, =0, (by Lemma 3.1)

el =0t e -0t

where € (resp. €}) refers to the mollification for the noise (resp. the initial data) as in
part (2) (resp. part (1)) of Lemma 3.1.

Step 2 now implies that there exists a strong solution u, ¢ e, (t,x) to (3.15) such that

lim+ Huq)e/l (t, @) = Ue, ¢ er (1, x)’ ‘p =0. (by Lemma 3.4)

€2 —0

5

’
€1,€7,€2

Step 3 shows that there exists a solution u
SDE (3.22) such that

(t,[x]s) to the infinite dimensional

lim ‘

=0. (by Lemma 3.5)
§—0t

Uey e ,e2 (t7 JJ) - ufl,e’] €2 (t’ [{L‘](;) »

Now it is easy to check that (3.22) is of the form (1.21), i.e., Assumption 1.8 is
satisfied. In particular, part (iv) of Assumption 1.8 is satisfied thanks to Lemma 3.2.
Thus, an application of Theorems 1.11 and 1.12 completes the proof of Theorems 1.5
and 1.6. Note that the two cases, namely, the multiple-time comparison over ]F[Cf):i] or
F[Cg}’ﬁ] and the single-time comparison over ]F[CZ%’”}, are treated separately in the proofs
of Theorems 1.11 and 1.12 below.

It remains to prove Corollary 1.7. Under condition (i), there exists some ¢y > 0
such that fi([—¢o, €0]?) = fa([—¢0,€0]¢), which, together with the fact that f; — f» is a
nonnegative measure, imply that for all e € (0, €], f;°(0) = f3°(0) and f“(z)— f5(z) > 0
for all 2 € R where /i is defined in Lemma 3.1. Thus, the result is a consequence of the
approximation procedure and Corollary 1.13. Under condition (ii), since f; € Cf(]Rd; R.),
{=1,2, f, have to satisfy the properties in (3.9). Hence, in Step 1, we do not need to
mollify the noise, or equivalently, we could set ¢; = 0. We keep the approximations. Then
one can apply Corollary 1.13 to conclude this case. This proves Corollary 1.7. O

4 Stochastic comparison principles for interacting diffusions

In this section, we will study the interacting diffusion equations (1.21) and prove
Theorems 1.10, 1.11, 1.12, 1.15, and Corollary 1.13.

4.1 Existence and uniqueness (Proof of Theorem 1.10)

Proof of Theorem 1.10. To show the existence of a solution, we use the standard Picard
iteration. For n = 0, set U (¢,4) := uo (i) and for any n > 1, define recursively
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t
U+ (1, 4) =ug (i +H/ sz U( ") (s,5) — U(”)(s7i)) ds+/ p<U(n)(S7Z‘)) dM;(s)
JEK 0

=:ug (i) + I (¢, %) + R, (t,1). 4.1)

Choose and fix an arbitrary integer k£ > 2. Without loss of generality, we may assume k
is an even integer. We first show that all U(")(¢,-)’s are in £*(K) almost surely for any
t > 0. For any random field Z(t,4), define

Nsi(Z) := sup e 'E (IIZ(t, -)Ilﬁfk(K)) ., B=>0
Note that N 5 / kk(Z ) is a norm on the random field. Then by the Minkowski inequality,

Nka(U("+1))§< (o) + N (L) + NYE(R)
1 (N (uo) + Nag(In) + Npk(Rn)) - 4.2)

We will compute the three N, Bl/ ,f() norms in the right-hand side of (4.2). It is clear that

Nﬂ,k(uo) = ||U0||?k(K) . (4.3)

As for N3 (I,,), because k is even, we have that

k
ZIE / pr [U(") $,7) — U(")(s,i)} ds
icK jeEK
=) E / dsy - / dsp > o0 Y Hpmg {U( ™ (50, je) — U(")(Sbi)]
ieK J1EK JreEK =1

*ZE/ dsleﬂsl/k.. /dskeﬁsk/k Z Z (sz,gg>
€K JieK  jreK

k
x [J e Pee/* [U(")(Se',je') - U(n)(s‘z"i)} '
=1

By the inequality [[¥_, a; < (a¥ + - -- + a¥)/k applied to the product over ¢/, we see that

k

T e % [U(n)(sg,,jé,) - U(”)(Szui)}
¢=1

<

k
Z (e—ﬂsw [U(”)(sw,je') — U(")(Se',i)r)

=1

Eal e

ok—1 kK
S e i 0]

=1

IN
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Hence,

&
ZE (/ me {U(" $,7) — U(")(s,i)} ds

k t
< - Z/O dsjePsi/k ... /dskeﬁs’“/kz Z Z (Hpi,jg>
=1 i€EK j1€EK JLEK

2k—1 k t t
< (1+A) Z/ dsleﬂm/k.../ dSkeBSk/k [e—ﬁsezE (HU(n')(SZ’7')
0 0

k
o))

k
=1
2k—1
= (1 +A)J\/’ng /dsleﬁsl/k /dskeﬁs’“/k
=1

S?kil(l +A) Nﬁ,k< )> <g) ew,

where we have used the assumption (1.22) and the fact that >, , p;; = 1. There-
fore,

1+A /26k\"
Niw(ln) < % (;) Ny (U™). (4.4)

Now let us consider Nj (R,,). By the Burkholder-Davis-Gundy inequality, we have

that
B ( /0 Y (U (5.) di(s) k)
< ([ /0 t p (U<">(s, z’))2 W(O)dé’} m)

k/2

t t
§ckLip’;7(O)k/2/d51.. /dsk/glE [TU™(se,)? |
0

{=1

where cj, is some universal constant and we have used the fact that k is an even integer.
By the same arguments as above,

t t k/2
/d31~~~/ sl | [T U™ (s0,4)?
0 0 =1
k/2
ds e2Psr/k . / dsk/gews’“”/kE Hefwsi/kU(”)(SZ i)?
0 =1
9 [t k/2
S,/ dslezﬂsl/k.../ dswezﬂsm/kze—ﬁs@(Um)(sg i) )
k 0
(=1
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Thus,
¢ k
S| [ o (Us0) Ao
i€k 0
k k22 [* 2881 /k ! 28512/ k & B (n) ¥
< ¢ Lip7 (0 f/dse s1 /ds e Pok/2 e~ stE)(HU” Sgy )
k1P (0) % J, 1 o k/2 ; (s.) 2k (K)

t

t
< e Lipk 7(0)"/2 N (U<">)/ dslezﬁsl/k.../ sy jpe?5er2 /¥
0 0
k

k)2
=cp Lip]pC ~(0)*/2 N 1, (U(")> (25> et

which implies that

o\ */2
N57k(Rn) < cp Lipﬁ ’y(())k/2 <26> Ngyk (U(n)) . (4.5)

Putting (4.3), (4.4) and (4.5) back to (4.2) shows that
Ne.k (U(n+1)) < 357 ol [3e 16y + Cr(B) N i <U(n)) ’

where

._ k-1

k k/2
1A <M> + ¢ Lipy, 7(0)*/? (k> 1 : (4.6)

It is clear that 8 — Cj(f) is a strictly decreasing function for all § > 0. Therefore, by
choosing f. to be the unique positive solution to the equation Cj(8) = 1/2, we have
that

1
N,k (U("+1)) <3kt ||uo||lg€k(K) + 5/\/5*,1@ (U("))
_ k 1
<35 [Juol g ) (1 To T )
<3* ||u0||?k(K) : (4.7)

Therefore, we have that

sup sup E(HU("’)(t,-)

n>00<t<T

k
k k B.T
Zk(K)) < 3%[|uollgs zye” - (4.8)

This implies that U(™ (¢, ) for all n > 1 is well-defined and in L> ([0, T]; L*(; £*(K))).
Let VM (t,i) := UMD (¢, 4) — UM (t,i) for n > 0. Since p is globally Lipschitz with
Lipschitz constant Lip,, following the same process as above, we can have

N, k (V(”)> < %Ng*,k (V(”*l)) <... < %Nﬁ*,k (V(0)> '

Since V(© = @) _ 4,, we see that

k

Niw (V) < W5 (00) + N5/K (uo)]
<2 W (UD) 4+ 257 fluo I
<2F1 (35 +1) Hu0|‘§’€(K) :
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Thus, > ., Ng/i (V) < oo, which implies that {U(”)}ne]N

the Banach space with the norm N, 51,/ ,’Z(~). As a consequence,

is a Cauchy sequence in

w:= lim U™ in L* ([0,T7; L*(Q; ¢F(K))).

n— oo

Fatou’s lemma and (4.8) imply that
sup (11Ut )5 ) < 3ol ey exp (8.7) (4.9)
0<t<T

which, together with Lemma 4.1 below, proves the second inequality in (1.26). The first
inequality in (1.26) is due to the trivial fact that

sup [U(t,4)|P < Y U,  as. (4.10)
ek i€K

In addition, using the convergence from U™ to U in L ([0, T]; L*(Q; (*(K))), it is easy

to see that U satisfies (1.24). The proof of uniqueness follows from a standard argument.
We will not repeat here. This completes the proof of Theorem 1.10. O

Lemma 4.1. Let Ci(8) be the constant defined in (4.6) and (3. be the positive solution
to the equation Cy(3) = 1/2. Then for some constant C = C(x,v(0), Lip,, A), it holds
that B, < Ck? for all k > 2.

Proof. We first prove the symmetric case, i.e., p; ; = p;,;, in which case, A = 1. Note
that the constant c¢; in the Burkholder-Davis-Gundy inequality can be chosen to be
cx = 2Fk*/? (see, e.g., [4]). In order to solve the equation C(f) = 1/2, set z = 3~F/2,
Then equivalently, x solves

(6rk)" 2 + (18v(0)k Lip2)** & = 3/2 = 0.

By finding the positive solution and then taking the power of —2/k, we see that

2/k
B, =2 x 31~/ ([37/8 Lip2]*/ + /6(sk)* + [37k2 Lipi]’“)

2/k
<2 x 31 * (2 [39k° Lip2] " + V6 (k) /?)
<2 x 317204 (22639 Lip? 461/ ck

<6 (3yk* Lip, +rk) ,

where we have applied twice the subadditivity property of the function R} > z — ¢
for a € (0,1]. Therefore, one can find a constant C' depending on «, 7(0) and Lip , such
that 8. < Ck? for all k > 2. Finally, for the general case, the above quadratic equation

becomes Lo A
% (6kk)" 22 + (187(0)k> Lipf,)’“/2 r—3/2=0.

The rest arguments remain the same. This proves Lemma 4.1. O

4.2 Several approximations

In this subsection, we will reduce the SDE (1.21) to the case in Theorem 1.15. We will
need to approximate the solution to (1.21) in the following two cases: The first case is to
approximate (1.21) by that with a C?(R, ) diffusion coefficient. This is covered in two
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steps through Propositions 4.2 and 4.3 below. The second case is to approximate (1.21)
by a finite dimensional SDE and this is covered by Proposition 4.4 below.

Case 1. Define

pn(x) == p(x) Mg z<ny +p(sgn(z)N) (2 — |z|/N) Ty y<|zj<2n}- (4.11)

Since p is a globally Lipschitz continuous function with the Lipschitz constant Lip, and
p(0) =0, it is easy to see that py is also globally Lipschitz such that

Lip,, < Lip, and pn(0) =0, (4.12)

which imply that |[pn(z)| < Lip, |z|. Consider

dUN(t,1) = &Y piy (Un(t,5) = Un(t,1)) dt + pn (U (t,8))dMi(t), i€ Kt >0,
jEK

UN(O,i)ZUQ(i), 1€ K.
(4.13)
The existence and uniqueness of a strong solution in the space (1.25) follows from
Theorem 1.10.

Proposition 4.2. Let U(t, i) and Ux(t,4) be solutions to (1.21) and (4.13), respectively,
with the same initial data uq(-) € ¢>(K). Then, for any T > 0 and k > 2, we have that

sup E <supU(t,i) - UN(t,i)k) < sup E (||U(t,z’) - UN(t,z')||§k(K)) 0, (4.14)
t€[0,T] €K t€(0,T]
as N — +oo.

Proof. LetT >t > 0 and fix k > 2. Without loss of generality, we may assume that & is
an even integer. Let Vi (t,4) := U(t,4) — Un(t, 7). Then, Vi (¢,4) is a solution to

AV (t,4) = & Y piVa(t, )dt — Vi (8, 8)dt + (on (U (L, 1) — pv (Un (¢,4))) dM; (1)
JEK
+ (p(U(t,4)) — pn(U(t,1))) AM; ().
By It6’s formula
AV (t,1) =kkVE~ (1) > piViv(t)dt — kkVE (¢, 4)dt
JjEK
+EVY (1) (on (U (44) = pv (Un (8,7))) AM(t)
+EVY (1) (p(U (1) — py (U (¢,4))) dMi(2)

M0 0) V20, (o (U0,9) — p (U 1,0)P
+ D ) VE2(0,) (o0 (4,1)) — o (U (6,00 .

By the following Young’s inequality for product
kab*=' < af 4+ (k- 1)bF,  foralla,b>0and k > 2, (4.15)
we see that
Z KkVN (8, 7) Zpi,jVN(taj) < HZ Zpi,j (V& (t,5) + (k = 1)V (8, 7))
ieK jeK ieK jeK

<k(k—=1+A)||VN(t, ‘)||?k(K) ’
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where we have used the assumption (1.22) and the fact that } . - pi; = 1.
By (4.12),

SOVEH(10) (on (U(11)) — pv (U (11))) < Tin? [[Viv (8, )1 ) -
€K

By Young’s inequality (4.15) with k/2, we see that

g(P(U(t,i)) — pn (U (,0))? VE2(t,0) < (p(U(t,0)) — pa(U(t,0)))" + %V/&(t,i).
Hence,
> @7(0) VA2 (1) (p(U(t,1) — pi (U (1,4)))?
€K
<O~ 9O U1, ) ~ o 0Dl + E2E =2 0) [V, [ -
Therefore,

B (I M) < 0 [ B (Vo) s
#Ca [ B (o005, ~ o (s D) s

where the two constants can be chosen as follows:

(k—1)(k-2)

L k=D !

Cy:=2k(k—14+A7A) 5

~v(0) Lip? + 7(0) and Cy:= (k—1)7(0).

By setting Wi (t) := sup,¢(o 4 E <||VN(5, )HZ(K)) we see that

t t
Wa@) <1 [ W40y [ s B (o) = pn 6 Do) ds. 416
0 0 s'€l0,s

Because |pn(z)| < Lip, |z for all x € R, the moment bound (1.26) implies that

sup E (|lp(U(s,)) = pn (U, Dl )

0<s<t
< sup E (Z p(U(s,)) — pn (U (5,4))[* H{U(s,i)|>N}>
O<s<t ieK

§2k_1Lip]; sup E (Z U(S,i)k]l{|U(s7i)|>N}> — 0, as N — +oo.

0ss<t \jek

On the other hand, the above inequality shows that

sup I (Z [p(U (s, 1)) — pN(U(s,z‘))l’“> <2"! Lipy, sup I (||U(s, .)||§k(K)) < Cr,

Oss<t  \;ek

for all ¢ € [0,T]. Hence, the second term on the right-hand side of (4.16) converges to
zero as N — oo by the dominated convergence theorem. Moreover, as a function of z,
this term is in L!([0,7]). Therefore, an application of Gronwall’s lemma completes the
proof. O
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Thanks to Proposition 4.2, we can now assume that p is a function with compact
support. Let ¢ € C°(R) with [; ¢(x)dz = 1 and let ¢ (x) = e '¢(z/¢). Define p(z) :=
¢ * p(x). Then, it is easy to see that p. € C2° and p, is globally Lipschitz with the same
Lipschitz constant Lip, as for p. Consider

dU.(t,i) = Kk Z pij (Ue(t,7) — Ue(t,4)) dt + pe(ue(t,4))dM;(t), 1€ K, t>0,
jeEK
U.(0,7) = up(3), 1€ K.
(4.17)
The existence and uniqueness of a strong solution in the space (1.25) comes from
Theorem 1.10.

Proposition 4.3. Let U(t,i) and U.(t,¢) be solutions to (1.21) and (4.17), respectively,
with the same initial data uo(-) € (*(K) and with p being a continuous function with
compact support. Then, for any T > 0 and k > 2, it holds that

sup B (sup [0(0.0) = Ut ) < sup B (000) = Uit Mg) 20, 19
te[0,T) €K t€[0,T]

ase — 04.

Proof. Since p is a continuous function with compact support, we have that |[p¢[| g, <

ol ®) < co. On the other hand, since both p and p. are continuous functions with
compact support, p. converges to p uniformly on any compact set, i.e.,

lim sup sup[p(U(s,7)) — pe(Ul(s, Z))|k =0.

e20p<s<tick
Hence, the bounded convergence theorem implies that
. Ak ; [k
sup E (sup |p(U(3,1)) — pe(U(s,1))] ) <E ( sup sup |p(U(s,%)) — pe(U(s,12))] > — 0,
0<s<t i€K 0<s<ti€K

as € — 0. Therefore, one can follow the same arguments as those in proposition 4.2 to
complete the proof. O

Case 2. [t remains to show the approximation by a finite-dimensional SDE when K has
countably infinite many elements. Let K; be subsets of K with finite cardinalities such
that K; C K5 C --- T K. Consider the following finite system of interacting diffusions:

AUp (t,) =k Y pij Up(t, 5) dt — 6Up (t,0) dt

jEKm i€ Ky, t>0,
+p (Un(t,i))) dM;(t), (4.19)
Up (0,4) = u (i), i€ K,
Upa(t,7) = u(i) , i€ K\ Kp, t>0.

The existence and uniqueness of a strong solution to (4.19) is a standard result.
Indeed, one may also follow the proof of Theorem 1.10 to show the existence of a unique
strong solution.

Proposition 4.4. Let U(t, i) and U,,(t,4) be solutions to (1.21) and (4.19), respectively,
with the same diffusion coefficient p which is assumed to be globally Lipschitz continuous.
Then, for any T > 0 and k > 2, it holds that

sup E (supUm(t,i) - U(t,¢)|‘“) < sup E (HUm(t,-) —U(t,-)||fk(K)) 0,  (4.20)
t€[0,T] €K t€[0,T]

as m — +oo.
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Proof. Let T >t > 0 and fix k£ > 2. Without loss of generality, we assume that & is an
even integer. Set V,,,(¢,4) := U(t,7) — Up,(t,4). Then, V,,(¢,) solves the following SDE

Zp” (t,7)dt — KV (t, 0)dt

, J€Km ‘ , , ifi € K,,,
dVin(t,i) = + (p(U (k1) = p (Unm (1) dM(8) + > piU(t5)dt,
JEK\Km
dU (t,i) = the r.h.s. of the first equation in (1.21), otherwise.

By It6’s formula, we see that, for any i € K,,,

AVE(t i) =kk > pi Vi (68 Vin(t, §)dt — KV (¢, 6)dt

JEKm
+ KV () (p(U(t,1) = p (Un(,4))) dMi(1)
+kVETL(L,4) Z pi;U(t, j)dt

JEK\Kpm

+ %Vk 2(t,0)7(0) (p(U (1:4)) = p (Un(t,1))) dt.

Notice that
k k k
Ve (&, Mer iy = WV (& Mg i,y + Vi (8 N on (v, -
It is clear that

||Vm(ta ')||gk(K\Km) = HU(ta ) - UO(')Hek(K\Km) < HU(ta ')||gk(K\Km) + HUO(')sz(K\Km) :
Theorem 1.10 says that U(t,-) € £>(K) C ¢*(K) a.s. for all t > 0, which implies that

Z U(t,7)* -0 asm — coa.s.
JEK\Km

Therefore, thanks to (1.26), the monotone convergence theorem implies that

t
lim sup B Y U(s,5)F | ds=o0. (4.21)
m=2Jo s€[0,s] JERN K
In addition, since ug(+) € £2(K) C (*(K), we can get

t
lim | sup E (||Vm(s’, ~)||§k(K\Km)) ds = 0. (4.22)

m=o0 Jo s'cl0,s]

As for ||V, (¢, ~)\|’Z,¢(Km), by Young’s inequality (4.15), we have that

kY D pig [V Vi) < Y0 Y pigVi(t i) + (k=1 D > pigVin(t.d)

(€K m j€EKm ieK jeK ieK jeK

< (k=14 A) ||Vin(t, e i)

where we have used the assumption (1.22) and the fact that ) jex Pij = 1. Similarly,
by (4.15),

k

Z ka ! t Z Z plj t .] S( - 1) ”V ||£*(K) + Z Z pi,jU(tvj) )

i€Km JER\Kpm, i€K | jEK\Km
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where, by Holder inequality and the fact that > JeR\K, Pig < 1,

k
S S pu | <3N Uk <A Y Urg)E

i€K | jeK\Km i€K jEK\Kom JER\K

Now combine things together and use the fact that p is globally Lipschitz to see that

B (1Vin (M) ) =F (Vi M) + B (Vi )iy )

< (=100 + 2D 0010 [ (s ) 0

t

t
+A E Z U(S7])k dS+/O E(H‘/HL(S,)HZC(K\K”L)) dS.

0 JEK\K

Thanks to (4.21) and (4.22), an application of Gronwall’s lemma to

Wi(t) := sup E (”Vm(sv’)H?’c(K))
36[0775]

proves the proposition. O

4.3 Comparison theorems for finite interacting diffusions

In this subsection, we will prove Theorems 1.15 and 1.16. Before the proof, we first
make a remark to comment the difference of our results with those in Cox, Fleischmann
and Greven [10].

Remark 4.5. Here is a detailed comparison of our results — both Theorem 1.11 and
Theorem 1.15 — with Theorem 1 of Cox, Fleischmann and Greven [10]. Let us first
mention that F and Fy in [10] correspond to F[C}"] and IF[C’E;’E], respectively, in our
paper.

(a) For the infinite dimensional case, Theorem 1.11 is able to cover a bigger function

cone, namely, F[C>"}] and F[C2"] in contrast with F[Cgi] and F[C;""], respectively,
in [10]; see (1.18) for relations of these function spaces. In particular, the multiple-
time comparison result in Theorem 1.11 works well for the moment functions ;.
However, in order to apply the same comparison results in [10] to the moment
functions, one needs to restrict the moment functions to bounded subinterval I C R4,
i.e., one needs to replace ]Rff in the definition (1.16) by I¥; see Example 6 of [10]. We
can make this extension thanks to our stronger approximation results in Section 4.2,
namely, Propositions 4.2, 4.3 and 4.4.

(b) For the case of finite dimensional SDE with C?(R.) diffusion coefficient, Theo-
rem 1.15 corresponds to Sections 2.1 — 2.4 of [10]. By stating our results in terms of
F[C?Y], F[Ci’”] and F[C*"], our results are slightly more general, even thought this
improvement is not essential because each component of the the diffusion process
will live in the compact support of p. The major difference here (and also for infinite
dimensional SDE case) is that in [10], only the case of independent Brownian motions
was studied. So we need to change the infinitesimal generator from

1

Gy=rk Z (pig = 0i.4) 2 Di + 3 Z pi(z)D2, (=1,2, (4.23)
1<4,5<d 1<i<d

to (4.26) below. This change won’t bring any new difficulties. The original proof in

[10] works line by line.
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Although Theorem 1.15 can be proved in the same way as those in Sections 2.1-2.4 of
[10] with only minor changes as is explained in part (b) of the above remark, considering
that Theorem 1.16 is new, we will streamline the proof of both results altogether. This
will also serve as an alternative presentation of the proofs in [10].

Proof of Theorems 1.15 and 1.16. Let the index set K be {1,---,d}. Under both As-
sumptions 1.8 and 1.14, we have a finite dimensional SDE with p € C2(R, ). Hence, it
is well-known that there exists a unique strong solution U(t,-) € R?. For ¢ € {1,2}, let
U, be the unique strong solution either corresponding to p, in case of Theorem 1.11 or
to v, in case of Theorem 1.12. In the following, we will slightly abuse the notation for
the expectation. We may put subscript to denote the initial data and where there is no
subscript, the initial data is ug(-).
Now we need to prove the following two statements:

1. For any integerm > 1,0 < t; <--- <t,, < 0o, and
either Fy,--- F, ¢ P 0>) or Ry, .- F, € R OB,

it holds that

m

E|[] F (Ute, ) H (Us(te, ) ] (4.24)
=1 /=1

2. If F is only in F{%4}[C2], then for any ¢ > 0,
E[F(UL(t,)] > B[F(Ua(t, )] . (4.25)

Step 1. We start by proving (4.25) for F € F{l-4[C?*], which will cover both (4.25)
and (4.24) when all ¢, are the same.
For ¢ € {1,2}, let G, be the infinitesimal generator for u,(t,-) € R¢, that is,

1
= Y pe(xi)pe(a;)y(i — j)DiD;, Theorem 1.15,
1<i,j<d
Ge=k Z (pi; — 0i5) x; D + )
1<ij<d = Y pl@)p(z;)ve(i — j)DiD;, Theorem 1.16.
1<i,j<d
(4.26)
Let Tt(é) be the corresponding semigroup, namely,
T\ F(z) == E, [F (Uy(t, )] forall z € R (4.27)
Then, (4.25) is equivalent to showing
TMF(z) > TP F(z) forall z € R (4.28)
By the integration by parts formula,
t
TV _ 7@ :/ T {G( ) _ e )} 7 ds,
0
where
1 .
3 Z [p1(xi)p1(xj) — po(zi)p2(z;)] (i — j)D;D;, Theorem 1.15,
1<i,j<d
a _qg® —
1 . .
3 Z p(zi)p(z;) (i — ) —v2(t — 5)] DiDj, Theorem 1.16.
1<i,j<d
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It is clear that Tt(e) preserves positivity, i.e., Tt(z) g > 0 whenever g > 0. It is also known
(see, e.g., Theorem 5.6.1 in [15] that under our assumption on p; or p,

T\ F € C2(R%) (4.29)

and Tt(é)F is continuous in ¢. Our assumptions on p’s and 7’s assure that for all 7,5 €
{1, s ,d} and all z;, T; € RJr,

pl(xi)pl(xj) — pQ(l'Z)pQ(l'j) > 0, Theorem 115,
p(xi)p(x;) [y1(i = j) = 72(i = j)] = 0, Theorem 1.16.

Hence, we only need to show that DiDjTt(Q)F(z) >0foralll <i¢,j<d,t>0andz€ Ri.
For simplicity, we define U(t,-) := U®(t,-), p := ps, G := G® and T} := T}?, and show
that

D;D;T;F(z) >0 forall1<i,j<d,t>0andzeR]. (4.30)

Step 2. In this step, we will use Trotter’s product formula (see, e.g., Corollary 1.6.7
of [12]) to prove (4.30). Let Tt(“’p ) denote the semigroup of the d-dimensional diffusion
process in (1.21) with drift parameter « and diffusion coefficient p. Trotter’s product

K
formula suggests to study the limit of the semigroup [Tt(féO)Tt(/O,;p )} as k — co.

P)

We first study the semigroup Tt(0 , i.e., the case where x = 0. In this case, (1.21)

becomes

(4.31)

{dU(t,z’) = p(U(t,9)dM;(t), t>0,i=1,---d,
U(0,) = ug(i), i=1,---,d.

Although U(t,i) and U(t,j) are not independent, they interact only through the ran-
dom environment M;(¢t) when ¢ # j. Hence, in (4.31) each component U(t, i) of
(U(t,1),...,U(t,d)) has its own equation. Following Cox et al [10], fori,j € {1,--- ,d},
and hq, hy > 0, denote

u? = z + hae; ul? = 2+ hie; + hae;j
ud =z ul =z + hie;,

where e¢; is the ith unit vector in R? and z € R%. To avoid triviality, we assume that
z € supp(p)?. When i # j, (u°,u',u? u'?) forms a rectangle in the (i, j)-th directions;
when i = j, it forms nondecreasing sequence in the i-th direction: uv° < u! A u? <
u' Vu? < u'? (here, the inequality u < v for u,v € R? means that each component u; < v;
forall 1 < i <d). Let U°,U!, U2, U'? be the solutions to (4.31) with the initial condition
u®, u', u?, u'?, respectively, when i # j and with u°, u! Au?, u' Vu?, u'?, respectively, when
1 = j. By the classical comparison principle for one-dimensional SDEs (see e.g., either
[18, Theorem VI.1.1] or [28, Theorem IX.3.7]), we have that with probability one, for all

t>0,

U*(t) < U™()
VI VI (in case of i # j)
Uty < U
U%t) < UNt) < U(t) < UM (). (in case of i = )

Now for F' € F[C?"] we have that D;D;F > 0 for all 1 < i, j < d. By noticing that

DiDif >0 <= f(u'?) = f(?) = f(u')+ f(u®) >0 Vhy, hy >0, (4.32)
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we see that
[F (U(0) - F (U0)] - [F (U'(1) - F (U°(®)] 2 0. (4.33)

Notice that the expectation of the left-hand side of (4.33) is finite because p has compact
support and
‘ maXdU(t, i) € supp(p), a.s.

i=1,--,

Hence, we can take expectation on both sides of (4.33) to see that

[Tt(O’P)F(uH) _ Tt(o’p)F(ul)} _ {Tt(o’p)F(zﬂ) _ Tt(o’p)F(uO)} >0

which, in view of (4.32), is nothing but (4.30) for Tt(o’p ). Therefore, we have proved (4.30)
for the case of F € F[C2?] and no drift (x = 0). In other words, T,"* preserves the
function cone F[C?"].

Next, we study the semigroup Tt(”’o), i.e., the case when x > 0 but p=0in (1.21). In
this case, the system is deterministic:

{dU(t,i) =k (pig — 6 UG, £>0,i=1,---,d, @30

U(0,4) = ug(d), i=1,-,d

If we view U(t,-) and the initial data ug(-) as column vectors in R? and set A = (p; ; —
8:.j)1<i,j<d, then we have that U(t, -) = exp(kAt)uo(-). Hence, for F € F[C*"] and z € R%
(viewed as a column vector),

TV F(z) = F (exp(rAt)z)
and hence,

DiDjTt(F"’O)F(z) = Z Fm (exp(kAt)z) (exp(rAt)), ; (exp(kAt)),, ; > 0,
1<k,m<d

with Fy, ., (2) = DD, F(z), which proves (4.30) for this case. Therefore, Tt(“’O) also
preserves the function cone F[C??].
Now we can apply Trotter’s product formula with C? (lRi) as the core to see that

k
3 (”70) (07 ) _ (“7 ) 2,v

lim (TSOTSO ] P =TPF, VF e FlC*].

By (4.29), the C?-property is preserved by this semigroup Tt(“”’ ). The nonnegativity

of (4.30) is also preserved through the limit. Therefore, Tt(""p ) preserves the function
cone IF[C?"]. This proves (4.25) for F € F[C?"] and (4.24) when all ¢, are the same.

Step 3. Notice that functions in F[C?"] are not closed under multiplication; see
Example 5.1 below for one example. In order to work with multiple-time comparison
which requires multiplication of these functions, we have to restrict to a smaller cone of
convex functions. Since we already show in the previous step that both function cones
F[Ci"”] and F[C?"] are closed under the semigroup Tt(””’ ), we need only to show the
preservation under multiplication and it is easy to see that both F[C?"] and F[C*"] are
closed under multiplication. Indeed, if F, G € F[C?"], then

D:D;(FG) = G(D;D,F) + F(D;D;G) + (D:F)(D;G) + (D;F)(D;G) >0 (4.35)
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because all terms F, G, D;F, D;F, D;G, D;G, D;D;F and D;D;G are nonnegative, the
monotonicity is clearly preserved under product Hence, FG € IF[C2 “]. The case for
F[C*"] can be proved in the same way.

As a consequence, we claim that for any Fy,--- , F,,, € ]F[ ] (resp. F[C*"]) and
0<t; <---<t,,, the function

2 B [FL(U(t)) - Fo(U(tm))] (4.36)

belongs to ]F[Ci’”} (resp. F[C*"]). Indeed, the case m = 1 has been proved in the
previous step. Assume that this is true for m — 1. Now by the strong Markov property,
we see that

E. [F(U(t1)) - Fon(U(tm))] = Bz [F1(U(t1) By [Fa(U(ta — t1)) - Fon (U (tm — £1))]]
T [F G (2)
where G(z) = E, [Fo(U(ta —t1)) - Fm(U(t —tl))]. By induction assumption, G €

F[C 2“] (resp F[C*")) Smce IF[ "] (resp. F[C*"]) is closed under multiplication,
G e lF[ "] (resp. F[C*"]). This proves the claim in (4.36).

Step 4. Now we will prove (4.24) with m > 2. We need only to show one case, say
IF[02 “]. The case m = 1 has been proved in Step 2. Suppose that (4.24) is true for m — 1.
For m, by the strong Markov property, for £ € {1,2}, we see that

E[F(Ue(tr,-) -+ Fn(Ue(tm, )] = E[FL(Up(tr, ) Ge(Ue(ts, )]

where
Go(z) =B, [Fo(Up(ta — t1,+) -+ - Fin(Ue (i, — t1,+)))] -

By the induction assumption, G1(z) > Ga(z) for any z € R%. Hence,

E[F(Ui(t,) - Fn(Ur(tm, )] =E[FL (U (1, )G1 (Un (t1, )]
E[F (Ui (t1,-)G2(Ui(ts,-))]
E [Fy (Us(t1,)G2(Ua(t1, )]
E[F(Us(t, ")+ Fn(Ua(tm, )]
Here we have used the fact that ;G € F[C?"] (see Step 3). This proves (4.24). O

4.4 Proof of Theorems 1.11, 1.12 and Corollary 1.13

Now we are ready to prove Theorems 1.11 and 1.12.

Proof of Theorems 1.11 and 1.12. Propositions 4.2, 4.3 and 4.4 imply that the infinite
dimensional system of diffusions (1.21) can be approximated by finite dimensional
systems of diffusions with C?(RR, )-diffusion coefficient. Then by passing to the limit
in the above approximations, the stochastic comparison statements can be extended
to those in Theorems 1.11 and 1.12. When we pass to the limit, some care is needed.
Indeed, by Propositions 4.2, 4.3 and 4.4, we can find U,(¢, i) such that

lim sup HUE(t,-)—U(t,-)pr(K) =0, VpeN,T>0, (4.37)
L0+ tef0,1]

where U(t,-) is the unique solution to (1.21) and U(¢,-) with e fixed solves a finite-

dimensional SDE with C?(RR )-diffusion coefficient.
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Case I. We first consider the one-time comparison results over F' € ]F[Cg*”]. Because
F e F[C?"], one can find m € N\ {0} and distinct i1,--- ,i, € K such that, by the
mean-value theorem, we have that

m

[F(U(t,) = FU )] S IVE @Y U(tie) = Ueltyio)l s €= (1= )U(t,-) + cUe(t, ),

=1
where ¢ € (0,1). For any 8 > 1, by Cauchy-Schwartz inequality, we see that

m

Z t Zg t Zz)‘

IFUE,-) = FU D <17 FE) |l

28

By the growth condition (1.13), there are some constants C' > 0 and k£ € IN such that
[VF () <Cs (1+11(1 = UE) + Vet )[4 )
k
<Cr (14 N0 ey + 11U D 1)) -

Hence,

1/(28)
119 F @l < € (1+E UGN 0] + B [10:6 912 10 ])

Thanks to (4.37),
s |17 F(E)] [|5 < +oo.

ee(0,
On the other hand,

m

> |U(tig) — Ue(t, io)|

{=1

1/(2p)
} —0, asel 0.

< CsE [HU(t, ) = Ue(t, )H£25(K
2

Hence, F'(U.(t,-)) converges to F(U(t,-)) in L#(2) for all 3 > 1. The comparison results
will be carried thought the limit.

Case II. Now we consider the m-time comparison results with m > 2. By telescoping
and the Holder’s inequality, for any 8 > 1,

Ulte,-) H Ue(te,")
=1 B
m m
[Fe(U(tk, ) — Fie(Ue(tr, ) (H Fy(U(te, ) )( 1 FuUe(te,-) )

k=1

(=k+1 B
m m
<Y NF(U (k) = Fr(Ue(trs ) g <H||Fz (te,") ||/3m> ( I 1Fete, ))|Bm>
k=1 t=k+1
where we use the convention that product over an empty set gives one. If Fy,--- | F}, €

]F[Cgf] then Fy are bounded and globally Lipschitz continuous. Hence, the right-hand

side of the above inequality goes to zero. On the other hand, if Fy,--- , F}, € F[Cgﬁ],
then by Case I we see that

sup |[Fp(Ue(te; )llgm < sup |[Fe(Ue(te, ) — Fe(U(te, )l gy + 1Fe(Ute, )l g, < 00
e€(0,1) e€(0,1)
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Hence,

ﬁ Fg(U(tg, )) - ﬁ FZ(Ue(tZ7 ))
=1 =1

< CY NFe(U(tr, ) = Fi(Ue(trs Dl gy »
B k=1
which goes to zero as another application of Case 1. Therefore, [[,~, F;(Uc(t,-)) con-
verges to [[,~, Fo(U(t,-)) in LP(Q) for all 3 > 1. This completes the proof of Theo-
rems 1.11 and 1.12. O

We now prove Corollary 1.13.

Proof of Corollary 1.13. We first consider the case under Assumption 1.14 (i.e., finite
dimensional SDEs and K := {1,...,d}). Let

d d
F(z1,...,24) == H 1—ooap(zr) and Fe(zi,...,2q) := H(;Se,;g(zk),
k=1 k=1

where ¢ (z;) € C*(R) are non-increasing and non-negative functions such that ¢. i (zx)
converges to 1(_ 4,](2x) as € goes to 0 for each z;, € R. It is easy to see that F. is
uniformly bounded by some constant, in C?(R¢) and D;D;F, > 0 for i # j. On the other
hand, the assumption that ~;(0) = 72(0) enables us to get

1 o o
GU =GB =2 3" plai)p(a;) i = §) = 7(i = )] DiDy,
1<iZj<d

where G(%) is the infinitesimal generator of U(*) as in the proof of Theorem 1.15. Hence,
following the proof of Theorem 1.15, we get

EF. (Ui(t,1),...,Ui(t,d)) > EF, (Ua(t, 1),...,Us(t,d)) .
Therefore, thanks to the bounded convergence theorem, as € goes to 0, we get
EF (Ul(t7 1)a SERE) Ul(ta d)) > EF (U2<t7 1)? BRI U2(t7 d)) )

which shows (1.27) under Assumption 1.14. Under the assumption in Theorem 1.12 with
~1(0) = 42(0), the approximation results from Propositions 4.2, 4.3 and 4.4 complete the
proof of (1.27). O

5 Some examples and one application

In all examples below, we always work either under the settings of Theorem 1.5 or

under those of Theorem 1.6, and use wu,(t, z), £ = 1,2, to denote corresponding solutions
to (1.1).
Example 5.1. For n € N\ {0} and ¢ > 0, let g;(z) = (z — ¢)?" and g»(v) = 2. It is clear
that g; € C2V(Ry; R+)\C§ji(R+;R+) and g, € C;’i(]R+; R, ). Forany ¢ > 0 and zo € R,
denote Fy(u(t,-)) := ge(u(t, z0)), £ = 1,2. In this case, I}, F; € F[C2"] but Fy F, ¢ F[C"]
because

1 d?
5@(17 — C)anQ = (x — C)Q(nfl) [(n + 1)(2n + 1)332 _ 26(2n + 1)1, + 62]

which is negative for some x > 0 since the quadratic form has two positive solutions by
noticing that A = 4¢?n(1 + 2n) > 0. Nevertheless, since F; € F[C}"], we can make the
one-time comparison statement

E ([ul(t,xo) — c}%) >E ([ug(t, To) — c]2n) }

This proves (1.8).
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Example 5.2. (Examples in ]F[ N Let gi(x) = (1+a:)c with ¢ > 1, go(2) = log 214 with
a>b>0,and g3(r) = e~ with )\ > 0. It is easy to see that for £ = 1,2, 3,

gi(x) >0, ¢gi(r) <0, and g¢/(z) >0, VoeR,.

Hence, we have
91,92,93 € C “(Ri;Ry).
Therefore, one can apply either Theorem 1.5 or Theorem 1.6 using these functions to

obtain the multiple-time comparison result in (1.9).

Example 5.3. For any a,b,d > 1 and ¢ > ¢, denote g () := z°[log(c+z)]* and go(z) = .
We claim that

91,92 € Cp L (RysRy).
It is trivial for the go case. As for the g; case, it is clear that g;(z) is nonnegative and

strictly increasing for > 0. We also claim that g7 (z) > 0 for z > 0. Indeed, for any
x>0,

gl (z) >0 <= (a — 1)az? + az((2b — 1)z + 2bc) log(c + x) + (b — 1)b(c + x)%log?(c + ) >0
<= ax((2b— 1)z + 2bc) + (b — 1)b(c +)* > 0
> (a(2b—1) + (b— 1)b)a? + 2bc(a+b— 1)z + (b — 1)bc* > 0, (5.1)

where in the second step we have used the fact that log(c+ z) > 1 and a,b > 1. Now we
need the following conditions:

(a(2b— 1) + (b— 1)b) > 0
bla+b—1)>0
(b—1)b>0

in order to make (5.1) true for all z > 0. Clearly, these conditions are satisfied for a,b > 1.
On the other hand,

azlog" e+ x)

<(a+ b)xb
c+x

0 < g (x) = bzt~ log*(c+ z) +

Hence, we have proved that ¢; € C’2 4 +(R4;Ry). Therefore, we can apply Theorems 1.5
and 1.6 to have multiple-time comparlson statements using either g; or g, or both. This
proves (1.7) and also Case (E-4) in Section 1.

Example 5.4. For z € R, let g(z) = |z|* where |z| = /22 + -+ 22 and o > 2.
Because
Dig(x) = az;|z[*™* and | v g(z)| = afz|*"
and
alz[*7 (|2 + (e = 2)27) =,
DuD,g(a) = el (o =2)a) i =
ala — 2)z;z,|x] i # g,

we see that g € C’2 Y (R7";Ry). Therefore, one can apply either Theorem 1.5 or Theo-
rem 1.6 using these functions to obtain the multiple-time comparison result in (1.10).

Finally, let us give one application of approximation results proved in this paper.
Here we can give a straightforward proof of the weak sample path comparison principle,
which was proved in [7, 24] (for one dimensional case) and in [5] for (d-dimensional
case).
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Theorem 5.5 (Weak sample path comparison principle). Assume that f satisfies Dalang’s
condition (1.6) and the diffusion coefficient p is globally Lipschitz continuous, which is
not necessary to vanish at zero. Let uy and us be two solutions to (1.1) with the initial
measures py and po that satisfy (1.5), respectively. If 1 < us, then

P (uy(t,z) < wus(t,z)) =1, forallt>0andxcR?. (5.2)

Sketch of the proof. Set v = u; — ug. Then v satisfies a SHE similar to (1.1) with p that

satisfies p(0) = 0. It suffices to show that v(¢, ) > 0 a.s. for all (¢, x) fixed. As is shown in
Section 3.4, one can find vfl ¢ e (t,[x]s) such that

lim lim lim lim

6/1 4)O+ 61*}0.*_ 62*}04_ 6—>0+

it x) =t [x}g)H =0, ¥p>2,¢>0, 2R
1 P

On the other hand, v’ (t,[z]5) solves the infinite-dimensional SDE (1.21) with p

’
€1,€1,€2

replaced by p and with nonnegative and nonvanishing initial data. By Theorem 1.1 of Geif3

and Manthey [16], we know that vfl o e (t,[x]s) > 0 a.s. Therefore, this nonnegativity
property will be passed to v through the limit. O
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