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We construct an intrinsic family of Gaussian noises on the d-dimensional flat torus T4, It is the analogue of the
colored noise on R¥ and allows us to study stochastic PDEs on the torus in the Itd sense in high dimensions. With
this noise, we consider the parabolic Anderson model (PAM) with measure-valued initial conditions and establish
some basic properties of the solution, including a sharp upper and lower bound for the moments and Holder
continuity in space and time. The study of the toy model of T4 in the present paper is a first step in our effort
to understand how geometry and topology play a role in the behavior of stochastic PDEs on general (compact)
manifolds.
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1. Introduction

In this paper, we construct an intrinsic family of Gaussian noises on the d-dimensional torus T¢ :=
[, ﬂ]d that is colored in space and white in time. It is the analogue of the colored noise on R4, and
it enables one to study, in It0’s sense, the parabolic Anderson model (PAM, see (1.6) below) and other
stochastic partial differential equations (SPDEs) on T in higher dimensions. In this setting, we aim at
understanding how the topology and geometry of non-Euclidean spaces influence the behavior of the
solution. More specifically, let G (¢, x) be the heat kernel on T, je.,

d
G(t,x):= Z l_[p (t,x; +2nk;) forallz>0andx=(xq,---,xq) € T, (1.1)
kezd i=1
where we use p(¢,x) := (2nt)‘1/2e‘x2/(2’) for x € R to denote the heat kernel on R. Sometimes we use

. . . Ix1?
a subscript d to denote the dimension of the space, e.g., pa(t,x) := (2n1)~4/2¢~ 2 for x € R where

[x] =+ /x% e +xfl. Alternatively, G 4(t,x) in (1.1) can be expressed as

d
Ga(t,x) =] [Gi(t.x).

i=1
When there is no confusion from context, this subscript d will be omitted.
Fix p > 0 and @ > 0. The spatial covariance function of our colored noise will be given by

1

__ P L ® a-1 _ d
fa,p(x) = —(zn)d + a) /o t (G(t,x) —(zﬂ)d)dt, for x € T¢. (1.2)
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The function f,, ,, is an analogue of the Riesz kernel on R4 and is related to the spectral decomposition
of the Laplacian on T< (see Section 3 for more details). Moreover, it is well understood that for all
« >0 and p > 0, there exists some constant C > 0 such that f,, , admits the following estimate (see,
e.g., Lemma 2.9 of Brosamler (1983))

c ifa>d/2
|fa, p(¥)] <{C (I +log™ |x]) ifa=d/2 forallxeT?, (1.3)
Clx|~ 4+« ifa<d/2

where log™ 7 := max(0, —logt). The above estimate implies that the colored noise is smoother than the
white noise. In addition, the parameter p controls the level of f,, , while a controls its regularity. In
what follows, we adopt the following convention:

fa(x) = fa,0(x) and f(x):=fi(x). (1.4)

It is known that f(x), the Green’s function of the Laplace operator on T¢, is not positive. The same
can be said of our covariance function f,, ,(x) (see Lemma 3.2 below). Throughout the paper, we use
the convention that

G([,)C,y)ZG(t,[[X—y]]) and f(l,p(x7y):f(l,p(|[x_y]])’ (15)

where for x = (x1,--- ,xq) € R, [x] := ([x1] .-+ . [xa]) with [x;] = mod(x; + ,27) — 7, i.e., [x;]
is the signed remainder' of x; when divided by 7. Note that [[x — ¥]| is the distance between x and y
on the torus, namely, dist(x, y) := |[x = y]|.

For the colored noise described above, we consider the following SPDE, or PAM, on Td

Au(t,x) = %Au(l,x) +Au(t,x)W(t,x), (t,x) € (0,00) x T, 6)

M(O, ) =M,
where W(t,x) is a centered Gaussian noise, white in time and colored in space, and A # 0 is a constant

that controls the level of the noise. We assume that the initial condition y is a finite (nonnegative)
measure on T¢, namely,

Cu= u(dx) < oo, 1.7
Td

The solution to (1.6) is interpreted as the integral equation or the mild solution (see Definition 5.1
below for more details)

t
u(t,x)zJo(t,x)+/l/ /dG(t—s,x,y)u(s,y)W(ds,dy) a.s., (1.8)
0o JT

I'Here we use the same convention as Wolfram Mathematica that the mod function always returns the positive reminder, i.e.,
mod(x,27) =c iff ¢ € [0,27) and x =27d + ¢ for some d € Z. Alternatively, [ x| can be equivalently expressed as [ x] :=
mod(x, 27, — ), where mod(m, n, d) is the same modulo function with an offset d as that in Wolfram Mathematica.
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where the stochastic integral is in the 1t6/Walsh sense and Jy(, x) refers to the solution to the homoge-
neous equation, namely,

Jo(t,x) := ‘/]I:d G(t,x,y)u(dy). (1.9)

Assumption 1.1 (Dalang’s condition). Denote Z¢ := Z4 \ {0}. We assume that the correlation func-
tion f,, ,(-) satisfies the following equivalent conditions
7 k
Z M <o &= 2(a+1)>d (thanksto (3.2)). (1.10)

kezd |k|2

Remark 1.1. Dalang’s condition usually refers to the condition on the correlation function f such that
the corresponding stochastic partial differential equation (SPDE) with an additive noise has a unique
solution; see Dalang (1999). For most parabolic SPDEs, Dalang’s condition is usually the necessary
and sufficient condition for the existence of a unique solution when the noise is of multiplicative type.
In the current setting, Dalang’s condition (1.10) regulates the high frequencies of f, , in the Fourier
mode, which in turn controls the singularity of f, ,(x) atx =0 in the direct mode (see (1.3)). We also
would like to mention that Dalang’s condition is only a condition on @ not p.

Remark 1.2. The solution theory of (1.6) is rather straightforward when a > d/2 since the covariance
function fy, , is bounded and continuous in this case (see (1.3)). We hence assume a < d/2 in the rest
of our discussion. The case @ = d/2 can be treated in similar ways as @ < d/2, which will be left for
the interested readers.

Our first main result is summarized in the following theorem:
Theorem 1.3. Suppose that the correlation function fo o(-) satisfies Dalang’s condition (1.10) for

some « € (0,d/2). Then there exists a unique solution u to (1.6) starting from a finite measure y on
T9. Moreover, the solution satisfies the following properties:

1. Forallt>0and x,x’ € T2, it holds that
E [u(t,x)u(t,x")] = Jo(t,x)Jo(t,x") + 172 [/ w(d2)u(dz YK (t - s,x,2,x",7") (1.11)
TZd

where K is defined in Definition 4.2.
2. Forallt>0,xeT% and p > 2, it holds that

12
(el < V2o (22) | Hagp )| (112)

where the function H (1) is defined in (3.15). Moreover, when Ap is large enough, there exists
some constant C > 0 such that

P 4 2
|le(2,x)1],, < CIo(t,x) exp (cam“"(ﬂ“wd’z)pm“(ﬂwd’ l)z) , (1.13)

forall (t,x, p) € (0,00) x T? x [2, ).
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Remark 1.4. It is worth mentioning that our result allows measure-valued initial conditions. In par-
ticular, it includes the important cases when u = g and u = 1. The proof of Theorem 1.3 is inspired
by the method developed in Chen and Dalang (2015), Chen and Kim (2019), Chen and Huang (2019)
for the stochastic heat equation (SHE) on R?. The main novelty of our approach is to observe that
the Brownian bridge (starting from x and conditioned on arriving at y at time ¢) plays an important
role. The proof of the theorem is then based on the observation that a Brownian bridge on the torus is
comparable with one on an Euclidean space when ¢ is small, whereas it is comparable to a Brownian
motion on the torus when 7 is large; see Lemma 2.2 and Lemma 2.3 for the precise statements.

The study of the PAM in current literature usually assumes that the covariance function is positive.
Unfortunately, this is not the case for f,, , in general. However, one can show that it is indeed a positive
function when p is large enough (see Lemma 3.2 below). In this case, we are able to derive the following
lower bound for the second moment of u.

Theorem 1.5. Let the spatial covariance function f : T2 — R, be a generic nonnegative and non-
negative definite function. Assume that f is uniformly bounded from below away from zero, i.e.,

Cr:= inf f(x,x")>0, (1.14)
x,x'eTd
then for all € > 0, it holds that
2 2 1 2 a,.0 Cyt d
Elu(t,x)®) 2 J5(t,x) + 5/1 ce € exp - V(t,x) € [€,00) X T, (1.15)

where the constants Cy, and c ¢ are given in (1.7) and (2.10), respectively.

Compared to Theorem 1.3, Theorem 1.5 provides a matching (exponential in ¢) lower bound for the
second moment of u. This theorem will be proved in Section 6, where one can find more discussions
regarding the lower bounds of the second moment.

We believe that Theorem 1.5 holds true for all p > 0; the condition requiring p large enough so that
fa, p 1s positive is only a technical assumption. Indeed, if we assume in addition that the initial data u
is given by a bounded measurable function, we are able to prove the exponential lower bound for all
p>0.

Theorem 1.6. Assume that the initial condition is given by a bounded measurable function which is

also bounded below away from zero. Then under Dalang’s condition (1.10), the second moment of the
solution to the parabolic Anderson model satisfies the exponential lower bound for some C,C’ > 0,

E [u(t,x)z] > e,
when the driving noise satisfies p > 0.

The heuristics of the above theorem go as follows. Assume for a moment that i = 1 so that we have
the Feynman-Kac formula for the second moment:

E [u(t,x)z] =E

t
exp {12/0 fa,p(Bs,Es)ds” : (1.16)
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In the above, B and B are two independent Brownian motions on T starting from x and E refers to the
expectation with respect to both Brownian motions. Since T¢ is compact, the ergodic theorem implies
that the exponent in (1.16) asymptotically and almost surely becomes

‘/0' fa,p(Bs’Es)ds ~1X ((27[)2d / fa, p(x Y)dXdY)

pt
= it g L foe sy

pt
- o [ fao s sl

From (1.2), we see that / Sfa.0(x)dx =0. Therefore, as # T oo,
Td

E [u(t,x)?] =

exp {AZE/ fe. p(BY,B )ds}] ~exp(( )dt+0(t)).

The above argument clearly suggests that the ergodicity of the Brownian motion (due to compactness
of the torus) is the main source that leads to the exponential lower bound for the second moment. As
a consequence, one always observes intermittency in this situation; no phase transition takes place.
However, the question becomes more delicate when p = 0. In addition, Theorem 1.6 does not address
the case when the initial data is rough (see Remark 6.1 below) and it only provides the second moment
lower bound instead of lower bounds for the general p-th moments with p > 2 (see Remark 6.2 below).
These questions will be tackled in a future work.
Finally, the Holder regularity of the solution u is given as follows.

Theorem 1.7. If the noise correlation satisfies Dalang’s condition (1.10) for some a € (0,d/2), the
unique solution u starting from a finite measure u is 1—Hdlder continuous in time and (,—Holder
continuous in space on (0, 00) x T¢ for all

20+2-d

4

ﬁl S (0, 2

) and By € (O,M).

This theorem will be proved in Section 7. The proof of this theorem follows similar arguments as
the corresponding result for R? (see Theorem 1.8 of Chen and Huang (2019)) with more complexity
introduced by the fundamental solution.

There has been a growing interest in the study of SPDE (and related polymers models) on some
“exotic” spaces. For example, C. Cosco, I. Seroussi and O. Zeitouni considered directed polymers on
an infinite graph in Cosco, Seroussi and Zeitouni (2021). In a recent work Baudoin et al. (2023), the
authors studied the PAM on Heisenberg groups. In addition, A. Mayorcas and H. Singh released a
preprint Mayorcas and Singh (2023) recently studying singular SPDEs on Homogeneous Lie Groups.

The construction of the colored noise on T¢ presented in this paper grows from a discussion between
the second author and Prof. Elton Hsu during the BIRS-CMO workshop “Theoretical and Applied
Stochastic Analysis” in 2018. Later, the second author was informed by Prof. Fabrice Baudoin that a
fractional noise is introduced in a similar spirit on general Riemannian manifolds in Gelbaum (2014).

Our construction of the noise can be generalized to general (compact) Riemannian manifolds,
thereby encompassing a large class of spaces with rich geometric and topological properties. We show
that the noise covariance f,, , has a straightforward Fourier series decomposition in (3.2). This is the
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motivation for the definition (1.2). The eigenvectors of the Laplace-Beltrami operator correspond with
the Fourier series on T¢, but we can produce a similar noise using the basis of Laplace-Beltrami eigen-
functions on a general compact manifold. This naturally raises the questions: Which specific geometric
or topological properties might influence the behavior of the PAM, and how might they introduce novel
features to the model? The present work can be regarded as an initial step in this direction. In particu-
lar, as elaborated in Remark 1.4 above, we observed that the behavior of the Brownian bridge B; .y (s)
(starting from x and conditioned on arriving at y at time ¢) for small time s plays an important role.
On a general compact manifold, the Brownian bridge is still comparable to a Brownian motion when ¢
is large and s is relatively small. Whereas when ¢ is small, B; x y(s) is concentrated around the short-
est geodesic(s) connecting x and y. This observation allows us to localize our computations and to
tackle the problem in direct mode without resorting to Fourier analysis. The implementation of this
observation in order to study the PAM on general manifolds will be given in a subsequent work.

The rest of the paper is organized as follows. In Section 2, we prove some preliminary properties
of the densities of the Brownian motion and Brownian bridge on the torus. Section 3 is dedicated to
the construction of the colored noise on the torus. The main technical step in proving Theorem 1.3
is prepared in Section 4. Then we prove Theorem 1.3 in Section 5 and Theorems 1.5 and 1.6 in Sec-
tion 6. Finally, the Holder continuity of the solution claimed in Theorem 1.7 is established in Section 7.
In order to improve the readability of the article, we deferred the proof of Lemma 2.1 to the supple-
ment Chen, Ouyang and Vickery (2025).

2. Preliminary - the fundamental solution and various properties
In this section, we establish some properties of the fundamental solution.

Lemma 2.1. The fundamental solution G(t,x) satisfies

! _Pd(f =

<Cc)?, forall (t,x) € Ry x T, .1

where the constant C; as a function of t can be expressed in the following equivalent expressions:

\/7 00 \/TOO ontyr2 2.2)
i 2n _n_ = Y 1—e ™) (1 _@n-Dt .
2 Z‘ 2 an( e )( o5 )

Moreover, the following properties hold:

1. C; has the following asymptotic properties:

1 2 1
lin(l)tlog (log (C;)) =-n* and tlim - log (log (Cm / Tﬂ)) =3 (2.3)
t— —00

2. C; satisfies the following bounds for all t > 0:

t t
< < —_ R
max(l,,lzn) C; 1+,/2n, (2.4)
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Figure 1. Some plots (solid lines) of the function C; as given in (2.2) together with plots (dashed lines) for

yt/(2m). The left (resp. right) figure illustrates the small (resp. large) ¢ behavior of C;.

3. Forallt>0andx € T9, it holds that

2 ¢ 2 ¢
G(t,x)S(\/TnCt) s(1+ 7”) ; (2.5)

4. For any € > 0, there exists some constant © ¢ g4 > 0 such that for all t > €,

d
G(t,x) — (%)

The proof of Lemma 2.1 is given in the supplement to this paper Chen, Ouyang and Vickery (2025).
The estimate in (2.6) can also be found in Theorem 2.15 of Baxter and Brosamler (1976). In Figure 1,
we plot some graphs of C; as a function of ¢.

We will need to introduce the density of the pinned Brownian motion or Brownian bridge (started at
xo and terminating at x at time ¢) on T¢:

sup <Ocqge (2.6)

xeTd

G(s,x0,2)G(t —5,2,x)

. VYi(xp,x,2) €T 0<s<t. 2.7
Glixod) (x0,x,2) s 2.7

Gl,xo,x(s’ Z) =

The corresponding transition density for the Brownian bridge on R< is

p(s,x0—2)p(t — 5,2 —x)
pt,xo,x(S, 7) =
p(t,xo - x)

B (s(t—s)
=p

(2.8)

; ,z—(x0+;(x—xo))), V(xo,x,z)€R3d,O<s<t.

The following lemma states that when ¢ is “large” and s is small, the transition density of a Brownian
bridge is comparable to that of a Brownian motion on torus.

Lemma 2.2. Fix an arbitrary € > 0. Suppose that t > €. Then for all s € [0,1/2] and xq,z € T¢, the
density for the Brownian bridge is comparable to a Gaussian on the torus,

¢? G(5,%0,2) < G1.x.x(5:2) < CL G (5,x0,2), (2.9)
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where

NE

1 2 2
cgzzix—e_z_ and Ce:=2 1+w/—ﬂ' eme (2.10)
2WT+V2e 2V2 €
Proof. We first prove the case when d = 1. From (2.1), we see that

pi=slz=x]) G- Gl-szx pilt=-sfz-x]) 2C-,
plxo—xD)  2C © Glxoxn) — prlro-xD) G

Since [x] € [-x, x], we see that

- > - - [t—s _x2
=S -2 _ P (t=s,[z=x]) < 1TSS
t p1 (¢, [[xo —x]) t

Since t > € and s € (0,7/2), we see that €/2 <t/2 <t —s < t. Hence,

1 _7T_2<pl (t_s’ﬂz_x]])senz/g.

N A )

From (2.4), we see that

A R %
\/;

& &, &
\/; ' 1"‘\/_” 2\/E+\/E'

2r

Combining the above inequalities proves the case of d = 1 with the constants given in the statement of
the lemma. As for the case d > 2, one only needs to raise the above constants c¢ and C to the power
of d. This proves Lemma 2.2. O

The next lemma is our formal statement that when ¢ is small, the Brownian Bridge on the torus can
be compared to that on R¢:

Lemma 2.3. There exists a universal constant C > 0 such that for all t > s > 0 and x,x¢,z € T4 with
7 —x0 € T4, it holds that

d
GI,XU,X(S7 Z) < C (1 + \/Z) Z pt,xo,x+k(s’ Z)y
kend

where
I1:={-2r,0,2n}. (2.11)

Note that p; x,,x(s,z) is a function on R4 (as apposed to a function on the torus). The condition

z —x0 € T¢ above is simply a concise way to state that, when evaluated by Pt.xo,x (8, ), z takes values

in [x(l) —71',)6(1) +7] XX [x(‘)l —ﬂ,x61+7r] cR? for xg = (x(l),...,xg).
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Proof. It suffices to prove the case d = 1. Fix arbitrary # > s > 0. Let x,x9,z € T with z — x¢ € T.
From (2.1), we see that

G(s,z2=x0)G (t—s,[x=z])  CsCis p(s,z2—x0)p (1=s,[x—z])
G(t,[x - xo]) G p(t,[x - xo])

where we have used the fact that z — xo € T in the equality. By the properties of C; given in Lemma 2.1,

we have that
CCiy CiCy / t
< =Ci <1+4/—.
Ct Ct ! 2r

Hence, for some universal constant C > 0,

<4

k)

Gt,xo,x(s’ Z) =

p(s,z=x0)p (t—s,[x—z])
p(t,[[x =xo0]) ’

In order to determine the values of the modulo functions, take into account the fact that x, xg, z €
[, 7] and consider the following three cases:

Groxpux(5,2) <C (1 + \/;)

Case I: x —x( € (7,2n]. In this case, as illustrated in Figure 2, we have
[x=xo]=x—-x0—27 and [x-z]e{x—z+k: k=-2x0}.
Hence,

p(s,z=x)p(t=s[x=z]) _ p(s,2=x0)

p (., [[x=xo0]) = D (tx —x0 - 27) p(t—s,x—z+k)

ke{-2mr,0}

p(t,x —xg+k)
) Z D (tx—x0—2m) " Ptoxo,x+k (8,2). (2.12)
ke{=2r,0y P\0 0

In this case, |x —xg + k| > |x — xg — 2n| for k € {0, —27}. Hence, the ratio of two heat kernels in (2.12)
is bounded by one. Therefore,

p(s,z=xo)p (t=s.[x—z]) _
p (. [x—xol) -

pt,xo,x+k (S7 Z)'
ke{-2n,0}

Figure 2. Tllustration of Case I in the proof of Lemma 2.3. Since x — x¢ € (7, 2n] and x,x( € [—7, 7], we see that
x has to situate in (0, 7]. The possible positions of x( are given in the blue arc. Since z —x( € [—x, 7], the possible
positions of z are highlighted in the red arc. When computing [[x — z], we have two cases illustrated by z; and z5.
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Case II: x — x( € [—n, r]. In this case, we have that
[x=xo]]=x—x0 and [x-z]e{x-z+k: k=-2x,0,2n}.

By the same arguments as in Case I, one can show that the ratio of two heat kernels in (2.12) is bounded
by one and hence,

p(s,z=xo)p (t=s,[x-2z]) <
p (t.[[x = xol) - ke{_5m0.2m)

pt,xo,x+k(s7 Z)‘

Case III: x —x¢ € [-2x, —m). This is the symmetric case of Case I. In this case,
[x=xo] =x—x0+2n and [xo—x+z]e{x—xo+z+k: k=0,2n}.

By similar arguments, we see that

B t_ > —
p(s,z)p ((t IIS [[_XO ]J]f)z x]) < Z Pt.xo.x+k (852).
p || X0 —X ke{0,27}

Combining the above three cases proves Lemma 2.3 for the case d = 1. The generalization to the
case for d > 2 is straightforward and we omit the details here. O

3. Colored noise on flat torus

In this section, we construct a family of intrinsic Gaussian noises on the flat torus T¢ that we call
colored noise on T that is white in time. Recall that the eigenvectors of the Laplace operator A are
given by exp (ik - x), k € Z%. For any ¢ € L?(T%), there is a unique decomposition

o) =2m) 2 3" ap e,
kezd

where aj are the Fourier coefficients of ¢:
ar=F (p)(k) := (Zﬂ)_dﬂ/ o(x)e”*¥dx, forall k € Z¢.
Td

In particular, ag = (27)~4/? /Td e(x)dx.

We introduce a family of Gaussian noises W on T¢ with parameters @, p > 0 as follows. Let (Q, 7, P)
be a complete probability space such that for any ¢(x) and ¥ (x) on T¢ and ¢, s > 0, both W (Lo.e19)
and W (1 [0,s] y) are centered Gaussian random variables with covariance given by

E (W (I[O,t]‘p) 4 (1[0,5]‘//)) = (s At){(9, ‘/’)a,p with
akBk
|kPa

3.1

(¢ V) ap = paoho+ ). and  z¢ =27\ {0},

kezd

where ay’s and by’s are the Fourier coefficients of ¢ and i, respectively.
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For p > 0, let H % be the completion of L?(T%) under (-, ). Then, (Q, H **,P) gives an abstract
Wiener space. When p = 0, some special care is needed in order to identify a suitable Hilbert space
H*O, Let LS be the space of L? functions on T¢ such that ag = 0. Denote by H," the completion of
L(Z) under (-, -),o. One could have set H“ 0= 7{6’ . However, when solving SPDEs and considering the
mild form of the solution in (1.8), one in general would not expect G(f — s,x — -)u(s,-) € L(z). Hence
it is desirable to consider Wiener integrals W (l[o’t]tp) where ¢ is a function on the torus such that
aop = (2m)~4/2 de @(x)dx # 0. For this purpose, consider H* +R :={¢p+c: ¢ € H;",and c € R}. We
can identify H;" +R with " through the equivalence relation ~, in which ¢ ~ ¢ if ¢ — 4 is a constant.
Finally, we set

H*O = (H' +R)/~ .

With this construction, it is clear that W (1jo,;1¢) = W (1[0, (¢ +¢)) for any ¢ € H* and ¢ € R.
Throughout the rest of our discussion, we will also adopt the short-hand H < for H *-°.

Remark 3.1. It is clear from (3.1) that L?(T¢) c H*P c HPEP for 0 < a < 8. Moreover, the colored
noise becomes the white noise on torus when p =1 and a =0.

Recall that f,, , and f,, are defined in (1.2) and (1.4) respectively.

Lemma 3.2. Fix arbitrary a > 0 and p > 0. Let ® = ®1 4 be the constant given in (2.6). The following
statements hold:

(i) fut fa(x)dx =0;
(i1) fo(x) assume both positive and negative values;
(iil) fo, p(x) is bounded from below:

1

Fas D@~ (20°27e), forallxeT?,

fa, p(x) = (2m) 79/ (p -

(V) fa,p(-) is nonnegative when p > (2r) ~dl2p(q+ 1)~ + (271)4/2290;
(v) The Fourier coefficients for fq,p are given by

e

1 B (27T)d/2 lf”l =0
6, = W A‘d fa,p(x)e dx = i . L ; (3.2)
|n|2"(27r)d/2 ifneZ,
(vi) For any ¢ and € H*P, it holds that
ebap= [[L, €0 e )03y, (3

As a consequence, the noise introduced in (3.1) can be equivalently expressed by
E(W(1[0.1@)W(110,51%)) = (t As) f/TM ¢(x) fa, p(x, )¢ (y)dxdy.

Note that the lower bounds in parts (iii) and (iv) are not optimal.
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Proof. By writing

fa(x)zﬁfomt"—l (G(t,x)—(Zn)_d) dr=/01+/lm=11+12, (3.4)

thanks to the heat kernel estimate in (2.6), one can apply the dominated convergence theorem to switch
the dx- and the dr-integrals. This yields part (i). Part (ii) is an immediate consequence of part (i). As
for part (iii), from (3.4), we see that

1 . 1 1 Ui 1
“‘@/ot (G(”x)_<2n>d)d’2_r<a)<2n>d/ot S T ar D

where the inequality is due to the positivity of the heat kernel. As for I, for the constants ® = Q1 4
given in (2.6) and y = 1/2,

1 *© 1 (C] &
L=—— / 19 e (G(t,x) - )dt >— / 19 eV dr > —@y .
I'(a) J (2m)d C(a) Jo

This proves part (iii). Part (iv) is a direct consequence of part (iii).
As for part (v), by part (i), we see that 6y = (271)~%/2p. For n # 0, using the heat kernel represented
via the eigenvectors of the Laplace operator, namely,

3]

2 . .
G(t,x,y)=(2m)™ Z e 2 tethrem iy, (3.5)
kezd

by an application of Fubini’s theorem, we see that

D S B —d_—In?t —dj2q. )_ 1
gn_F(a)/o t ((27r) e [rd(Zn) dx-0 _|n|2"(27r)d/2'

This proves part (v). Finally, denote the double integral in (3.3) by /. Then by the Plancherel theorem,
we see that

1=(¢.Fap ¥) = >, FOEOF Farp = 9)(K)

kezd

= 3. FO® | O XTF Far )R x F@IK) | = @) Y a6,

kezd nezd

where a, and b, are Fourier coefficients of ¢ and ¢, respectively, and 6, > 0 are given in (3.2). This
completes the proof of Lemma 3.2. O

Now we introduce some temporal functions that are determined by the noise and will appear in the
Picard iterations in the proof of the main result—Theorem 1.3. Define

ki(s) =ki(s:0,0) 1= Y F(fa, p) (K)e K. (3.6)

kezd

The next lemma gives some estimates on k1 (s).
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Lemma 3.3. 1. Forany B> max (—a +d/2,0) and s > 0, it holds that

pPe B 1
(zﬂ)d/z Zz |k|2(a+ﬁ) <
keZ¢

ki(s;a,p) < +Copas P with Capa:= (3.7)

_P
(2m)d/?

2. Under Dalang’s condition (1.10), namely, 2(a + 1) > d, for all t > 0 and y > 0, we have that

t
. pt . 1 1
‘/0 ki(s;a,p)ds < ———=+Cq.q, Wwhere Cqq:= n)ar Z a2 <o, (3.8)

dj2
(Zﬂ-) ker
and

e p 1 1 1
e Vki(s;a,p)ds = —+ < 0 3.9
/o P = oy Gy kGZZ:d k2 (1K + ) )

Proof. (1) From (3.2), we see that
1

e sIkP (3.10)

P 1
k1 (S) = ] +
2 dj2 2a
@mdR " (2m) k;zg I

p 1 1 —s|k2+2B1og(|k])
= amal t (aman kZd |k |2aB) € '
(Sy/4%

Denote g g(r) := —sr? +2Blog(r). By solving g;ﬁ(r) =0, we find that g g(r) is maximized at ro =

\/M, and the maximum value is equal to g, g(rg) = BPs~Pe P, The condition that 8 > —a + d/2
implies that the remaining summation in £ is finite.

(2) From the expression for k; (s) in (3.10), one easily sees that k; () is non-increasing and nonneg-
ative. Moreover, k1 (s) is integrable at s = 0 because from (3.10),

0</tk1(s)ds< P! + ! E ! /mdse_slk|2
= = a2 a2 2a
0 (27) (2m) rezd [k|= Jo

pt 1 1
= + < OO,
(27r)d/2 (277)‘1/2 k;Zd |k|2a+2

where the last inequality is due to Dalang’s condition (1.10). This proves (3.8). The equality in (3.9)
can be proved in the same way. This proves Lemma 3.3. O

Let £, denote the Riesz kernel on R4 and f; be its Fourier transform, i.e.,
£ = k72 and  fE(€) =cq.olél 2, forall x and £ € RY. (3.11)
Similar to (3.6), define

s|€)?

ka(s; @) = ka(s) :=/ (&) exp (——)dgzcd,as“—dfz, (3.12)
Rd 2
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where the last equality is an easy exercise (see, e.g., Example 1.2 of Chen and Kim (2019)). Hence,
Dalang’s condition (1.10) ensures the integrability of k,(s) at s =0 and

/ e_yskg(s;a/)dszCéla)/_(”%_1 for all y > 0. (3.13)
) ,

Define ho(t; @, p) := 1 and inductively for n > 1,

hst (@) = hy (1) = /0 = ) (k1 (5) + Kals) + 1)ds. (3.14)

The following lemma can be proved in the same way as Lemma 2.6 of Chen and Kim (2019) with
k(s) there replaced by ki (s) + ko (s) + 1.

Lemma 3.4. All functions h, (), n > 1, defined in (3.14) are nondecreasing on R,.

For any A # 0, define

[se]

H(t) = Z/lz"hn(t). (3.15)

n=0

Lemma 3.5. Suppose that Dalang’s condition (1.10) holds. For all A # 0, it holds that
1
lim sup — log Ha(1) <yo(2) :=inf{y: 120, < 1} < o0, (3.16)
t—o00

where

p 1 1 1
0, = -+
YT @nydly T 2nydl kGZZ:d [k (K[2+7)

+Cqy @142 4 )71 oo, (3.17)

Moreover, when A is large enough,

Yo(d) < rox{arira-2), (3.18)

One may check Lemma 2.5 of Chen and Kim (2019) or Lemma A.1 of Balan and Chen (2018) (see
also Foondun and Khoshnevisan (2013)) for similar accounts.

Proof. For any y >0,

(o8] (o8]

DO‘V’H dt = 12"[/00 Y (k k 1d]n= 12nen, 3.19
[ ermwa=Y | [ e ) rham s na| =Y ey 6o

n=0 n=0

where from (3.9) and (3.13), we obtain the expression of ®, in (3.17). Thanks to Dalang’s condi-
tion (1.10), ®,, is finite. Because ©,, | 0 as y T oo, we see that yo(4) in (3.16) is well-defined and is
finite.

It is not easy to compute (1) since the dependence on y in ©,, is implicit. Instead, we can obtain
an estimate of o using (3.7). Let k/ (s) be the upper bound of k1 (s) given in(3.7), namely,

kI(S)ICp’a,"g’d(1+S7ﬁ), for Be(max(—a+d/2,0),1).
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Accordingly, we define hj,(t), H;(t), @I,, and yg (A). Tt is clear that

Hy(1) < Hjl(t) forallt >0 and 1vyy(4) < yg(/l).
Now, (9; has a more explicit expression:

P 1 _ _ _ _ _
O} = Gy * G (7 +T A=)y 1) 4 Caay™ (7 4y

1 1 1
p— ’ — -
=Cp.apd (y + ya+i=d]2 + 71—[)’) T B asy — oo,

where the asymptotic form is due to the fact that

d d
max(—a+§,0)<ﬁ<l = 0<1—ﬁ<min(a+1—§,1)-

Therefore, when A is large enough we have
2
e =inf{y; 207, < 1} <ATE.

Finally, replacing 8 by max (—a + d/2,0) in the above upper bound completes the proof of Lemma 3.5.
O

4. Resolvent kernel function %K
Let us first introduce some functions:

Definition 4.1. For &, w : R, x T*¢ — R, define the space-time convolution operator “>” by
t
(h>w) (t,x0,x,x0,x") ::/ ds// dzdz'h (t = 5,2,x,2, X" ) w (8,%0, 2, X0, Z') fa, p(2.2).
0 T2d

Definition 4.2. Formally define the functions £, : Ry x T*? — R, recursively by

G (t,x0,x) G (t,x{,x") ifn=0,
Ln (I’XO,X,X(,),X,) := (4'1)

(Lo> Ln-1) (t,x0,x,x),x") otherwise,

and for A # 0, define the resolvent K : R, x T*¢ — R, by

Ka (¢, x0,x, x5, x") = lezn.ﬁn (t,x0,x,x0,x") . (4.2)
n=0

The aim of this section is to prove the following proposition, which shows the well-posedness of £,
and K and provides some estimates at the same time:
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Proposition 4.3. There exists a constant C o p g > 0 such that for all t > 0, x,xo,x’,x6 eT 1#0, and
n > 1, it holds that

Ln(t,x0,x,x0,x") < C ;1 G(t,x0,X)G (t,x0,X ) n (1), 4.3)
. L 1/2
and, by denoting C, := A Ca o’
Ka (t,x0,x,x0,x") < G(t,x0,x)G (1,x0,x")He, (1) < 0. (4.4)

Proof. Notice that we can use the bridge density to rewrite £ as follows:
t/2 t
Li(t,x0,x,x0,x") =G (t,x0,x) G (1, x(, x") / ds +/ ds
0 t/2

X ﬂ dzd7?’ Gt,xo,x (s, Z)Gt,x(/),x/ (s, Z,)fa, p(Z’ Z,)
T2d
=G (t,x0,x)G (t,xp,x") (11 + I) . 4.5)
By the symmetry of the Brownian bridge, we only need to estimate /;:
Ly(t,x0,x,x0,x") =2G (t,x0,%) G (t, x4, x") 1. (4.6)

The proof below consists of five steps. Fix an arbitrary € > 0 and we will divide the proof into two
cases corresponding to large time 7 > € and small time ¢ < € in the first two steps, and the value of €
will be determined in the third step of the proof. We will use C to denote a generic constant that may
change values at each appearance.

Step 1. The case for L; with > €. In this case, we are going to use the fact that the fundamental
solution G is bounded above and below uniformly for all # > €. To this end, first observe that by
Lemma 3.2, there exists a p. > 0 large enough such that f, ,, (x,y) > 0forall x,y € T9. Let p, be the
smallest such p,, i.e.,

o ::inf{p D fa,p(x,y) 20, Vx,y € Td}.

It is readily seen that

0<|fa,p(s )| < fa5(x.y), withp:=pVp.. 4.7

Since t > €, we can apply Lemma 2.2 to yield that
t/2
L= = / ds'// dzdz’ G,,xo,x(s,z)G,’xé’x/(s, z')f(,,p(z, )
0 T2d

t/2
< Cf/o ds [/TZd dzdz’ G(s,x0,2)G (5,x(,2")| fa, p(z.2')]

t/2
<cd /O ds //T A G530, G (5%, () = CL L,
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where we have applied (4.7) in the second inequality. We can evaluate I, using the Fourier series
representations of G and f,, 5 to see that

Z / 2ik~(x0—x(’))7_~(fa’ﬁ) (k)e~sIkP

2|

(2”)d/2 kezd
oSk
—s|k|?
<zn)d/2,§d ds[ f‘”p)(k)”(( i)
t/2
e AN CICRICEIER

Therefore, by enlarging ¢/2 to ¢ in the above integral and taking into account of the expression C¢
in (2.10), we have proved that when 7 > €,

d t
Li(1,x0,%,xp,x") < C (1 + %) edﬂz/eG(t,xo,x)G(t,x('),x') / [ki1(s)+(p—p)]ds. (4.8)
€ 0

Step 2. The case for £; with r < e. In this case, we embed the torus in R?; then we apply the
techniques of Chen and Kim (2019) to achieve the upper bound. To this end, recall that the Riesz kernel
f& and its Fourier transform fn on R are specified in (3.11).

From (1.5), we can see that the integrand for /1 given in (4.5) are 2x-periodic in each component of
z and z’. Hence, we can equivalently integrate over the domains: (z,z’) € T% (xo) x T¢ (x(), where

Td(x) =[xy —mxi+x] X X [xg—mxq+n] forallx=(xy, - ,xq) eRY.

Hence,

t/2
I =/ dS/ dz// dz Gt,xo,x(saZ)Gt,x(’),x’(Sazl)fa,p(zvzl)-
0 T4 (x}) T (x0)

Since both z — xo and z’ — x in the above integral belong to T, we can apply Lemma 2.3 to see that

n<c+n? / dS/ dz’ / dz X i oxo,xek (8, 2)Pr,xs ek (5.2) far, p(2,2),
k k'EHd Td(x ) Td(xo)

where we recall that IT := {-2x,0,2x}. By (1.3), we see that for some universal constant C > 0,
faup @)= fap (2= DEC Y fa (=2 +K").
k' End

Thanks to the nonnegativity of the integrand, we can apply the above inequality to /; and extend the
integration domain from T¢ (xq) x T¢ (xp) to R?4 to yield that

L<C(1+n¢ Z / ds(1+s)f’// dz'dz f} , (2= +K”)

kK’ k" elld
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X Pt,xg,x+k (S, Z) pt,x(’),x’+k/ (S, Z/) .

We have reduced the problem from T¢ to R?. Now we can apply the Plancherel theorem to the above
integral to obtain

a " S g2 2
n=inlscen? [Cas [ aee T F g

/2

t/2 9y~
SC(1+t)d/ ds/ dé e~ 31€l f;(f):C(1+t)d/ ds ko (s),
0 R4

t
0
where the second inequality is due to the fact that s/2 < s(¢ — s5)/t when s € [0,¢/2]. Therefore, we
have proved that when ¢ € (0, €),

t
Li(1,x0,x,x0,x") < C(1+ e)dG(t,xo,x)G(t,x('),x')/ ko (s)ds. (4.9)
0
Note that we use the condition ¢ < € only in the last step to bound the factor (1 +¢)¢ by (1 +€)?.

Step 3. Determination of ¢ for the estimate of £;. Combining the estimates in both (4.8) and (4.9),
we see that

t
Li(t,x0,x,x0,x") <C(Cy,e +C2,¢)G(1,x0,x)G (1, x(,x") / [k1(s) +ka(s)+1]ds, (4.10)
0

for all # > 0, where

d

1 2

C15:=(1+— el and Gy = (1+6)?.
’ Ve ’

It is clear that both C; ¢ are continuous functions of € > 0. Since Cj  is monotone decreasing while
C», ¢ 1s monotone increasing, there exists an unique €y > 0 that minimizes the sum of the two, namely
€p = argmin (Cl,E + Cz,s). Finally, one can choose the constant Cq,p g in (4.3) to be Cy, ¢ + (2, ¢, (up
to another factor of generic constant). This completes the proof of (4.3) in the case of n = 1.

Step 4. Upper bounds for £,,. Suppose now (4.1) holds for n — 1. By Definition 4.2 and the induction
assumption, we have

t
L, =/ ds //2d dzdz'G(t = 5,2,x)G(t = 5,2/, x") Ln-1(8,%0,2, %, 2') far, p(2,2)
0 T
SC"_IG(t,xo,x)G(t,xE),x’)
t
x/o ds h,_1(s) //TM dzdz'G,,xo,x(s,z)G,’xé’x,(s,z')f(,,p(z,z’). (4.11)

Using the fact that £, (¢) is nondecreasing (see Lemma 3.4) and the symmetry of Brownian bridge, we
see that

Ly (t,x0,x,x0,x") < 2C"71G(t,xo,x)G(t,xé,x')In(t),
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where

t/2
0= [ ashuei0=9) [ 0207 o (5,206 g (5 a2

Now, one can carry out the same three steps as the proof of Proposition 4.3 to bound 7, ():
t/2
L,(1) SC/ hp-1(t—5) (k1(s)+ka(s)+1)ds
0

SC/[ hp_1(t—5) (k1 (s) + ka(s) +1)ds =Chy,(2).
0

This completes the proof of (4.3).

Step 5. Upper bound for the resolvent K. Finally, the estimate of K in (4.4) is a direct consequence
of the estimate of £, in (4.3) and the definition of H,(¢) in (3.15). This completes the whole proof of
Proposition 4.3. O

5. Proof of Theorem 1.3

Now we are ready to introduce the mild solution to (1.6) and establish its well-posedness. Let W be the
centered and spatially homogeneous Gaussian noise introduced above, defined on a complete probabil-
ity space (Q, F,P). Let {W, (A);t>0,Ae B (Td)} be the martingale measure associated to the noise
W in the sense of Walsh Walsh (1986), where 2 (Td ) refers to the Borel o-algebra on T CRY. Let
{F7}:0 be the underlying augmented filtration generated by W

Fr=0{Ws(A):0<s<t,Ac B(T)} VN,
where N is the o-field generated by all P-null sets in 7.

Definition 5.1. A process u = {u(t,x); t > 0,x € T?} is called a random field solution or the mild
solution to (1.6) if:

(1) u is adapted, i.e., foreach r > 0 and x € T4, u(t,x) is F;-measurable;
(i) u is jointly measurable with respect to % ((0,00) x T4) x F;
(iii) for each 7 > 0 and x € T<, it holds that

t
B [Cas [[L, v 6= sr s 700060 - sexy s )| <o )

(iv) for each t > 0 and x € T, u satisfies (1.8) a.s. for all (,x) € (0, c0) x T<.
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. The existence and uniqueness in L>(Q), as well as the two-point correlation

estimates of the solution to (1.6), can be established from the standard Picard iteration. More precisely,
with Proposition 4.3, we can carry out the same six steps as those in the proof of Theorem 2.4 in
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Section 3.3 of Chen and Dalang (2015); One may also check the proofs of Theorems 1.4 and 1.5
of Candil, Chen and Lee (2024).

It remains to prove the p-th moment bounds in (1.12). One can follow the same strategy as in the
proof of Theorem 1.7 of Chen and Huang (2019) to establish (1.12); see the proof of part (ii) of Theo-
rem 1.4 in Section 5.1 of Candil, Chen and Lee (2024) for another presentation. In essence, let u,, (¢, x)
be the immature solutions in the Picard iterations, namely u (¢, x) = Jo(¢,x), and forn > 1,

un(t,x):Jo(t,x)+A/0t/EdG(t—s,x,y)un_l(s,y)W(ds,dy).

An application of the Burkholder-Davis-Gundy inequality (BDG inequality) shows that their p-th mo-
ments satisfy the following integral inequality

t
s (601 <203 0,0+ 802 [ ds [ a3y fap 00 G =55 (s,
XG(Z—S,X,y,)||Mn(S,y,)||p. (52)
Then one can show that
i 1/2
k
n6,2) = 2o 1) (Z [16p2°] hkm)
k=0

is a super solution to (5.2), namely, ||un(#,x)||,, < gn(,x). Then one can show that for (7,x) fixed,
{un(t,x) : n > 0} is a Cauchy sequence in LP (). Finally, the memorization relation holds in the limit:

- 1/2
. . k
(e, )Ml = lim [l ()11, < Tim g (1,2) = V2Jo (1, ) (Z [16p2%] hkm) ,
k=0

where Ay (t) are given in (3.14). This completes the sketch of the proof of (1.12). We refer the interested
readers to the proof of Theorem 1.7 of Chen and Huang (2019) or the proof of part (ii) of Theorem 1.4
in Section 5.1 of Candil, Chen and Lee (2024) for more details.

Finally, when A2 p is large enough, one can obtain (1.13) from the estimate of yy(2) in (3.18). This
completes the whole proof of Theorem 1.3. O

6. Lower bound for the second moment

Proof of Theorem 1.5. Fix an arbitrary € > 0. Under condition (1.14), thanks to Lemma 2.2, one can
derive the corresponding lower bound in step 1 of the proof of Proposition 4.3. In particular,

t/2
Li(1,x0,%,x0,x") = 4 / ds ﬂm dzdz" G (s5,x0,2)G(s5,x(,2") f(2.2))
0 T

t/2 ¢
Zc‘fle/ ds/] dzdz’G(s,xo,z)G(s,xf),z’)=c“€le§,
0 TZd

whenever ¢ > €, where the constant c¢ is given in (2.10).
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A lower bound of £, can be derived similarly:

Lo (t,x0,x,x0,x")

t
=/ dsﬂZd dZdZIG(S,Z,X)G(S,Z’,X’).Ll(l—S,X(),Z,)C(,),Z,)f(Z,ZI)
0 T

t
3
2/ ds‘//zldzdz'G(s,Z,X)G(S,ZI,X’)Ll(t—S,XO,Z,X(,),Z’)f(LZ,)
O a

I3

d
ceC
g f/st(t—S)/] dzdz’G(s,z,x)G(s,2',x") Cy
2 Jo T2d

~ Cchf 1 (tz (t)2) . Cgelcjzv 172

T2 2 2 2 22"
Finally, an induction argument together with the elementary relation #"* — (¢/2)" > " /2 gives us that,
uniformly for all xo, x, x,x" € T4,

Ly (1.x0,x,x0,x") 2
and hence, for any A # 0,
Crt
Ka (2, x0,x,x5,x") > - exp (Tf) }

Then an application of (1.11) proves Theorem 1.5. O

When the initial condition is given by a bounded measurable function, one has the Feynman-Kac
representation for second moment of the solution to the parabolic Anderson model; see Proposition 4.3
of Hu and Nualart (2009) for the case of R4 or Carmona and Molchanov (1994) for the case of Z<.
Taking advantage of this Feynman-Kac representation, we are able to prove the exponential lower
bound of the second moment for all p > 0. Before proceeding, we would like to make two remarks:

Remark 6.1. We would like to highlight that, instead of bounded initial conditions, the Feynman-
Kac representations for the second moment of the parabolic Anderson model on R, starting from
rough initial conditions, have also been explored in the literature. Here, “rough initial conditions”
refer specifically to cases where the initial condition u is a signed Borel measure satisfying:

/e—“|x|2|y|(dx)<w forall a > 0.
R4

For more details, see (Chen, Hu and Nualart, 2017, Theorem 2.1), (Huang, L& and Nualart, 2017a,
Proposition 4.4), and (Huang, L& and Nualart, 2017b, Proposition 4.3).

Remark 6.2. With the Feynman-Kac representations for the moments, one should be able to carry out
the combinatorial arguments using the Feynman diagrams to derive the lower bounds for the general
p-th moments, p > 2, that match the corresponding upper bounds in (1.13). This approach has been
recently applied in cases of the whole space R?; see Hu and Wang (2024) and Chen, Guo and Song
(2024). We plan to explore this topic in future research.
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Proof of Theorem 1.6. Without loss of generality, we may assume the initial condition is the constant
one. The case where the initial conditions are bounded away from zero can be reduced to this case. The
Feynman-Kac formula for the second moment then has the following form:

E [M(l‘,x)z] =E, [exp {/t fa’p(BS’ES)dSH , 6.1)
0

where By and E s are two independent Brownian motions on torus both starting from x, and E,, refers
to the expectation with respect to both Brownian motions. We apply Jensen’s inequality to obtain that

exp{ [ B (o (825 s}

Now recall the definition of f,, , in (1.4), the spectral representation of the heat kernel G(t,x,y)
in (3.5). We use the fact that

E [u(t,x)*] 2 (6.2)

Ex ((27T)7d/2eik'(3s*35)) — e,|k|2s’

to simplify the right hand-side of (6.2) as follows,

! ] _ pt 2¢ —2a —|k|%s
[A Ex (fa,p(BSaBs))dS _(Zn)d (27r)d Z| |- / ds

k2 t
D WP [l | P as e

ke ch

(27T)d (2 )d
The proof is thus completed. O

The exponential lower bound suggests full intermittency for the solution. As explained in the intro-
duction, the exponential growth of the second moment is due to ergodicity of Brownian motion on a
compact manifold. The time average should converge to the space average,

t [ antB=Bots o [ piae= Lo

in limsup at a rate of 4/loglog? (see Brosamler (1983)). It is clear that our argument above is quite
generic and does not depend on the fact that the state space considered here is a torus (as opposed to a
general compact manifold).

It is well known that there is a phase transition in the intensity parameter A (in terms of the growth
rate of the second moment) in R4 for d > 3 (see, e.g., Chen and Kim (2019)). This is a result of the
fact that Brownian motion is transient when d > 3. We do not see this phase transition on the torus as
long as p > 0 regardless of the value of a: the second moment also blows up exponentially in time.
However, it is not clear what happens when p = 0.

7. Holder continuity

We first establish the following lemma, the proof of which is similar to Lemma 3.1 of Chen and Huang
(2019).
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Lemma 7.1. There exists some universal constant C > 0 such that for all B € (0,1], x,y € T¢, and
' >1>0,

IG(t,x) - G(t',x)| < CtB2G 2t ,x) (' —1)P*  and (7.1)
|G (t,x) — G(t,y)| < Ct B2 [G(2t,x) + G (21, y)] dist(x, y)? (72)

where we recall that dist(x,y) = |[x = y] |

Proof. In the proof, we use C to denote a generic constant which may change its value at each appear-
ance. Choose and fix an arbitrary 8 € (0, 1]. We start with (7.2). From the mean value theorem, we
have for some & := £(x, y) € T¢ such that

IG(t,x) =G (1,9 =IVG(1,6)] x |[x = ¥]|

+2nk| _len2nk?
= Z (27rt)_d/2we_ 2% x dist(x, y)
kezd
C |E+2mk|?
< 7 Z (47rt)_d/ze_ a x dist(x, y)
! kezd

C . C .
= $G(2t,§) dist(x,y) < % [G(2t,x) + G(2t,y)] dist(x,y),

where the last inequality can be obtained via scaling arguments (see, e.g., the proof of Lemma 3.1
of Chen and Huang (2019)). We can apply the above inequality and (2.5) to see that

G (1,%) = G(1,)| =G (1,x) = G(1,y)IP|G (1,x) = G (1, y)|'#

C

<25 [G(2t,x) + G(2t,y))P4 dist(x, )P [G(2t,x) + G(2t,y)]| 1 P

= 57 [G(20.0) + G2 )] dist(x. )

which proves that (7.2). To prove (7.1), observe that

|x+27k|? |x+2mk|?
IG(t,x) - G(t',x)| < Z(27rt)_d/2e_—2t —nt’) e

kezd
N—d)2 |x+2xkf? N—d)2 _ lxt2nk?
+(2rt") e” 2z —(2nt) e 2
_ _ _ \x+27rk|2 _ \x+27tk|2
< td/2 (t/) dj2 —td/2|G(l,.X) + Z (271,,/) dj2 (e on —e 57 )
kezd

=1 +1.
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Following inequality (3.3) in Chen and Huang (2019), we find that I; < Ct=#/2|¢’ — t|B/2G (¢, x). As
for I, from the mean value theorem, we can deduce that for some & € [t,1’],

x + 27k |? L2k neap 1, _ vk
12_2(2 e T <CZ(2m) N a;
kezd (26) kezd 28
d/2 o sk ? [t —¢] ,
<C Z(Zm) |t —tle” 3  <C——G(2r x).
kezd 2%

Together with the fact that I, < G (¢, x), we see that

_ Y-t BI2
L= PP <c [%G(zt’,x)] Gt x)'"PI2 < ct B — 1)PI2G (21, x).

Combining the bounds for /; and I, proves (7.1). O
Now we are ready to prove Theorem 1.7.

Proof of Theorem 1.7. We need only control the Holder modulus of
1(t,x) :=[/ G(t—s,x,y)Au(s,y)W(ds,dy).
(0,£]xTd

Fix an arbitrary n > 1. Following Chen and Huang (2019), we need to compute the p-th moment
increments

(%) = 1 P < C L () + D (1,1,5) + I (1,8,3)],

fort,t’ € [1/n,n] and x,x’ € T4 with ¢’ > ¢, where I, I, and I5 are defined as follows:

nGyi= [Cas [ anid fap 019166 - 500 = G5t
XIG( = 5,5.92) = Gt = 5. ) s,y llaCs, )
nr )= [ [ andrs fup10m) 166 =520 = 60 - s )
XIG( = 5232) = G = 5. ya) luts )l s, o)
L(t,t',x") 1=[I ds[/Tzd dy1dyz fa, p(y1,y2)G(t" = 5,x", 1)
X Gl =53 s )l a2

In the following, we use C,, to denote a generic constant that may depend on n and may change its value
at each occurrence.
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To control I, from the p-th moment formula (1.12), we see that

t
I (t,x,x") SCn/ dS// dyidy, fa,p(m,yz)// u(dzy)u(dzz)
0 T2d T2d

, 73
X G (s5,91,21) |G (1 = 5,5, y1) = Gt = 5,5, y1)] (7.3)

X G(5,y2,22) |G(t = 5,x,y2) = G(t = 5,x", y2)|.
We can then apply (7.2) to obtain that for all 8 € (0, 1),

|G(t = 5,%,y1) =G(t = s5,x", y1)]
=G (1=s5,[x=y1]) =G (t =5, [x" = y1]I
dist(x,x")8
([ - s)ﬁ/z

dist(x,x")8
(t—s)B/2"°

<CIGQRE-9),[x=y1])+G Q2> -9),[x" —y1]D]
=C[G(2(t=5),x,y1)+G (2(t=9),x",y1)]

where we have used the fact that
dist([x = y1 ], [x" = yi D =[x = yi] =[x = 1] D1 =[x = x"]}| = dist(x, x").
Hence,

G(s,y1,z21)1G(t = s5,x,y1) = G(t — 5,x",y1)|
dist(x,x")8

<CG(2s,y1,21) [G(2(1 =), x,y1) + G (2(1 = 5),x, y1)] (t — s)B/2

_ dist(x,x")8

m [G(2t,%,21)G2s x.zy (25,31) + G(2t,x",21) G v 7, (25,31)]

where we have used the density for the pinned Brownian motion; see (2.7). Therefore, by plugging
the above upper bound and the corresponding one with (yy,z;) replaced by (y», z2) back to (7.3), we
obtain four terms in the expansion:

4
I (t,x,x") < le,k(f,x,x')-
k=1
For I; 1, we have

t

1
I 1(t,x,x") <Cy dist(x,x')mJ0(2t,x)J0(2t,x)/ ds ——
' o (-9

X //TZd dydy fa,p()’lsyZ)GZI,x,zl (zs’yl)GZt,x,zl (2s,y2) .
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Now an application of Lemma 2.3 shows that

1

I1.1(t,x,x") <Cy dist(x, x") BJO(2t x)Jo(2t, x)/ ds —— =P

><// dy1dys fa,p(¥1,¥2) Z P2t,x,z1+k (28, V1) P2t x,z+k (25,52)
T2d

k,k’elld

By the same arguments as Step 2 of the proof of Theorem 1.3, we obtain that

g 1
’ . "N26 12 * 1"
Hatrox') <Cudisn(x )P e [ ==z ] dyidya i1 =32 k)

X Z P2t,x,21+k (28, Y1) P2t x,z,+k (25, ¥2)
Kk’ k7 eTld

<C, dist(x,x') % J2(21,x) / ka(s) 4

:Cndist(x,x')zﬁJg(Zt,x)/ s@4I2=By,
0

where the last step is due to (3.12). Therefore, provided that 8 < 1 +a — d/2 € (0,1) (recall that a €
(0,d/2)), we have

I11(tx,x") <Cy dist(x,x")%# Jg(Zt,x).
The computations for the 11, 11 3,11 4 are similar. Combining all these bounds, we conclude that
L(t,x,x") < Cn (Jo(21,x) + Jo(2t,x))? dist(x, x") .

The proof for the time increments, namely, I, and I3, is similar, which will be omitted here. O
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Supplementary Material

Supplement to “Parabolic Anderson model with colored noise on the torus” (DOI: 10.3150/24-
BEJ1838SUPP; .pdf). In the supplement Chen, Ouyang and Vickery (2025) we prove Lemma 2.1 re-
garding the comparability of the heat kernel G (z,x) on T¢ and the Gaussian density p(z,x).
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