Invariant measure for the nonlinear stochastic heat equation
on R with no drift term

Le Chen
Auburn University

Seminério de Probabilidade e Mecénica Estatistica
https:// spmes.impa.br/

2025-03-12

0/52 (+5)


https://spmes.impa.br/

Acknowledgment

Cheng Ouyang Samy Tindel Pangiu Xia

1/52 (+5)



Acknowledgment

Collaboration grant: No. 959981
DMS-Probability, No. 2246850 2022 — 2027

2023 - 2026

2/52 (+5)



Table of Contents

Introduction/Background
Weighted Hilbert space and Krylov-Bogoliubov theorem
Moment bounds in the weighted Hilbert space

Existence of invariant measure
Main result
Related work

Stationary limit via Gu and Li’s approach

References

3/52 (+5)



Plan

Introduction/Background
Weighted Hilbert space and Krylov-Bogoliubov theorem
Moment bounds in the weighted Hilbert space

4/52 (+5)



(% - %A) u(t, x) = A W(t, x)u(t, x)

~
4
£ =

o 1 .
(5_5A>u Wu

Smoothing Roughening

5/52 (+5)



Centered Gaussian noise
white in time and homogeneous in space

E (W(t, X) W(s,y)) = do(t—5) f(x—y)

6/52 (+5)



Centered Gaussian noise
white in time and homogeneous in space

E (W(t, X) W(s,y)) = do(t—5) f(x—y)

!

White in time

Martingale theory: It6, Walsh, Dalang, C., ...

Nonlinear SPDE
b(u)

6/52 (+5)



Centered Gaussian noise
white in time and homogeneous in space

Dalang’s condition: T (3) := (27r)*"/ ac) < oo for some hence all 3 > 0

rd B+ 1€]2
Homogeneous f: nonnegative &
in space nonnegative definite

!

E (W(t, X) W(s,y)) = do(t—5) f(x—y)

!

White in time

Martingale theory: It6, Walsh, Dalang, C., ...

Nonlinear SPDE
b(u)

6/52 (+5)



Why spatially colored noise?

1. Function-valued solution instead of singular SPDEs.

7152 (+5)



Why spatially colored noise?

1. Function-valued solution instead of singular SPDEs.

2. Universality relies on spatial dimension d and structure of noise.

7/52 (+5)



Why spatially colored noise?

. Function-valued solution instead of singular SPDEs.

. Universality relies on spatial dimension d and structure of noise.

. Brownian polymer in a continuous random environment:
Rovira and Tindel ’05, Lacoin ’11...

7/52 (+5)



Why spatially colored noise?

. Function-valued solution instead of singular SPDEs.

. Universality relies on spatial dimension d and structure of noise.

. Brownian polymer in a continuous random environment:
Rovira and Tindel ’05, Lacoin ’11...

. Medina, Hwa and Kardar '89:

7/52 (+5)



Why spatially colored noise?

. Function-valued solution instead of singular SPDEs.

. Universality relies on spatial dimension d and structure of noise.

. Brownian polymer in a continuous random environment:
Rovira and Tindel ’05, Lacoin ’11...

. Medina, Hwa and Kardar '89:
Random walk in a turbulent flow.

7/52 (+5)



Why spatially colored noise?

. Function-valued solution instead of singular SPDEs.

. Universality relies on spatial dimension d and structure of noise.

. Brownian polymer in a continuous random environment:
Rovira and Tindel ’05, Lacoin ’11...

. Medina, Hwa and Kardar '89:
Random walk in a turbulent flow.

Directed polymer:
impurities interacting with the interface;
anticorrelated impurities.

7152 (+5)



Why spatially colored noise?

. Function-valued solution instead of singular SPDEs.

. Universality relies on spatial dimension d and structure of noise.

. Brownian polymer in a continuous random environment:
Rovira and Tindel ’05, Lacoin ’11...

. Medina, Hwa and Kardar '89:
Random walk in a turbulent flow.

Directed polymer:
impurities interacting with the interface;
anticorrelated impurities.

Surface growth with charged ions:
interacting via (long range) Coulomb force.
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dom walk in a turbulent flow

Medina, Hwa & Kardar '89

Great Red Spot from Voyager |, 1979.

from Wikipedia
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at 2
u(0,-) = pu(")-

(Q _ 1A) u(t, x) = b(u(t, X))W(t,x), x € R% t>0,

1. bis Lipschitz continuous with Lipschitz constant L.
b(u) = Au: Parabolic Anderson model.

2. wis rough initial condition, i.e., signed measure p such that

/ exp (7a\x\2) |ul(dx) < oo, foralla> 0.
R
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(pr * p10)(x) < oo forall t > 0 and x € R?

RID: / e uo(dx) < oo forall a> 0
RrRd

C°(RY)

Rough Initial Data
e‘x‘m (d+1/2)

elx®

2
T pr(x) == (27t) "9/ 2 exp (—%)
 Varadhan '68; C. & Dalang, ’'15; C. & Kim, ’19; C. & Huang, ’'19...
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(pr % 110)(x) < oo forall t > 0 and x € R?

RID: / e~ p(dx) < o forall a> 0
Rd

C&(RY)
Bounded Initial Data

Rough Initial Data
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e‘X\ X‘ ( /2)
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ol 8

2
for(x) = (27rt)7d/2 exp (—%)
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Moment Lyapunov exponents:

p— lim 1Iog]E[|u(l‘,X)|p}
t—oo t

The growth of

. u(t, x)
the above mapping

the more chaotic

the faster the more interemitte nt

the farther from equilibrium
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9 _1&
(SHE) ot  20x?
u(0,-) = wo.

) u(t,x) = \u(t,x)W(t,x), t>0,x€eR,

For SHE on R with space-time white noise, many audience have contributed
to the understanding of the following limit: (Bertini and Cancrini, 1995, Chen,
2015, ...)

Jim t~"logE [u(t, x)°] = %p(p2 —1)X*,  forallp>2andx €R,

4
Jim p~logE [u(t, x)"] = 2—41‘, forallt > 0and x € R.
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82 82 .
(ﬁ — W) u(t,x) = u(t,x)W(t,x), t>0,x€R,
(SWE) X

0
u(0, ) = o, Eu(o, )= ur.

Theorem (C., Guo & Song '22)
For (SWE), if W is the space-time white noise and if up > 0 and uy; > 0, then

t t

C1p3'/2 < Iitm inf < limsup < C2p3/2, p>2
— 00

t—oo

.. logE[u(t,x)P] _ . log E[u(t, x)P]
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o o i
5 o u(t, x) = Au(t, x)W(t,x), x€R.

A=0 A=2 A=4

The rate of the propagation of the tall peaks = A2
C. & Dalang, 15.
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Round two?
1 ﬁ/;//& )
2
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(% _ %A) u(t, x) = A W(t, x)u(t, )

Are there cases when

the moment Lyapunov exponents are zero?

moments are bounded in time?

7%
A, 7\

N|—
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(821‘ — %Au(t, x)) = u(t, X)W(t7 x), u(0,-) = uo(-)

E(u(t.x)?) = Hi() x (P x to)(X)]°

¢ n
u(t, x) = (pr * uo)(x) + )\/o /md pr—s(x — y)u(s, y)W(ds, dy).

C., Kim 19, C., Huang 19’
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-
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Contribution from the deterministic heat equation

(p, % ef*"') (x), B <O.
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Contribution from the noise

— Hy(1)
A< A, A > Ae
He ()
Hi() Exponential
Bounded growth
| — -
0 Ao X

277/21-(0)71/2

Theorem (C. & Kim *19)
For SHE on R, the phase transition for the second moment happens iff

~

T(0) = [.',iL“oT(B) =(2m)° Rd f|(§|§)
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d>3 and
o gd |2]972
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Phase transiton <= T(0) := gimo'T‘(ﬂ) < 0o,

1. No phase transition for d = 1 or 2;

2. Phase transition iff

d>3 and f()dz<oo
Rd| |d 2

3. Phase transition iff

:Iim hi(t) < oo, where h(t) = (/ th)ds>

t Strongly relies on f is both nonnegative and nonnegative definite.
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Random field

u:Ry xR L2(R)

E (u(t, x)?) < o0

Infinitely dimensional SDE
u:Ry = L2(QH)
H= L2 (R%R)

(g:h), = [ps 9(X)N(X)p(x)dx

IE(HU ) Joo E (u(t, x)?) p(x)dx < oo
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Random field Infinitely dimensional SDE

u:Ry x R L2 (QR) u:Ry = L2(QH)
H= L2 (R%R)
<gv - fRd g(X )p(X)dX
E (u(t,x)?) < oo E (Hu ) Jao E (u(t, x)?) p(x)dx < oo

Is there an invariant measure in
L2 (R%R) as t — co?
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Admissible weight functions
H =12 (R

Definition (Tessitore & Zabczyk’ 98)

A function p : RY — R is called an admissible weight function if it is
. strictly positive,

. bounded,

. continuous,

L'(R%)-integrable,

AN =
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Admissible weight functions
H =12 (RY)

Definition (Tessitore & Zabczyk’ 98)
A function p : RY — R is called an admissible weight function if it is

a A~ W N =

. strictly positive,

. bounded,

. continuous,

. L'(R%)-integrable,

. forall T > 0, there exists a constant C,(T) such that

(P xp(-))(x) < Co(T)p(x),  V(t.x) € [0, T] x R™.

26/52 (+5)
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Proposition (Tessitore & zabczyk’ 98)
If p is an admissible weight, then

pr: L2(RY) s L2(RY) is bounded linear map for all t > 0.

Moreover, if p is another admissible weight such that / o)

2524 , th
o () o < O 1hen

pr : L3(RY) — L2(RY) s compact for all t > 0.
P p
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Examples of admissible weight functions

It is easy to show that the following weight functions are admissible:

{p(X) =exp(—alx]) a>0o,
p()=(1+x3)"" a>d

Proposition (C. & Eisenberg’ 22)

Set
pp(X) = exp (—|x|b) , xeR% withb>0.

Then

pb(+) is admissible <= b e (0,1].

28/52 (+5)
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Let M (H) be the space of probability measure on (H, B(H)).

Let £ (u(t,-; 1)) € M1(H) denote the law of u(t, ) starting from p at t = 0.

Step 1. To obtain the tightness of the law of u(t, -), we need to establish:

limsupE ( ||u(t, - ) < 0
msupE (| u(t.-)||?)

Step 2. Construct an invariant measure via the Krylov-Bogoliubov theorem:

oA = jim 1 | " 2t s ) (At

n—oo Tp

for some sequence {Tp}n>1 With T, 1 0.

29/52 (+5)
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Theorem (C. & Eisenberg 24, Moment bounds)
Assume that

(i) pe L'(RYRY);
(ii) The rough initial condition . satisfies

Gp (& |pl) = /]R{d [(pt * [l (P p(x) dx < 00, ¥t > 0;

(iii) (Phase transition) the spectral measure f and the Lip. const. L, satisfy

T(0)<oc and Lp< A, =2""27(0)""2

Then for some constant C > 0, which does not depend on t,

E (Jlutt, 5 )I12) < CGo(t1 +[ul) < o0, ¥E>0.

31/52 (+5)
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Theorem (C. & Eisenberg 24, Invariant measure)
Assume that

(i) p is admissible; and

there exists another admissible weight 5 such that / p(X) dx < oo;

rd P(X)

(ii) (Phase transition) the spectral measure f and the Lip. const. Ly, satisfy

T(0)<oo and Lp<A,=2""27(0)"%
(iii) the rough initial condition u satisfies:

limsup G5(t; |u|) < oo;
t—o0
(iv) for some o € (2"7(0)L3, 1), the spectral measure f satisfies

Ta(B) = (2r) ¢ /Rd % < oo, forsomep > 0.

(Ensure the factorization representation)
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Theorem (C. & Eisenberg 24, Invariant measure — continued)

Then we have that
(a) foranyr >0,

{Lu(t,o; u)}i=- s tight,

i.e., for any e € (0, 1), there exists a compact set # C L2(R?) such that

ZLu(t,o;p)( ) >1—k¢, forallt > 1 > 0;

(b) there exists a nontrivial invariant measure for SHE.
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Recall the Bessel kernel (see, e.g., Section 1.2.2 of Grafakos '14)

1

W} (x), >0, x€eR

fs(X) = _F'71 |:
1. f5(x) > 0 for all x € RY and 11£sll 3 gy = 1

Ix]

2. there exists a constant Cs ¢ > 0 such that f5(x) < Csge™ 2 for |x| > 2;

3. there exists a constant ¢ ¢ > 0 such that

1 fs(x)
<
Csd HS(X)

<cCsg for |x] <2,

with
[X|579 414+ O(|x|*"9*3) for0<s<d,
Hao(x) = { log ( 2)+1+0(x?)  fors=d,
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Recall the Bessel kernel (see, e.g., Section 1.2.2 of Grafakos '14)

1

fs(X) = .7:71 {W

}(x), s>0, x € RY.
1. f5(x) > 0 for all x € RY and 11£sll 3 gy = 1

Ix]

2. there exists a constant Cs ¢ > 0 such that f5(x) < Csge™ 2 for |x| > 2;

3. there exists a constant ¢ ¢ > 0 such that

1 fs(x)
<
Csd HS(X)

<cCsg for |x] <2,
with
[X|579 414+ O(|x|*"9*3) for0<s<d,
Hs(x) = { log (ﬁ) +1+0(Ix]?)  fors=d,

14+ O(|x|*~9) for s > d;

4. When s > d, this is the Matérn class of correlation functions.
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Corr. fun. fs(X) W
1
Spectral den. (EREREE fs(€)
o Fr¢-14+a)r(32+1-a) | T1-—a)F(a—1+s5/2)
«(0) 2979721 (d)2) T (5/2) 22373/21 (d2)T (5/2)
Ta(0) < oo s>d—-2(1—-a)>0 sAd>2(1—a)>0
24s—d 1—2d_—3d/2
(0) r (72 ) 2 T

20—179/2(d — 2) (s/2)

s>d-2>0

(s —2)r(d/2)

sAd >2
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{|X51‘d x| — 0,

Corr. fun. fs1 (X) +?52(X) |X‘*52 |X| — 0

N {'éw el =0,

Spectral den. | s, (&) + f,(€) €175 1€l — oo.

r(g—1+a)r(¥’+1 —a) r—a)f (a—1+%)
+ 22073972 [(d/2) T (82/2)

Ta(0) 2d7d/2T(d/2) T (s1/2)
Ta(0) < 0o 0<d-2(1—-a)<syand 0<2(1—a)< s
1(0) r(d/271)l'((s1fd)/2+1)+ M(s2/2-1)
297d/2(d/2) T (51/2) 22d73d/2 [ (d/2) T (s2/2)
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Corr. fun. fs1 (X) +/f\Sz(X) |X‘*52 |X| — 0
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Spectral den. | s, (&) + f,(€) €175 1€l — oo.

r(g—1+a)r(¥’+1 —a) r—a)f (a—1+%)
+ 22073972 [(d/2) T (82/2)

Ta(0) 2d7d/2T(d/2) T (s1/2)
Ta(0) < 0o 0<d—-2(1—-a)<siand 0<2(1—a)< s
1(0) r(d/271)l'((s1fd)/2+1)+ M(s2/2-1)
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40/52 (+5)



> S

41/52 (+5)



Outline

Existence of invariant measure

Related work
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Among others, Tessitore and Zabczyk '98 requires that d > 3 and
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which should be compared with ours:
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Among others, Tessitore and Zabczyk '98 requires that d > 3 and

o> N2 2 | (|| <[V )] ) cenere

which should be compared with ours:

*

Ly < 27"7%r(0)""/2.

When ]-‘(\ﬁ ) > 0, then one can remove the absolute value to show that:
T(0) = Const. /d (‘f(\ﬁ G )D (€)[¢[>“de
R

However, one can find examples when the absolute values are essential:

*
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— f(x) = (2m) " 'x"Zsin?(X)
N ?(X) =2"2max(2 - |x],0)
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There is no need to require p € Lﬁ(Rd) as in Tessitore and Zabczyk '98.

E.g.,

> do & Lo(RY) > p(dx) = x| *dx & L3(RY)
when a € (d/2,d)

Recall, this is not a problem because by Krylov-Bogoliubov theorem:

Th+ty
n= lim — Z(u(t,-; p))dt, forsome {Tp}n>1 with Ty 1 0.

n—co In [y

Using the smoothing effect of the heat kernel, our conditions on initial data:

1. Rough initial condition; 2. limsup Gp(t; |p|) < oc.
t—oo
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(Q - 1A) u(t,x) = g(x, u(t, x)) + b(x, u(t, x))W(t,x) xe€ O, t>0.

E.g.: The drift g(-) contributes extra dissipativity, such as,

< —kju™+k u>0
{g( ) S —hilul” + ke =% as |u| — oo, for some m, ki, ¢; > 0.

guwy>alu"-c u<D0,
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46/52 (+5)



(% - %A) u(t, x) = g(x, u(t,x)) + b(x, u(t,x))W(t,x) xeO,t>0.

E.g.: The drift g(-) contributes extra dissipativity, such as,

< —k|u|™ + k
{g(u)_ luf"+he u>0, as |u| — oo, for some m, ki, ¢; > 0.

glu) >clu™ —c u<o,

The drift pointing to the origin helps to cancel the growth of the moments.

O bounded domain O =R
Cerrai, 2001, 2003 Assing and Manthey, 2003
Brzeniak and Gatarek, 1999 | Eckmann and Hairer, 2001
Hairer and Mattingly, 2004
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Stationary limit via Gu and Li’s approach
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Gu and Li, 2020 proved that if
1. up(x) =1+ g(x) with g € L"(RY) N L>=(RY),
2. d >3,
3. £(0) < oo,
4. Lp < P,

u(t,”) = Z(-) in C(RY), as t — oo,

where Z(-) is a stationary random field.

48/52 (+5)



Gu and Li, 2020 proved that if
1. up(x) =1+ g(x) with g € L"(RY) N L>=(RY),
2. d >3,
3. £(0) < oo,
4. Lp < P,

u(t,”) = Z(-) in C(RY), as t — oo,

where Z(-) is a stationary random field.

1. Our weak limit is in L3(RY).

48/52 (+5)
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1. up(x) =1+ g(x) with g € L"(RY) N L>=(RY),
2.d >3,
3. f(0) < oo,
4. Lp < P,
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u(t,”) = Z(-) in C(RY), as t — oo,

where Z(-) is a stationary random field.

1. Our weak limit is in L3(RY).

2. Can one classify initial conditions with respect to possible stationary
limit?
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Gu and Li, 2020 proved that if
1. up(x) =1+ g(x) with g € L"(RY) N L>=(RY),
2.d >3,
3. f(0) < oo,
4. Lp < P,
then

u(t,”) = Z(-) in C(RY), as t — oo,

where Z(-) is a stationary random field.

1. Our weak limit is in L3(RY).

2. Can one classify initial conditions with respect to possible stationary
limit?

3. Extended to Singular SPDEs Gerolla, Hairer & Li, '23.
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Theorem (C., Ouyang, Tindel, Xia, '24+)
Suppose that
1. The rough initial condition . is such that

lim sup [(pr * 2)(X)] < oo. ()
tHOOXE]Rd

2. (Condition for phase transition/weak disorder) the spectral measure f
and \ satisfy

T (0) < oo and A\ < Ac — 277/21\(0)71/2‘

Then there exists a random field Z = {Z(x)}cra S.t. Z € L3(R?) a.s. &

u(t,) %z ast— oo, inl2(RY),

forallp € L'(RY;R) T

t p does not need to be admissible.
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1. No phase transition for d = 1 or 2;
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1. No phase transition for d = 1 or 2;
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(d¢)

Phase transition/Weak disorder < 7T(0) = €2
R
1. No phase transition for d = 1 or 2;
2. Phase transition iff
d>3 and / dz < 00;
3. Phase transition iff
I|m hi(t) < co, where hy(t (/ f( B,)ds)

 f may both have heavy tail and blow up at zero.

Earlier results, Rovira & Tindel ‘05, Lacoin '11,..., require f(0) < oo.

< o0
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Theorem (C., Ouyang, Tindel, Xia, '24+ (Continued...))

Moreover, suppose uy and u, are two solutions to SHE starting from p+ and
2, respectively. Assume that both p; satisfy (x). Let Z; and Z, be the
respective limiting random fields given in part 1. Then

lim sup [(prx (1 —p2)) ()| =0 = Z222.

t— oo xR
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Theorem (C., Ouyang, Tindel, Xia, '24+ (Continued...))

Moreover, suppose uy and u, are two solutions to SHE starting from p+ and
2, respectively. Assume that both p; satisfy (x). Let Z; and Z, be the
respective limiting random fields given in part 1. Then

lim sup [(prx (1 —p2)) ()| =0 = Z222.

t— oo xR

Perturbation condition : Let « = po + p4 such that

lim sup [(pr * 1) (X)| = 0.

t— o0 xER

Then, the limiting random field Z is the same as the one obtained from .

 Compared with g € L' (R?) N L= (RY).
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Examples of perturbations p1 s.t.

lim sup |(pt * 1) (X)| = 0.

t—o0 xR

1. p1 = do. ¢ L=(RY)
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Examples of perturbations p1 s.t.

lim sup |(pt * 1) (X)| = 0.

t—o0 xERA

1. 1 = do. & L=(RY)

2. pu1(dx) = |x|~*dx for x € (0, d). ¢ L'(RY) U L=(RY)
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Examples of perturbations p1 s.t.

m sup |(pr * p1) (X)] = 0.

li
t—o0 xERA

1. 1 = do. ¢ L*(RY)
2. py(dx) = |x|~%dx for x € (0, d). ¢ L'(RY) U L= (RY)
3. 1 =Y s Oonk(X) — (2m) 77 ¢ L'(RY) U L=(RY)
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