
Invariant measure for the nonlinear stochastic heat equation
on Rd with no drift term

Le Chen
Auburn University

Seminário de Probabilidade e Mecânica Estatìstica

https:// spmes.impa.br/

2025-03-12

0 / 52 (+ 5)

https://spmes.impa.br/


Acknowledgment

Nicholas Eisenberg

Cheng Ouyang Samy Tindel Panqiu Xia

1 / 52 (+ 5)



Acknowledgment

DMS-Probability, No. 2246850
2023 – 2026

Collaboration grant: No. 959981
2022 – 2027

2 / 52 (+ 5)



Table of Contents

Introduction/Background
Weighted Hilbert space and Krylov-Bogoliubov theorem
Moment bounds in the weighted Hilbert space

Existence of invariant measure
Main result
Related work

Stationary limit via Gu and Li’s approach

References

3 / 52 (+ 5)



Plan

Introduction/Background
Weighted Hilbert space and Krylov-Bogoliubov theorem
Moment bounds in the weighted Hilbert space

Existence of invariant measure
Main result
Related work

Stationary limit via Gu and Li’s approach

References

4 / 52 (+ 5)



(
∂

∂t
− 1

2
∆

)
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Centered Gaussian noise
white in time and homogeneous in space

E
(

Ẇ (t , x)Ẇ (s, y)
)
= δ0(t − s) f (x − y)

White in time

Martingale theory: Itô, Walsh, Dalang, C., ...

Nonlinear SPDE
b(u)

Homogeneous
in space

f : nonnegative &
nonnegative definite

Dalang’s condition: Υ(β) := (2π)−d
∫
Rd

f̂ (dξ)
β + |ξ|2 < ∞ for some hence all β > 0
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Why spatially colored noise?

1. Function-valued solution instead of singular SPDEs.

2. Universality relies on spatial dimension d and structure of noise.

3. Brownian polymer in a continuous random environment:
Rovira and Tindel ’05, Lacoin ’11...

4. Medina, Hwa and Kardar ’89:

Random walk in a turbulent flow.

Directed polymer:
impurities interacting with the interface;
anticorrelated impurities.

Surface growth with charged ions:
interacting via (long range) Coulomb force.
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Random walk in a turbulent flow

Medina, Hwa & Kardar ’89

Great Red Spot from Voyager I, 1979.

from Wikipedia
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
(

∂

∂t
− 1

2
∆

)
u(t , x) = b(u(t , x))Ẇ (t , x), x ∈ Rd , t > 0,

u(0, ·) = µ(·).

1. b is Lipschitz continuous with Lipschitz constant Lb.

b(u) = λu: Parabolic Anderson model.

2. µ is rough initial condition, i.e., signed measure µ such that∫
Rd

exp
(
−a|x |2

)
|µ|(dx) < ∞, for all a > 0.
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u(t , x) = b(u(t , x))Ẇ (t , x), x ∈ Rd , t > 0,

u(0, ·) = µ(·).

1. b is Lipschitz continuous with Lipschitz constant Lb.

b(u) = λu: Parabolic Anderson model.

2. µ is rough initial condition, i.e., signed measure µ such that∫
Rd

exp
(
−a|x |2

)
|µ|(dx) < ∞, for all a > 0.

9 / 52 (+ 5)




(

∂

∂t
− 1

2
∆

)
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C∞
c (Rd )
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|x |2
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δ′0

Rough Initial Data

RID:
∫
Rd

e−a|x|2µ0(dx) < ∞ for all a > 0

m
(pt ∗ µ0)(x) < ∞ for all t > 0 and x ∈ Rd

† pt (x) := (2πt)−d/2 exp
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− |x|2

2t

)
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∂t −
1
2
∆ u(t , x)Ẇ (t , x) µ0

u(t , x) =
∫ t

0

∫
Rd

pt−s(x − y)u(s, y)W (ds, dy)

+ (pt ∗ µ0) (x)
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Round one!
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Moment Lyapunov exponents:

p 7→ lim
t→∞

1
t
logE

[
|u(t , x)|p

]

The growth of
u(t , x)

the above mapping

the faster
the more chaotic

the more interemittent
the farther from equilibrium

13 / 52 (+ 5)



(SHE)


(

∂

∂t
− 1

2
∂2

∂x2

)
u(t , x) = λu(t , x)Ẇ (t , x), t > 0, x ∈ R,

u(0, ·) = u0.

For SHE on R with space-time white noise, many audience have contributed
to the understanding of the following limit: (Bertini and Cancrini, 1995, Chen,
2015, ...)

lim
t→∞

t−1 logE
[
u(t , x)p] = 1

24
p(p2 − 1)λ4, for all p ≥ 2 and x ∈ R,

lim
p→∞

p−3 logE
[
u(t , x)p] = λ4

24
t , for all t > 0 and x ∈ R.
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(SWE)


(

∂2

∂t2 − ∂2

∂x2

)
u(t , x) = u(t , x)Ẇ (t , x), t > 0, x ∈ R,

u(0, ·) = u0,
∂

∂t
u(0, ·) = u1.

Theorem (C., Guo & Song ’22)
For (SWE), if Ẇ is the space-time white noise and if u0 > 0 and u1 ≥ 0, then

C1p3/2 ≤ lim inf
t→∞

logE[u(t , x)p]

t
≤ lim sup

t→∞

logE[u(t , x)p]

t
≤ C2p3/2, p ≥ 2,

C3 t ≤ lim inf
p→∞

logE[u(t , x)p]

p3/2 ≤ lim sup
p→∞

logE[u(t , x)p]

p3/2 ≤ C4 t , t > 0.
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(
∂

∂t
−

∂2

∂x2

)
u(t , x) = λu(t , x)Ẇ (t , x), x ∈ R.

The rate of the propagation of the tall peaks � λ2

C. & Dalang, 15.
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Round two?
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(
∂
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− 1

2
∆

)
u(t , x) = λ Ẇ (t , x)u(t , x)

Are there cases when

the moment Lyapunov exponents are zero?

moments are bounded in time?

1
2∆

λẆ?
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(
∂

∂t
− 1

2
∆u(t , x)

)
= λu(t , x)Ẇ (t , x), u(0, ·) = u0(·)

E
(
u(t , x)2) � Hf (t) × [(pt ∗ u0)(x)]2

u(t, x) = (pt ∗ u0)(x) + λ

∫ t

0

∫
Rd

pt−s(x − y)u(s, y)W (ds, dy).

C., Kim ’19, C., Huang ’19’
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Contribution from the deterministic heat equation(
pt ∗ eβ|·|

)
(x), β > 0.

(
pt ∗ eβ|·|

)
(x) ≥

(
pt ∗ eβ|·|

)
(0) � 2e

1
2 β

2t , t → ∞

Heat injects from ∞.

−3 −2 −1 1 2 3

1

1.1

1.2

1.3

1.4

x
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Contribution from the noise
— Hf (t)

λ

0 λc λc

Hf (t)
Bounded

Hf (t)
Exponential

growth

||

2−7/2Υ(0)−1/2

λ < λc λ > λc

Theorem (C. & Kim ’19)
For SHE on Rd , the phase transition for the second moment happens iff

Υ(0) := lim
β→0

Υ(β) = (2π)−d
∫
Rd

f̂ (dξ)
|ξ|2 < ∞.

22 / 52 (+ 5)



Phase transition ⇐⇒ Υ(0) := lim
β→0

Υ(β) < ∞,

1. No phase transition for d = 1 or 2;

2. Phase transition iff

d ≥ 3 and
∫
Rd

f (z)
|z|d−2 dz < ∞;

3. Phase transition iff

lim
t→∞

h1(t) < ∞, where h1(t) := E
(∫ t

0
f (Bt)ds

)
.

† Strongly relies on f is both nonnegative and nonnegative definite.
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Random field Infinitely dimensional SDE

u : R+ × Rd 7→ L2 (Ω;R) u : R+ 7→ L2 (Ω;H)

H = L2
ρ

(
Rd ;R

)
〈g, h〉ρ :=

∫
Rd g(x)h(x)ρ(x)dx

E
(
||u(t , ·)||2ρ

)
=

∫
Rd E

(
u(t , x)2) ρ(x)dx < ∞E

(
u(t , x)2) < ∞

Is there an invariant measure in
L2
ρ

(
Rd ;R

)
as t → ∞?
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Admissible weight functions
H = L2

ρ

(
Rd)

Definition (Tessitore & Zabczyk’ 98)
A function ρ : Rd 7→ R is called an admissible weight function if it is

1. strictly positive,

2. bounded,

3. continuous,

4. L1(Rd)-integrable,

5. for all T > 0, there exists a constant Cρ(T ) such that(
pt ∗ ρ(·)

)
(x) ≤ Cρ(T )ρ(x), ∀(t , x) ∈ [0,T ]× Rd .

26 / 52 (+ 5)



Admissible weight functions
H = L2

ρ

(
Rd)

Definition (Tessitore & Zabczyk’ 98)
A function ρ : Rd 7→ R is called an admissible weight function if it is

1. strictly positive,

2. bounded,

3. continuous,

4. L1(Rd)-integrable,

5. for all T > 0, there exists a constant Cρ(T ) such that(
pt ∗ ρ(·)

)
(x) ≤ Cρ(T )ρ(x), ∀(t , x) ∈ [0,T ]× Rd .

26 / 52 (+ 5)



Admissible weight functions
H = L2

ρ

(
Rd)

Definition (Tessitore & Zabczyk’ 98)
A function ρ : Rd 7→ R is called an admissible weight function if it is

1. strictly positive,

2. bounded,

3. continuous,

4. L1(Rd)-integrable,

5. for all T > 0, there exists a constant Cρ(T ) such that(
pt ∗ ρ(·)

)
(x) ≤ Cρ(T )ρ(x), ∀(t , x) ∈ [0,T ]× Rd .

26 / 52 (+ 5)



Admissible weight functions
H = L2

ρ

(
Rd)

Definition (Tessitore & Zabczyk’ 98)
A function ρ : Rd 7→ R is called an admissible weight function if it is

1. strictly positive,

2. bounded,

3. continuous,

4. L1(Rd)-integrable,

5. for all T > 0, there exists a constant Cρ(T ) such that(
pt ∗ ρ(·)

)
(x) ≤ Cρ(T )ρ(x), ∀(t , x) ∈ [0,T ]× Rd .

26 / 52 (+ 5)



Admissible weight functions
H = L2

ρ

(
Rd)

Definition (Tessitore & Zabczyk’ 98)
A function ρ : Rd 7→ R is called an admissible weight function if it is

1. strictly positive,

2. bounded,

3. continuous,

4. L1(Rd)-integrable,

5. for all T > 0, there exists a constant Cρ(T ) such that(
pt ∗ ρ(·)

)
(x) ≤ Cρ(T )ρ(x), ∀(t , x) ∈ [0,T ]× Rd .

26 / 52 (+ 5)



Admissible weight functions
H = L2

ρ

(
Rd)

Definition (Tessitore & Zabczyk’ 98)
A function ρ : Rd 7→ R is called an admissible weight function if it is

1. strictly positive,

2. bounded,

3. continuous,

4. L1(Rd)-integrable,

5. for all T > 0, there exists a constant Cρ(T ) such that(
pt ∗ ρ(·)

)
(x) ≤ Cρ(T )ρ(x), ∀(t , x) ∈ [0,T ]× Rd .

26 / 52 (+ 5)



Proposition (Tessitore & zabczyk’ 98)
If ρ is an admissible weight, then

pt : L2
ρ(Rd) 7→ L2

ρ(Rd ) is bounded linear map for all t ≥ 0.

Moreover, if ρ̂ is another admissible weight such that
∫
Rd

ρ(ξ)

ρ̂(ξ)
dξ < ∞, then

pt : L2
ρ̂(Rd ) 7→ L2

ρ(Rd ) is compact for all t > 0.
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Examples of admissible weight functions

It is easy to show that the following weight functions are admissible:{
ρ(x) = exp(−a|x |) a > 0,

ρ(x) =
(
1 + |x |a

)−1 a > d .

Proposition (C. & Eisenberg’ 22)
Set

ρb(x) := exp
(
−|x |b

)
, x ∈ Rd , with b > 0.

Then

ρb(·) is admissible ⇐⇒ b ∈ (0, 1].
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Let M1(H) be the space of probability measure on (H,B(H)).

Let L (u(t , ·;µ)) ∈ M1(H) denote the law of u(t , ·) starting from µ at t = 0.

Step 1. To obtain the tightness of the law of u(t , ·), we need to establish:

lim sup
t→∞

E
(
||u(t , ·)||2ρ

)
< ∞

Step 2. Construct an invariant measure via the Krylov-Bogoliubov theorem:

η(A) = lim
n→∞

1
Tn

∫ Tn+t0

t0

L (u(t , ·;µ))(A)dt ,

for some sequence {Tn}n≥1 with Tn ↑ ∞.
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Theorem (C. & Eisenberg 24, Moment bounds)
Assume that

(i) ρ ∈ L1(Rd ;R+);

(ii) The rough initial condition µ satisfies

Gρ (t ; |µ|) :=
∫
Rd

[(pt ∗ |µ|)(x)]2 ρ(x) dx < ∞, ∀t > 0;

(iii) (Phase transition) the spectral measure f̂ and the Lip. const. Lb satisfy

Υ(0) < ∞ and Lb < λc := 2−7/2Υ(0)−1/2.

Then for some constant C > 0, which does not depend on t,

E
(
||u(t , ·;µ)||2ρ

)
≤ C Gρ(t ; 1 + |µ|) < ∞, ∀t > 0.
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Recall we need lim sup
t→∞

E
(
||u(t , ·;µ)||2ρ

)
< ∞ ⇐ lim sup

t→∞
Gρ(t ; |µ|) < ∞.

E.g.

Initial measure µ Gρ (t ; |µ|) ≤

µ(dx) = ϕ(x)dx , ϕ ∈ L∞(Rd )

δ0

µ(dx) = |x |−αdx , α ∈ (0, d)

µ(dx) = |x |αdx , α > 0, ρ(x) = e−|x|

† Gρ(t ; |µ|) =
∫
Rd

[(pt ∗ µ)(x)]2 ρ(x)dx.
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Theorem (C. & Eisenberg 24, Invariant measure)
Assume that

(i) ρ is admissible; and

there exists another admissible weight ρ̃ such that
∫
Rd

ρ(x)
ρ̃(x)

dx < ∞;

(ii) (Phase transition) the spectral measure f̂ and the Lip. const. Lb satisfy

Υ(0) < ∞ and Lb < λc := 2−7/2Υ(0)−1/2;

(iii) the rough initial condition µ satisfies:

lim sup
t→∞

Gρ̃(t ; |µ|) < ∞;

(iv) for some α ∈
(
27Υ(0)L2

b, 1
)
, the spectral measure f̂ satisfies

Υα(β) = (2π)−d
∫
Rd

f̂ (dξ)
(β + |ξ|2)1−α

< ∞, for some β > 0.

(Ensure the factorization representation)
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Theorem (C. & Eisenberg 24, Invariant measure – continued)
· · ·
Then we have that

(a) for any τ > 0,

{Lu(t , ◦;µ)}t≥τ is tight,

i.e., for any ε ∈ (0, 1), there exists a compact set K ⊂ L2
ρ(Rd) such that

L u(t , ◦;µ)(K ) ≥ 1 − ε, for all t ≥ τ > 0;

(b) there exists a nontrivial invariant measure for SHE.
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Υ(β) :=

∫
Rd

(2π)−d f̂ (dξ)
β + |ξ|2 < ∞

Dalang’s condition:
Weak path comparison;
Stochastic comparison

Υ(0) < ∞
Phase transition/moment

pointwise bounded

Υ(0) := lim
β→0

Υ(β)

= (2π)−d
∫
Rd

f̂ (dξ)
|ξ|2

Υα(β) < ∞
Hölder continuity;

Strong path comparison;
Factorization formula; ...

Υα(β) :=

∫
Rd

(2π)−d f̂ (dξ)
(β + |ξ|2)1−α
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Recall the Bessel kernel (see, e.g., Section 1.2.2 of Grafakos ’14)

fs(x) := F−1
[

1
(1 + |ξ|2)s/2

]
(x), s > 0, x ∈ Rd .

1. fs(x) > 0 for all x ∈ Rd and ||fs||L1(Rd ) = 1;

2. there exists a constant Cs,d > 0 such that fs(x) ≤ Cs,d e− |x|
2 for |x | ≥ 2;

3. there exists a constant cs,d > 0 such that

1
cs,d

≤ fs(x)
Hs(x)

≤ cs,d for |x | ≤ 2,

with

Hs(x) =


|x |s−d + 1 + O(|x |s−d+2) for 0 < s < d ,

log
(

2
|x|

)
+ 1 + O(|x |2) for s = d ,

1 + O(|x |s−d ) for s > d ;

4. When s > d , this is the Matérn class of correlation functions.
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Corr. fun. fs(x)
1

(1 + |x |2)s/2

Spectral den.
1

(1 + |ξ|2)s/2 fs(ξ)

Υα(0)
Γ
( d

2 − 1 + α
)
Γ
( s−d

2 + 1 − α
)

2dπd/2 Γ(d/2) Γ (s/2)
Γ (1 − α) Γ (α− 1 + s/2)

22dπ3d/2Γ(d/2)Γ (s/2)

Υα(0) < ∞ s > d − 2(1 − α) > 0 s ∧ d > 2(1 − α) > 0

Υ(0)
Γ
( 2+s−d

2

)
2d−1πd/2(d − 2)Γ(s/2)

21−2dπ−3d/2

(s − 2)Γ (d/2)

Υ(0) < ∞ s > d − 2 > 0 s ∧ d > 2
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Corr. fun. fs1(x) + f̂s2(x) ∼

{
|x |s1−d |x | → 0,
|x |−s2 |x | → ∞,

Spectral den. f̂s1(ξ) + fs2(ξ) ∼

{
|ξ|s2−d |ξ| → 0,
|ξ|−s1 |ξ| → ∞.

Υα(0)
Γ
( d

2 − 1 + α
)
Γ
(

s1−d
2 + 1 − α

)
2dπd/2 Γ(d/2) Γ (s1/2)

+
Γ (1 − α) Γ

(
α− 1 + s2

2

)
22dπ3d/2 Γ(d/2) Γ (s2/2)

Υα(0) < ∞ 0 < d − 2(1 − α) < s1 and 0 < 2(1 − α) < s2

Υ(0)
Γ (d/2 − 1) Γ ((s1 − d)/2 + 1)

2dπd/2 Γ(d/2) Γ (s1/2)
+

Γ (s2/2 − 1)
22dπ3d/2 Γ(d/2) Γ (s2/2)

Υ(0) < ∞ 0 < d − 2 < s1 and s2 > 2
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s1

s2

d

21

d

2

1

Υ(0) < ∞

Υα(0) < ∞

2(1 − α)

2(1 − α)
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Among others, Tessitore and Zabczyk ’98 requires that d ≥ 3 and

L−2
b >

Γ(d/2 − 1)2d/2−2

(2π)2d

∫
Rd

(∣∣∣∣F(√
f̂

)∣∣∣∣ ∗ ∣∣∣∣F(√
f̂

)∣∣∣∣) (ξ)|ξ|2−d dξ,

which should be compared with ours:

Lb < 2−7/2Υ(0)−1/2.

When F
(√

f̂
)
≥ 0, then one can remove the absolute value to show that:

Υ(0) = Const.
∫
Rd

(∣∣∣∣F(√
f̂

)∣∣∣∣ ∗ ∣∣∣∣F(√
f̂

)∣∣∣∣) (ξ)|ξ|2−d dξ

However, one can find examples when the absolute values are essential:
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0

1
2π

2
√

2
3π

1/2

f (x) = (2π)−1x−2 sin2(x)

f̂ (x) = 2−2 max (2 − |x |, 0)

F−1(√f̂
)
(x)
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There is no need to require µ ∈ L2
ρ(Rd) as in Tessitore and Zabczyk ’98.

E.g.,

I δ0 6∈ L2
ρ(Rd) I µ(dx) = |x |−αdx 6∈ L2

ρ(Rd)
when α ∈ (d/2, d)

Recall, this is not a problem because by Krylov-Bogoliubov theorem:

η = lim
n→∞

1
Tn

∫ Tn+t0

t0

L (u(t , ·;µ))dt , for some {Tn}n≥1 with Tn ↑ ∞.

Using the smoothing effect of the heat kernel, our conditions on initial data:

1. Rough initial condition; 2. lim sup
t→∞

Gρ̃(t ; |µ|) < ∞.
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Using the smoothing effect of the heat kernel, our conditions on initial data:

1. Rough initial condition; 2. lim sup
t→∞

Gρ̃(t ; |µ|) < ∞.
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(
∂

∂t
− 1

2
∆

)
u(t , x) = g(x , u(t , x)) + b(x , u(t , x))Ẇ (t , x) x ∈ O, t > 0.

E.g.: The drift g(·) contributes extra dissipativity, such as,{
g(u) ≤ −k1|u|m + k2 u > 0,
g(u) ≥ c1|u|m − c2 u < 0,

as |u| → ∞, for some m, ki , ci > 0.

The drift pointing to the origin helps to cancel the growth of the moments.

O bounded domain O = Rd

Cerrai, 2001, 2003 Assing and Manthey, 2003

Brzeniak and Gatarek, 1999 Eckmann and Hairer, 2001

Hairer and Mattingly, 2004
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Gu and Li, 2020 proved that if

1. u0(x) = 1 + g(x) with g ∈ L1(Rd ) ∩ L∞(Rd ),

2. d ≥ 3,

3. f (0) < ∞,

4. Lb < β0,

then

u(t , ·) ⇒ Z (·) in C(Rd), as t → ∞,

where Z (·) is a stationary random field.

1. Our weak limit is in L2
ρ(Rd).

2. Can one classify initial conditions with respect to possible stationary
limit?

3. Extended to Singular SPDEs Gerolla, Hairer & Li, ’23.
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Theorem (C., Ouyang, Tindel, Xia, ’24+)
Suppose that

1. The rough initial condition µ is such that

lim
t→∞

sup
x∈Rd

|(pt ∗ µ)(x)| < ∞. (?)

2. (Condition for phase transition/weak disorder) the spectral measure f̂
and λ satisfy

Υ(0) < ∞ and λ < λc := 2−7/2Υ(0)−1/2.

Then there exists a random field Z = {Z (x)}x∈Rd s.t. Z ∈ L2
ρ(Rd) a.s. &

u(t , ·) (d)−→ Z , as t → ∞, in L2
ρ(Rd),

for all ρ ∈ L1(Rd ;R+)
†.

† ρ does not need to be admissible.
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Phase transition/Weak disorder ⇐⇒ Υ(0) :=
∫
Rd

f̂ (dξ)
|ξ|2 < ∞

1. No phase transition for d = 1 or 2;

2. Phase transition iff

d ≥ 3 and
∫
Rd

f (z)
|z|d−2 dz < ∞;

3. Phase transition iff

lim
t→∞

h1(t) < ∞, where h1(t) := E
(∫ t

0
f (Bt)ds

)
.

† f may both have heavy tail and blow up at zero.

Earlier results, Rovira & Tindel ’05, Lacoin ’11,..., require f (0) < ∞.
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Theorem (C., Ouyang, Tindel, Xia, ’24+ (Continued...))

...
Moreover, suppose u1 and u2 are two solutions to SHE starting from µ1 and
µ2, respectively. Assume that both µi satisfy (?). Let Z1 and Z2 be the
respective limiting random fields given in part 1. Then

lim
t→∞

sup
x∈Rd

|(pt ∗ (µ1 − µ2)) (x)| = 0 =⇒ Z1
(d)
= Z2 .

Perturbation condition †: Let µ = µ0 + µ1 such that

lim
t→∞

sup
x∈Rd

|(pt ∗ µ1) (x)| = 0.

Then, the limiting random field Z is the same as the one obtained from µ0.

† Compared with g ∈ L1(Rd ) ∩ L∞(Rd ).
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Examples of perturbations µ1 s.t.

lim
t→∞

sup
x∈Rd

|(pt ∗ µ1) (x)| = 0.

1. µ1 = δ0. 6∈ L∞(Rd)

2. µ1(dx) = |x |−αdx for x ∈ (0, d). 6∈ L1(Rd) ∪ L∞(Rd )

3. µ1 =
∑

k∈Zd δ2πk (x)− (2π)−d . 6∈ L1(Rd) ∪ L∞(Rd )
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