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Binomial option pricing

The
binomial option pricing model

or
Cox-Ross-Rubinstein pricing model

assumes that

the price of the underlying asset follows a binomial distribution,

that is,

the asset price in each period can
move only up or down by a specified amount.

The binomial option pricing model enables us to

determine the price of an option,

given the characteristics of the stock or other underlying asset.
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Example 10.1-1 Consider an European call option on the stock of XYZ, with a
$40 strike price and one year expiration. XYZ does not pay dividends and its current
price is $41.

Assume that, in a year, the price can be either $60 or $30.

$41

$60

$30

Can one determine the call premium?

(Let the continuously compounded risk free interest rate be 8%.)
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Law of one price

Positions that have the same payoff should have the same cost!

Two portfolios (positions)

I Portfolio A: Buy one 40-strike call option.
I Portfolio B: Buy ∆ ∈ (0, 1) share of stock and borrow B at the risk-free

rate.

These two positions should have the same cost.
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Solution. The cost for Portfolio B at day zero is

∆× S0 − B.

and its payoff at expiration is{
∆× 30− B × e0.08 if the stock price is 30
∆× 60− B × e0.08 if the stock price is 60

On the other hand, the payoff for Portfolio A should be{
0 if the stock price is 30
(60− 40) if the stock price is 60

By equating the two payoffs, one obtains that{
∆× 30− B × e0.08 = 0

∆× 60− B × e0.08 = 60− 40
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Solution. Hence,

B = 20× e−0.08 and ∆ = 2/3.

Finally, since the cost of Portfolio A has to be equal to that of Portfolio B, we find the
cost of Portfolio A:

∆× S0 − B =
2

3
S0 − 20× e−0.08.

If we plug in S0 = $41, we have

B = $18.462 and the cost is $ 8.871.

�
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More generally, suppose the stock change its value over a period of time h as

S

u × S

d × S

Portfolio A

Payoff d × S u × S
Option 0 u × S − K

Total Cd = 0 Cu = u · S − K

Portfolio B

Payoff d × S u × S
∆ share ∆ · d · S · eδh ∆ · u · S · eδh

B bond Berh Berh

Total ∆ · d · S · eδh + Berh ∆ · u · S · eδh + Berh
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For two unknowns: ∆ and B, solve:

∆dSeδh + Berh = Cd

∆uSeδh + Berh = Cu

Set Sh be either dS or uS and
Ch be either Cu or Cd .

Plot Sh (x-axis) versus Ch (y-axis).

∆Sheδh + Berh = Ch
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∆ = e−δh Ch − Cd

S(u − d)
and B = e−rh uCd − dCu

u − d

∆S + B = e−rh
(

Cu
e(r−δ)h − d

u − d︸ ︷︷ ︸
:=p∗

+Cd
u − e(r−δ)h

u − d︸ ︷︷ ︸
:=1−p∗

)

p∗ the risk-neutral probability of
an increase in the stock price.
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Arbitraging a mispriced option

Example 10.1-2 Find arbitrage opportunities in Example 10.1-1 with
I the option price being overpriced with $9.00;
I the option price being underpriced with $8.25,

instead of the risk-neutral pricing $8.871.

Solution. One can buy the synthetic option which cost $8.25 and sell the real one
by earning $9.00. Hence, the present value of the profit is

$9− $8.871 = $0.129.

�
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u = e(r−δ)h+σ
√

h

d = e(r−δ)h−σ
√

h

I r : continuously compounded annual interest rate.
I δ: continuously dividend yield.
I σ: annual volatility.
I h: the length of a binomial period in years.
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Continuously Compounded Returns

rt,t+h = ln (Sth/St)

St+h = Stert,t+h

rt,t+nh =
n∑

i=1

rt+(i−1)h,t+ih

Go over 3 examples on p. 301
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Volatility

The volatility of an asset is the standard deviation of continuously
compounded returns.

I A year is dividend into n periods (say, n = 12) of length h = 1/n.
I Let σ2 be the annual continuously compounded return.
I Assuming that the continuously compounded returns are independent

and identically distributed
I We have

σ2 = 12× σ2
monthly

and

σh = σ
√

h or σ =
σh√

h
.
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Constructing u and d

With no volatility

St+h = Ft,t+h = Ste(r−δ)h

With volatility

uSt = Ft,t+he+σ
√

h

dSt = Ft,t+he−σ
√

h

⇓

u = e(r−δ)h+σ
√

h

d = e(r−δ)h−σ
√

h
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Estimating Historical Volatility

I Volatility computation should exclude dividend.
I But since dividends are small and infrequent; the standard deviation

will be similar whether you exclude dividends or not when computing
the standard deviation.
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One-period Example with a Forward Tree

Example 10.2-1 Consider a European call option on a stock, with a $40 strike and
1 year to expiration. The stock does not pay dividends, and its current price is $41.
Suppose the volatility of the stock is 30%. The continuously compounded risk-free
interest rate is 8%.

Use these inputs to calculate the followings:

1. the final stock prices uS and dS

2. the final option values Cu and Cd

3. ∆ and B

4. the option price: ∆S + B.
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Solution. In summary:

S = 41, K = 40, r = 0.08, δ = 0, σ = 0.30, h = 1.

S = $41.000

uS = $59.954

dS = $32.903

Cu = $19.954

Cd = $0.000

∆ = 0.738

B = −$22.405

Option price = $7.839

�
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Questions

I How to handle more than one binomial period?

I How to price put options?

I How to price American options?
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Some observations:

I The option price is greater for the 2-year than for the 1-year option
I The option was priced by working backward through the binomial tree.
I The option’s ∆ and B are different at different nodes. At a given point

in time, ∆ increases to 1 as we go further into the money
I Permitting early exercise would make no difference. At every node

prior to expiration, the option price is greater than S–K ; hence, we
would not exercise even if the option had been American.
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Dividing the time to expiration into more periods allows us to generate a
more realistic tree with a larger number of different values at expiration.
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We compute put option prices using the same stock price tree and in almost
the same way as call option prices

The only difference with a European put option occurs at expiration
Instead of computing the price as

max (0,S − K )

we use

max (0,K − S)
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At each node we use the following formula to compute the price:

P(S,K , t) = max
(

K − S, e−rh [P(uS,K , t + h)p∗ + P(dS,K , t + h)(1− p∗)]
)

p∗ =
e(r−δ)h − d

u − d

Or simply

P(S,K , t) = max (K − S,∆S + B)
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This section is left for motivated students.
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Problems: 10.1, 10.2, 10.3, 10.6, 10.7, 10.8, 10.10, 10.12.

Due Date: TBA
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