Financial Mathematics

MATH 5870/6870"
Fall 2021

Le Chen
1zc0090@auburn.edu

Last updated on

November 3, 2021

Auburn University
Auburn AL

"Based on Robert L. McDonald’s Derivatives Markets, 3rd Ed, Pearson, 2013.


lzc0090@auburn.edu

Chapter 18. The Lognormal Distribution



Chapter 18. The Lognormal Distribution

§ 18.1 The normal distribution

§ 18.2 The lognormal distribution

§ 18.3 A lognormal model of stock prices

§ 18.4 Lognormal probability calculations

§ 18.5 Problems



Chapter 18. The Lognormal Distribution

§ 18.1 The normal distribution



Definition 18.1-1 A random variable X is said to have the (or
) with mean y and variance o2, if the probability density
function (pdf) is given by

1(x=p\2
fi(x) = \/21* o 3(*7%)
To
We write
X ~ N, o).

N(0,1) is called the



Definition 18.1-2 The
is denoted by ®(-), namely,

X
B(x) = / L ey

oo V2T



Let Z ~ N(0,1) and a > 0. By symmetry of the density, we have the
following useful formulas:

1.
P(—a<Z<a)=2P(a) —1.
For example,

P(]Z] <0.3)=2-®(0.3) —1 =2 x 0.6179 — 1 = 0.2358.

P(Z>a)=PZ<—-a)=®(—a)=1—-2(a)

]P’(O<Z§a):P(Z<a)—]P(Z§0):<I>(a)—%.



Standardization

~ N(0,1)

or equivalently

Z~N(@01) < X=p+0Z~N(uoc?)



Example 18.1-1 Assume the lifetime of a brand of light bulb follows a normal
distribution with mean of 4 years and standard deviation of 0.4 years. What is the
probability that it stop working before 5 years.

Solution. Let X be the lifetime of the light bulb. Then

X~ N(4,04°) = ]P>(X§5):]P’<%SQ.5>

= 3(2.5)
= 0.99379.



Sums of normal random variables

Suppose we have n jointly distributed random variables X;, i =1,...,n,
with mean and variance E(X;) = w, Var(X;) = o7, and covariance
COV()(,',)(/') = 0jj.

Remark 18.1-1

1. The covariance between two random variables measures their tendency to move

together.
2. Var(Xi) = Cov(Xj, Xi).
3. Let pj be the of Xj and Xj, namely,
o
pij=—".
0i0;

Hence, Jjj = pPijjoi0;.



Theorem 18.1-1 The weighted random variable "1, & X; have the following
mean and variance:

n n
E (Z aiXi> = Z ajfj,
i=1 i=1
n n n
Var (Z a,X,-> = Z Z a;ajoj.
i=1

i=1 j=1



Theorem 18.1-2 If X; ~ N (, 67), then

n n
Z aiXi~ N Z ajpi,
i=1 i=1

n n
Z Z aiajoijj

i=1 j=1



Example 18.1-2 If X; ~ N(u1,01) and Xo ~ N(uz2,03), give the distribution of
aXi; + bX.

Solution.

axXi+bXs~N (am —+ b/LQ, 320% —+ b20'§ + 2ab O’12> .



Central Limit Theorem

Measurements lead to error. The error tends to be independent and is
usually modeled by zero mean normal random variables thanks to the
central limit theorem (CLT).

CLT usually can be phrased under different conditions. Here is one
example:

Theorem 18.1-3 (Linderberg-Lévy CLT) Suppose {Xi,---, Xn} is a sequence
of independent random variables having the same distribution (i.e., i.i.d.) with
E(X;) = p and Var(X;) = 0% < oco. Then
n(Xn —
VnXo =) o N(0,1),  asn— oo,
g
where

Yn: X1+n+Xn
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Chapter 18. The Lognormal Distribution

§ 18.2 The lognormal distribution



Definition 18.2-1 A random variable Y is with
parameters p and o > 0 if In(Y) ~ N(u, 0?).

Theorem 18.2-1 The probability density function of Y is given by
1 In(y) — u) :
f = exp | — [ ——— .
)= e ( (e

Proof. Fory >0,

Hence,

,%(lﬂ(}/)*u)2 d ln(y) — U

_ 1 e,%(lﬂ({z*u)2.
yov2m



N

2.5
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2Image from Wikipedia.



Theorem 18.2-2 If Y; and Y; are lognormally distributed, so is Y7 Ya.

Proof. Since Y; and Y> are lognormally distributed, In( Y1) and In(Y2) are
normally distributed. Hence,

ln( Yl) =+ ln( YQ) = 111(Y1 Yg)

is normally distributed too. Therefore, Y; Y2 is lognormally distributed. g



Recall that the moment generating function of the normal random variable
X ~ N(u,o?) is

E (erx) = e/“‘H’2f2/27 for all t € R. (1)

Remark 18.2-1 If Y is lognormally distributed with parameters  and o, then

E (Y’) — et forallt € R

Remark 18.2-2 By , if g is a convex function, then

E(g(X)) < g (E(X)).

Hence, for g(x) = €, we see that
(o) < &0
This is consistent with our computations above because

LHS = e"+7°/2 > g — RHS.

20



Theorem 18.2-3 If Y is lognormally distributed such that In(Y) ~ N(u, 0?), then

E(Y) = €2 and Var(Y)= > (e"2 - 1) ,

Proof. Let X =In(Y). By (1),

and

Therefore,

Var(Y) = E(YQ) _E(Y)? = g2h+20” _ eQ(LL"’%JZ) _ guto? (eaz 3 1) .
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Chapter 18. The Lognormal Distribution

§ 18.3 A lognormal model of stock prices

o3



Let R(t, s) be the continuously compounded return from time t to a
later time s.

For f{h < ti < k2, R(:,-) has to satisfy the additivity property:
R(to, ) = R(fo, 1) + R(ti, k)

For time interval [0, T] divided into n subintervals of equal length T/n,
we have

R(0,T) = R(0,h) + R(h,2h) +---+ R((n—1)h, T)
Assume that
E(R((i—1)h,ih)) = an and Var (R((i—1)h,ih)) = of

Then
E(R(0,T)) = nap and Var(R(0,T)) = noj,

By central limit limit theorem, as n — co, one can assume that

RO, T)~N

24



In(St/So) ~ N ([ — 8 — 0.55°]t, 0°t)

In(S:/So) = [ — 6 — 0.50°|t + oVt Z

2
SI — Soe[a767045a ]Ieo'\ﬁz

E[S] = Soel® % and Median stock price = e[a7670'5°2]t

2
move up e[a—5—045cr Jtiovix1
One standard deviation

S (—— e[a7670.502]t70\ﬁ><1

o5



Go over examples 18.4 and 18.5 on textbook on p. 555.
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Chapter 18. The Lognormal Distribution

§ 18.4 Lognormal probability calculations

o8



Theorem 18.4-1
P(Si < K)=N(—0d2) with oy =

Or equivalently, P(S; > K) = N(d-).

n(So/K) + (@ — 8

oVt

209



Theorem 18.4-2 The (1 — p) x 100% prediction interval for S; is (StL, sV ) with
1.2 —1
St— Soe(a—é—EU )t+cr\ﬂN (r/2)

—5—1s2 o -1 /2
S _ el )eeovin oo

20



Go over Examples 18.6 and 18.7 on P. 558-559.
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Theorem 18.4-3 It holds that

_sN(—adi)
E(S|S: < K) = Spel* 212 ~10
( t| : < K) 0€ N(7d2)
a— N( dl)

_ (a—3)t
E(81|Sz>K)—Soe N( dz)

where recall that

B In(S/K)+ (r—9 %0'2)7— In(S/K

d = and 0> =

oV'T

29



Now we are ready to derive the Black-Scholes formula:

C(S,K,o,r,t,0) = e "E ([Si — K] 1(s,5k})
— e "E([S: — K]|S > K)P(S; > K)
=e "E(S|S: > K)P(St > K) + e "E (K|St > K)P(S: > K)
=e "E(S|S: > K)P(S: > K) + e "KP(S; > K)

Similar for put.

kil
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Problems: 18.3, 18.4, 18.5, 18.6, 18.7, 18.8, 18.9, 18.10, 18.11, 18.12.

Due Date: TBA

26



	§ 18.1 The normal distribution
	§ 18.2 The lognormal distribution
	§ 18.3 A lognormal model of stock prices
	§ 18.4 Lognormal probability calculations
	§ 18.5 Problems

