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§ 13.4 The mathematics of Delta-hedging



First order (in S) approximation
(with zero order in h):

C(St_t,_h, T — (t+ h)) ~ C(Sf, T t) } A(Sf, T t) X (St Lh S[>

Second order in S approximation
(with zero order in h):

C(SuumT—(t+h)~ CS.T 1)+ AS.T 1) %(Sun—S)

+ X F(S(, — t) X (SH—h — 81)2

N | =

Delta-Gamma approximation

Explanations can be made
either using Taylor expansion or Aaverage-



Second order in S approximation
(with ):

C(Styn, T—(t+h)~ C(S,T-1
+ A(Sf, — t) X (SH—h — St)

+ % K T(St, T — 1) x (Stpn — Sp)?
+



FIGURE 13.3 Option
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Example 13.4-1 Given the first column of the following table, filling the details of

the rest entries:

TABLE 13.4
Syn = $40.75
S =$39.25

Predicted option price over a period of 1 day, assuming
stock price move of $0.75, using equation (13.6). Assumes
thato =0.3,r =0.08, T — ¢t = 91 days, and § = 0, and the

initial stock price is $40.

Starting Price €A 1er
$2.7804 0.4368 0.0183
$2.7804 —0.4368 0.0183

Option Price 1
Day Later (h = 1 day)
0h Predicted  Actual
—0.0173  $3.2182 $3.2176
—00173  $2.3446  $2.3452

Solution. Working with Mathematica code...



The value of the market-maker’s investment:

AS: — C(Sr)

Market-marker’s profit when the stock price changes
by € over a time interval h

At(Stin—St) = [C(Styn) — C(S)]  —rh[AS— C(Sy)]
[ —

Changes in value of stock Changes in value of option interest charge
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Now replace  C(Si1n) — C(St) by its second order approximation:
—_——

Changes in value of option

C(S{+h) — C(Sz) =~ A[ X (S[+h — St)
1
+ 5 X F[ X (S[_HL; — 81)2
+ h x 6;

and S;1p — St by €, we see that
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Market-maker’s profit

At(Stn—S) = [C(Sipn) — C(S)]  —rh[AS: — C(Sy)]
(S —
Changes in value of stock  Changes in value of option interest charge

I
_ (%EZF, +0ch+ rh[AS — C(s,)])
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We have seen that the market-maker approximately breaks even for a
one-standard-deviation move in the stock:

e=0SVh = e =02S?h

Finally, we see that

Market-maker’s profit

Ai(Styn—=S) = [C(St+n) — C(S1)] = rh[AS; — C(S)]
~————
Changes in value of stock  Changes in value of option interest charge

I
1
— (50'2812F1 + 0 +r [A[Sr — C(S[)]) h
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