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§ 18.1 The normal distribution



Definition 18.1-1 A random variable X is said to have the (or
) with mean y and variance o2, if the probability density
function (pdf) is given by

1(x=p\2
fi(x) = \/21* o 3(*7%)
To
We write
X ~ N, o).

N(0,1) is called the



Definition 18.1-2 The
is denoted by ®(-), namely,

X
B(x) = / L ey

oo V2T



Let Z ~ N(0,1) and a > 0. By symmetry of the density, we have the
following useful formulas:

1.

P(—a<Z<a)=2P(a)— 1.
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Let Z ~ N(0,1) and a > 0. By symmetry of the density, we have the
following useful formulas:

1.
P(—a<Z<a)=2P(a) —1.
For example,

P(]Z] <0.3)=2-®(0.3) —1 =2 x 0.6179 — 1 = 0.2358.

P(Z>a)=PZ<—-a)=®(—a)=1—-2(a)

]P’(O<Z§a):P(Z<a)—]P(Z§0):<I>(a)—%.



Standardization

~ N(0,1)

or equivalently

Z~N(@01) < X=p+0Z~N(uoc?)



Example 18.1-1 Assume the lifetime of a brand of light bulb follows a normal
distribution with mean of 4 years and standard deviation of 0.4 years. What is the
probability that it stop working before 5 years.



Example 18.1-1 Assume the lifetime of a brand of light bulb follows a normal
distribution with mean of 4 years and standard deviation of 0.4 years. What is the
probability that it stop working before 5 years.

Solution. Let X be the lifetime of the light bulb. Then

X~ N(4,04°) = ]P>(X§5):]P’<%SQ.5>

= 3(2.5)
= 0.99379.



Sums of normal random variables

Suppose we have n jointly distributed random variables X;, i =1,...,n,
with mean and variance E(X;) = w, Var(X;) = o7, and covariance
Cov(Xi, Xj) = oj.

Remark 18.1-1

1. The covariance between two random variables measures their tendency to move
together.
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Sums of normal random variables

Suppose we have n jointly distributed random variables X;, i =1,...,n,
with mean and variance E(X;) = w, Var(X;) = o7, and covariance
COV()(,',)(/') = 0jj.

Remark 18.1-1

1. The covariance between two random variables measures their tendency to move

together.
2. Var(Xi) = Cov(Xj, Xi).
3. Let pj be the of Xj and Xj, namely,
o
pij=—".
0i0;

Hence, Jjj = pPijjoi0;.



Theorem 18.1-1 The weighted random variable "1, & X; have the following
mean and variance:

n n
E (Z aiXi> = Z ajfj,
i=1 i=1
n n n
Var (Z a,X,-> = Z Z a;ajoj.
i=1

i=1 j=1



Theorem 18.1-2 If X; ~ N (, 67), then

n n
Z aiXi~ N Z ajpi,
i=1 i=1

n n
Z Z aiajoijj

i=1 j=1



Example 18.1-2 If X; ~ N(u1,01) and Xo ~ N(uz2,03), give the distribution of
aXi; + bX.



Example 18.1-2 If X; ~ N(u1,01) and Xo ~ N(uz2,03), give the distribution of
aXi; + bX.

Solution.

axXi+bXs~N (am —+ b/LQ, 320% —+ b20'§ + 2ab O’12> .



Central Limit Theorem

Measurements lead to error. The error tends to be independent and is
usually modeled by zero mean normal random variables thanks to the
central limit theorem (CLT).
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CLT usually can be phrased under different conditions. Here is one
example:

Theorem 18.1-3 (Linderberg-Lévy CLT) Suppose {Xi,---, Xn} is a sequence
of independent random variables having the same distribution (i.e., i.i.d.) with
E(X;) = p and Var(X;) = 0% < oco. Then
n(Xn —
VnXo =) o N(0,1),  asn— oo,
g
where

Yn: X1+n+Xn
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