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Definition 18.2-1 A random variable Y is lognormally distributed with
parameters µ and σ > 0 if ln(Y ) ∼ N(µ, σ2).

Theorem 18.2-1 The probability density function of Y is given by

fY (y) =
1

y
√
2πσ

exp

(
−
(

ln(y)− µ

σ

)2
)
.

Proof. For y > 0,

P(Y ≤ y) = P (ln(Y ) ≤ ln(y))

= P
(

ln(Y )− µ

σ
≤ ln(y)− µ

σ

)
= Φ

(
ln(y)− µ

σ

)
.

Hence,

fY (y) =
d
dy

Φ

(
ln(y)− µ

σ

)
=

1√
2π

e− 1
2

(
ln(y)−µ

σ

)2 d
dy

ln(y)− µ

σ

=
1

yσ
√
2π

e− 1
2

(
ln(y)−µ

σ

)2

.
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Theorem 18.2-2 If Y1 and Y2 are lognormally distributed, so is Y1Y2.

Proof. Since Y1 and Y2 are lognormally distributed, ln(Y1) and ln(Y2) are
normally distributed. Hence,

ln(Y1) + ln(Y2) = ln(Y1Y2)

is normally distributed too. Therefore, Y1Y2 is lognormally distributed. �
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Recall that the moment generating function of the normal random variable
X ∼ N(µ, σ2) is

E
(

et X
)
= eµt+σ2t2/2, for all t ∈ R. (1)

Remark 18.2-1 If Y is lognormally distributed with parameters µ and σ, then

E
(

Y t
)
= eµt+σ2t2/2, for all t ∈ R.

Remark 18.2-2 By Jensen’s inequality, if g is a convex function, then

E (g(X )) ≤ g (E(X )) .

Hence, for g(x) = ex , we see that

E
(

eX
)
≤ eE(X).

This is consistent with our computations above because

LHS = eµ+σ2/2 ≥ eµ = RHS.
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Theorem 18.2-3 If Y is lognormally distributed such that ln(Y ) ∼ N(µ, σ2), then

E(Y ) = eµ+ 1
2
σ2

and Var(Y ) = e2µ+σ2
(

eσ2

− 1
)
.

Proof. Let X = ln(Y ). By (1),

E (Y ) = E
(

eX
)
= eµ+ 1

2
σ2

and

E(Y 2) = E
(

e2X
)
= e2µ+2σ2

.

Therefore,

Var(Y ) = E(Y 2)− E(Y )2 = e2µ+2σ2

− e2
(
µ+ 1

2
σ2

)
= e2µ+σ2

(
eσ2

− 1
)
.
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