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Supplementary Exercises for Chapter 6

Exercise 6.1 (Requires calculus) Let V denote the
space of all functions f : R→R for which the deriva-
tives f ′ and f ′′ exist. Show that f1, f2, and f3 in V
are linearly independent provided that their wron-
skian w(x) is nonzero for some x, where

w(x) = det


f1(x) f2(x) f3(x)

f ′1(x) f ′2(x) f ′3(x)

f ′′1 (x) f ′′2 (x) f ′′3 (x)


Exercise 6.2 Let {v1, v2, . . . , vn} be a basis of Rn

(written as columns), and let A be an n×n matrix.

a. If A is invertible, show that {Av1, Av2, . . . , Avn}
is a basis of Rn.

b. If {Av1, Av2, . . . , Avn} is a basis of Rn, show
that A is invertible.

b. If YA = 0, Y a row, we show that Y =
0; thus AT (and hence A) is invertible.

Given a column c in Rn write c = ∑
i

ri(Avi)

where each ri is in R. Then Yc =

∑
i

riYAvi, so Y =Y In =Y
[

e1 e2 · · · en
]
=[

Ye1 Ye2 · · · Yen
]
=

[
0 0 · · · 0

]
=

0, as required.

Exercise 6.3 If A is an m×n matrix, show that A
has rank m if and only if col A contains every column
of Im.

Exercise 6.4 Show that null A= null (AT A) for any
real matrix A.
We have null A ⊆ null (AT A) because Ax = 0 im-
plies (AT A)x = 0. Conversely, if (AT A)x = 0, then
‖Ax‖2 = (Ax)T (Ax) = xT AT Ax = 0. Thus Ax = 0.

Exercise 6.5 Let A be an m× n matrix of rank
r. Show that dim (null A) = n− r (Theorem 5.4.3) as
follows. Choose a basis {x1, . . . , xk} of null A and
extend it to a basis {x1, . . . , xk, z1, . . . , zm} of Rn.
Show that {Az1, . . . , Azm} is a basis of col A.
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