| yry )( with Open Texts

LINEAR

ALGEBRA
with Applications

Emory University

Math 221

Linear Algebra
Sections 1 & 2

Lectured and adapted by

Le Chen
April 15, 2021

ADAPTABLE | ACCESSIBLE | AFFORDABLE

le.chen@emory.edu
Course page

http://math.emory.edu/~1lchendl/teaching/2021_Spring Math221

by W. Keith Nicholson


le.chen@emory.edu
http://math.emory.edu/~lchen41/teaching/2021_Spring_Math221




Contents

1 Systems of Linear Equations

1.1 Solutions and Elementary Operations . . . . . . . . . .. ... ... ... .. .... 6
1.2 Gaussian Elimination . . . . . . . . . ... 16
1.3 Homogeneous Equations . . . . . . . . ... 28
Supplementary Exercises for Chapter 1 . . . . . . . . . . .. ... ... ... ... 37
2 Matrix Algebra 39
2.1 Matrix Addition, Scalar Multiplication, and Transposition . . . . . .. .. ... .. 40
2.2 Matrix-Vector Multiplication . . . . . . . . . . . ... ... . 53
2.3 Matrix Multiplication . . . . . . . . .. .. 72
2.4 Matrix Inverses . . . . . . oL 91
2.5 Elementary Matrices . . . . . . . . .. 109
2.6 Linear Transformations . . . . . . . . . . . . . . .. e 119
2.7 LU-Factorization . . . . . . . . . . . . . 135
3 Determinants and Diagonalization 147
3.1 The Cofactor Expansion . . . . . . . . . ... .. 148
3.2 Determinants and Matrix Inverses . . . . . . . . . . . ... ... ... 163
3.3 Diagonalization and Eigenvalues . . . . . . . . . .. .. oo oo 178
Supplementary Exercises for Chapter 3 . . . . . . . . . ... ... L. 201
4 Vector Geometry 203
4.1 Vectors and Lines . . . . . . . . . .. 204
4.2 Projections and Planes . . . . . . . . ..o oL 223
4.3 More on the Cross Product . . . . . . . . .. ... 244
4.4 Linear Operators on R3 . . . . . . . . . 251
Supplementary Exercises for Chapter 4 . . . . . . . . . . . .. ... ... ... 260
5 Vector Space R” 263
5.1 Subspaces and Spanning . . . . . . . ... 264
5.2 Independence and Dimension . . . . . . . . . . ... .. oo 273
5.3 Orthogonality . . . . . . . . . . 287
54 Rank of a Matrix . . . . . . . . . e 297



e~

CONTENTS

5.5 Similarity and Diagonalization . . . . . . . . . . ... 0oL

Supplementary Exercises for Chapter 5 . . . . . . . . . . . ... oL

Vector Spaces

6.1 Examples and Basic Properties . . . . . . . .. ... .. o Lo
6.2 Subspaces and Spanning Sets . . . . . .. ...
6.3 Linear Independence and Dimension . . . . . . . . ... ... .. ... .......
6.4 Finite Dimensional Spaces . . . . . . . . . .. L

Supplementary Exercises for Chapter 6 . . . . . . . . . . . ... .. ... ...

Linear Transformations
7.1 Examples and Elementary Properties . . . . . . . . ... ... L oL
7.2 Kernel and Image of a Linear Transformation . . . . ... .. .. ... ... ....

7.3 Isomorphisms and Composition . . . . . . . . ... ..o

Orthogonality
8.1 Orthogonal Complements and Projections . . . . . . . ... ... .. ... .....
8.2 Orthogonal Diagonalization . . . . . . . . . . ... ... ... .. ... ...
8.3 Positive Definite Matrices . . . . . . . . . ..
8.4 QR-Factorization . . . . . . . . . . ..
8.5 Computing Eigenvalues . . . . . . . . . .. .
8.6 The Singular Value Decomposition . . . . . . . . ... ... ...
8.6.1 Singular Value Decompositions . . . . . . . .. ... ... ...
8.6.2 Fundamental Subspaces . . . . . .. ...
8.6.3 The Polar Decomposition of a Real Square Matrix . . . . . . . . . ... ...
8.6.4 The Pseudoinverse of a Matrix . . . . . . . . ... .. ... ... .......

321
322
333
342
354
364

365
366
374
385



366 = CONTENTS

7.1 Examples and Elementary Properties

Definition 7.1 Linear Transformations of Vector Spaces

If V and W are two vector spaces, a function T : V — W is called
a linear transformation if it satisfies the following axioms.

T1. T(v+vy)=T(v)+T(vi) forallvandv,inV.
T2. T(rv)=rT(v) for all vin V and r in R.

A linear transformation T : V — V is called a linear operator on V. The situation can be
visualized as in the diagram.

Axiom T1 is just the requirement that T preserves vector addition. It asserts that the result
T(v+v)) of adding v and v, first and then applying T is the same as applying T first to get T(v)
and T(v)) and then adding. Similarly, axiom T2 means that T preserves scalar multiplication.
Note that, even though the additions in axiom T1 are both denoted by the same symbol +, the
addition on the left forming v+ v is carried out in V, whereas the addition 7'(v)+ T(vy) is done
in W. Similarly, the scalar multiplications rv and r7T'(v) in axiom T2 refer to the spaces V and W,
respectively.

We have already seen many examples of linear transformations 7 : R” — R™. In fact, writing vec-
tors in R” as columns, Theorem 2.6.2 shows that, for each such T, there is an m x n matrix A such that

T (x) = Ax for every x in R". Moreover, the matrix A is given by A=[ T(e;) T(e2) --- T(e,) ]
where {ej, e, ..., €,} is the standard basis of R". We denote this transformation by Ty : R" — R™,
defined by

Tp(x) =Ax for all x in R"

Example 7.1.1 lists three important linear transformations that will be referred to later. The
verification of axioms T1 and T2 is left to the reader.

Example 7.1.1

If V. and W are vector spaces, the following are linear transformations:

Identity operator V —V ly : V=V where ly(v)=v for all v in V
Zero transformation V—+W 0:V - W where O(v) =0 for all vin V
Scalar operator V —V a:V —V wherea(v)=av forall vinV

(Here a is any real number.)

The symbol 0 will be used to denote the zero transformation from V to W for any spaces V and
W. It was also used earlier to denote the zero function [a, b] — R.

The next example gives two important transformations of matrices. Recall that the trace tr A
of an n x n matrix A is the sum of the entries on the main diagonal.
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Example 7.1.2

Show that the transposition and trace are linear transformations. More precisely,

R:M,,, > M,,,  where R(A) = AT for all A in M,,,,
S: My, -+ R where S(A) = tr A for all A in M,

are both linear transformations.

Solution. Axioms T1 and T2 for transposition are (A +B)T = AT + BT and (rA)T = r(AT),
respectively (using Theorem 2.1.2). The verifications for the trace are left to the reader.

Example 7.1.3

If a is a scalar, define E, : P, = R by E,(p) = p(a) for each polynomial p in P,. Show that
E, is a linear transformation (called evaluation at a).

Solution. If p and g are polynomials and r is in R, we use the fact that the sum p+¢ and
scalar product rp are defined as for functions:

(P+q)(x)=p(x)+q(x) and (rp)(x) =rp(x)

for all x. Hence, for all p and ¢ in P, and all r in R:

E,p+q)=(p+q)(a) = p(a)+q(a) = E,(p) +Es(q), and
E4(rp) = (rp)(a) = rp(a) = rEq(p).

Hence E, is a linear transformation.

The next example involves some calculus.

Example 7.1.4

Show that the differentiation and integration operations on P, are linear transformations.
More precisely,

D:P,— P, | where D[p(x)] = p'(x) for all p(x) in P,
X

I1:P,— Py where I|p(x)]= [ p(t)dt for all p(x) in P,

S

are linear transformations.

Solution. These restate the following fundamental properties of differentiation and
integration.

[p(x) +q(@)]' =p'(x) +4'(x) and  [rp(x)] = (rp)' (x)

Jolp(@)+q(®)ldt = [y p(t)di + [y q(r)dt  and  [grp(t)dt =r [y p(t)dt
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The next theorem collects three useful properties of all linear transformations. They can be
described by saying that, in addition to preserving addition and scalar multiplication (these are the
axioms), linear transformations preserve the zero vector, negatives, and linear combinations.

Theorem 7.1.1

Let T :V — W be a linear transformation.
1. T(0)=o0.
2. T(—v)=-T(v) forall vinV.

3. T(nvi+rnva+---+nrnvy)=nrT(vi)+nT(vy)+---+nrT(vy) for all v; in V and all r;
in R.

Proof.
1. T(0)=T(0v) =0T(v) =0 for any v in V.
2. T(—v)=T[(-1)v]=(-1)T(v) =—T(v) for any vin V.
3. The proof of Theorem 2.6.1 goes through. ]

The ability to use the last part of Theorem 7.1.1 effectively is vital to obtaining the benefits of
linear transformations. Example 7.1.5 and Theorem 7.1.2 provide illustrations.

Example 7.1.5

Let T :V — W be a linear transformation. If T(v—3v;) =w and T(2v —v) = wy, find
T(v) and T(vy) in terms of w and wj.

Solution. The given relations imply that

by Theorem 7.1.1. Subtracting twice the first from the second gives T'(v;) = %(wl —2w).
Then substitution gives T(v) = £(3w; —w).

The full effect of property (3) in Theorem 7.1.1 is this: If T:V — W is a linear transforma-

tion and T(vy), T(v2), ..., T(v,) are known, then T(v) can be computed for every vector v in
span{vy, va, ..., v,}. In particular, if {v, v, ..., v, } spans V, then T(v) is determined for all v
in V by the choice of T(vy), T(v2), ..., T(v,). The next theorem states this somewhat differently.

As for functions in general, two linear transformations T :V — W and S:V — W are called equal
(written T = §) if they have the same action; that is, if T(v) = S(v) for all vin V.
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Let T:V —W and S:V — W be two linear transformations. Suppose that
V = span{vy, vo, ..., vu}. If T(v;) = S(v;) for each i, then T =S.

Proof. If v is any vector in V = span{vy, vo, ..., v,}, write v=a;v;+ayvy+---+a,v, where
each a; is in R. Since T(v;) = S(v;) for each i, Theorem 7.1.1 gives

T(v)=T(a1vi+avy+---+apvy)
= alT(Vl) —I-azT(Vz) + - +anT(Vn)
=a1S(vi)+axS(va)+---+anS(vy)
=S(aivi+avo+---+a,vy)

=S(v)
Since v was arbitrary in V, this shows that T =S. H
Example 7.1.6
Let V = span{vy, ..., v,}. Let T:V — W be a linear transformation. If
T(vy)=---=T(vy) =0, show that T =0, the zero transformation from V to W.

Solution. The zero transformation 0:V — W is defined by 0(v) =0 for all v in V
(Example 7.1.1), so T(v;) = 0(v;) holds for each i. Hence T =0 by Theorem 7.1.2.

Theorem 7.1.2 can be expressed as follows: If we know what a linear transformation 7:V — W
does to each vector in a spanning set for V, then we know what T does to every vector in V. If the
spanning set is a basis, we can say much more.

Theorem 7.1.3

Let V and W be vector spaces and let {by, ba, ..., b,} be a basis of V. Given any vectors
wi, Wy, ..., W, in W (they need not be distinct), there exists a unique linear
transformation T : V. — W satistying T (b;) = w; for each i =1, 2, ..., n. In fact, the action
of T is as follows:

Given v=vib; +voby+---+v,b, inV, v; in R, then

T(V) = T(V1b1 —|—V2b2—|—--~—|—vnbn) =VIW| +VaWp -V, Wy,

Proof. If a transformation T does exist with T'(b;) = w; for each i, and if S is any other such
transformation, then T'(b;) = w; = S(b;) holds for each i, so § =T by Theorem 7.1.2. Hence T is
unique if it exists, and it remains to show that there really is such a linear transformation. Given v in

V, we must specify T(v) in W. Because {by, ..., b,} is a basis of V, we have v=v;b; +---+v,b,,
where vy, ..., v, are uniquely determined by v (this is Theorem 6.3.1). Hence we may define
T:V—W by

T(v)=T(vibi+vaby+---+v,b,) =viwi +vows + - +v,W,
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for all v=v;b; +---+v,b, in V. This satisfies T (b;) = w; for each i; the verification that T is linear
is left to the reader. ]

This theorem shows that linear transformations can be defined almost at will: Simply specify
where the basis vectors go, and the rest of the action is dictated by the linearity. Moreover,
Theorem 7.1.2 shows that deciding whether two linear transformations are equal comes down to

determining whether they have the same effect on the basis vectors. So, given a basis {by, ..., by}
of a vector space V, there is a different linear transformation V. — W for every ordered selection
Wi, Wp, ..., Wy of vectors in W (not necessarily distinct).

Example 7.1.7

Find a linear transformation 7T : P, — My, such that
{10 |01 |00
T(1+x)—[0 O]’ T(x—l—x)—[1 O}’ and T(l-l—x)—[o 1].

Solution. The set {1+x, x+x2, 1~|—x2} is a basis of Pj, so every vector p = a+bx+cx? in
P» is a linear combination of these vectors. In fact

p(x) = %(a+b—c)(1+x)—|—%(—a—f—b—l—c)(x—kxz)—f—%(a—b+c)(1+x2)
Hence Theorem 7.1.3 gives

rat=tess-o[§ SJtcernia esecsea[ 1]

1 at+b—c —a+b+c
21 —a+b+c a—b+c

Exercises for 7.1

Exercise 7.1.1 Show that each of the following e. T:M,, — M,,; T(A) =AT +A
functions is a linear transformation.
f. T:P, = R; T [p(x)] = p(0)
a. T:R? 5 R T(x, y) = (x, —y) (reflection in TP, =R T(ro+rx—+-+rx") =r,
the x axis)
h. T:R" - R; T(x) =x-2, z a fixed vector in R”
.3 3. _ _ :
b. ?’.R — R’ T(x, y, z) = (x, y, —z) (reflection i TPy P Tlp()] = pla+1)
in the x-y plane)
B ' . jo T:R"—=V; T(r, -+, ry) =rie1+--+re,
c. T:C—C; T(z) =z (conjugation) where {ej, ..., e,} is a fixed basis of V

d. T:M,,, — My; T(A) = PAQ, P a k x m matrix, k. T:V >R, T(rie;+---+rye,) = r;, where
0 an n x [ matrix, both fixed {e1, ..., e,} is a fixed basis of V
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c. fT:R*> 5 R?>and T ; = 1 ,

o DT

1
b. T(v) =vA where A= | 0

00~ d. IfT:RZ%RZandT[_i]:[?],
d. T(A+B) =P(A+B)Q = PAQ+PBQ =T(A) + | | |
T(B);T(rA) =P(rA)Q = rPAQ =rT(A) T[ : } = [ 0 ], find T[ 9 }
L Tlp+g))] = (p +q)(0) = p(0) +4¢(0) = | : and Tt 1) = x. Tlo—1) —
T [p(x)]+T [g(x)]; ' I;(Z;Z) zz()_)ﬁi(zi T(S—ng—i—_)lc%) TE-1D=1,
T [(rp)(x)] = (rp)(0) = r(p(0)) = rT [p(x)] ’
f. IfT:P,—»Rand T(x+2)=1,T(1)=5,
h. TX+Y)=(X+Y)-Z=X-Z+Y-Z=T(X)+ N
T(Y), and T(rX) = (rX)-Z = r(X - Z) = rT(X) T(x*+x)=0, find T(2—x+32).
joIfv=(©1, ..., vy) and w = (wy, ..., wy),

then T(v+w) = (vi +wi)er + -+ (va +
wp)e, = (vieg + - + ve,) + (wiep + -+ +
wpe,) =T (v)+T(w)

T(av) = (avi)e+--- + (avy)e, = a(ve + -+ + 4 T[ _1 ] _ [ 3 ]

b. T(3V1 +2V2) =0

vpe,) =aTl (v)

Exercise 7.1.2 In each case, show that T is not a f. T(2—x+3x*) =46

linear transformation.
Exercise 7.1.4 In each case, find a linear transfor-

a. T:M,, = R; T(A) = detA mation with the given properties and compute T (v).

b. T: My, — R; T(A) = rank A a. T:R? =R T(1,2)=(1, 0, 1),
T(—1,0)=(0, 1, 1); v=(2, 1)

. R2 3. 1) =(1. —
d. T:V—V;T(v)=v+u where u#0 is a fixed b. T'R1_>_R ; T(2, . 1)_— (li 21, 1),
vector in V (T is called the translation by u) T, 1)=(0, 1, 0); v=(-1,2)
c. T:Py—P3; T(x*)=x3 T(x+1)=0,
Tx—1)=x;v=x>+x+1

c. T:R—R; T(x)=x?

01

10 0 1

b. rank (A + B) # rank A + rank B in general. For d. T:MZZ_HR;T[ 0 0]:377[ 1 0]__17
a
0 —1 c

example,A:[1 O]andB:[l O]. T{l O}ZOZT[O 0 'v:[ b}
1 0 0 1} d

d. T(0)=0+u=u#0, so T is not linear by
Theorem 7.1.1.

Exercise 7.1.3 In each case, assume that T is a b. T(x, y) = %(X_Ya 3y, x—y); T(-1, 2) =
linear transformation. (=1, 2, -1)

a. f T:V—-Rand T(vy)=1, T(vy) = —1, find d. T [ a z ] =3a—3c+2b
T(3V1—5V2). ¢

b. fT:V—Rand T(v)) =2, T(vy) =3, find Exercise 7.1.5 If T:V —V is a linear transforma-
T(3vi+2va). tion, find T'(v) and T(w) if:
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a. T(v+w)=v—2wand T(2v—w) =2v

b. T(v+2w)=3v—wand T(v—w)=2v—4w

b. T(v)=2%(7v—9w), T(w) = }(v+3w)

Exercise 7.1.6 If T:V — W is a linear transfor-
mation, show that T(v—v;)=T(v)—T(v;) for all
vand vy in V.

Exercise 7.1.7 Let {e], ey} be the standard basis
of R%. Is it possible to have a linear transformation
T such that T(e;) lies in R while T(ep) lies in R??
Explain your answer.

Exercise 7.1.8 Let {vy, ..., v,} be a basis of V
and let T :V — V be a linear transformation.

a. If T(v;) = v; for each i, show that T = 1y.

b. If T(v;) = —v; for each i, show that T = —1 is
the scalar operator (see Example 7.1.1).

b. T(v)=(—1)v for all vin V,so T is the scalar
operator —1.

Exercise 7.1.9 If A is an m x n matrix, let Cx(A)
denote column k of A. Show that Cy : M,,,, — R™ is
a linear transformation for each k=1, ..., n.

Exercise 7.1.10 Let {ej, ..., e,} be a basis of R".
Given k, 1 <k <n, define B, : R" — R" by

Pi(rie1 + -+ rpe,) = rreg. Show that P a linear
transformation for each k.

Exercise 7.1.11 Let S:V—>Wand T:V — W be
linear transformations. Given a in R, define func-
tions

(S+T):V—=>Wand (aT):V =W by (S+T)(v) =
S(v)+T(v) and (aT)(v) =aT (v) for all vin V. Show
that S+ 7T and aT are linear transformations.

Exercise 7.1.12 Describe all linear transforma-
tions
T:R—V.
IfT(1)=v,then T(r)=T(r-1)=rT(1) =rv for all
rin R.

Exercise 7.1.13 Let V and W be vector spaces, let
V be finite dimensional, and let v # 0 in V. Given
any w in W, show that there exists a linear trans-
formation T :V — W with T(v) =w. [Hint: Theo-
rem 6.4.1 and Theorem 7.1.3.]

Exercise 7.1.14 Given y in R", define S, : R" = R
by Sy(x) =x-y for all x in R" (where - is the dot
product introduced in Section 5.3).

a. Show that Sy : R" — R is a linear transforma-
tion for any y in R”.

b. Show that every linear transformation T :
R"™ — R arises in this way; that is, T =Sy for
some y in R". [Hint: If {ey, ..., e,} is the
standard basis of R", write Sy (e;) =y; for each
i. Use Theorem 7.1.1.]

Exercise 7.1.15 Let T:V — W be a linear trans-
formation.

a. If U is a subspace of V, show that
T(U)={T(u) |uin U} is a subspace of W
(called the image of U under T).

b. If P is a subspace of W, show that
{vin V| T(v) in P} is a subspace of V (called
the preimage of P under 7).

b. 0isinU={veV|T(v) € P} because T(0) =0
is in P. If v and w are in U, then T(v) and
T(w) arein P. Hence T(v+w)=T(v)+T(w)
isin Pand T(rv) =rT(v) isin P, so v+w and
rv are in U.

Exercise 7.1.16 Show that differentiation is the
only linear transformation P, — P, that satisfies
T(xk) = k1 for each k=0, 1, 2, ..., n.

Exercise 7.1.17 Let T :V — W be a linear trans-

formation and let vy, ..., v,, denote vectors in V.

a. If {T(vy), ..., T(vy)} is linearly independent,
show that {vy, ..., v,} is also independent.

b. Find T : R? — R? for which the converse of
part (a) is false.



Exercise 7.1.18 Suppose T :V — V is a linear op-
erator with the property that T'[T(v)] =v for all v
in V. (For example, transposition in M,, or conju-
gation in C.) If v#0 in V, show that {v, T(v)}
is linearly independent if and only if 7(v) # v and
T(v)# —v.
Suppose rv+sT(v) =0. If s =0, then r =0 (because
v #0). If s #0, then T(v) = av where a = —s~!r.
Thus v = T?(v) = T(av) = a®v, so a* = 1, again be-
cause v # 0. Hence a = £1. Conversely, if T(v) =
+v, then {v, T(v)} is certainly not independent.

Exercise 7.1.19 If a and b are real numbers, de-
fine T, :C— C by T,, »(r+si) =ra+sbi for all r+si
in C.

a. Show that T, j is linear and T, ,(Z) = Ty, »(2)
for all z in C. (Here z denotes the conjugate
of z.)

b. If T:C — C is linear and T'(z) = T(z) for all z
in C, show that T =T, , for some real a and
b.

Exercise 7.1.20 Show that the following con-
ditions are equivalent for a linear transformation
T: M22 — Mzz.

1. tr[T(A)] =tr A for all A in Mp,.
1

2. T[ ”2} —
1 %)

r22Boy for matrices B;; such that
trBjj =1=trBy and tr Bj; =0 = tr By;.

riBi + ri2Bia + rBy +

Exercise 7.1.21 Given a in R, consider the eval-
uation map E, : P, — R defined in Example 7.1.3.
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a. Show that E, is a linear transformation sat-
isfying the additional condition that E,(x*) =
[E,(x)]* holds for all k=0, 1, 2, .... [Note:
O =1

b. If T : P, — R is a linear transformation sat-
isfying T(x*) = [T(x)]* for all k=0, 1, 2, ...,
show that T = E, for some a in R.

b. Given such a T, write T(x) = a. If p=p(x) =
Yioax', then T(p) = LaT(x') = La; [T(x)] =
Yad' = p(a) = E,(p). Hence T = E,,.

Exercise 7.1.22 If T:M,, — R is any linear trans-
formation satisfying 7(AB) = T(BA) for all A and
B in M,,,, show that there exists a number k such
that T(A) = ktrA for all A. (See Lemma 5.5.1.)
[Hint: Let E;; denote the nx n matrix with 1 in
the (i, j) position and zeros elsewhere. Show that

0 ifk#I .
EyErj = { E. ifk=1" Use this to show that
T(E,'j) =0ifi 75] and
T(E]]) = T(Ezz) == T(E,m) Put k= T(E]]) and

use the fact that {E;; | 1 <i, j <n} is a basis of M,,,.]

Exercise 7.1.23 Let T : C — C be a linear transfor-
mation of the real vector space C and assume that
T(a) = a for every real number a. Show that the
following are equivalent:

a. T(zw) =T(z)T(w) for all z and w in C.

b. Either T = 1¢ or T(z) =7 for each z in C (where
Z denotes the conjugate).
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