Math 221: LINEAR ALGEBRA

Chapter 6. Vector Spaces

§6-3. Linear Independence and Dimension
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Linear Independence

Definition

Let V be a vector space and S = {uy,ug,...,ux} a subset of V. The set S is
linearly independent or simply independent if the following condition holds:

S1uy + Soue + - - -+ sux = 0 = s1=8Sy=---=s,=0
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i.e., the only linear combination that vanishes is the trivial one.



Linear Independence

Definition

Let V be a vector space and S = {uy,ug,...,ux} a subset of V. The set S is
linearly independent or simply independent if the following condition holds:

S1uy + Soue + - - -+ sux = 0 = s1=8Sy=---=s,=0

i.e., the only linear combination that vanishes is the trivial one. If S is not
linearly independent, then S is said to be dependent.



Example

-1 1 1
The set S = 0 I A is a dependent subset of R?
1 1 b)
because
-1 1 1 0
al O +b| 1 |{4+c| 3 |{=1]0
1 1 5 0

has nontrivial solutions, for example a =2, b =3 and ¢ = —1.



Problem

Is the set T = {3x2 —x+2,x>+x—1,x* — 3x + 4} an independent subset
Of PQ?



Problem

Is the set T = {3x2 —x+2,x>+x—1,x* — 3x + 4} an independent subset
Of PQ?

Solution

Suppose a(3x% —x +2) + b(x® +x — 1) + c(x* — 3x + 4) = 0, for some
a,b,c € R. Then

*(Ba4+b+4c)+x(—a+b—3c)+ (2a—b+4c) =0,

implying that

3a+b+c = 0
—a+b—-3 = 0
2a—b+4c = 0



Problem
Is the set T = {3x® — x4+ 2,x* + x — 1,x*> — 3x + 4} an independent subset
Of 'P27

Solution

Suppose a(3x% —x +2) + b(x® +x — 1) + c(x* — 3x + 4) = 0, for some
a,b,c € R. Then

*(Ba4+b+4c)+x(—a+b—3c)+ (2a—b+4c) =0,

implying that

3a+b+c =
—a+b—-3 = 0
2a—b+4c = 0

Solving this linear system of three equations in three variables

3 1 110 1 0 110
-1 1 3|0 —=1]0 1 -2]0
2 -1 410 0 0 010

Since there is nontrivial solution, T is a dependent subset of Ps. |
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1 1 0 1 10 0 0
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at+c = 0, a+b = 0,

b4+c = 0, at+c = 0.
This system of four equations in three variables has unique solution
a=b=c=0,
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at+c = 0, a+b = 0,
b4+c = 0, at+c = 0.

This system of four equations in three variables has unique solution
a=b=c=0,

I

U is an independent subset of Mas.



Example (An independent subset of P,)
Consider {1,x,x?,...,x"}, and suppose that
ap- 1+ aix +asx’ + - +anx" =0

for some ag,a1,...,a, € R. Then ag =a; =--- = a, = 0, and thus
{1,x,x%,...,x"} is an independent subset of P,.



Example (An independent subset of P,)
Consider {1,x,x?,...,x"}, and suppose that
ap- 1+ aix +asx’ + - +anx" =0

for some ag,a1,...,a, € R. Then ag =a; =--- = a, = 0, and thus
{1,x,x%,...,x"} is an independent subset of P,.

Example ( Polynomials with distinct degrees )
Any set of polynomials with DISTINCT degrees is independent.
For example,
{ox' —x®+5, -3 +2x*+2, 4x’+x-3, 2x-1, 3}

is an independent subset of Py.



Example

As we saw earlier, {€1,€2,...,€n} (the standard basis of R") is an
independent subset of R".



Example

As we saw earlier, {€1,€2,...,€n} (the standard basis of R") is an
independent subset of R".

Example
1 0 0 1 0 0 0 0 0 0
U= o o0}, 0 0}, O0OYf,{f0 1T],70 0],
0 0 0 0 0 0 0 0 1 0

is an independent subset of Mss.

o O O
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Example

As we saw earlier, {€1,€2,...,€n} (the standard basis of R") is an
independent subset of R".

Example
1 0 0 1 0 0 0 0 0 0 0 0
U= o o0}{,{]0 O}, L OYf,{0 1T1],]0 0,0 O
0 0 0 0 0 0 0 0 1 0 0 1

is an independent subset of Mss.

Example ( An independent subset of M, )

In general, the set of mn m x n matrices that have a ‘1’ in position (i,j) and
zeros elsewhere, 1 <i<m, 1 <j < n, constitutes an independent subset of
M.



Example
Let V be a vector space.

1. If v is a nonzero vector of V, then {v} is an independent subset of V.



Example
Let V be a vector space.
1. If v is a nonzero vector of V, then {v} is an independent subset of V.

Proof. Suppose that kv = 0 for some k € R. Since v # 0, it must be
that k = 0, and therefore {v} is an independent set. [ |

2. The zero vector of V, 0 is never an element of an independent subset of
V.



Example
Let V be a vector space.

1. If v is a nonzero vector of V, then {v} is an independent subset of V.

Proof. Suppose that kv = 0 for some k € R. Since v # 0, it must be
that k = 0, and therefore {v} is an independent set. [ |

2. The zero vector of V, 0 is never an element of an independent subset of
V.

Proof. Suppose S = {0,v2,vs,..., vk} is a subset of V. Then
1(0) 4+ 0(vz2) + 0(vs) + -+ - + 0(vk) = 0.

Since the coefficient of 0 (on the left-hand side) is ‘1’, we have a
nontrivial vanishing linear combination of the vectors of S. Therefore,
S is dependent. ]



Problem

Let V be a vector space and let {u,v,w} be an independent subset of V. Is
S={u+v,2u+w,v—5w}

an independent subset of V? Justify your answer.



Problem

Let V be a vector space and let {u,v,w} be an independent subset of V. Is
S={u+v,2u+w,v—5w}

an independent subset of V? Justify your answer.

Solution
Suppose that a linear combination of the vectors of S is equal to zero, i.e.,
a(u+v)+b2u+w)+c(v—5w) =0

for some a,b,c € R. Then (a+ 2b)u+ (a+ ¢)v+ (b — 5c)w = 0. Since
{u,v,w} is independent,

a+2b =
at+c =
b—5c =

Solving for a, b and c, we find that the system has unique solution
a=Db = c = 0. Therefore, S is linearly independent. [ ]
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Suppose that A is an n x n matrix with the property that AX = 0 but
A¥=1 £ 0. Prove that

B={LA A% .. A"}

is an independent subset of My,y,.



Problem

Suppose that A is an n x n matrix with the property that AX = 0 but
A¥=1 £ 0. Prove that

B={LA A% .. A"}

is an independent subset of My,y,.

Solution
We need to show that

2

rOI+r1A+r2A2+---+rk,1Ak_1:[) — I‘OII'l:'--:I‘k,l:O.



Problem

Suppose that A is an n x n matrix with the property that AX = 0 but
A¥=1 £ 0. Prove that

B={LA A% .. A"}

is an independent subset of My,y,.

Solution
We need to show that

rOI+r1A+r2A2+---+rk,1Ak_1 =0 :7> ro=r; =---=rk_1 = 0.
Multiply AX~! on both sides:
AN AN AT AP =0
I
oAt = 0.

Since A¥™! £ 0, we see that 1o = 0.



Problem

Suppose that A is an n x n matrix with the property that AX = 0 but
A¥=1 £ 0. Prove that

B={LA A% .. A"}

is an independent subset of My,y,.

Solution
We need to show that

rOI+r1A+r2A2+---+rk,1Ak_1 =0 :7> ro=r; =---=rk_1 = 0.
Multiply AX~! on both sides:
AN AN AT AP =0
I
oAt = 0.

Since A¥™! £ 0, we see that ro = 0. Repeat the above processes to show
that all ; =0 fori=0,1,--- k- 1.



Theorem (Unique Representation Theorem)

Let V be a vector space and let U = {vy,va,...,vi} CV be an independent
set. If v is in span(U), then v has a unique representation as a linear
combination of elements of U.
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vV ="1t1vy +t2V2 + -+ thvn
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Let V be a vector space and let U = {vy,va,...,vi} CV be an independent
set. If v is in span(U), then v has a unique representation as a linear
combination of elements of U.

Proof.

If a vector v has two (ostensibly different) representations
V =81V1 + S2V2 + -+ + SnVn
vV==tivy + t2V2 + -+ thvn

I

(s1 —t1)vi+(s2 —t2)va+ -+ (Sn —tn)va =0



Theorem (Unique Representation Theorem)

Let V be a vector space and let U = {vy,va,...,vi} CV be an independent
set. If v is in span(U), then v has a unique representation as a linear
combination of elements of U.

Proof.
If a vector v has two (ostensibly different) representations
V =81Vl + S2Va + - + SpVp
vV==tivy + t2V2 + -+ thvn
I
(s1 —t1)vi+(s2 —t2)va+ -+ (Sn —tn)va =0
4

s1—t1 =0, sa—t2a=0, ---, sp—t,=0.



Theorem (Unique Representation Theorem)

Let V be a vector space and let U = {vy,va,...,vi} CV be an independent
set. If v is in span(U), then v has a unique representation as a linear
combination of elements of U.

Proof.
If a vector v has two (ostensibly different) representations
V =81Vl + S2Va + - + SpVp
vV==tivy + t2V2 + -+ thvn
I
(s1 —t1)vi+(s2 —t2)va+ -+ (Sn —tn)va =0
4
s1—t1 =0, sa—t2a=0, ---, sp—t,=0.
4

The two representations are the same one.
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The Fundamental Theorem

The Fundamental Theorem for R" generalizes to an arbitrary vector space.



The Fundamental Theorem

The Fundamental Theorem for R" generalizes to an arbitrary vector space.

Theorem (Fundamental Theorem)

Let V be a vector space that can be spanned by a set of n vectors, and
suppose that V contains an independent subset of m vectors. Then m < n.



The Fundamental Theorem

The Fundamental Theorem for R" generalizes to an arbitrary vector space.

Theorem (Fundamental Theorem)

Let V be a vector space that can be spanned by a set of n vectors, and
suppose that V contains an independent subset of m vectors. Then m < n.

Proof.

Let X = {x1,X2,...,Xn} and let Y = {y1,y2,...,¥m}. Suppose

V = span(X) and that Y is an independent subset of V. Each vector in Y
can be written as a linear combination of vectors of X: for some aj;; € R,
1<i<mand1<j<n,

Y1 = ainiXi +aieXs + -+ ainXn

Y2 = a21X1 + ageXz + -+ a2nXn

Ym am1X1 + am2X2 + -+ amnXn-



Proof. (continued)

Let A = [ aij L and suppose that m > n. Since

rank (A) = dim(row(A)) < n, it follows that the rows of A form a
dependent subset of R", and hence there is a nontrivial linear combination
of the rows of A that is equal to the 1 x n vector of all zeros, i.e., there exist
S1,82,-..,8m € R, not all equal to zero, such that

[s1 s2 -+ sm JA=[0 0 -+ 0]=0m.
It follows that for each j, 1 <j <n,
s1a1j + 8282 + . .. + Smamj = 0. (1)
Consider the (nontrivial) linear combination of vectors of Y:

S1y1 +82y2 + - + Sm¥m-



Proof. (continued)

S1y1 +S2y2 + -+ Sm¥ym = si(a11X1 + aieXe + - + a1nXn) +

s2(a21X1 + ageXa + + -+ + a2nXn) +

Sm(am1X1 + am2X2 + -+ + &mnXn)
= (sia11 +s2a21 + ...+ Smam1)x1 +

(s1a12 + s2822 + ... + Smam2)X2 +

(Slaln + S2a2n + e + smarmn)xn-
By Equation (1), it follows that
$1y1 +s2y2 + - +8m¥Ym = 0x1 + 0x2 + - - + 0xn = 0.

Therefore, siy1 + s2y2 + - - + Sm¥Ym = 0 is a nontrivial vanishing linear
combination of the vectors of Y.



Proof. (continued)

S1y1 +S2y2 + -+ Sm¥ym = si(a11X1 + aieXe + - + a1nXn) +

s2(a21X1 + ageXa + + -+ + a2nXn) +

Sm(am1X1 + am2X2 + -+ + &mnXn)
= (sia11 +s2a21 + ...+ Smam1)x1 +

(s1a12 + s2822 + ... + Smam2)X2 +

(Slaln + S2a2n + e + smarmn)xn-
By Equation (1), it follows that
$1y1 +s2y2 + - +8m¥Ym = 0x1 + 0x2 + - - + 0xn = 0.

Therefore, siy1 + s2y2 + - - + Sm¥Ym = 0 is a nontrivial vanishing linear
combination of the vectors of Y. This contradicts the fact that Y is
independent, and therefore m < n.
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Definition

Let V be a vector space and let B = {bi,bs,..., by} CV. We say B is a
basis of V if

(i) B is an independent subset of V and

(ii) span(B) = V.



Bases and Dimension

Definition

Let V be a vector space and let B = {bi,bs,..., by} CV. We say B is a
basis of V if

(i) B is an independent subset of V and

(ii) span(B) = V.

Remark (Unique Representation Theorem)

Recall that if V is a vector space and B is a basis of V, then as seen earlier,
any vector u € V can be expressed uniquely as a linear combination of
vectors of B.



Example

As we saw earlier, {€1,8,...,€,} is a basis of R, called the standard basis
of R".
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spans P, and is an independent subset of Py, and is thus a basis of Py.
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{1,x,x°,...,x"}

is called the standard basis of P,,.



Example

As we saw earlier, {€1,8,...,€,} is a basis of R, called the standard basis
of R".

Example (A basis of P,)

We'’ve already seen that

{1,x,x%,...,x"}
spans P, and is an independent subset of Py, and is thus a basis of Py.
2 n
{1,x,x°,...,x"}

is called the standard basis of P,,.

Example (A basis of My, )

The set of mn m x n matrices that have a ‘1’ in position (i,]) and zeros
elsewhere, 1 <i<m, 1 <j <n, spans My, and is an independent subset of
Mun-



Example

As we saw earlier, {€1,8,...,€,} is a basis of R, called the standard basis
of R".

Example (A basis of P,)

We'’ve already seen that

{1,x,x%,...,x"}
spans P, and is an independent subset of Py, and is thus a basis of Py.
2 n
{1,x,x°,...,x"}

is called the standard basis of P,,.

Example (A basis of My, )

The set of mn m x n matrices that have a ‘1’ in position (i,]) and zeros
elsewhere, 1 <i<m, 1 <j <n, spans My, and is an independent subset of
M.,n. Therefore, this set constitutes a basis of My, and is called the
standard basis of Mun.



The Invariance Theorem generalizes from R" to an arbitrary vector space
V. The proof is identical, and involves two applications of the Fundamental
Theorem.



The Invariance Theorem generalizes from R" to an arbitrary vector space
V. The proof is identical, and involves two applications of the Fundamental
Theorem.

Theorem (Invariance Theorem)

If V is a vector space with bases {b1,ba,...,bn} and {fi,f>,...,£,}, then
m = n.



The Invariance Theorem generalizes from R" to an arbitrary vector space
V. The proof is identical, and involves two applications of the Fundamental
Theorem.

Theorem (Invariance Theorem)

If V is a vector space with bases {b1,ba,...,bn} and {fi,f>,...,£,}, then
m = n.

Definition (Dimension of a vector space)

Let V be a vector space and suppose B = {b1,ba,...,by} is a basis of V.
The dimension of V is the number of vectors in B, and we write
dim(V) = n. By convention, dim ({0}) := 0.



Example

Let V be a vector space and u a NONZERO vector of V. Then
U = span{u} is spanned by {u}. Since {u} is independent, {u} is a basis of
U, and thus dim(U) = 1.



Example

Let V be a vector space and u a NONZERO vector of V. Then
U = span{u} is spanned by {u}. Since {u} is independent, {u} is a basis of
U, and thus dim(U) = 1.

Example

Since {1,x,x?,...,x"} is a basis of P,, dim(P,) =n + 1.



Example

Let V be a vector space and u a NONZERO vector of V. Then
U = span{u} is spanned by {u}. Since {u} is independent, {u} is a basis of
U, and thus dim(U) = 1.

Example

Since {1,x,x?,...,x"} is a basis of P,, dim(P,) =n + 1.

Example

dim (M) = mn since the standard basis of M, consists of mn matrices.
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Problem
LetU:{AeMm A{ 1 7(1)] = { é 71 ]A} Then U is a
subspace of Ma22. Find a basis of U, and hence dim(U).

Solution

LetA:[a b:|€M22. Then
c d

sl =l a] ) T
SRS R R R |

a+b —-b | |[a+c b+d
c+d —d | —c —d |

and

If A € U, then [



Solution (continued)

Equating entries leads to a system of four equations in the four variables
a,b,c and d.

a+b = a+c
b—c = 0
cjrbd B bj—cd or —-2b—-d = 0.
B 2c+d = 0

-d = -d



Solution (continued)

Equating entries leads to a system of four equations in the four variables
a,b,c and d.

a+b = a+c
b—c = 0
cjrbd B bj—cd or —-2b—-d = 0.
_q B _d 2c+d = 0
Thesolutiontothissystemisa:s,b:—ét,c:—%t,d:tforany
t
s,teR,andthusAZ[isi i},s,teR.
2



Solution (continued)

Equating entries leads to a system of four equations in the four variables
a,b,c and d.

a+b = a+c
b—c = 0
cjrbd B bj—cd or —-2b—-d = 0.
4 = _d 2c+d = 0
The solution to this system is a =18, b = —%t, = —%t, d =t for any

S

o+ e

s,t € R, and thus A = [ }, s,t € R. Since A € U is arbitrary,

t
2

RN




Solution (continued)

s {4 8] [ 2 1))

Then span(B) = U, and it is routine to verify that B is an independent
subset of Mas. Therefore, B is a basis of U, and dim(U) = 2. [ |



Problem

Let U= {p(x) € P2 | p(1) = 0}. Then U is a subspace of P>. Find a basis
of U, and hence dim(U).



Problem

Let U= {p(x) € P2 | p(1) = 0}. Then U is a subspace of P>. Find a basis
of U, and hence dim(U).

Solution
Final Answer B = {x — x,1 — x°} is a basis of U and thus dim(U) =2. W
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