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In this section, we apply what we have learned in the previous section to
the case

X=R

Recall that if F is a nondecreasing function on R, then
ur ((a,b]) == F(b) — F(a) a<b,

defines a Borel measure.
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Theorem 3.5-1 Let F : R — R be a nondecreasing function and let
G(x) := F(x+). Then

(a) The set of discontinuous points of F is countable;

(b) Both F and G are differentiable a.e., and F' = G’ a.e.

Proof. (a) Notice that for all N > 0,

> [F(x+) = F(x)] < F(N) = F(=N) < oo.

IX|<N
Hence, the set of jump points
{x € (=N,N): F(x+) # F(x)}

has to be at most countable.
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Proof (continued). (b) G is right continuous and G = F except possibly only at
countable points, say, {X;}7°.

Let pF and pg be the associate Borel measures defined as

ue((a,b]) == G(b) — G(a), a<b.

In order to the differentiability of G (and similarly for F), we need to check the
existence of the limits:

lim G(x + h) — G(x) and  lim G(x) — G(x — h)7
hl0 h hl0 h
which equal respectively
lim k6 (X, x + h) and  lim M 3)

h10 h hi0 h
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Proof (continued). Notice that

» both E; = (X, X + h] and Ef, = (X — h, X] shrink nicely to x as h |, 0;
» G satisfies Properties 1 and 2 of Theorem 3.4-7.

Hence, by Theorem 3.4-7, both limits, denoted as G', in (3) exist a.e. and are equal.

It remains to show that F’ = G’ a.e., which is equivalent to show that

H =0 ae. where H=G-F.
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Proof (continued). Itis clear that H(x) = 0if x & {X;}7° and H(x) > 0 if
x € {X;}7°. Hence,

Z H(X;)dx(x) orequivalently pp = Z H(X})dx-
j=1

j=1

Therefore, we see that 1y L m because m ({X;}7°) = un ([{x;}7°]°) =0

It is ready to verify that uy satisfies Properties 1 and 2 of Theorem 3.4-7. Finally, an
application of this theorem shows that H' = 0 a.e. (]
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Definition 3.5-1 For a real-valued function F : R — R, its fotal variation is
defined as

n
TE(x) :—sup{Z|F(Xj)—F(Xj_1)|:neN,—oo<Xo <...<Xn_x},
i=1

If Tr(o0) := limyx—oo Tr(X) < 00, F is said to be of bounded variation on R,
denoted by F € BV.

Remark 3.5-1

1. T is a nondecreasing and nonnegative function.
2. One can define similarly for BV ([a, b]) for —oco < @ < b < 0.
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Example 3.5-1 F(x) = xsin(1/x) for x # 0 and F(0) := limx—,o F(x) = 0.

Then F ¢ BV ([a, b]) whenever 0 € [a, b].
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Example 3.5-2 F(x) = x?sin(1/x) for x # 0 and F(0) := limy—o F(x) = 0.

Then F € BV (|1, 1]). (Homework)
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Lemma 3.5-2 If F € BV, then Tr + F and Tr — F are nondecreasing.

Proof. We will prove Tg + F. The other one can be proved in the same way.

For x < y, we want to show that
Te(x) + F(x) < Te(y) + F(y)-
By definition of T, for any € > 0, we can find points Xo < --- < X = X such that

STIFOG) — Fg-1)] > Te(x) — e
j=1

Adding |F(y) — F(x)| on both sides gives:
n
Te(y) = > IF(x) = F(xi-1)| +|F(y) — F(x)|
j=1

Te(x) +|F(y) = F(x)| — ¢
Te(x) + (F(x) = F(y)) — e

IV v

Since ¢ is arbitrary, this proves the lemma. O

91



Corollary 3.5-3 F € BV iff F is the difference of two bounded nondecreasing
functions.

Proof. “=" Notice that

Fe s (Tet F) = (Te— F).

=F =Fy

N

By Lemma 3.5-2, we know that F; are nondecreasing. It suffices to show F; are
bounded.
Indeed, F € BV implies that Tr(oco) < co. On the other hand, for any X > Xo,
[F(x)| < [F(x) — F(xo)| + [F(xo)]

< Tr(x) = Tr(xo) + |F(x0)]
< Te(x) + [F ()|
< Tr(o0) + |F(X0)]
< 00.

Hence, both F; are bounded.

“«<" An easy exercise !
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Remark 3.5-2 Thanks to Corollary 3.5-3, Theorem 3.5-1 is true for all F € BV,
namely,

If F e tthesetofnondecrensinefunetionsy, by denoting G(x) :=
F(x+), then

(a) The set of discontinuous points of F is countable;

(b) Both F and G are differentiable a.e., and F’ = G’ a.e.
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Definition 3.5-2 For F € BV,

1 1

=F, =F_

is called the Jordan decomposition of F. F and F_ are called the positive variation
and negative variation of F, respectively.
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Definition 3.5-3 F € BV is called a normalized bounded variation function,
denoted as F € NBV, if F is right continuous and F is nonnegative (i.e.,
F(—o0) =0).
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Lemma 3.5-4 Forany F € BV, Tg(—o0) = 0.

Proof. Because Tr(x) > 0, it suffices to show that for all ¢ > 0, one can find
Y € R such that

Te(y) <e forally <Y.

Now fix an arbitrary € > 0. Since F € BV, we can find a sub-optimal partition
—00 < Xp < -+ < Xp = X such that

Z |F (X)) — F (xi—1)| 2 Tr(x) — e

Set Y = Xp. Forally < Y,
Te(x) — Te(y) > Te(x) — Te(xo)
n
> 37 IF () — F ()|
=1

Z TF(X) — €,
which is Te(y) < e. O
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Lemma 3.5-5 If F € BV and F is right continuous, then TF is also right
continuous.

Proof. Fix an arbitrary X € Rand € > 0. Let a := Tr(x+) — Tr(x). It suffices to
prove that for some constant C > 0, o < Ce.

By the right-continuity of F and Tr(x+), there exist § > O such that for all
h e (0,9),

[F(x+h)— F(x)] <e and |Tr(x+h+)— Tr(x+)| <e
Since | Tr(x + h+) — Te(x+)| < €is true for all h € (0, §), it also holds that

ITe(x + h) — Te(x+)| < e,  forall h e (0,6).
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Proof (continued). Fix any h € (0,4). We can find a sufficient good partition
X=Xy << Xp, =X+ hsuch that

SOIFGH) = FOd 0| 2 2 [Te () = Te(x)] = 55

Similarly, we can find another sufficient good partition X = x3 < - -- < Xp, = Xq
such that

SOIFGR) = FOxt| 2 2 [Te () = Te()] = 2.

We can continue this refinement but these two steps will be sufficient:
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Proof (continued). Hence,

a+e>[Te(x+) — TE(X)] + [Te(x + h) — Te(x)]
= Te(x+ h) — Te(x)
> [T/:(Xll) = Te(X)] + [Tr(x + h) — T,::(Xll)]

> Z |F(x?) — F(x1)| + Z |F(xi') = F(xiZa)|
= Z |F(Xi2) - F(x,-2_1)| +Z |F(X/1) - F(Xi1—1)} - |F(X11) - F(x0)|

2 3 IF0R) = FO)| + 301 Fxd) = Flxt| = e

3a 3a
> 20 4 2
2ty

which is equivalent to o < 4e.
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There is a one-to-one correspondence between
the finite signed measure? ;2 on R and

Theorem 3.5-6 (a) If w is a finite signed measure on R, then F € NBV where
F(x) := p((—o0, x]).

(b) Conversely, if F € NBV, there is a unique signed finite Borel measure pir on R
determined through ur((—o0, X]) = F(x).

(c) Moreover, if F € NBV, then fu7, is a finite measure and

|:U‘| = HKTg-

lu@®)] = pg (R) + p— (R) < o0
100



Proof of Theorem 3.5-6. (a) Assume that p is a finite signed measure on R. Let

1 = p+ — p— be its Jordan decomposition.

Define

Then we see that
. F+(x) and F(x) are right continuous;
Fi(

. Fi(—0) = F(—o0) = 0;

AwN =

Corollary 3.5-3.
5. Hence, F € NBV.

This proves (a).

x) and F(x) are bounded: |F(x)| < Fi(00) + F_(o0) = |p|(R) < oo

. F(x) is a difference of two bounded nondecreasing functions = F € BV see



Proof (continued). (b) Now we assume that F € NBV. Let

1 1

=Fy =F_
be its Jordan decomposition.

By Lemmas 3.5-4 and 3.5-5, we see that both F are right-continuous and bounded.

Define
pt((—00, X]) := Fx(X) — F(—o00) = F+(x).

Then we see that ;4 are finite Borel measures: p+ (R) = Fi(00) < |u|(R).

As a consequence,
(=00, X]) = p+ (=00, X]) — p— (=00, x])
is a finite signed measure.

This proves (b).
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Proof (continued). (c) Let F € NBV and the corresponding finite signed
measure be prF.

In order to show that || = 74, it suffices to show that

lurl((—00, X]) = p7e((—o0, x]), forall x € R. (%)

By Lemmas 3.5-4 and 3.5-5, we see that both Tr is right-continuous and bounded.
Hence, Tr € NBV. By Part (b), 17, is a finite (positive) measure such that

pu7e (=00, X]) = Tr(x).

Apply part (a) to |ue| to see that G(x) := |ur|((—o0, x]) € NBV, and moreover G
is nondecreasing.
Hence,

(*) < Gx)=Tr(x).

To prove G = T, following steps in Exercise 28. This proves (c) and hence the
whole theorem. g

103



Corollary 3.5-7 Suppose that F € NBV and let pf be its corresponding finite
signed measure. Let the corresponding Jordan decompositions of F and i be

F= % (TF+ F) (TF—F) and pr = pu4+ —p—, respectively.

1
2
=Fy =F_

Then

py =pr and g = pF_.

Proof. See Exercise 29.
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More properties:

1. Fe NBV = F' € L'(m).
2. If Fe NBV, then ur L m<= F' =0 a.e.
3. If F € NBV, then

ur € m <= F is absolutely continuous

X
= Fx)= / F'(t)dt
4. If i is a signed measure on R, then

W= g + Wtsc +ac-
——

=Hs
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Theorem 3.5-8 If F, G € NBV and at least one of them is continuous, then for all
—co<a<b<oo,

FdG+ [ GdF = F(b)G(b) — F(a)G(a).
(a,b] (a,b]

Remark 3.5-3 The integrals in the above theorem is called the Lebesgue-Stieltjes
integral.
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Proof. Without loss of generality, we may assume that (1) both F and G are
nondecreasing; (2) G is continuous.

Fix arbitrary @, b € R such that @ < b. Let

Q={(x,y)eR*:a-xy- b}

By Tonelli’s theorem, compute pr X pg (2) in two ways...

107



	§ 3.5 Functions of bounded variation

