
The Greeks essentially knew the geometric series:

1 + x+ x2 + x3 + x4 + . . . =
1

1− x

for values like 1
2

or 1
3
.

Consider the series:

1− 1 + 1− 1 + 1 . . . .

Mathematicians felt that it was equal to something and the natural choice
was:

(1− 1) + (1− 1) + (1− 1) + . . . = 0 + 0 + 0 + . . . = 0.

But it was pointed out that

1− (1− 1)− (1− 1)− (1− 1)− . . . = 1− 0− 0− 0− . . . = 1

was another natural value. Euler considered the formula

1

1− x
= 1 + x+ x2 + x3 + x4 + . . .

and substituted the value −1 in the series to obtain

1

2
= 1− 1 + 1− 1 + 1 . . . .

So he felt that the value of this series was 1
2
.

Euler started with the series

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ . . .

which, by the ratio test converges for |x| < 1. Then to obtain a series that
converges for |x| > 1, he replaced the x of the above series with 1

x
to obtain

ln
(

1 +
1

x

)
=

1

x
− 1

2x2
+

1

3x3
− 1

4x4
+ . . .

ln
(1 + x

x

)
=

1

x
− 1

2x2
+

1

3x3
− 1

4x4
+ . . .

1

x
= ln

(1 + x

x

)
+

1

2x2
− 1

3x3
+

1

4x4
− . . .

1



Substitute x = 1, 2, 3, . . . , n:

1 = ln 2 +
1

2
− 1

3
+

1

4
− . . .

1

2
= ln

(3

2

)
+

1

2 · 22
− 1

3 · 23
+

1

4 · 24
− . . .

1

3
= ln

(4

3

)
+

1

2 · 32
− 1

3 · 33
+

1

4 · 34
− . . .

1

4
= ln

(5

4

)
+

1

2 · 42
− 1

3 · 43
+

1

4 · 44
− . . .

... =
...

1

n
= ln

(n+ 1

n

)
+

1

2 · n2
− 1

3 · n3
+

1

4 · n4
− . . .

using the property of logarithms and adding

1 = ln 2 +
1

2
− 1

3
+

1

4
− . . .

1

2
= ln 3− ln 2 +

1

2 · 22
− 1

3 · 23
+

1

4 · 24
− . . .

1

3
= ln 4− ln 3 +

1

2 · 32
− 1

3 · 33
+

1

4 · 34
− . . .

1

4
= ln 5− ln 4 +

1

2 · 42
− 1

3 · 43
+

1

4 · 44
− . . .

... =
...

1

n
= ln(n+ 1)− lnn+

1

2 · n2
− 1

3 · n3
+

1

4 · n4
− . . .

yields

1 +
1

2
+

1

3
+

1

4
+ · · ·+ 1

n
= ln(n+ 1) +

1

2

n∑
i=1

1

i2
+

1

3

n∑
i=1

1

i3
+

1

4

n∑
i=1

1

i4
+ . . .

1 +
1

2
+

1

3
+

1

4
+ · · ·+ 1

n
= ln(n+ 1) + C.

The constant C is called Euler’s constant and in modern notation it is denoted
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by the Greek letter γ. It will be the following limit:

γ = lim
n→∞

(
1 +

1

2
+

1

3
+

1

4
+ · · ·+ 1

n
− ln(n+ 1)

)
= lim

n→∞

(
1 +

1

2
+

1

3
+

1

4
+ · · ·+ 1

n
− ln(n+ 1) + lnn− lnn

)
= lim

n→∞

(
1 +

1

2
+

1

3
+

1

4
+ · · ·+ 1

n
− lnn− ln

(n+ 1

n

))
= lim

n→∞

(
1 +

1

2
+

1

3
+

1

4
+ · · ·+ 1

n
− lnn− 0

)
= lim

n→∞

(
1 +

1

2
+

1

3
+

1

4
+ · · ·+ 1

n
− lnn

)
≈ 0.5772156649015328606065120900824024310421 from Wikipedia

Is it not known if it is transcendental, nor even irrational. It is related to the
derivative Ψ of the gamma function:

−γ = Γ′(1) = Ψ(1).
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