Set Theory.

Undefined terms: Sets, elements of, €,N,U, C, @, {...},U.

Axiom 0. If each of A and B is a set then

(A=B) & ((iftx € Athen sz € B) and (if x € B then z € A)).
(AC B) & (ifx € Athenz € B).

Axiom 1. Rules of the set operators. If each of A and B is a set then:

ANB = {z|r€ Aand z € B}
AUB = {zlxr€ Aorze€ B}

Axiom 2. If z is an element and each of A and B is a set then:
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Note: U is sometimes called the “Universe” under consideration.
Axiom 3. If S is a set then S ¢ S.

Theorem 5.1. The set operators N and U are commutative. If each of A
and B is a set then:

AUB = BUA
ANB = BNA



Theorem 5.2. The set operators N and U are associative. If each of A, B
and C'is a set then:

ANn(BnC) = (AnB)NC
AU(BUC) = (AUB)UC

Theorem 5.3. Each of the set operators N and U distributes over the
other. If each of A, B and (' is a set then:

AU(BNC) = (AUB)N(AUQ)
AN(BUC) = (ANB)U(ANC)

Definition. Let U be a set of elements under consideration (the Universe.)
If A C Uis a set then the complement of A (with respect to U) is denoted
by A and is the set A° = {x € Ulx ¢ A}.

Thus we can assume that:

¢ = U
U° = o.

Theorem 5.4. If A is a set then
(A9 = A
Theorem 5.5. [De Moivre’s theorem for sets.|. If each of A and B is a set
then:

(AUB)Y = (4N (B°)
(ANB)Y = (A)U(B°)

Big Exercise: Go to the class website and pull up the file on the logic
(AMNotesO1BLogicExercises.pdf). Then for exercise 5.1 do the following
symbol replacement in exercise 1 of the logic section:



replace with symbol
A with N
VvV with U
~ A with (A9

assume that the symbols P, ) and R now are sets; then determine which are
theorems and provide proofs. (You will need to figure out for yourself how
to replace the symbols < and =)

For exercise 5.2 do the same replacements in exercise 2 of the logic section
and then determine which sets yield the universe U. In other words for 2a,
prove that P U (P¢) = U.

Hint: use Venn diagrams for your scratch work.

Definition. If S is a set then the power set of S is the set of all subsets
of S; the power set is often denoted by P(S) or 2°. (For the reason behind
the second notation look at the next exercise.) Thus, P(S) = {A|A C S}.

Definition. If F is a finite set then |F'| denotes the number of elements of
the set, in other words the cardinality of the set.
Thus, for example |{1,2,4,8}| = 4.

Exercise 5.3. Suppose that S is a finite set. Then:
(a) calculate |&| and |P(2};
(b) calculate [{1}| and |P({1};
(¢) calculate |[{1,2}] and |P({1,2}|;
(d) calculate [{1,2,3}| and |P({1,2,3}].

Exercise 5.4. Find the pattern in exercise 5.3 and formulate and prove a
theorem that says: If S is a finite set and |S| = n then |P(S)| =?. Hint: use
induction.



