Integrability, Lemmas and Hints

Theorem 2.1b: Suppose that f : [a,b] — R is a function. If the function
f is R-integrable, then it is bounded.

Hint: If f is not bounded over [a,b] then there exists a number ¢ € [a, b]
so that if B is a number and 6 > 0 then there is a point = € (¢ — §,c+ J) so
that |f(x)| > B.

Definition: Let S be a subdivision with S : {a =xg <71 <23 < ... <
Tp—1 < T, = b} and let f be a function. For this particular subdivision S
and function f, define for each 1,

yi" = glb{f(z}) | 2} € [vim1, xi]}
y' = 111b{f(%)| z} € [T, xil }

Then for the function f define

Lower Sum(S, f) = Zy, i — Ti1)
Upper Sum(S, f) = Zyz i — Ti 1)

Lemma 2.2b. Let S be a subdivision with S: {a =2y <1 <23 < ... <
Tpo1 < x, = b} and let f : [a,b] — R. Then f is R-integrable over [a,b] if
and only if it is true that if ¢ > 0 then there exists a number 6 > 0 so that
if S is a subdivision of [a, b] with mesh less than ¢ then

Upper Sum(S, f) — Lower Sum(S, f) < e.

Hint: For each n € N let S,, be a subdivision of [a, b] with mesh(S ) <+
Argue that the sequential limit of {Lower Sum(S,, )}, is f[a o And

observe that {Upper Sum(S,, f)}>2, also converges to f[a o /)

Lemma 2.3b. If f : [a,b] — R is continuous then f satisfies the hypothesis
of Lemma 2.2b.



Hint: Use the uniform continuity theorem.

Claim: Lemmas 2.2b and 2.3b imply Theorem 2.1.

Lemma 2.4b. Suppose f : [a,b] — R is continuous and g : [b,c] — R is
continuous and h is defined as follows:

flz) fa<xz<b
hz)={ d  ifz=b
g(z) ifb<z<ec



