MATHS5310 Dr. Smith Test 1, September 27, 2019.

Make sure to show all your work. You may not receive full credit if the
accompanying work is incomplete or incorrect. If you do scratch work make
sure to indicate scratch work - I will not take off points for errors in the
scratch work if it is so labeled and will assume that the scratch work is not
part of the final answer/proof. Do five of the following six problems; you

may do all six for extra credit.

1. Suppose ¢ is a homomorphism from the group G; to the group G,.

a. Prove that if e; and ey are the identities of G; and G4 respectively,

then p(e1) = es.
Proof.

€1

p(e1)

pler)(plen))™

b. Prove that p(z7!) = (p(x))".

Proof. We start by using the results of (a.) above.

€y =



c. Prove that the kernel of ¢ is a group. [Extra credit: prove that it is
normal.|

Proof. Associativity: This is “inherited” from the operation of Gj.
Closure. Suppose z,y € ker(y). Then: p(z) = ey and ¢(y) = ey so

plry) = p()ely)
So zy € ker(p).

Identity. By (a.) above ¢(e1) = ey so e; € ker(p).
Inverse. If x € ker(y) then ¢(z) = e so

pla™) = (p(2)) " =€ =e

and so 27! € ker(y). O

2. Consider f : (Z207 —I—Qo) — (Zlg, +12) defined by f([l’]go) = [31‘]12.

a. Show that f is well defined.

Proof. Suppose x ~gg y. Then y — x = 20q for some integer q. Then

3y—3z = 3(y—x)
= 3-20q
60 = 12 - 5¢

SO 3y ~19 3.

b. Show that f is a homomorphism.

f([z]20+[yl2o) = f([z+yl20) = 3[x+yli2 = [32+3y]12 = [3x]12+[3y]12 = f([2]20)+ [ ([y]20)-
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c. Find the kernel of f.

ker(f) = {[0]20, [4]20, [8]20, [12]20, [16]20 }-

d. Is f an isomorphism? Indicate why or why not.

Answer. No. Since |Zg| = 20 and |Zy2| = 12 the function cannot be one-
to-one. Also since the kernel contains more than one element the function
is not one-to-one. It’s also straightforward to find two elements that map to
the same element. O

3. Let G = (Zys,+18). Let H = {[3z]1s | # € G} and consider the group
G/H ={H + x| v € G}.

a. Write the group operation table for G/H.

Answer: Observe that H = {[0]18, [3]187 [6]187 [9]187 []-2]18) [15]18}, note
that H —I— [0]18 = H

H | H | H (s [ H+[2hs
H

H H+ 115 | H+ [2]1s
H+1s | H+ 115 | H+ [2]1s H
H+ 215 | H+ [2]1s H H + [1]1s

b. Prove that G/H is isomorphic to Z,, for some n. [Le. find the n and
show they are isomorphic.]

Solution: Tt follows from the table that G/H is a cyclic group of order 3
so it must be isomorphic to Zs. (You can tell it’s cyclic by observing that
the second row shows that H + [1] generates the entire group.)

The table for Zs written below matches that of G/H so they are isomor-
phic:

[ T0s s ] 2]
03 || [0]s | [1]5 | [2]s
(s || (s | [2]5 | [0]
2] || [2]5 | [0]5 | [1]s




4. Prove that if G and J are groups and ¢ : G — J is a homomorphism,
then H = {¢(g) | g € G} is a subgroup of J.

Proof.
Associativity: This is ‘inherited’ from the operation in J.

Closure: Suppose hq,hy € H then there exists g1,92 € G so that hy =
©(g1), ha = ¢(g2). Then

hihs

3S

(91)p(g2)
(gz' 2)

m |
o 6

Identity: By problem (1 a.) ¢(eq) = ey. So the identity is in H

Inverse: If h € H then there is a g € G so that h = ¢(g). Then

o= ()
= ¢(g7') by problem (1b.)
so h' e H

5. Consider Z,.
a. Prove that the multiplication operator [z] - [y] = [zy] is well defined.

Proof. Let ~ denote the equivalence relation ~,,. Suppose that x ~ a and
y ~ b then n|(x — a) and n|(y — b); this means that x — a = np for some
integer p and y — b = nq for some integer g. So

r = np+a
y = nqg+b
ry—ab = (np+a)(ng+b) —ab
= npq+ naq + npb+ ab — ab
= n(pq+ng+ np).
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So since n divides xy — ab we have xy ~ ab so the multiplication is well
defined.
O

b. Prove that, with respect to the multiplication operator, [n — 1] is it’s
own inverse.

Proof. Recall that any multiple of n is equivalent to zero and that [1] is the
multiplicative identity. Therefore

[n—1][n — 1] [n* —2n + 1]
= [n°] - [2n] + 1]
= [0] = [0] + 1]
= [1].

]

6. Let H be a normal subgroup of the group G; let G/H denote the set of
cosets {Hz | € G}. Prove that the operation defined by Hx - Hy = Huzy
is well defined.

Proof. Since the subgroup H is normal we have gH = Hg for all g € G;
equivalently gHg™! = H for all ginG. So if h € H then ghg™' € H. Suppose
now that a € Hx and b € Hy; we need to argue that ab € Hxy. So a € Hx
and b € Hy gives us that there are hy,hy € H so that a = hiz, b = hayy,
therefore:

ab = hizhoy
= hlxhzxflxy
hlfz.ry since zhox ! = h for some h € H
€ Huxy.



