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1 Definition and basic properties

Let © be a probability distribution of a random variable X. The characteristic function, a.k.a.

Fourier transform, is the complex valued one-parameter function
j(t) = () = [ € udn) =E ¥,
R

Similarly we define the ch.f. of a probability distribution u = £(X) on R? or in a Hilbert space
where tx = <t, ac> is the inner product. The definition applies also to finite measures, even to signed
measures of bounded variation. The term “characteristic function” is restricted to probability

measures.
Proposition 1.1 Every ch.f. o(t) = ji(t) = Ee has the properties:
1. p(0) =1;
2. |l <1;
3. @ is uniformly continuous on R.
4. @ is semi-positive definite, i.e.,
ZZ@(Q —ty)2zjZK > 0, for every finite sets{t; } CR, {z;} CC
ik

Proof.
3): |p(s) — ()| < Ble*X — ¢X| < E ‘1 - eﬂH)X‘ <E1A|s—t|X.

. 2
(4): 0<E ‘ szEe”J‘X’ — ZZ@(tj — 1) 2 %% |
J Jj ok

A probabilist should know ch.fs. of basic probability distributions by heart and how they behave

under simple transformations. To wit:



Proposition 1.2 1. ¢,x(t) = px(at), hence p_x = p.
2. A convex combination of ch.fs. is a ch.f.
3. Hence, given a ch.f. v, Rp = (p+9)/2 is a ch.f.

4. The finite product of ch.fs. is a ch.f. Namely,
PX1 " PXyn = PX 4+ X
where X ’s are independent copies of Xi. In other words,
Ly = (1 @ -+ @ pip)".
5. Hence, given a ch.f. ¢, || and the natural powers ©™ and |p|™ are ch.fs.

6. a ch.f. is real if and only if* X is symmetric, i.e. X 2 _x.

|
Notice that We will present examples as needed.
Example 1.3 A “duality”.
2(1 — t 1-—
The triangular density (1 — |z|)+ has the ch.f. (t;OS). The Polya density ﬂ has the
T

chf. (1 — [t])4.

1
The symmetrized exponential distribution with the density e~!*l /2 has the ch.f. T2 The ch.f.

0

of the Cauchy density equals e”
™

1
(1+2?)

Using the idea from the proof of (3) of Proposition 1.1, for a family p, = £(X,) we obtain the

upper estimate that involves the standard L%-metric:
sup [@a(s) — ¢a(t)| < sup[|(s — ) Xallo
« «

Corollary 1.4 If the family { po } is tight (i.e., { Xo } is bounded in L), then { pq } is uniformly

equi-continuous. |

The opposite implication is also true.

Lonly the “if” part is obvious now



Lemma 1.5 Consider up = L(X), ¢ = ji. Then, for r >0,

r 2/r
W PUXIz s 5[0 ew)a

1/r
@ POX|<r)=plorrl < o [ o) a
Proof.
W.lo.g. we may and do assume that » = 1 (just consider X/r and change the variable in the right

hand side integrals).

(1): By Fubini’s theorem the right hand side equals

1 [? ix sin 2X
E2/_2(1—e )dt_E2<1— e >ZEI[{|X>1}_P(]X]21).

(2): In virtue of Fubini’s theorem the left hand side is estimated as follows, using the formula for

the ch.f. of the triangular density:

1 2(1 —cos X .
E 5T < B2 B [l ar= (- li)aptar < [ low]ar
2 X R R R

Corollary 1.6 If a family { ¢o } of ch.fs. is equicontinuous at 0, then pg s tight.

Proof. Let ¢ > 0 and § > 0 be such that sup, |1 — ¢4 (t)| < €/2 whenever |t| < §. Let ro = 2/4.

Then (1) in the Lemma entails

supP(| X >7r) <e forr >
«

2 Continuity

Theorem 2.1 (Lévy Continuity Theorem)

For ch.fs. @, = fin, and pg = pg the following are equivalent:
1. pn — po potntwise;
2. [tn = Jio;
3. wn = o uniformly on every interval.
Proof. (2) = (1) follows by the definition of weak convergence and (3) = (1) is obvious.

The remaining nontrivial implications (1) = (2) and (2) = (3) would be much easier to prove

if the measures would have the common bounded support, i.e., underlying random variables were



bounded. However, each of the assumptions implies that the family { u, } is tight, i.e. they are

almost supported by a compact set.

(1) = (2): Assume the point convergence of ch.fs., which means that pne; — poes for special

tx

functions e;(z) = €“*, and thus for their finite linear combinations, forming an algebra A. We

must show that u,f — pof for every continuous bounded function on R.

We infer that { py, } is tight. Indeed, let € > 0 and choose r > 0 such that |1 — ¢(¢)| < €/4 for every
t € [-r,r]. By Lemma 1.5.1 and the Dominated Convergence Theorem
r 2/r r 2/r
lim sup fin[—7, 7]° < lim sup / (1= on(t)) dt = / (1= (b)) dt < ¢/2
n n 2 —2/r 2 —2/r
Then there is ng such that

c

sup fin|—r,7]¢ < €.

n>ngo

At the same time there is ' > 0 such that

sup pun[—1',1']¢ <'e
n<ng

Taking R=1rV 1/,
sup pn[—R, R]¢ < e.
n

For any continuous bounded complex function h on R

R
[_RvR]c [_RvR]C

The Stone-Weierstrass Theorem (cf., e.g., Bartle, Theorem 26.2) says:

< 2/|h]| €. (2.1)

If K C R is compact, and A is a separating algebra with unit that consists of complex functions

on K, then every continuous function on K can be uniformly approrimated by members of A.

Take K = [—R, R] and the algebra A, defined above. In virtue of the Stone-Weierstrass Theorem
there is g € A such that ||f — g||x < e. Hence, using (2.1) for h = f and for h = g,

‘(Nn - Mo)f’ < )(un — p0) fIge |+ < ((Mn - Mo)f]IK‘
< 2| fllece + (110 = 10)(f = 9) | + | (s = pi0)gTce
< (201fll0 +2+2llglloo )¢ + |20 — p0)g

Let n — oo and then € — 0.

+ ‘(un —uo)g)

(2) = (3): Assume the weak convergence, consider an interval [-T,7], and let ¢ > 0. So,

{ ttn, : m > 0} is tight, hence there is r > 0 such that

/ eit:r Lo, (d(l))
[—r,r]©

sup

< sup fip[—r, 7] <
n>0 n

. (2.2)

=] o




Then

lon(t) — ()] < +

i ‘/ " (up — po)(dz)| = A+ B+ C

T

[ @]+ | [ )
[_Tvr]c [_Tvr]c
By (2.2), the sum A+ B of the two first terms is bounded by €/2.

To estimate the third term, consider a partition (xy) of [—r,r] of mesh < ¢/(8T), chosen from the
continuity set of ug. In particular, we may enlarge the interval [—r,r|, so —r, the first point of the

partition, and r, the last point of the partition, are also continuity points. In short,

/”f’ Z /xk
—-T k Tl—1
Adding and subtracting the term €% on each interval (z_1, 2], C is bounded from above by the

following expression:

Z/ k (eim _ eitxk) /Ln(d$)
k Tl—1

itx

_.I_

2

k

pon(Th—1, Tk) — po(Tr—1, k]

Z/ i (eit;v_eit;tk) No(dfﬁ)
k Tk—1

— ek | < t|lz — x|, hence

2

k

Since ‘e

/ k (eim - eitmk) Mn(dfﬂ)

Tp—1

€
ggz

k

T
/ i (d)
Tk—1

€
87

so the sum of the first two terms in the latter estimate is less than €/4. For the third term, choose

ng such that, for every n > ng,
€
Z ‘ fin(Tk—1, T] — p(@p—1, T3] ‘ < 1
k

So, for every € > 0 and every interval [T, T'| there is ng such that for every t € [-T, T] there holds
lon(t) — @(t)] < €, which completes the proof of (2) = (3).

Corollaries and remarks

1. The Lévy Continuity Theorem easily extends to R?. In the language of random vectors

XngX <— a'Xnga-X, a € RY

2. Lévy Uniqueness Theorem ¢ = ¢y <= pu = uo.

3. The assumption that the limit ¢g is a ch.f. can be relaxed.

It suffices to assume that g is continuous at 0, then it will be a ch.f. of some measure pg.



This follows by Prokhorov’s theorem. The continuity at 0 is necessary. For example, the ch.f.

sin nt

of the uniform distribution on [—n,n] is =

, which converges to T (t). This sequence of
measures is not tight. It generates a continuous functional on Cy(R), a sort of generalized

integral akin to Césaro sum: .
.1
Af = hrrbn%/_nf(x)dx

which does not correspond to a measure.

4. The Lévy Continuity Theorem extends to bounded measures, also to signed measures with
bounded variation, after the weak convergence is augmented by the condition lim,, 11, R = uR.
3 Inversion

Define the signum function as
g = sign = ][(0700) - ]I(—oo,())'

The following formula involves an improper integral of a function that is not integrable:
 sin ux
/ dx = mo(u).
o X

Its value follows from the Cauchy theorem that states that an analytic function f(z) on an open

simply connected domain in the complex plane entails the curve integral vanishing over a rectifiable
simple closed curve. So, choosing u # 0 and then u =1, f(2) = % is analytic on the complement
of any closed disk centered at the origin. Denote by S(r) the semidisk |z| < r, Sz > 0, and let
C = C(e,r) be the boundary of S(r) \ S(e), oriented counterclockwise. Then, using the standard

parametrization of four fragments - two segments and two semicircles, we have

r AT T —€ _iT 0 . o -
Osz(z)d?«’:/e da:—i—i/ e”egdG—i—/ eda;-m‘/ ezeeede_”./ Slnx_m
c e T 0 - i .

as € = 0, r — oo. This approach allows to define the integral

oo iut iut
/ Cat def lim/ C dt= mo(u)
[t]>e

—c0 it e—0 it

Alternatively, we may consider a more standard option

/°° e (o) — o))

oo it

which entails

0 i(z—a)t _ pi(z—b)t
/ i dt = 27['][((171,) (z) + W]I{a,b} (z) (3.1)



As noted previously, the ch.f. of the uniform distribution on [T, T

sinT't
Tt

vp(t) = — Tyoy(t) as T — oo.

Hence, for a bounded discrete measure =) ands,, i.e. for which a, >0 and ) a, < oo,

1T » sinT(zy, — z)
i (t —itry __ 1 n _ ‘
Thoo 2T/T lt)e Tl_{réoza” T(rn—z) F

On the other hand,

whence, for u < v,

1 00 —itu

o ﬂ(t)% dt = Zan”(“ — W= =) )+ “{g“} (3.2)

Since pu = pq + e, with the pure discrete and pure continuous part, we may consider only the
latter.

Theorem 3.1 (Inversion Theorem) Let p be an atomless bounded measure. Then, for every

1 00 e—iat _ e—itb
b () ———— i
pla.b) = 5 / plt—

a<b,

Proof. By Fubini’s theorem for improper integrals (Exercise 2) we rewrite the right hand side and

use (3.1):
/_ / eit(z—a) _ git(z—b) dt = /_Z Ty p)(z) p(da) = p(a,b).

Corollary 3.2 If ¢ = [ is integrable, then p is absolutely continuous and its density f(x) is

continuous:

f@ =5 [ e

Proof. Choose a = x,b = x+h in the theorem, divide by h, and let h — 0. The proof of continuity

is left as an exercise. |



4 CLT

4.1 The basic CLT

@ of a

A ch.f. can be perceived as a path in the unit disk of the complex plane. The ch.f. e®
point mass d, is a periodic circular path, visiting the point 1 infinitely often. So does the ch.f. of
a discrete measure with finitely many co-rational atoms x,, (that is, for some ¢, tx,, is an integer
for every n). Periodicity will result from a lattice distribution of atoms (i.e., when they form an

arithmetic sequence). Otherwise, only limsup |¢(t)| = 1 is certain (Lukacs, 2.2).
t—o00
On the other hand, tlim |o(t)| = 0 indicates an absolutely continuous (atomless) measure (ibid.)
—00

It follows immediately that the existence of the k-th moment of p entails the existence of the k-th
derivative of fi. The inverse implication is not quite simple and we will not go there (but see

Exercise 3b).

For a complex valued function g € C"T!(R), Taylor’s theorem states that

" a®) (0
g(x) = g k“( ) F + R, (x).
k=0 ’

Among various versions of the remainder, we choose the integral form:

Rule) = /0 " g 8) (2 — 1y dt

The formula is true under weaker assumptions. For example, it suffices to assume that the n-th
derivative is absolutely continuous. Then the (n + 1)-the derivative exists in the Radon-Nikodym
sense and is integrable on every bounded interval. However, we are interested only in the smooth

function g(z) = €®, with a simple remainder that can be further refined by integrating by parts:

Rufe) = /xe“(aﬁ—t)ndtzz‘” —ﬂJrl/xeit(x—t)"ldt _
n! Jo n! (n—1"Jy

Hence we obtain two upper estimates that we merge to one:

|$|n+1 2|:L"n
A

(n+1)! n!

| Rn(2)] <

which is bounded by the second term for |z| > 2(n + 1).

Corollary 4.1 Let E|X|"* < oo, ¢ denote the ch.f. of X, and m, = EX* k=0,...,n. Then

tx | 2pex |
(n+1)! n!

o(t) = x t* + Ry (t), where |Ry(t)] <E
k=1

E.g., forn =2,
t2
p(t) =1+t EX — o E X? + Ro(t)

9



where

|t

|Ro(t)| < E AEX)2.
|
We hardly ever need this “precision” with %. Let’s make it cruder and simpler:
|Ro(t)| < EEX 2 (tX| A1) < er EX?(|X| A1), (4.1)
where [t| < T and cp = T*(T V 1).
Note the immediate application that involves the standard Gaussian distribution N(0,1):
with the density \/12? e /2 and the ch.f. 7"/, (4.2)

The Central Limit Theorem
Let X,, € L? be i.i.d. with ch.f. ¢. W.l.o.g. we may and do assume that EX,, =0 and EX?2 = 1.
Then

Y, = X1+W+X" B N(0,1)

Proof. The ch.f. of Y,, can be estimated as follows:

o= ot/ = (1 -+ Balt/ v

That is, we can rewrite it a

n
)

n
Pn = (1—a—n> , where a,, — a = t2/2
n

Given € € (0,a), we find ng such that |a,, — a| < € for every n > ng, so

n n
<1_a+6> Spn§<1—a_€>
n

n

That is,

e % ¢ < liminf p, < limsupp, < e ¢
n n

. _ 42
Hence lim, p,, = e /2.

10



4.2 Lindeberg-Feller Condition

The CLT is one of the basic examples of a limit theorem that establishes a limit distribution of a

sequence of random variables (S,,), subject to affine transformations:

Sp —bn

Y

Qn
where a,,b, are scalar sequences, and S, may depend on observed data, expressed as random
variables, and be their function (a.k.a. a statistic), e.g., the sum, maximum, minimum, etc.
For example, under moment assumptions, the centering scalar b, could be the mean while the
scaling scalar a,, could be the standard deviation of the transformed variable. The independence
assumption may be relaxed, the moment assumptions may be dropped, so the centering and scaling

constants might not be related to moments at all.
Presently we consider a random array [£, : n € N,k < n] and denote

We assume that

(1) For every n, &n1, ..., &nn are independent;
(2) For every n and k < n, Egnk =0, 02, = E|&u]? < o0; (4.3)
(3) s2=Var(S,) =E|S,[>= Zank =
Introduce also the Lindeberg-Feller condition
¥e>0 limly(e) =0, where £y ZE &nji [€njl > €] (4.4)

7j=1

Theorem 4.2 Let a triangular random matriz [§,x] satisfy (4.3). Then,
(a) maxoy, —0,
(b) L(Sp) = N(0,1).

if and only if the Linderberg-Feller condition (4.4) is satisfied.

Proof. Assume (4.4). Then (a) follows since
E&ly < e+ Ln(e).

Consider a Gaussian random matrix [(,] with all characteristics (4.3), and denote Z, = >, (nk-
Clearly, Z, ~ N(0,1). Let |t| <T.

‘E citSn _ E eitZ"‘ _ H E ¢iténk _ H E itk | < Z ’Eeiténk _ Eeitén ]|
k

11



where the last inequality for products of complex numbers from the unit disk follows by induction.

Continuing, the latter term is bounded by
2 2 2 2
S ‘E gitenn 1 4 Pk Eeittn — 14 L Tnk|
2
k

2

k

2

Using the error estimate (4.1), the first of the above terms is bounded by

cr Y ELGuP (LA [nkl) < €crsp + crla(e)
k

Denoting the p’th absolute moment of a N(0,1) Gaussian r.v. by m,, the p-th moment of N(0,0?)

Gaussian r.v. ¢ equals

EIClP = oPE[¢/of =mypo”
Hence, the second term is bounded by
CT% E Gk (LA |Guk) < CT; E |G| = erms g EU%Q < ermg mliixa,,lf

Now, let n — oo, and then ¢ — 0.

To show that Lindeberg’s condition is necessary, assume (a) and (b), and fix € > 0 and ¢ > 0.
Assuming (b), the weak convergence of laws S,, to the symmetric normal law, we infer that
. 2
> InE costép = InRE ™ — —
k
We claim that

Z E (1 — cos tfnk> — t; (4.5)

k
Indeed, let’s write

b, = ZlnE cos t&k + Z E (1 - costﬁnk>.
k k

Applying the inequality |Inz + 1 — z| < |1 — 2|2 to z = E cost&,;, and next using the estimate
1 —cosu < u?/2 (with u = t&,;,), we infer that

2 262 \% 4 2
bal < 3" [E(1 — costéu)] SZE(Q”I“) < Tk Y02 0,
k k

k
which proves (4.5), by virtue of the assumed condition (a). On the left hand side of (4.5), consider

a single term with & = &,;. Then, since 1 — cosu < u?/2 and 1 — cosu < 2,

E(1—cost) =E[l—cost;|E| <e€+E[l—cost;|§| > €
2
< TE[E51€) <  +2P(€ > o

t2 2 2 2
< SEIE%IEl < d+ SEE,

12



where the second term was estimated with the help of Chebyshev’s inequality. In other words,

2 4
E[§2; ’f‘ < 6] > thE(l _COStg) - t262E§2
2 t2 4 _

Return to &, sum up along j, and let n — oo, Then, (4.5) and the normalizing condition s2 — 1
imply

4
- 2
hmnlnfzk: Bl l&nnl =€ 21— 5.

Although t was fixed, it is arbitrary. Now, let ¢ — oo, |

Corollary 4.3 (Lyapunov) Let &, fulfill assumptions of Lindeberg’s theorem, and let 6 > 0.
Then

— 246 d
[An(a) %:Egm - o] - [Sn LA g]

Proof. Indeed, £, < \,(0)/€’, so Lyapunov’s condition implies Lindeberg’s. [ |

We return to the sequence of independent random variables (£). As before, assume E€& = 0, a,% =
E¢2<o0, Sn=&+ +&, sn=01+ - +02 Let F, = P(Sp/s, < ) and ®(z) = P(( < x). If

F, % ®, it is desirable to know how fast the convergence occur. That is, estimates of
dist (F,,, @)

are of great practical and theoretical importance, where “dist” - preferably a metric - measures the
convergence. Although the Lévy-Prokhorov metric seems to be the most natural choice since it
metrizes the weak convergence of measures, its specific definition makes it difficult to examine. The
uniform metric is stronger but more appropriate for applications. Of course, to obtain a stronger
mode of convergence, a stronger assumption is needed. Let F(x) = P(¢ < z), G(z) = P(n < x) be

probability distribution functions. Consider
dist(F,G) = ||F — G|loc = sup |F(z) — G(z)|.
X
Theorem 4.4 (Berry (1941), Esseen (1945), Van Beek 1972) Assume E¢ = 0, E¢2 = 1,

and E [¢]*10 < oo, for some § > 0. Let (&) be independent copies of €. Then

E‘§|2+6
vn o

where ¢ is some universal constant, independent of n and of distribution of &, although it may

[ = Plloo < ¢

depend on 6.

No proof will be presented here (see Durrett).

13



4.3 Poisson convergence

Let [£,1] be a triangular array of random variables:

(1) values are whole numbers 0,1,2, ...;
(2) for every n, &, are independent; (4.6)

(3) max |€nkllo — 0 as n — oo, where || - ||o is any L°-metric.

We are free to choose || X|lo = E(1 A |X]), or || X[lo = E(1 — e¥) for a fixed t > 0.

As before, denote S, = ank. We will discuss the weak convergence of its distribution to the

k
Poisson distribution on Z:

pu{n}t=PEl=n)=e"—, 4= e/\(e“—l)7 a(t) = Al—e™t)
Lemma 4.5 Assume (4.6). Then the following conditions are equivalent:
1.5, B¢

2. = Inthpi(t) > AL =€), t > 0.
k

3. Co=Y" (1 - wnk(t)> S —eh), t> 0.

k
Proof. The equivalence of the first two conditions follows by the Lévy Continuity Theorem for

Laplace transforms v (t) = Ee™*X, after applying the logarithm.
For u € [0,1/2] we have the identity
—In(1 —u) =u+r(u), where0 < r(u)<u’ (4.7)

To show the equivalence of the second and third condition, we apply it with v = u,, = 1 — Yk,
which is arbitrarily small by the third assumption in (4.6). Then we sum up along k. That is,

either we assume (3), so C,, < C, or we assume (2) which yields

Co=> (1= ) < —Ekjlnwnk <C.

k

Hence the remainder is bounded by

Dok < ) (1—¢r)® < C max[€nlo — 0,

k k

where we choose || X || = E (1 — e~ *X). |

14



Theorem 4.6 Let a random triangular array [£,x] satisfy (4.6) and £ be Poisson(\). Then
k

Z P(&nk = 1) — A
k

k

Proof. The necessity. Suppose that .S, z & ~ Poisson(A), and look at the third condition in
Lemma 4.5. For simplicity, denote s = e~*. So, C,, — A(1 — s). For a single random variable X

with values in Z we have

EQ1-—s)=E[1-s5;X>0=E[1—s+s5—5%:X>0]=(1-s)P(X >0)+ R(s)

R(s) =E[s—s¥;X >0 =E[s— s : X > 1], hence(s —s?)P(X > 1) < R(s) < sP(X > 1).
(because X >1 <= X > 2). Since
=(1=8)Y P(Xpx >0)+ > Rui(s), where Rn(0) =0,
k

thus

Y P(Xpr>0)— A and Y Rup(s) >0, hence > P(&ur>1) =0
k k k

so (b) and (a) hold true.

The sufficiency. First, we reduce the range of r.vs. to the mere {0,1}. Then (a) is trivially

true. Suppose that [*] “(b) is sufficient for the Poisson convergence for 0-1 r.vs.” Denote ¢, =
I{&, = 1}
Assume (b), which is the same for both &, and &,,. So, by [* Zﬁnk — £. But

Sn = S;’L + RTL? Where Rn = Zgnkﬂ{fnk>1}
k

By (a), using the subadditivity 1 A Y, ¢ < > (1A cg),

EIAR, <EY 1AEulge, o1y =Y P > 1) =0,
k k

ie., R, E) 0, so S, z &.

Now, assume (b) for an 0-1 array, and compute the logarithm of the Laplace transform E exp { —tS, } ,

with the notation u,, =1 —E exp{—t&} = (1 — e )P(&up = 1), using (4.7):

—Zlnl—unk =(1—et ZP{nk—l)Jar, where R,, — 0

15



since

k

Thus, we obtain the Laplace transform of Poisson()\) in the limit. [ |

Remark 4.7 In elementary probability courses the special case of i.i.d. Bernoulli &,;’s is known
as the Poisson approximation of the Binomial. Indeed, in this case S, is binomial, where it

is also assumed that p, = P(X,; = 1) — 0, and then (b) means that np, — A.

Exercise. What condition imposed on p, does ensure (or, is necessary and sufficient for) the
Lindeberg-Feller condition. i.e. Gaussian rather than Poisson convergence? Note that the each
entry &,; needs to be standardized to fulfill the standing assumptions for the CLT for random

arrays.
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4.4 Exercises

1. Verify the relations “density vs. ch.f.” in Example 1.3 and formula (4.2).

2. Let (5,8, 1) be a bounded measure space and f(t,s) a measurable real or complex function

on R x S. Assume that

e f(-,s)islocally (i.e., on every interval) integrable functions on R for almost every s € S;

e f(t,-) is u-integrable for almost every ¢ € R;

def T

= lim f(t, s)dt exists for almost every
T—o00 _-T

e The improper integral g(s) = / f(t,s)dt
R
s €S,

/_ i F(t, )t

is p-integrable;

/R(/s fit SW(dS)) = /SQ(S)M(dS).

3. A discrete version of the above theorem [Abel’s convergence criterion for infinite series].

e sup
T

Then

Prove:

N

>

n=1

< 00, then Z anby, converges.

n

If a, (0 and sup
N

Hint: write d,, = a,—1 —a, and B, = by +- - -+ by, and split the sum (discovering and proving

Abel’s “summation by parts” formula):

N N-1
Zanbn = CLNBN — Z dan.
n=0 n=0
sin an cos an
a) Let p > 0. Show that converges for every real a, and converges for
(a) Let p zn: — g y Zn: g

a ¢ 2nZ.
(b) Let p = Z %571, where C' makes probabilities of the sequence (n?Inn)~!. The first
n?lnn

moment does not exist but [ is differentiable for ¢ # 0. Prove also the same statement

when atoms {n } oscillate, i.e., replace d, by d(_1yny,-
4. Show that the density in Corollary 3.2 is continuous.
5. On the unit disk of the complex plane, | [[, zx — [ [ wi| < Dk |26 — wil.

6. Find the arbitrary n-th absolute moment E |(|" of a standard N(0,1) r.v. ¢. Hint: in the
first semester we evaluated even moments (while studying Marcinkiewicz-Zygmund-Paley

inequalities).
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7. What condition imposed on p, in the triangular matrix of Bernoulli r.vs. (i.i.d. in each
row) will ensure (or be implied by) the Lindeberg-Feller condition. i.e. Gaussian rather than

Poisson convergence?

18



5 Poisson random measure

In science and beyond the most typical activity is counting. Scientists and beyondists count every-
thing, stars in sky sectors, pollutant particles in water or air, bird nests per area of Alabama (or
Alaska), coins in collections, gold nuggets in mines, Burmese pythons in Everglades, Occupieds per

city, customers in burger joints, votes in the GOP primary per Florida county, etc.

Typically, the count involves the number of items per region, may vary from 0 through all natural
numbers, and there is no reason to assume that there is a definite upper bound. All the listed -
and unlisted - examples involve measurable regions - linear, planar, spatial, etc. It stands to reason
to suppose that the count depend more on the measurement (length, area, volume) than on other

aspects like geometry or topology. Also, the counts in separate regions should be independent.
Of course, both assumptions are ideal but so are all human made models.

The randomness is entailed by the random distribution of items Y,, - wether arrival moments on
the temporal line, or scatter points in the plane or surface, or in the space or 3D-manifold, or just

in an abstract set S. So, the count is
N(A) =) Ta(Yy). (5.1)

The formula can be viewed from the measure-theoretic point of view. Denoting by ¢, the atomic

measure at a point a, we may write

N=Y 4, (5.2)

and then for f > 0,
Np= [ £iN =Y )

Let (S,S,\) be a o-finite continuous measure space and (€2, F,P) be a probability space, both
entailing the L°-spaces of measurable function. While L°(2) with convergence in P is metrizable
by the traditional metric E (1A|X|), the analogous metric [4(1A|f]) dA yields a topology essentially

stronger than the convergence in measure although weaker than L'. On L*°(S) it is L', though.

A sequence of random elements Y, in S (i.e., measurable mappings Q +— S) entails a random
counting measure on S, a so called point process. It is not immediately clear whether the

converse is true, that is, a random counting measure requires random points to be counted.

The counting random measure is just one example with the concept of a random measure, i.e. a

mapping X : S — L°(Q, F,P) such that

X UA” = ZXAn, A, € S are disjoint. (5.3)
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The series on the right should converge in probability and, a fortiori, the convergence must be
unconditional, i.e., independent of permutations of the indices. The range might be a narrower
subspace of L% such as L' or L?. Thus, a random measure is factually a vector measure which
extends the classical concept of a nonnegative countably additive set function. For example, a

signed measure is an R-valued vector measure.
A deterministic control measure is a very convenient tool:
XA, -0 < M, — 0.

Then it would suffice to introduce the random measure on a generator Sy. For example, when
S = R% and S consists of Borel sets, with a control measure it suffices to define X on simple

figures such as intervals.
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5.1 Poisson measure and integral

The function z — 1 A = on the positive half-line can be replaced by another more convenient
function. Below we shall use ¢(z) = 1 — e~* for reasons that will soon become clear. So, for
random variables, the L0-metric is

1 Xlo = E4(1X]).

The mapping ¢ : S — L°(Q, F,P) is called a Poisson random measure (PRM) if
1. £A is Poisson(AA), for every A € S of finite measure \;
2. £A and £B are independent if AN B = ().

We call A the control measure of £&. At this moment the issue of existence is not yet resolved but

properties can be easily derived.

Proposition 5.1 Let & be a PRM with a control measure X. Let A1, ..., A, be disjoint measurable

sets of finite measure. Then £EAq,---,EA, are independent, and their joint Laplace transform is

Eexp{—zk:tkak} - exp{—zk:(1—e—”k)mk} .

Proof. The Laplace transform formula follows by induction and utilizes the property of Poisson
distribution: the sum of two independent Poisson random variables is again Poisson, and the

parameters add up. |

First, we note that £ is factually a countably additive function (in the sense to be explained) on
the d-ring of Sy subsets of S of finite measure. Let A € Sy and A = |J,, Ak, where A, € Sy are
disjoint. Then

E€A= M= M =Y EeA, =EY ¢4y, or E(g(A) —ZgAk) —0
k k k k

(the r.v. in parentheses is nonnegative?). That is, ¢ is countably additive as a mapping with values
in L'(Q, F,P).

Corollary 5.2 From the measure-theoretic point of view the Laplace transform formula appears

as the assignments

F=Sut o & E Y nen - [ )¢
k k s

Eexp{—¢f) = exp{—/s (1 —e_f(s)) A(ds)}

Zwhy?
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The quantity entails a complete metric vector subspace of measurable functions on S. Recall
Y(x)y=1—e"* 2>0.

Ifle = /S (1) dA

L ={feL%S):flo<oco}, d(f.g)=If~glo,

where simple functions form a dense subset. Write A\F' = [, g F'd\. Then the last formula in the

Corollary can be rewritten as

E(§f) = v(Ad(f)).

In other words,

1€f1lo = 2 ([ f]l0) (5:4)

which establishes a homeomorphism between the space of simple f’s and their Poisson integrals.

Proposition 5.3 For a Poisson random measure { consider the positive conelL, = {feL: f>0}.
Then the mapping & f, defined originally for simple functions, extends to a continuous positive-linear

mapping from L into L9F (Q,F,P), and (5.4) continues to hold

Then & extends to a continuous linear mapping on L, defined as §f = Efy —Ef—.

Proof. Let f € Ly and f,, > 0 be increasing simple measurable functions such that f = lim,, f, =
sup,, fn and ||f — fnllo — 0. Clearly, the well defined & f,, increase a.s. and £ f;, is a Cauchy sequence
in LY. Indeed, for n > m, by (5.4)

Hffn - fmeO = w(an - meO) —0

So &f = lim,, £ f,, exists in probability and hence a.s. (since the sequence increases). Further, (5.4)

is preserved in the limit, which ensures the other listed properties,

|
5.2 About stochastic processes
The definition of PRM contains a family of finite dimensional distributions
{,U«Al,...,An : disjoint A € S }
Although it is easy to create a random vector ({1, ..., &) with independent Poisson (AAy) compo-

nents, the existence of a robust mapping ¢ : S — LY is not immediately obvious. It is a special

case of a more general problem.
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Let T be a nonempty set and X = (X; : ¢t € T) be a family of real random variables, a.k.a.
stochastic process. By finite dimensional distributions (FDD) of X we understand the

Borel probability measures
My, tn :,C(th,...,th) on B(Rn), nEN, tl,...,tn ET,

tr in short, where 7 = {t1,...,t, }. So, more precisely, p, is a Borel measure on R”. We notice

the obvious relation for m > n

P(th €Ay, X, €A X, ER,... X, € ]R) - P(th €A, X, € An>, Ap € B(R)

In terms of probability measures, we say that their family is consistent. That is, for finite 7/ D 7
. (A X RT’\T) = ur(A), AcBR).

So, the passage from the family of random variables (X;) to the consistent family of multidimen-
sional probability distribution (u.) is immediate but the inverse implication is highly nontrivial,
and is known as Kolmogorov Extension Theorem (cf., e.g. Theorem 6.16 in Kallenberg, or

the special case in Appendix A7 in Durrett).

Even the existence of an infinite sequence of independent random variables belongs to this category.
However, we introduced a countable product measure in the first semester. That is, if (Q, Fr, P)

is an infinite sequence of probability spaces, then there is a product measure P = P ® Pa ® - - - on

@, F) =([% Aefo- .
k

In particular, if pj are Borel probability measures on R, then the well defined product measure
p=p1@pe®--- on (RN, BRY))
entails independent random variables
Xn(w) =wn, w=(wy) € RN,

Therefore, any constructive and intuitive approach should be appreciated.

23



5.3 Classical Poisson Process

There is one-to-one correspondence between increasing sequences y,, on [0, 00) and nondecreasing
piecewise constant right continuous functions n(t) with unit jumps (CF - for “counting functions”)
on [0,00):
given y, /*  put ()= Loy(yn);
n
given a CF n(t) put Yn = n'M jump of n(t);
In other words, for every t > 0 and n =0,1,2,...

n(t) >n < y, <t, or n(t)=sup{k:y <t}. (5.5)

For any nonnegative Borel function f on [0,00), the Lebesgue-Stieltjes integral is well defined

although it could be infinite

nf = /0 F0)dnte) = 3 )

Hence any increasing random sequence Y,, entails the CF N; and a random counting measure N A
(5.1), and then the integral of a nonnegative function. Conversely, a counting random measure

defines the random CF Ny, and its discontinuities define Y;,’s. We shall call them signals.

If (V) are iid. and Y,, = Vi + ...+ V},, then the CF N; defined by (5.5) is called a renewal
process. The most important case involves the exponential distribution of the summands Vj.
Denote the parameter, also called the intensity, by A. We will show that N; induces a Poisson

random measure with the scaled Lebesgue measure as a counting measure.
Proposition The r.v. N; has the Poisson(At) distribution.

Proof: Y, has the Gamma distribution with the density
_ A" n—1 _—\z

Hence, by conditioning and since Y,11 = Y, + V1

P(Nty=n)=P(N; >n,N; <n+1) =P, <t,Y,+ Vps1 >1t)

= /t P(Vig1 >t —z) fn(x) de
0

n t n
_ A e—)x(t—a:)l,n—l e—)\a: dr = ()‘t) e—)\t
(n—1)!Jy n!

We call N; the Poisson process. Note that the name does not and should not apply to the
sequence Y, although it determines N;. For that reason the terminology is often abused, and the

sequence is improperly called “the Poisson process”.
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Define the age time from the given moment to the last signal that precedes it, and the excess

time from the moment ¢ to the next signal:
Ar=t—-Yn,, Wi=Yn41—1
In what follows the crucial role is played by the “lack of memory” of an exponential distribution:
P(Ui >t+s|U; >t) =P(U; > s).

Proposition. The excess time Wy is independent of Ny and L(W;) = L(Uy).
Proof: Compute

t
P(Ypsr > t+s, Yy <1) :/ P(Upsr > t+ 5 — ) folz)do
0

— A" /t ef)\(tJrsf:r) " ef)\z dr = ()‘t)n ef)\(t+s)
(n—=1!Jy n!
Since { Ny =n} ={Y, <t, Y11 > t}, this yields
P(Ypy1 >t+s, Y, <t) _
PWiy>s|Ny=n)=P(Yn,41 > t+s|Ny=n) = = PN, = 1) = =e ™
and so
_ _ _ _ _—As
P(Wy > 5) =Y P(W; > s|N, =n)P(N, =n) = e,
n
which also entails the independence: P(W; > s|N; = n) = P(W; > s). [ ]

Corollary 5.4

1. The Poisson process starts afresh and independently after any time t.

More precisely, given t > 0, define i.i.d. exp(\) r.vs:
U{ == Wt == YNt-‘rl - t, Ué == YNt+2 - YNt+17 ...U]; == YNtJrk' - YNt“rk*l) P

and also
Y, =Ui+---+Uj,.

Then, by Proposition, U7 is independent of Ny, so it is independent of (U, k > 2). Then, for
m > 2,



2. N(t,t+ s] = Nyps — Ny is independent of Ny and is distributed as Ny:

N(t,t+s] = Z][tt—l-s] Z]Itt+s

In other words, the distribution of increments depends only on their durations not on their

locations, and we often say that the process is stationary.

By induction, the independence holds true for any finite number of disjoint of increments.
3. N; entails a Poisson measure that starts with N(a,b] = Ny — Nj.

4. The age time A; and excess time Wy have the same exp(\) distribution.

Hence we encounter a paradox: if at time ¢ > 0 the previous and the next signals are observed,
then the epoch - the time distance between them - has the expectation twice as long than the

average epoch between two arbitrary signals:
EUn,41 =E (3/Nt+1 - YNt) —E (At + Wt) —2ET;

Is it really a paradox?

5.4 Transformations of Poisson process
5.4.1 Nonhomogeneous Poisson process

Let ¢ : (0,00) — (0,00) be a strictly monotonic function with the inverse A = ¢~!. We assume
the strict monotonicity for the sake of clarity of presentation. Otherwise, for function that may be

piecewise constant we would have to use the generalized inverse.

Given a Poisson process Ny with unit intensity, transform its Gamma-distributed signals Y,, into

Zn = ¢(Yy), and denote the new counting process by M; or the counting measure by M A. That is

MA =Y 14(Z) Z]IA Z]IA = NA(A).

Hence M Ay,..., M A, are independent when Ay,..., A, are disjoint, and M (A) is Poisson with
parameter A(A). Notice that AA is a measure, e.g.

Ala,b] = |A(b) — A(b)].

Thus M is a Poisson random measure on the range ¢(0,00). If the measure A is absolutely

continuous with respect to the Lebesgue measure, then denoting its density by A(¢), also called the
AA:/A@&
A
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1. Poisson process often serves as a model of customer service. However, its original setup would
require the 24/7 servicing, in contrast to the usual piecewise service periods as in banking
hours 9-5 for example. So, we can use two-valued {0, A} intensity function, with hours as

time units:

At) = A Z W94 24n,17+24n) (1)
n=0

The above “square wave” is just one example of a periodic intensity function.
2. Say, ¢(t) = t2,t > 0. Then signals are Y, Y2, ... Then A(t) = +/t and its intensity is
At) =AN(@1) = —.
0 =80)= 5~

For a general power ¢(t) = P, A(t) = t'/?~1/|p|. E.g., the transformation ¢(t) = 1/t entails
the intensity A(¢) = 1/t2, so with probability 1 the number of signals Z,, in every half-line
[a,00) with @ < 0 is finite.

5.4.2 Reward or compound Poisson process

Write the Poisson process, Poisson measure or Poisson integral again:
N =) Tog(Yn), NA=Y Ta(Yn), Nf=> f(Yn).
n n n

Let R, be i.i.d. r.vs. (“rewards”), independent of N that replace unit size jumps by R,’s. Define

ad rewrite N
t
My=> Rploy(Ya)=> Rnlpy,<y= Raljysny =) Rn (5.6)
n n n n=1
with the convention 22:1 = 0. We may also write

Let us compute the Laplace transform using Fubini’s Theorem (subscripts at the expectations

indicate the suitable integrals) and abbreviating R; = R:

EeMf:ENEReXp{—ZRnf(Yn)}:ENHEReXp{—Rf(Yn)}.

Introducing the function
g9(x) = —InE pexp{—Rf(z) }

we obtain the formula (no need to use the subscript anymore)

Ee M/ =E Hexp{—g(Yn)}: Eexp{—Zg(Yn)}: Ee_Ng:eXp{_/OC>Q (1—6_9(’”)) dx}
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Now, removing the function g we arrive at the identity

Ee M/ =exp { —/ E (1 — e_Rf(m)> dx } . (5.7)
0

One more time, denote by p the probability distribution of R, supported by [0,c0), and let S =
[0, 00)? with Borel sets and the product measure A = u®Leb (“Leb” of course denotes the Lebesgue

measure). Also, define the positively linear operator
0.0 3 (wa)=s — Lf(s) = uf(a).

Thus, finally we see that the “reward Poisson process” is factually identical (in regard to its FDD)

with a Poisson random measure & on the product space, M f 2 ET'f:

Ee M/ :exp{—/ (1—67”(3)) A(ds) } —Ee ¢,
S

Example 5.5 Let us examine one more time formula (5.6)
Ny
M; =) Rn
n=1
An alternative name for M; is a “compound Poisson process”.

1. Let R, be i.i.d. Bernoulli with P(R, = 1) = p. That is, with probability p a signal is
recorded (or taken, or colored) while with probability 1 — p the signal is neglected (or left
out, or whitened out). Then M; is a Poisson process with intensity pA, a “thinned” Poisson

process.

In other words, if X is a binomial r.v. with parameters n and p, bin(n,p) and then n is

“randomized” by a Poisson random variable N independent of X, then b(N, p) is Poisson.

2. The remaining process with “rewards” 1 — R,, is also Poisson with intensity (1 —p)A. Further,

both processes are independent.

This property can be generalized to a finite decomposition of the unit (asin 1 = R,+(1—Ry,)).
To wit, let R = Z;'l:1 R;, where R;jR;, = 0 for j # k, and R; is Bernoulli with parameter
pj. We may think of a wheel-of-fortune like spinner, with slices marked by numbers or colors
j=1,...,d. Let (Ry;) be independent copies of (R;). When a signal Y;, of a Poisson process
is recorded, the spinner is spun and the signal is marked by the outcome shown, one between

1 and d. We claim that the resulting process
Mif =) Ruj f(Ya)
n

are independent Poisson with parameters p;A\.
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5.5 A few constructions of Poisson random measure
5.5.1 adding new atoms

Using the setting of formula (5.2), we look at the reward Poisson process in Example 5.5 as an
extension of an already defined Poisson random measure on (S,S,\) to a product space S x T,
where (7,7, u) is a probability space, and 7, are i.i.d. random elements in 7" with probability

distribution u:
M= "6

We may think of 7,’s as “marks”, that are not necessarily numbers. That is why this Poisson

random measure (as we will see) is often called a marked Poisson process.

In the integral form, for a function F(¢,y) = a(t)g(y) with separable variables
MF = Z(X(Tn) f(Yn>
n

So, the reward Poisson measure is just the special case of the marked Poisson measure, R,, = (7).

For a general F,
MF =) F(7a,Yn).
n

It remains to verify that M is a Poisson random measure.

Ee ™ =E, [[Ere 7.

Denote
9(y) = —InEF(r,y).

So

— exp { - /S /T (1 - e*F@’y)) p(dt) Mdy) } .

Hence M is a Poisson random measure on § x 7 with intensity A ® p.

Example: A Poisson random measure in R?. We shall use spherical coordinates (when d = 2
they are called polar coordinates) (r,t) where » > 0 and t is a point from the (d — 1)-sphere
T = S4—1 (e.g., the unit circle when d = 2, the two-dimensional unit sphere when d = 3, etc.). Let
Y,, be signals of a unit intensity Poisson process on [0, c0) and let independent 7, also independent
of N, be uniformly distributed on S;_1. For a cone C described by r < a, t € B, where B is a

Borel subset of S;_1,
To(r,t) = T q(r) Ip(t),
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the Poisson random variable M C' has the expectation a - |B| = Lebyg(C) (where |B| denotes the
normalized Lebesgue measure on the sphere). So, the intensity of M is the Lebesgue measure in
R

5.5.2 gluing the pieces

The last case of Example 5.5 can be generalized (and simplified at the same time) as follows. Let
(S,S, i) be a probability space and let X : Q@ — S be a random element with distribution u. That
is, P(X € A) = pA for A € S. Let X,, be its independent copies and let N be a unit intensity
Poisson process with signals (Y,), independent of (X,,). Define

N1 Ny 00 00
MA = Z ][A(Xn) or Mf= Z f(Xn) = Z f(Xn)][{len} = Z f(Xn)]I[O,l] (Yn)a
n=1 n=1 n=1

= n=1

where A € S or f > 0 is a Borel measurable function on S. For simplicity, denote I = T 1;. Then

EeM/ =, [[Ee /(X105

Wit the help of the function
g(y) = —InE e~ f(XI(y)

the latter formula reads
Eefo — E Hefg(yn) — Eei an(Yn) — Eeng — exp { _/ (1 — efg(y)> dy } .
" 0

Removing g and bringing up I = Ty 1}, the last expression

:exp{—/ooo <1—Ee—f(X>f(y>) dy} :exp{—/o1 (1—Ee—f<X>) dy}
- exp{—/s (1 - e*f<8>) 1(ds) }

In other words, M is a Poison measure on (S,S, p).

Now let (5,8, A) be an infinite but o-finite measure space. Assume that is continuous (atomless).
Let S = |J Sk, where Sy, € S are probability spaces. Create independent Poisson meaures M} on
(Sk»Sks M), where S = S N Sk, and A\, = A|g, according to the previous construction. Finally,

there comes the Poisson random measure with intensity A:

k
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5.5.3 using a density of a random element

Let (S, S, A) be an atomless infinite o-finite measure space and 7 be a random element in S whose
distribution is absolutely continuous with respect to A and its density p(s) is strictly positive. Let 7,
be independent copies of 7. Let Vy be a unit intensity Poisson process with signals Y;,, independent
of (7,,). Finally, let A be a Borel set on [0, 00) with Lebesgue measure 1. Put a = T4 and define
the integral process for f € LY (S) by the formula

§F =) a(Yap(m)) f(m).

Theorem 5.6 £ is a Poisson measure on S with intensity A.

Proof. Let us compute the Laplace transform

Ee ¥/ =E, H E_e (Mnp(MI(m)

With the help of the function

g(y) = —InE e wr(n) /(7)

and the identity 1 — e~ = (1 — e “)a, where a € { 0,1}, we rewrite the latter expression as
E Hefg(yn) —Ee V9 —exp { —/ (1 — e*g(y)> dy}
" 0
— exp { _ / “E (1 - eotomr) ay }
0
= exp { —/ / <1 ~ e_f(s)) a(yp(s)) p(s) A(ds) dy}
0 S

Using Fubini’s Theorem, in the “dy-integral” we substitute z = yp(s), so dz = p(s) dy, and since
Jo© a(z) de = |A| = 1, the latter quantity becomes

exp { —/S (1 - e_f(s)) A(ds) } .

That is, £ is a Poisson measure with intensity . |

Example. Let us construct a planar Poisson measure, for which we need a strictly positive densitiy.

E.g., we may pick the Gaussian density, for u = (u1, us),

1 2 2 1 2
plu) =5 e , q(u) o) 2T
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SO Tn, = (Vn1,Yn2), where v, are independent N(0,1) random variables. Also, we choose A = [0, 1].

Let (Y,,) form a unit intensity Poisson process N¢, independent of (7,). We observe that V,, =

|7]/?/2 are exponential r.vs. with unit intensity. So we obtain

5.6

1.

§F =) My <qtryy £ (7).

Exercises

A Poisson random measure ¢ is countably additive in every LP, 0 < p < o0

. Show that the only solution of the functional Cauchy equation,

flx+y)=f(x)+ fly), z,y€eR,

in the class of real continuous functions on R is the linear function f(z) = ax. Equivalently,

within this class, the only solution of the functional equation

g(s+1) =g(s)g(t), st=0

is the exponential g(s) = e®*. Hence the only continuous distribution that enjoys the lack of

memory property is the exponential distribution.

. Why do the age time A; and the excess time W; have the same distribution? Is this a property

of Poisson process or any renewal process?

Find the probability distribution of Un,+1 = A + W; for the Poisson process.

. A Poisson process N; on the positive half-line entails immediately a finite additive set function

N(a,b] = Ny — N, on the field spanned by the intervals (a, b]. Since its control measure is the
Lebesgue measure times A, show in few lines how this additive set function extends to a true
random measure on Bore sets. Note: it is easier to construct the Poisson integral N f first!

Then the random measure is simply N1 4. Clean details need to be written down.

. In Corollary 5.4.4 a “paradox” is shown. Say, Auburn Transit buses arrive at a bus stop

according to a Poisson distribution, say, with the average interarrival time 20 min. You come
to the bus stop, there is no bus yet so you wait. How long, in average? 10 minutes, 15, 207
Yes, 20 is the answer. Also, the time between the moment of departure of the last bus before

your arrival and the moment of your forthcoming ride would be... yes, 40 minutes, in average.

It’s a paradox, isn’t it? Or, perhaps not...

Similarly, if there are two lines to a service, say to a cash register or a ticket booth at a rock

concert, and you choose one line, the other will move faster. So you’ll change the line. But
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then the line that you just left will be mowing faster. That’s the fact and it has a logical
explanation (the same phenomenon as in waiting for a bus).
Explain!

. Show that the split Poisson processes M; in Example 5.5.2 are independent Poisson with

parameters p;A. Hint: for a fixed f show that, for M; = M, f,

Ee 2i9M — H Ee M
J

Then, for finitely many f; with disjoint supports (so N f are independent):
Ee 2 2kCMife H H Ee CMifk
Jj ok
Argue that these relations prove the statement.

. Let (5,8, ) be an atomless (continuous) space. Let a < A(S). Then there exists A € S such
that AA = c¢. In particular, an infinite o-finite measure space enjoys a partition into the union

of probability spaces.

. Let (S, S, ) be a probability space. Consider the standard probability space (2, F, P) as the
unit interval with Borel sets and the Lebesgue measure. Argue that there exists a measurable

mapping X : Q — S such that P(X € A) = pA for every A € S.
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5.7 Non-positive awards

Let (¢,,) be i.i.d. and copies of a ¢ with distribution p, independent of a Poisson process IV; with
signals (Y},) and intensity A. The integral

Xf:ZCnf(Yn)

is well defined, e.g., when f has a bounded support, e.g., for f = 1, and linear combinations of

such functions, say,
n
f= a()]I{O} + Zakﬂ[tkfhtk] = Zafk, O=to<ty---<tp=t
k=1 k

Then its ch.f. equals

Ee™f = exp { —)\/ E (1 - ein(t)) dt} = exp { —)\/ / <1 — eixf(t)> p(dx) dt}.
0 o JR

For the specific simple function listed above, it equals

exp { - Zk:(tk —tr_1) /]R (1 - em’*’f(t)) w(dz) } = 1;[ E eioxfk

which shows that X is an independently scattered random measures with stationary increments.

Therefore, its FDD are fully described by one dimensional distributions, for f = T

EeiaXt — exp { —)\t/R (1 - em) p(dz) }

By the “gluing technique”, the introduced concept of a random measure can be extended even to
infinite but o-finite measure u on R, restricted by the existence of the integral that appears in the
characteristic function. Clearly, a sufficient condition is

/ 2% p(dr) + p([-1,1°) = / 1A 2% p(de) < oo.
o<1 R

The finiteness of the first term on the left is obviously necessary. It can be shown that the second
term must be finite necessarily but it requires some tedious reasoning, and we will not show it.

However, we will show details in the symmetric case.

Let’s begin with the simplest case of symmetric +1-valued rewards. Let £ be a Poisson random
measure counting random points Y;, in (S, S, \), and let €, be a Rademacher sequence independent
of £ (and of (Y,)). Define

gf = an f(Yn)
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By Fubini’ theorem and properties of Rademacher series:
Z Enayn CcONverges <— Z agL < 00,
n n
the series converges in probability, or, equivalently a.s., if and only if
=) If(Va)? < o0
n

and this happens if and only if

/S <1 — e_f2(3)> A(ds) < 0.

Observe that we do not need to restrict ourselves to nonnegative functions (or differences of such).

Instead of Laplace transforms we rather use the characteristic functions. Because of symmetry, the

Eeiéf = exp { —/S (1 - cosf(s)) A(ds) } .

We shall call §~ a symmetrized Poisson random measure (SPRM) with intensity A\. The above

ch.f. is real and equals

existence condition can be replaced by a more elegant condition:

/ LA f2(s) Mds) < o0. (5.8)
S

Now, we will examine some of previously discussed variants in this new context.

Symmetric rewards. Let R, be independent copies of a symmetric r.v. R, i.e. R 2 R

Therefore, R 2 e R, where € and R are independent. Assume also that (R,,) is independent of the

Poisson measure £. As before, put

Mf= ZRnf(Yn)7
where the series converges if and only if
/ E1AR*f%(s)ds < oc.
S
The ch.f. Ee™M7 equals
exp { —/ E (1 - cost(s)) )\(ds)} = exp { —// (1 - cosxf(s)) ,u(dx))\(ds)} (5.9)
S S JR
So M is a SPRM on S x R with intensity A ® p, where u = L(R). In fact
MfE2erLf, whereL:SxR—R, L(s,z) = f(s). (5.10)

We observe that the restriction to a probability or even finite measure p is not necessary. A potential
extension is controlled by condition (5.8). Consider a standard Poisson process on S = R, with
unit intensity. Let u be a measure on R whose properties need to be found and let £ be a PRM on

R x [0, 00) with intensity p ® Leb.
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Lemma 5.7 The inner integral in (5.9) is finite over the class of functions f that contains indi-

cators iff
/ 1A 2% p(de) < oo (5.11)
R

Proof. The statement follows from (5.8) and the inequalities

(> A1) (1A% <1A(ax)? < (a® V1) (1A2?)

Definition. A Borel measure p on R is called a Lévy measure if (5.11) holds.

Thus, a PRM £ on R x R with intensity du ® dt, where p is a Lévy measure, entails a process M f
by (5.10) with the ch.f.

EeiMS — exp{—/ooo/]R (1 cosz £(s)) ) ds}

In particular, for functions f1, ..., f, with disjoint supports, M f1, ..., M f,, are independent. Hence,

i fe = Tiaqty_1avtp]s K =1,...,n, where a > 0 and to =0 < {1+ < tp,

E exp { —izk:ckak } _ E[exp { (e — 1) /Ru _ cosz) p(de) } .

In other words, the stochastic process M; = M1, has independent and stationary increments.
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5.8 SSa - symmetric a-stable processes

For a > 0 define the symmetric® measure j,, by the formula

1
palr,00) = 2, >0

Equivalently, u, has the density

(0%
ga(x)zmT_H, Z'?éo

Lemma 5.8 pu, is a Lévy measure if and only if a < 2. |

Put S =R\ {0}. Consider the Poisson measure M on S x Ry. That is,

EeiMf—exp{—/oo/s<1—cosa?f(t))’ﬁ;rldxdt}
0 x

By symmetry we may consider the integral for x > 0, and then change® the variable z|f(t)| — =,

so the ch.f. equals

[e.@] o d
exp { —ca/ |f(t)|™ dt } , where ¢4 = 204/ (1 —cosz) :_L;l.
0 0 e

In particular, taking f = Ca_l/a]l(a,b]»

E oit(My—Ma) _ —(b—a)lt|*

Definition A random variable X with the ch.f.

EeitX — e—a|t|o‘

is called symmetric a-stable, or SS«a in short. M f, M A, M; are called then SSa integral,

measure, process - respectively.

Also, taking fr = cqo Vo A,» where A, are disjoint of unit Lebesgue measure

1/
X =Mfp, ke N = fi areiid. and Zakfk 2 (Z |ak|°‘> X.

k k

Example 5.9 (Le Page representation) Let Y,, be Poisson points with unit intensity, 7, be
iid. uniform on [0,1], &, be Rademacher r.vs., and the three sequences be independent. Let
a € (0,2). Then

- f(Tn)
Mf= zﬂ:en Ynl/a

() = p(—A)
4the cosine is an even function

37



is a SSa process/integral /measure.

Indeed, even in a more general case
Mf= an f(mn) ¢(Yy) converges iff Zfz(Tn) % (Yy) < 00 as.
n n
and the necessary and sufficient condition is

/OO /1 1A F2(8) 62(y) dt dy < oo,
0 0

EoiMf _ eXp{—/OOO /01 (1 —cos f(t) qb(y)) dt dy }

1/a

The ch.f. equals

Returning to the original function ¢(y) = y~/%, using Fubini’s theorem and the substitution

y = |f(t)|*z~%, we obtain

EeiM/ :exp{—/o1 /OOO (1—cosf(t)y_1/o‘) dtdy} :exp{—ca /01|f(t)]adt}

> 1—cos:vd
Co = - dx.
a 0 rlta

with
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5.9

1.

Exercises

Let N; be a standard Poisson process with arrivals Y,, and A be a bounded Borel set. Show
that P(Y, € A for infinitely many n) = 0. Deduce then that f(Y,) = 0 eventually with
probability 1 when f has a bounded support.

. Verify that the symmetric measure p on R\ 0 with the tail p(z,00) = 7% is a Lévy measure

iff a € (0,2).

. Show that the p the moment E|X|P of a SSa r.v. is finite iff p < a.

. Let X be i.i.d. SSa. Let p € [0, ). Show that

Zaka converges in L? and a.s. <= g lag|* < oco.
k k

In particular, for p € (0, @)

Zaka
k

i.e., every F-space (for aw < 1) or Banach space (for o € (1,2)) contains a subspace isometric

= llalla;
p

with ¢¢. That it is true also for a« = 2 was proved previously (in lieu of stable we can use

Rademacher or Gaussian i.i.d. r.vs.)

(added here although it belongs to the previous topic). Consider the paraboloid of revolution
given by the equation z = x? + y?. Project the disk of radius r that lies on the zy-plane
to the paraboloid’s surface, obtaining a set A. Let Y,, be Poisson points on the paraboloid,

controlled by the surface area. Find the probability that A has no Poisson points.
More difficult: Construct Poisson points on the paraboloid.

More difficult: Let S be a smooth connected unbounded surface, say, given by a parametric
equation © = r(u,v), where (u,v) € D, where D is an open domain in R? and r» € C*.
Construct Poisson points on S.

(Hint: Show that w.l.o.g D = R2. Construct Poisson points on the plane. Carry them by

some mapping into S. The Jacobian will be involved.).
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6 Infinitely divisible distributions

6.1 Preliminaria

Recall that the ch.funs. ¢1,..., ¢, of independent r.vs Xy, ..., X, satisfy the formula

E exp { itk X } =p1(t1) - p(tn)
!

(which is also sufficient for independence). For just two independent r.vs. Xj, Xy that make the

sum X = X; + Xy we have, in terms of their probability laws u1, pg, and u:

MA:/RM(A—IB)m(dﬂf):/RM(A—%)M(W),

which can be equivalently stated (Exercise: Prove it) in terms of the integrals

MF:/RF(:U)M(dx):EF(X) :/RMF(-w)uz(dy) Z/RMF("HC) pa(d).

The "dot” inside indicates the integration along a hidden variable, e.g.:

(- +y) = / F(z + ) p (dz).

When both partial measures are absolutely continuous, and fi, fo denote their densities, then the

density of the sum equals

fxiixa(2) = /R fi(z —y) foly) dy = /R folz — ) () da

The operation produces a new measure or a new density which is called the convolution of
measures or densities, and denoted by p1 * pe or fi x fo. The extension to any finite number of
terms follows immediately. If y; = --- = pu, = p we may write ™™ = pq * - - - % . In the language
of random variables the convolution n-th power is the probability law of the sum X; +--- + X, of
iid. r.vs. with £(X1) = p.

Now, let us look at this pattern from an opposite point of view. Let £(X) = v and ¥ = ¢. Is it
possible to write

X=Xi+ -+ X,, where X are i.i.d rvs.?

Equivalently, does there exist a ch.f. ¢ such that 1) = ¢"? In other words, is /" a ch.f.? 5. If the
measure is supported by the positive halfline, we may use the Laplace transform in lie of the ch.f.

So, if L is a Laplace transform of a probability measure, is L/ such, too?

First, we will find a counterexample. Suppose that v is ID. Then so is ¢ and consequently, |¢|? is
ID. The limit of ch.f.

¢ = lim [¢p[*/"

5Tt doesn’t matter which root of n complex roots we consider; for simplicity we choose the principal root
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takes only two values, 0 and 1. Since [¢f| > 0 on a neighborhood of 0, hence ¢ = 1 on that
neighborhood, and as a continuous function must equal 1 everywhere. Hence 3 # 0 everywhere.

Let us repeat:
An ID ch.f. never vanishes.

Thus, as an example of a non-ID distribution it suffices to take one with a ch.f. vanishing at some

point. For example, consider the uniform r.v. on [0, 1]. Its ch.f.

et —1

it

vanishes for t = 2nm, n € Z.

Also the “tent function” that is a ch.f. by Polya criterion is not ID.

6.2 A few theorems

We note that the class of ID distributions is closed under convolution (Cf. an exercise).
Theorem 6.1 The class of ID probablity distributions is closed under the weak limit.

Proof. Let ¢, be ID and ¢, — . Let n € N. Then |p;|? are real ch.funs. for k = 0,1,2,.. and
ID for k =1,2,.... So, in the latter case |@x|?/™ are ch.funs. But

‘Z/n ‘2/717

ol = li,gnlwk

and is continuous at 0, so by the continuity theorem |po|?/™ is a ch.fun. for every n € N. That is,
|0o|? is ID. As such, it has no zeros, but then (g has no zeros, and we can thus define its n-th root

as well as the n-th roots of py’s:
n N 1 o 1 i 1/n
0o/ (t) = exp —Inpo(t) p =lim expq —Inyi(t) p =lime,’", neN.
n k n k
That is, 90(1)/ " is continuous at 0 and is the limit of ch.funs., so itself it is a ch.fun. |
Corollary 6.2 Let ¢ be a ID ch.f. and a > 0. Then ¢¢ is ID.

Proof. For a rational o the statement is obvious. Then we pass to any real limit. |

If « is irrational then the latter property is hard, if not impossible, to express in the language of

real variables or probability distribution
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6.3 A side trip: decomposable distributions

A probability distribution y is called decomposable if there are nontrivial probability distributions
11, o such that p = p1 % uo. In the language of random variables, X is decomposable, if there exist

independent X; and Xs, none degenerate, such that
X=X1+X
We exclude degenerate r.vs. from the class of decomposable ones to avoid the triviality:
X=(X-a)+a.

Note that the decomposability may have a finite depth, that is, some of the summands may be
non-decomposable. Even if the law can be split into an arbitrary finite number of parts, these

might not be identical.
Call a r.v. X self-similar or c-decomposable, if
X Z2eX +R,

where X and R are independent, and R is non-degenerate. It follows by iteration, that X can be

decomposed into a sum of any length that consists of independent summands:

n
XEZeX+REc(cX+R)+R=X+cR+RE2..-2"X + Yt IRy,
k=1

where all r.vs on the right side are independent and Ry’s are copies of each other. In particular, if
X is c-decomposable, then it is ¢"-decomposable for every n € N. We observe that this an attribute
of the probability distribution or its transform rather than of the random variable itself. That is,
the property reads, for p = £(X), with pu. = L(cX) and ¢ = ji:

o(t)
p(ct)

We note that SSa and Gaussian distributions are c-decomposable for every ¢ € (—1,1).

Jv pu=pcxv or is a ch.fun.

The uniform random variable V on [—1, 1] is 1/k-decomposable, for every natural number k. Indeed,
since its Fourier transform is sint/¢, then

1
cost + —cos(k — 1)t,

sinkt ( 1) sin(k — 1)t
(k—1)sint k

ksint ok

i.e.,

vZ %V + R Ry 2Dy (Beoa+exen) + (1= Dugi) (k= Dy,

where D/, are (1/k)-Bernoulli, ¢, are Rademacher variables (i.e., (1 + ¢x)/2 are 1/2-Bernoulli),

and all sequences are independent. Therefore, all uniform random variables are 1/k-decomposable,
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being affine transformations of each other, U,y = b_T“U —1,1 T HT“. In general, if a variable with
possible negative values (or bounded away from 0) has the property YV 2y + R, where the residue
R has an atom at the minimum, P(R = m(R)) > 0, then Y — m(Y") is c-decomposable for some c.

In the uniform case, there is a simpler direct argument.

Proposition 6.3 A uniform random variable U on [0, 1] belongs to the class &(c) if and only if

c=p=m""', for some natural number m. In this case
1
UZ U+ Dy Zn
m

where Dy, denotes a (1 — 1/m)-Bernoulli r.v. and Z,, has the discrete uniform distribution
1 m—1
m—1 Z Ok/m
k=1
on{k/m:k=1,...,m —1}. The three variables U, Dy,, Z,, are independent.

Proof. Consider the binary series representation of U:
oo
Dn . D 1 1
U:Zﬁ 1.€. U:§U+D§,
n=0

where D,, are i.i.d. (1/2)-Bernoulli. Other admissible parameters ¢ come from the equation

— e S

1
M(s) = L(s)/L(cs) = AT omes P + (1 —p)H(s).
Clearly, ¢ = p. Hence, the sought-for Laplace transform H (s) would be equal to
P e Ps _ o=
1—p 1—ePs

Then, denoting the Dirac delta measure at point ¢ by d., we have

e Ps > e it
Toew F (; 5Pk> 1w F <Z5pk+l>

k=0

Thus, the signed measure whose H(s) is the Laplace transform is nonnegative,

- P 00 00
L 1(H) = ﬂ (Z 5pk - Z(spk+1> )
k=1 k=0

if and only if p = 1/m, for some m = 1,2, .... Thus, H(s) is the Laplace transform of the uniform

discrete probability on { k/m, k=1,...,m —1}. [ ]

Example 6.4 The replacement of the parameter ¢ = 1/2 by 1/3 yields a c-decomposable variable

with the singular Cantor-Lebesgue distribution:

00
2D, i pl 2
n=0

Whether its decomposability semigroup extends beyond { 1/3™ } is yet to be determined.
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6.4 ID of Poisson type

The inspiration: Section 5.4 in Lukacs’ book.

Let Ny be a Poisson r.v. with intensity A and @ > 0. Then the ch.fun. of alN is exp { Aete — 1 } .
A Poisson integral of a simple function is said to be of Poisson type in the literature. In other
words, a r.v. is of Poisson type, if for a finite choice of parameters ag, Ar > 0, and independent

Poisson r.vs. Ny,
X = Zakz\ak =Ng= / gdN,
S
k

where g = >, arlly, and Ay are disjoint with AA, = A,. We carry the name to probability

distributions and ch.funs. So, a ch.fun. 9 is of Poisson type iff

P(t) = H exp { ay, (e"t“’C — 1) } = exp {prk (eit‘”" — 1) } (6.1)
k k

where p = ), a5 and p; = ai/p make a discrete probability distribution p = ), prds,. In other
words, a Poisson type ch.fun. v, obtained from ¢ = ji by the formula

Y= exp{plp—-1)}, (6.2)
is an ID ch.fun.
Lemma 6.5 Every (6.2) is ID.
Proof. Let ¢ be a ch.fun. Let p > 0 and n > p. Then the power of the convex combination

n
= ((1-2) 29
n n

is a ch.fun., so is its limit as n — oco. Let us repeat (*): (6.2) is a ch.fun. for every p > 0.

However, the limit is equal to the right hand side of (6.2). We must see that '/ is a ch.fun. for
every m € N. But

k
= tim g = i (1= 2) 4 2 0) = e { (o/m) (0 - 1))

which is a ch.fun. by (*). [ |

Proposition 6.6 (De Finetti’s Theorem) A ch.fun. is ID iff it has the form

$(t) = lim exp { pm (pm(t) — 1) } (6.3)
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Proof. The sufficiency follows by the continuity theorem. To prove the necessity, let 1 be ID.

exp { éwa -1) }

is an ID ch.fun. by the preceding argument. So is ¢, obtained as the limit for « — 0. Now, choose

Then ¢ is ID for every o > 0. Hence

a=1/m, pyp =m, and ¢, = /™. That is, ¥ can be represented as the desired limit. |

Now, we will see that t suffices to consider only the Poisson types among the above ¢p,’s.
Theorem 6.7 A ch.fun. v is ID iff 1 in (6.3) involves only (6.1).

Proof. The sufficiency follows from the continuity (or De Finetti’s) theorem. Let ¢ be an ID
ch.fun. and consider its form (6.3), ensured by De Finetti’s Theorem, with ¢, = t;,. We choose

discrete pmk at tm as k — oo. That is, Yk = ik — ©m-

Then the statement follows by the diagonal argument. |

6.5 Lévy-Khinchin formula

This is inspired by the presentation in Loeeve’s book, Section 22.1. However, the original approach
that used analysis, Riemann-Stieltjes integrals, etc., in a great detail and carefulness, has been
“translated” into the language of Poisson integrals with the help of our sufficient background in

measure theory.
Recall that a Lévy measure M on R is defined by the condition
/ 1A |z|? M(dz) < .
R

In this condition we may replace the function 1A|z|? by any bounded monotonic continuous function

that behaves like |z|? near 0. So, as the defining condition we may prefer

22
M(d
/Rl—l—xZ (dx) < o0,

or in other words, that the measure z2/(1 + 22) M(dx) is finite, or a probability up to a positive

scalar multiplier. This probability u follows the formula

1+ 22
72

cu(dz) = M (dz), (6.4)

for some ¢ > 0. For a fixed ¢ let us examine the behavior of the function
itx
1422

f(.CU) — eitx -1
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We see that f(x) is bounded away from 0, and

222 itx 222
~ it — — ~ — — 0.
f(z) ~itx 5 1522 5 ||

Hence, for every Lévy measure M
| s@nias)

exists, and thus the continuous function

W(t) = exp{mt+/R<em—1 i >M(da:)} (6.5)

1422
is well defined, and ¢ (0) = 1. Using (6.4), we rewrite it:

. it 1tx 1+ a2
P(t) = exp{zat#—c/ﬂg(et —1—1+$2> = u(dx)}

Consider discrete fty, = > ) Pmk0z,,, of finite supports without 0 that converge to p. Then

itk > 1422,

In o (t) = dat + chmk (e"mm’c -1

B 2 2
. 1+, Took
1+22, . . .
= Zcpmkfmk (emm’“ — 1) — ztcz Pk + iat
i k Tk
k m k
= pm(t) —itapy,

where (¢, are of Poisson type (6.1). Thus p, are ID ch.fun. and so is .

Let us denote the ch.f. given by (6.5) by (a, M).

Proposition 6.8 ((a,M)-uniqueness Theorem)
The pair (a, M) is unique, i.e. (a, M) = (a’, M") implies that a = a’ and M = M'.

Proof. Notice that the functions iat and the one defined by the integral are linearly independent.
Hence (a, M) = (a’,M') implies that a = a/. Assume that a« = 0 and Int has two integral
representations with M and M’, or, equivalently with two corresponding probability measures p

and p’'.

We need to show that the function
. 1t
— (e —1- 2 ) M
o) = [ (e ) M)

uniquely determines the probability p. To this end, scale the variable, integrate, use Fubini’s

theorem, and exponentiate:

exp{;/llqﬁ(ut)dt} _ exp{/R(cosux—l)M(dx)} _E exp{/ou/R(cosxv—l)de(da:)} .

This entails the distribution of a Poisson random measure on R, x R with intensity Leb x M. It

remains to see that M is unique. |
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Proposition 6.9 ((a,M)-convergence Theorem)
(an, M) — (a, M) iff an, — a and M, — M weakly (which can be expressed in terms of the

convergence of the corresponding measures [i, ).

Further, if (an, M,) — 1 continuous at the origin, then v = (a, M) for some real a and some Lévy

measure M.

Proof. The sufficiency is obvious. The necessity will follow by the previous approach. We infer
that ¢, — ¢ implies that the distributions of the Poisson measures with mean Leb ® M,, converge

weakly to the distribution of a Poisson measure with mean Leb® M. Hence M, — M. |

Proposition 6.10 (Lévy-Khinchin) FEvery ID ch.fun. has the unique representation (6.5).

Proof. As we have seen, (6.5) entails ID. Now, let ¢ be an ID ch.fun, so is 1//™ for every n. Let
the latter be a ch.fun. of some probability p,. Thus

P(t) = h};n exp { n(¢1/”(t) - 1)) } = 1i7rln exp { /R (eim - 1) n iy (dx) }

Rewrite the integral in the exponent:

. ne it itx 1+ 22 z?
lt/R 1+ JJZ'LLn(dx) " /R (61 ol 1+ x2> 22 1+ a2 nyin(dz) = In(an, M)

By the convergence theorem a,, — a, M, — M. So, ) = (a, M). |
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6.6

1.

10.

11.

Exercises

Find an example of a r.v. or probability distribution that is not ID although its ch.f. does

not vanish ever. Hint: try simple discrete (even two-valued) r.vs.

. Examples of ID laws: Normal, Poisson, stable, exponential, gamma. Prove (or just ob-

serve): If a one-parameter family of ch.funs. is of the form p(t) = wo(t) = exp{—0p(t)} ,
where 0 may vary through R or [0,00), then ¢ is ID.

. Convolutions of ID are ID. If ¢ is ID so is |¢|.

. Let V be exponential, so it is ID. Is V% (so called, Weibull r.v.) ID?

. Show that a discrete distribution is not ID. It might be not even decomposable! Find an

example (e.g., the binomial distribution is decomposable but...).

. Let X be c-decomposable. Prove that necessarily |c¢| < 1. Infer from this that every c-

decomposable r.v. can be written as

x2 i Ruc™,
n=0

where R,, are i.i.d., and so this provides a large class of examples.

Let X = >, apNy,, where ai, A\ > 0, N, are independent Poisson, and the infinite series

converges in distribution. Show that it converges a.s.

. In the proof of Theorem 6.7 the “diagonal argument” was used. Write precisely all of its

details (beginning with “Let ¢ > 0...”) Hint: Let (z,,5) be a matrix of elements of a metric
space such that x,, = limy x,, exists for every m, and also z = lim,,, x,, exists. Then there
is a subsequence k,, such that lim,, ,,, = . Although the statement in the theorem
involves a pointwise convergence of functions, which is not metrizable in general, the metric

convergence must be used somehow.

. Prove that the function defined in (6.5) is continuous.

Prove that the functions iat and the one defined by the integral in (6.5) are linearly indepen-
dent.

At the end of the uniqueness and convergence theorems for (a, M) there were three statements.
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First, w.l.o.g., we may assume that an atomless Lévy measure M is a probability mea-
sure. In fact, M = ), My, where M}, are probabilities. Examine the details in both

statements.

Let £,& be Poisson measures on Ry x R with intensities Leb ® M and Leb ® M'. If
¢ 2 ¢ then M = M'. Prove it.

If the distributions of the Poisson measures with mean Leb® M, converge weakly to the

distribution of a Poisson measure with mean Leb @ M, then M, — M. Prove it.

Let the distributions of the Poisson measures with mean Leb ® M, converge weakly to

some distribution. Then it must be of some random Poisson measure with mean Leb& M .
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