Multilinear Algebral

Tin-Yau Tam
Department of Mathematics and Statistics
221 Parker Hall
Auburn University
AL 36849, USA
tamtiny@auburn.edu

November 30, 2011

!Some portions are from B.Y. Wang’s Foundation of Multilinear Algebra (1985 in
Chinese)






Chapter 1

Review of Linear Algebra

1.1 Linear extension

In this course, U, V, W are finite dimensional vector spaces over C, unless spec-
ified. All bases are ordered bases.

Denote by Hom (V, W) the set of all linear maps from V to W and End V' :=
Hom (V, V) the set of all linear operators on V. Notice that Hom (V, W) is a vec-
tor space under usual addition and scalar multiplication. For T' € Hom (V, W),
the image and kernel are

ImT={Tv:veV}icW, KaeT={v:Tv=0}CV

which are subspaces. It is known that T is injective if and only if KerT = 0.
The rank of T is rank 7 := dim Im T'.

Denote by C,, . the space of m x n complex matrices. Each A € C,,,x, can
be viewed as in Hom (C™, C™) in the obvious way. So we have the concepts, like
rank, inverse, image, kernel, etc for matrices.

Theorem 1.1.1. Let E = {ey,...,e,} be a basis of V and let wy,...,w, € W.
Then there exists a unique 7' € Hom (V, W) such that T'(e;) = w;, i =1,...,n.

Proof. For each v = Y | ae;, define Tv = " a;Te; = Y., a;w;. Such
T is clearly linear. If S,T € Hom (V, W) such that T(e;) = w;, i = 1,...,n,
then Sv =" a;Se; =Y. a;Te; = Tv for all v = Y | a;e; € V so that
S="T. O

In other words, a linear map is completely determined by the images of basis
elements in V.

A bijective T' € Hom (V, W) is said to be invertible and its inverse (7! o
T =1y and T o T! = Iy) is linear, i.e., 71 € Hom (W,V): T (ayw; +
aswy) = v means that

Tv = ayw; + asws = T(ar T wy + T wy),

3
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ie, v=T"lw +aT tw, for all wy,ws € W and v € V. We will simply write
ST for SoT for S € Hom (W,U), T € Hom (V,W). Two vector spaces V and
W are said to be isomorphic if there is an invertible T' € Hom (V, W).

Theorem 1.1.2. Let T' € Hom (V, W) and dim V' = n.

1. Then rankT = k if and only if there is a basis {vi,..., Vg, Vk41,.-.,Un}
for V such that Ty, ..., Tvy are linearly independent and Tvgy 1 = -+ =
Tv,, = 0.

2. dimV =dimImT + dimKer T.

Proof. Sincerank T = k, there is a basis {Tv1, ..., Tvg} for ImT. Let {vg41,...,Vk41}
be a basis of KerT. Set F = {v1,...,Vk,Vk+1,...,Vk11}. For each v € V,
Tv = Zle a;Tv; since Tv € ImT. So T(vale a;v;) =0, ie., U*Zi;l a;v; €
KerT. Thus v — Zle a;v; = Zfi,iﬂ a;v;, i.e., v = Zfill a;v; so that E spans

V. So it suffices to show that F is linearly independent. Suppose Zfill a;v; = 0.

Applying T on both sides, Zle a;Tv; = 0 so that a3 = -+ = a; = 0. Hence
k41 _ - _ P

Y ickp1 @ivi = 0 and we have agy1 = -+ = apy; = 0 since vg11,..., V54 are

linear independent. Thus F is linearly independent and hence a basis of V; so

k+1l=n. O

Theorem 1.1.3. Let A € C,,,xn.
1. rank A*A = rank A.

2. For each A € C,,,xn, rank A = rank A* = rank A7, i.e., column rank and
row rank of A are the same.

Proof. (1) Notice Az = 0 if and only if A*Az = 0. It is because A*Az = 0
implies that (Az)*(Az) = 2*A*Az = 0. So Azi,...,Axy are linearly in-
dependent if and only if A*Axq,..., A* Az are linearly independent. Hence
rank A*A = rank A.

(2) Since rank A = rank A*A < rank A* from Problem 3 and thus rank A* <
rank A since (4*)* = A. Hence rank A = rank AT (why?). O

Problems
1. Show that dim Hom (V, W) = dim V dim W'.
Let T € Hom (V, W). Prove that rank 7T < min{dim V, dim W}.
Show that if T € Hom (V,U), S € Hom (U, W), then rank ST < min{rank S, rank 7'}.

Ll

Show that the inverse of 7' € Hom (V, W) is unique, if exists. Moreover T'
is invertible if and only if rankT = dim V' = dim W.

5. Show that V and W are isomorphic if and only dim V' = dim W.
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6. Show that if T' € Hom (V,U), S € Hom (U, W) are invertible, then ST is
also invertible. In this case (ST)~! =T-1S~1

7. Show that A € C,,,x,, is invertible only if m = n, i.e., A has to be square.
Show that A € C,,«, is invertible if and only if the columns of A are
linearly independent.

8. Prove that if A, B € C,,«,, such that AB = I,,, then BA =1,.
Solutions to Problems 1.1

1. Let {e1,...,en} and {f1,..., fm} be bases of V and W respectively. Then
&i; € Hom (V, W) defined by &;(ex) = dir fj, 4, J,k = 1,...,n, form a basis
of Hom (V,W). Thus dim Hom (V,W) = dim V dim W'.

2. From definition rank T < dim W. From Theorem [1.1.2/ rankT < dim V.

3. Since Im ST C Im S, rank ST < rankS. By Theorem [1.1.2 rank ST =
dimV — dim Ker ST. But KerT C Ker ST so that rank ST < dimV —
dim KerT = rank T.

4. Suppose that S and S’ € Hom (V, W) are inverses of T € Hom (V,W).
Then S = S(T'S") = (ST)S" = 5'; inverse is unique. T € Hom (V, W)
invertible & T is bijective (check!). Now injective T' < Ker T = 0, and
surjective T' < rank 7T = dim W

5. One implication follows from Problem 4. If dimV = dimW, let F =
{e1,...,en}and {f1,..., fn} be bases of V and W, define T € Hom (V, W)
by Te; = f; for all ¢ which is clearly invertible since 771 f; = e;.

6. (T~1S~1)(ST) = Iy and (ST)(T~'S~1) = Iy.

7. From Problem 4, a matrix A is invertible only if A is square. The second
statement follows from the fact the rank A is the dimension of the column
space of A.

8. If AB = I, then rank AB = n so rank A = n(= rank B) by Problem
3. So KerA = 0 and Ker B = 0 by Theorem [I.1.2. Thus A and B is
invertible. Then [ = A~'ABB~' = A='B~! — (BA)~! so that BA = I.
(or, without using Theorem [I.1.2, note that B = B(AB) = (BA)B so
that (I — BA)B =0. Since InB=C", ] - BA=0,ie., BA=1).

1.2 DMatrix representations of linear maps

In this section, U, V, W are finite dimensional vector spaces.
Matrices A € C,,xn can be viewed as elements in Hom (C™,C™). On the

other hand, each T' € Hom (V, W) can be realized as a matrix once we fix bases
for V and W.
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Let T € Hom (V, W) with bases E = {e1,...,ep} for Vand F = {f1,..., fm}
for W. Since T'e; € W, we have

m
Tej:Zaijfi, j:l,,n
i=1

The matrix A = (a;;) € Cy,xn, is called the matrix representation of 7' with
respect to the bases E and F, denoted by [T15 = A.

From Theorem [IL1.1 [S]E = [T]L if and only if S = T, where S,T €
Hom (V, W).

The coordinate vector of v € V with respect to the basis E = {e1,..., e}
for V is denoted by [v]g := (a1,...,a,)T € C" where v = Y_I"_| a;v;. Indeed we

can view v € Hom (C, V) with 1 as a basis of C. Then v-1 =", a;e; so that
[v]E is indeed [v]F.

Theorem 1.2.1. Let T € Hom (V,W) and S € Hom (W,U) with bases E =
{e1,...,ep} for V. F ={f1,..., fm} for W and G ={g1,...,q} for U. Then

[STIE = [SIZIT]E

and in particular
[To]r = [T)5[]s, veV.

Proof. Let A = [T)5 and B = [S]%, i.e.,, Te; = 31" aijfi, j = 1,...,n. and
sz = 22:1 bk'igk'7 1= 1, e, M. So

l

m m l
STe; = Zaijsfi = Zaij(z bri)grk = Z(BA)kjgk-
i=1 =1k —

=1 k=1
So [STIG = BA = [S|¢[TIE. O

Consider I := Iy € End V. The matrix [I]% is called the transitive matrix
from F to E’ since

[l = [To]e = [1F []e, veV,

i.e., [I]E transforms the coordinate vector [v]g with respect to E to [v]z with
respect to E’. From Theorem [1.2.1, [I]%&, = ([I]E)~".

Two operators S,T € End V are said to be similar if there is an invertible
P € EndV such that S = P~'AP. Similarity is an equivalence relation and is
denoted by ~.

Theorem 1.2.2. Let T' € EndV with dimV = n and let £ and E’ be bases
of V. Then A := [T]E, and B := [T]% are similar, i.e., there is an invertible
P € C,xn such that PAP~! = B. Conversely, similar matrices are matrix
representations of the same operator with respect to different bases.
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Proof. Let I = Iy.. By Theorem [1.2.1, [I)E [1)E" = [I|E = I,, where I,, is n x n
identity matrix. Denote by P := [I]£, (the transitive matrix from E’ to E) so
that P~ = [I]%. Thus

[1)% = [ITNE = [NE [TEE = PTUTIEP.

Suppose that A and B are similar, i.e., B = R"'BR. Let E be a basis of V.
By Theorem [1.1.1] A uniquely determines T € End V such that [T]E = A. By
Theorem [1.2.1, an invertible R € C, «, uniquely determines a basis E’ of V
such that [T)E, = R so that

115 = IF [5G = RTIER = B.
O

So functions ¢ : C,x, — C that take constant values on similarity orbits
of Cpxn, i.e., o(A) = P7LAP for all invertible P € C,x,, are defined for
operators, for examples, determinant and trace of a operator.

Problems
1. Let E={ey,...,en} and F = {f1,..., fm} be bases for V and W. Show
that the matrix representation ¢ := [-]5 : Hom (V,W) — C,,x, is an
isomorphism.

2. Let F and F be bases of V and W respectively. Show that if T €
Hom (V, W) is invertible, then [T~1E = ([T]5)~.

3. Let E and F be bases of V' and W respectively. Let T' € Hom (V, W) and
A = [T)%. Show that rank A = rank 7.

Solutions to Problems 1.2

1. Tt is straightforward to show that ¢ is linear by comparing the (ij) entry of
[S+BT)E and o[S|E+B[T)E. Since dim Hom (V, W) = mn = dim Cy,xp,
it suffices to show that ¢ is injective. From Theorem [1.1.1, ¢ is injective.

2. From Theorem 1.2.1, [T~YE[T]E = [T7'T1E = [Iv]E = I, where dim V =
n. Thus use Problem 1.8 to have [T~!E = ([T]£)~!, or show that
[TVE[T~YE = I,, similarly.

3. (Roy) Let rankT = k and let E = {vy,...,v,} and F = {wy,...,wy,} be
bases for V and W. When we view v € V as an element in Hom (C, V),
by Problem 1, the coordinate maps [-]g : V — C" and [-]p : W — C™
are isomorphisms. So

rankT = dimIm7T = dim(Tvy,...,Tv,) = dim{[Tv]p,..., [Tv.]F)
= dim([T5[v1)E, ..., [T)%[v.]g) = dimIm A = rank A.
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1.3 Inner product spaces

Let V be a vector space. An inner product on V is a function (+,-) : VxV — C
such that

1. (u,v) = (v,u) for all u,v € V.
2. (aqv1 + agvg,u) = ag (v, u) + ag(ve, u) for all vi,ve,u € V, oy, an € C.
3. (v,v) >0 for all v € V and (v,v) = 0 if and only if v = 0.

The space V' is then called an inner product space. The norm induced by
the inner product is defined as

ol = v/ (v,v), veW.

Vectors v satisfying ||v]| = 1 are called unit vectors. Two vectors u,v € V are
said to be orthogonal if (u,v) = 0, denoted by u L v. A basis E = {e1,...,e,}
is called an orthogonal basis if the vectors are orthogonal. It is said to be
orthonormal if

(ei,ej)zéij, i,j:L...,’I’L.

1 ifi=j
dij = e
0 ifi#y

is the Kronecker delta notation.

where

Theorem 1.3.1. (Cauchy-Schwarz inequality) Let V be an inner product space.
Then

[(w, 0)[ < [lullllvll,  w,veV.
Equality holds if and only if v and v are linearly dependent, i.e., one is a scalar
multiple of the other.

Proof. Tt is trivial when v = 0. Suppose v # 0. Let w = u — %v. Clearly
(w,v) = 0 so that

(u,v) |(u, v)[?
0 < (w,w) = (w,u) = (u,u) = 77 (v, 0) = ||ul* ~ 7
[[0] [l
Equality holds if and only if w = 0, i.e. v and v are linearly dependent. O

Theorem 1.3.2. (Triangle inequality) Let V be an inner product space. Then
lu+ ol < flull + [lvfl, u,veV.
Proof.
lu+)? = (u+v,u+wv) = [Jul* + 2Re (u,v) + [[v]|* < [[u]® + 2/(u, v)] + [|v]®
By Theorem [1.3.1, we have
lu+ vl < flull® + 2llull ol + [[ol* = (el + o).
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Theorem 1.3.3. Let E = {ey,...
u,v eV,

,€n} be an orthonormal basis of V. For any

u = Z(u, e;)e,
i=1
(U,U) = Z(uvez)(elav)

Proof. Let u = Z] Laje;. Then (u,e;) = (Z?Zl ajej,e;) =a;, it =1,...,n.
Now (u,v) = (3 i (u, e;)e,v) = Y i (u, €;)(es,v). O

Denote by (v1,...,vg) the span of the vectors vy, ...

y Uk -

Theorem 1.3.4. (Gram-Schmidt orthogonalization) Let V be an inner product
space with basis {v1,...,v,}. Then there is an orthonormal basis {e1,...,e,}

such that
(v1,...,0k) ={e1,...,ex), k=1,....n
Proof. Let
vy
€1 = _—,
[[va ]
Vg — (112,61)
ey = — 1 " -
||U2 — (v2,e1)en]|
(Una 61) T (Uny en—l)en—l
€n
||’Un (Un,e1)er — - — (Un, en—1)en—1]|

It is direct computation to check that {eq,...

,en} is the desired orthonormal

basis. O
) xn)T

The inner product on C™: for any x = (z1,. ..

(Cn
’ n
=D uli
=1

is called the standard inner product on C".
2-norm and is denoted by

andy = (y1,...,yn)" €

The induced norm is called the

]|z = (2, 2)"/2.

Problems

1. Let E ={eq,...,e,} be a basis of V and v € V. Prove that v = 0 if and
only if (v,e;) =0foralli=1,...,n
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Show that each orthogonal set of nonzero vectors is linearly independent.

Let E = {e1,...,e,} be an orthonormal basis of V. If u = >""" | a;e; and

n =Y i bie;, then (u,v) = > | a;b;.

Show that an inner product is completely determined by an orthonormal
basis, i.e., if the inner products (+,-) and (-, -) have the same orthonormal
basis, then (+,-) and (-, -) are the same.

Show that (A, B) = tr (B*A) defines an inner product on C,,xy,, where
B* denotes the complex conjugate transpose of B.

Prove [tr (A*B)| < tr (A*A)tr (B*B) for all A, B € C,,x.

Solutions to Problems 1.3

1.

v=0<% (v,u) =0forall u € V = (v,e;) = 0 for all i. Conversely
each u € V is of the form ) ., a;e; so that (v,e;) = 0 for all ¢ implies
(v,u) =0 for all u € V.

Suppose that S = {vy,...,v,} is an orthogonal set of nonzero vectors.
With Y% | a;v; =0, a;(v;,v;) = (31, a;vi,v;) = 0 so that a; = 0 for all
Jj since (vj,v;) # 0. Thus S is linearly independent.

Follows from Theorem [1.3.3.
Follows from Problem 3.
Straightforward computation.

Apply Cauchy-Schwarz inequality on the inner product defined in Problem
5.

1.4 Adjoints

Let V, W be inner product spaces. For each T' € Hom (V, W), the adjoint of T
is S € Hom (W, V) such that (Tv,w)w = (v, Sw)y for all v € V;w € W and is
denoted by T*. Clearly (T*)* =T.

Theorem 1.4.1. Let W,V be inner product spaces. Each T' € Hom (V, W) has

a unique adjoint.

Proof. By Theorem [1.3.4, let F = {ej,...,e,} be an orthonormal basis of V.
For any w € W, define S € Hom (W, V) by

n

Sw = Z(w,Tei)Wei.

=1
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For any v € V, by Theorem 1.3.3, v = Y"1, (v, €;)ve; so that

n n

(v,Sw)y = (v,Z(w,T@i)Wei)V:Z(Tei,w)w(v,ei)v

i=1 i=1

(T Z(Uv ei)vei, w)w = (Tv,w)w.

Uniqueness follows from Problem 1. O

Theorem 1.4.2. Let E = {ey,...,en} and F = {f1,..., fm} be orthonormal
bases of the inner product spaces V and W respectively. Let T' € Hom (V, W).
Then [T*]E = ([T]%)*, where the second * denotes the complex conjugate trans-
pose.

Proof. Let A := [Tk, ie., Te; = Y7 agjfe, j = 1,...,n. So (Tej, fi)w =
a;;. By the proof of Theorem [1.4.1

T*f; = (fiTe)wei =Y (Teq, fi)yei = z:aﬂeZ
i=1 i=1
So [T*]F = A* = ([T]E)". N

Notice that if £ and F are not orthonormal, then [T*]% = ([T]%)* may not
hold.

Problems
1. Let S,T € Hom (V, W) where V, W are inner product spaces. Prove that

(a) (Tv,w)=0forallveV and w € W if and only if T = 0.
(b) (Sv,w) = (Tw,w) for all v € V and w € W if and only if S =T.

2. Show that (ST)* = T*S* where T' € Hom (V,W) and S € L(W,U) and
U,V,W are inner product spaces.

3. Let E and F be orthonormal bases of inner product space V. Prove that
(ME) = (E) " =]

4. Let G be a basis of the inner product space V. Let T € End V. Prove
that [T*]& and ([T)S)* are similar.

5. Let V,W be inner product spaces. Prove that if T' € Hom (V, W), then
rank T = rank T*.

6. The adjoint * : Hom (V, W) — Hom (W, V) is an isomorphism.
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Solutions to Problems 1.4
1. (a) (Tv,w)=0forallveVandweW = Tv=0forallv eV, ie.,
T=0.
(b) Consider S —T.
2. Since (v, T*S*w)y = (Tv, S*w)y = (STv,w)y, by the uniqueness of ad-
joint, (ST)* = T*S*.
3. Notice that I* = I where I := Iy. So from Theorem [1.4.2 ([I]£)* =
[I*]E = [I]5. Then by Problem 2.2, ([I15)~! = [I]E.

4. (Roy and Alex) Let E be an orthonormal basis of V. Let P = [Iy]E
(the transition matrix from G to E). Then [T*]§ = P7T*]EP and
[T)E = P[T)4P~!. By Theorem [1.4.2 [T*]% = ([T]E)*. Together with
Problem 2

7716 = PHTEP =P H(TIE)"P
= PTUPITIGP™Y) P = (P*P)"([T]G)" (P P),

ie. ([T)S)* and ([T*]G) are similar.

Remark: If G is an orthonormal basis, then P is unitary and thus ([T']&
([T*]4), a special case of Theorem [1.4.2.

5. Follows from Theorem [1.4.2, Problem 2.3 and rank A = rank A* where A
is a matrix.

6. It is straightforward to show that * : Hom (V,W) — Hom (W,V) is a
linear map. Since dim(V, W) = dim(W, V) it remains to show that x is
injective. First show that (T*)* =T: forallv e V, w e W,

(T*w,v) = (v, T*w),, = (Tv,w),, = (w,Tv)

Then for any S,T € Hom (V,W), S*=T*< S=T.

1.5 Normal operators and matrices

An operator T' € End V' on the inner product space V is normal if T*T =TT,
Hermitian if T = T, positive semi-definite, abbreviated as psd or 7" > 0
if (Tz,z) > 0 for all z € V; positive definite, abbreviated as pd or T' > 0 if
(Txz,z) > 0 for all 0 # x € V; unitary if T*T = I. Unitary operators form a
group.

When V' = C" is equipped with the standard inner product and orthonormal
basis, linear operators are viewed as matrices in C, x,, and the adjoint is simply
the complex conjugate transpose. Thus a matrix A € C,,«,, is said to be normal
if A*A = AA*; Hermitian if A = A*, psd if (Az,2) > 0 for all z € C"; pd
if (Az,xz) > 0 for all 0 # = € C™; unitary if A*A = I. Unitary matrices in
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Cpxn form a group and is denoted by U,(C). One can see immediately that
A is unitary if A has orthonormal columns (rows since AA* = I as well from
Problem 1.8).

Theorem 1.5.1. (Schur triangularization theorem) Let A € C,,x,. There is
U € U, (C) such that U* AU is upper triangular.

Proof. Let A1 be an eigenvalue of A with unit eigenvector x1, i.e., Azy = A\j21
with ||z1]]2 = 1. Extend via Theorem [1.3.4/to an orthonormal basis {z1,...,z,}
for C* and set @ = [x1 -+ x,] which is unitary. Since Q*Az; = \Q*x; =
M1, 00T

where A; € C(,_1)x(n—1). By induction, there is U; € U,_1(C) such that
Uy A U, is upper triangular. Set

1 0 0
0
P:=1.
: U1
0
which is unitary. So
)\1 * *
. 0
P*AP =
U AU,
0
is upper triangular and set U = QP. O

Theorem 1.5.2. Let T" € EndV, where V is an inner product space. Then
there is an orthonormal basis E of V such that [T]£ is upper triangular.

Proof. For any orthonormal basis B = {e},... e/} of V let A := [T]¥,. By
Theorem [1.5.1] there is U € U,(C), where n = dimV, such that U*AU is

upper triangular. Since U is unitary, £ = {e1,...,e,} is also an orthonormal
basis, where e; = Y. uze;, j = 1,...,n (check!) and [I|& = U. Hence
[T)E = [1E[T)E[1E = U*AU since U* = U1, O

Lemma 1.5.3. Let A € C,,»,, be normal and let 7 be fixed. Then a,; = 0 for
all j # r if and only if a;. = 0 for all ¢ # r.

Proof. From a,; = 0 for all j # r and AA* = A*A,

|ar,* = Z |aTj|2 = (AA%)y = (A" A)pr = lare|* + Z [
j=1 iET
So a;- = 0 for all 4 # r. Then apply it on the normal A*. O
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Theorem 1.5.4. Let A € C,,«,,. Then
1. A is normal if and only if A is unitarily similar to a diagonal matrix.

2. A is Hermitian (psd, pd) if and only if A is unitarily similar to a real
(nonnegative, positive) diagonal matrix.

3. A is unitary if and only if A is unitarily similar to a diagonal unitary
matrix.

Proof. Notice that if A is normal, Hermitian, psd, pd, unitary, so is U* AU for
any U € U,(C). By Theorem [[.5.1) there is U € U, (C) such that U*AU is
upper triangular and also normal. By Lemma 1.5.3 the result follows. The rest
follows similarly. O

From Gram-Schmidt orthgonalization (Theorem [1.3.4), one has the QR de-
composition of an invertible matrix.

Theorem 1.5.5. (QR decomposition) Each invertible A € C,,«, can be decom-
posed as A = QR, where @ € U,(C) and R is upper triangular. The diagonal
entries of R may be chosen positive; in this case the decomposition is unique.

Problems

1. Show that “upper triangular” in Theorem [1.5.1 may be replaced by “lower
triangular”.

2. Prove that A € EndV is unitary if and only if ||Av|| = ||v|| for all v € V.

3. Show that A € C,«y, is psd (pd) if and only if A = B*B for some (invert-
ible) matrix B. In particular B may be chosen lower or upper triangular.

4. Let V be an inner product space. Prove that (i) (Av,v) =0 for allv e V
if and only if A = 0, (ii) (Av,v) € R for all v € V if and only if A is
Hermitian. What happens if the underlying field C is replaced by R?

Show that if A is psd, then A is Hermitian. What happens if the underlying
field C is replaced by R?

ot

6. Prove Theorem [1.5.5.

7. Prove that if T € Hom (V, W) where V and W are inner product spaces,
then T*T > 0 and TT* > 0. If T is invertible, then T*T > 0 and TT™ > 0.

Solutions to Problems 1.5

1. Apply Theorem [1.5.1l on A* and take complex conjugate transpose back.
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2. A € EndV is unitary & A*A = Iy So unitary A implies [|Av|? =

ot

(Av, Av) = (A*Av,v) = (v,v) = ||v||?>. Conversely, ||Av| = |jv|| for all
v € V implies ((A*A — I)v,v) = 0 where A*A — I is Hermitian. Apply
Problem 5.

. If A= B*B, then 2*Ax = xB*Bx = ||Bz||3 > 0 for all z € C". Con-

versely if A is psd, we can define a psd A'/2 via Theorem1.5.4. Apply QR
on A'/? to have A2 = QR where Q is unitary and R is upper triangular.
Hence A = AY2AY2 = (AY/2)*AY?2 = R*Q*QR = R*R. Set B := R.

Let AY? = PL where P is unitary and L is lower triangular (apply QR
decomposition on (A*)~!). Then A = L*L.

(i) It suffices to show for Hermitian A because of Hermitian decomposition
A= H+iK where H := (A+A*)/2 and K = (A— A*)/(2i) are Hermitian
and

(Av,v) = (Hv,v) + i(Kv,v)
and (Hv,v), (Kv,v) € R. So (Av,v) =0 for all v if and only if (Hv,v) =
(Kv,v) =0 for all v € V. Suppose A is Hermitian and (Av,v) = 0 for all
v € V. Then there is an orthonormal basis of eigenvectors {v1,...,v,} of
A with corresponding eigenvalues Aq, ..., A, but all eigenvalues are zero
because \;(v;,v;) = (Av;,v;) = 0. When C is replaced by R, we cannot
conclude that A = 0 since for any real skew symmetric matrix A € R,,«n,
2T Az = 0 (why?).
(Brice) Notice that A is psd (because (Av,v) = 0). From Problem 3 via
matrix-operator approach, A = B*B for some B € EndV. Thus from
Problem 4.2, A = A*.

(ii)
2[(Av, w) + (Aw,v)] = (A(v + w),v + w) — (A(v — w),v — w) € R
so that Im [(Av, w) + (Aw,v)] = 0 for all v, w. Similarly
2i[— (Av, w) + (Aw, v)] = (A(v + iw), v + iw) — (A(v — iw),v — iw) € R
so that Re [~ (Av, w) + (Aw,v)] = 0 for all v,w. So
(Av,w) = (Aw, 0) = (v, Aw),

i.e., A= A*. When C is replaced by R, we cannot conclude that A is real
symmetric since for any real skew symmetric matrix A € Ry, x,,, 27 Az = 0.

. Follow from Problem 4.

. Express the columns (basis of C™) of A in terms of the (orthonormal)

columns of Q.

(T*Tv,v) = (Tv,Tv) > 0 for all v € V. So T*T > 0 and similar for
TT* > 0. When T is invertible, Tv # 0 for all v # 0 so (T*Twv,v) =
(Tv,Tv) > 0.
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1.6 Inner product and positive operators

Theorem 1.6.1. Let V be an inner product space with inner product (-,-) and
let T € End V. Then (u,v) := (Tu,v), u,v € V, defines an inner product if and
only if T is pd with respect to (-, -).

Proof. Suppose (u,v) := (Tu,v), u,v € V, defines an inner product, where (-, -)
is an inner product for V. So

(Tu,v) = (u,v) = (v,u) = (Tv,u) = (T"u,v)

for all u,v € V. So T =T*, i.e., self-adjoint. For any v # 0, 0 < (v,v) = (Tv,v)
so that T is pd with respect to (-,-). The other implication is trivial. O

The next theorem shows that in the above manner inner products are in
one-one correspondence with pd matrices.

Theorem 1.6.2. Let (-,-) and (-, ) be inner products of V. Then there exists a
unique T € End V such that (u,v) := (T'u,v), u,v € V. Moreover, T is positive
definite with respect to both inner products.

Proof. Let E = {ey,...,e,} be an orthonormal basis of V' with respect to (-, -).
So each v € V can be written as v = >, (v, ¢;)e;. Now for each v € V' defines
T € EndV by

Tv := i(v,ez)ei
i=1

Clearly

(TU7 U) = Z<ua 6i>(6ia U) = <U7 Z(vv ei)ei> = <U’a ’U>.
i=1 i=1
Since (-, -} is an inner product, from Theorem [1.6.1/ T is pd with respect to (-, -).
When v # 0, (Tw,v) = (T?v,v) = (Tv,Tv) > 0) so that T is pd with respect to
(+,+). The uniqueness follows from Problem 4.1. O

Theorem 1.6.3. Let F = {f1,..., fn} be a basis of V. There exists a unique
inner product (-,-) on V such that F is an orthonormal basis.

Proof. Let (-,-) be an inner product with orthonormal basis E = {ej,...,ep}.
By Problem 1.4 S € EndV defined by Sf; = e; is invertible. Set T := S*S > 0
(* and T' > 0 from Problem 5.7 are with respect to (-,-)). So (u,v) = (T'u,v) is
an inner product by Theorem 1.6.1land f1, ..., f, are orthonormal with respect
to (-, -). Tt is straightforward to show the uniqueness. O

Problems
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Let £ = {e1,...,e,} be a basis of V. For any u = Yo ae; and v =
S, bie;, show that (u,v) := Y. | a;b; is the unique inner product on V'
so that E is an orthonormal basis.

. Find an example that there are inner products (-,-) on (-,-) on V and

T € EndV so that T is pd with respect to one but not to the other.

Let V be an inner product space. Show that for each A € C,,,, there are
UL, ..y Up; V1, ..,y € C" such that a;; = (u;,v;) 1 <4i,5 <n.

Suppose that (+,-) on (,-) are inner products on V, T" € EndV and let
T™) and T¢*) be the corresponding adjoints. Show that 7) and T are
similar.

Solutions to Problems 1.6

1.

2.

3.

Uniqueness follows from Theorem [1.6.3.

4. By Theorem [1.6.1! there is a pd S € End V' with respect to both inner

products such that (u,v) = (Su,v) for all u,v € V and thus (S~1u,v) =
(u,v). So

(u, T™v) = (Tu,v) = (STu,v) = (u, T™SMv) = (§71u, T SH)y)

Since ™) = §*) = §* say, and (A~')* = (A*)~! for any A € EndV
((A=H*A* = (AA~1)* = I by Problem 4.2). Then

(u, T00) = (u, (S™H*TO S ) = (u, (§*) 1T ).

Hence T¢) = (S*)~17() g%,

1.7 Invariant subspaces

Let W be a subspace of V. For any T € Hom (V,U), the restriction of T,
denote by T|w, is the unique Ty € Hom (W, U) such that T (w) = T(w) for all
weW.

Let W be a subspace of V and T € End V. Then W is said to be invariant
under T if Tw € W for all w € W, ie.,, T(W) C W. The trivial invariant
subspaces are 0 and V. Other invariant subspaces are called nontrivial or
proper invariant subspaces. If W is invariant under 7', then the restriction
T|lw € Hom (W,V) of T induces T|w € EndW (we use the same notation

Tlw).
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Theorem 1.7.1. Let V be an inner product space over C and T" € End V. If
W is an invariant subspace under T and T, then

(a) (Tlw)" =T"w.
(b) If T is normal, Hermitian, psd, pd, unitary, so is T|w .

Proof. (a) For any z,y € W, T|wa = Tz, T*|wy = T*y. By the assumption,

(Twz,y)w = Tz, y)v = (2, T"y)v = (2, T lwy)w-

So (Tlw)* =T"|w-.
(b) Follows from Problem 7.3. O

Problems

1. Prove that if W C V is a subspace and T} € Hom (W, V), then there is
T € Hom (V,U) so that T|w = T;. Is T unique?

2. Show that the restriction on W C V of the sum of S,T € Hom (V,U) is
the sum of their restrictions. How about restriction of scalar multiple of
T on W?

3. Show that if S,T € End V' and the subspace W is invariant under S and
T, then (ST)lw = (S|w)(T'|w).

4. Let T € EndV and S € End W and H € Hom (V, W) satisfty SH = HT.
Prove that Im H is invariant under S and Ker H is invariant under T

Solutions to Problems 1.7

1. Let {e1,...,emn} beabasis of W and extend it to E = {e1,...,€m, €m+1,---,€n}
a basis of V. Define T € Hom (V,U) by Te; = Tie;, i = 1,...,m and
Te; = w; where j = m+1,...,n and wpy41,...,w, € W are arbitrary.
Clearly Ty = T1 but T is not unique.

2. (S+T)wv=(S4+Tv=8Sv+Tv=S8lwv+T|wv for all v € V. So
(S+T)lw = Slw +Tlw.

3. (SIw)(T|w)v = S|lw(Tv) = STv since Tv € W and thus (S|w)(T|w)v =
ST|wo for all v.

4. For any v € Ker H, H(Tv) = SHv = 0, i.e.,, Tv € Ker H so that Ker H
is an invariant under T'. For any Hv € ImH (v € V), S(Hv) = HT (v) €
Im H.
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1.8 Projections and direct sums

The vector space V is said to be a direct sum of the subspaces Wy,..., W,,
if each v € V can be uniquely expressed as v = 2?21 w; where w; € W,
i =1,...,n and is denoted by V. = Wy & --- & W,,. In other words, V =
Wi+ + W, and if wy + -+ 4wy, = w) + -+ + w), where w; € W;, then
w; = w;, for all 4.

Theorem 1.8.1. V=W, &--- & Wy, if and only if V = Wi+ + Wy and
Win(Wi+- - 4+W;+---+W,,) =0foralli = 1,...,m. Here W; denotes deletion.
In particular, V- = Wy & W5 if and only if Wy + Wy =V and Wy N W, = 0.

Proof. Problem 7. O

In addition, if V' is an inner product space, and W; L W; if i # j, i.e.,
w; L w; whenever w; € Wi, w; € Wj, we call V an orthogonal sum of
Wi,..., Wy, denoted by V = Wi+ - - +W,,.

Suppose V.= W1 & --- & W,,,. Each P, € EndV defined by Pv = w,
i=1,...,m satisfies P> = P, and Im P; = W;. In general P € EndV is called
a projection if P2 = P. Notice that P is a projection if and only if Iy, — P is
a projection; in this case Im P = Ker (Iyy — P).

Theorem 1.8.2. Let V be a vector space and let P € End V' be a projection.
Then the eigenvalues of P are either 0 or 1 and rank P = tr P.

Proof. Let rank P = k. By Theorem [1.1.2, there are vy,...,v, € V such that
Puvy,..., Py is a basis of Im P and {vk41,...,v,} is a basis of Ker P. From
P? =P, E={Puvy,...,Pvg,vks1,...,0,} is linearly independent (check) and
thus a basis of V. So [P]& = diag(1,...,1,0,...,0) in which there are k ones.
So we have the desired results. O

The notions direct sum and projections are closely related.

Theorem 1.8.3. Let V be a vector space and let P,..., P, be projections
such that Py +---+ P, = Iy. Then V =ImP; & --- ® Im P,,. Conversely, if
V=W & ®W,,, then there are unique projections Pi,..., P, such that
P1—|—+Pm:IV andImPi:Wi,izl,...,m.

Proof. From Py+---+P,, = Iy, eachv € V can be written asv = Pyv+---+P,v
so that V=ImP; 4+ --- +Im P,,. By Theorem [1.8.2

dimV =tr Iy = Ztrg- = ZrankPi = ZdimImH.
i=1 i=1 i=1
SoV=ImP, &---@®Im P, (Problem 8.1).

Conversely if V.= Wy @ --- & W,,, then for any v € V, there is unique
factorization v = wy + -+ + Wy, w; € Wi, 0@ = 1,...,m. Define P, € EndV
by Pv = w;. It is easy to see each P; is a projection and Im P; = W, and
P, +---+ P, = Iy. For the uniqueness, if there are projections Q1,...,Qm
such that Q1 + -+ 4+ Q. = Iy and Im Q; = W; for all 4, then for each v € V|,
from the unique factorization Q;v = P;v so that P; = Q; for all i. O
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Corollary 1.8.4. If P € EndV is a projection, then V.= Im P @ Ker P.
Conversely if V.= W @ W', then there is a projection P € EndV such that
ImP =W and Ker P = W’.

We call P € EndV an orthogonal projection if P2 = P = P*. Notice that
P is an orthogonal projection if and only if Iy, — P is an orthogonal projection.
The notions orthogonal sum and orthogonal projections are closely related.

Theorem 1.8.5. Let V' be an inner product space and let P, ..., P, be orthog-
onal projections such that P, +---4+ P, = Iy. Then V =Im P4 --- +Im P,,.
Conversely, if V = Wi+ - --4+W,,, then there are unique orthogonal projections
Py,...,Pysuchthat P+ -+ P,=IyandImP,=W;,i=1,...,m.

Proof. From Theorem [1.8.3| if Py, ..., P,, are orthogonal projections such that
P+ +P,=1Iy,then V=ImP, ®---®ImP,,. It suffices to show that the
sum is indeed orthogonal. From the proof of Theorem 1.8.3, Piv = v; € Im P;
for all i, where v € V is expressed as v = Y .~ v;. Thus for all u,v € V, if
1 # j, then

(Piu, Pjv) = (P, v5) = (u, Pv;) = (u, Bivj) = (u,0) = 0.

Conversely if V = Wi+ - - - +W,,, then from Theorem [1.8.3 there are unique
projections P, ..., P, such that P +--- + P, = Iy and Im P; = W;, for all
1. It remains to show that each projection P; is an orthogonal projection, i.e.,
P, = Pr. For u,v € V, write u = Y ;" | u;, v = >, v; where u;,v; € W; for
all 4. Then for all 4

(Piu,v) = (us,v) = (us,

m
1=

vi) = (ug,v;) = (Z i, v;) = (u, P).

1

O

Corollary 1.8.6. Let V' be an inner product space. If P € End V is an orthog-
onal projection, then V = Im P+Ker P. Conversely if V = W-+W’, then there
is an orthogonal projection P € End V' such that Im P = W and Ker P = W".

Proof. Apply Theorem [1.8.5/on P and Iy, — P. U

Problems

1. Show that if V. =Wy +..-+W,,, then V=W & --- & W, if and only if
dimV =dim Wy + --- + dim W,,.

2. Let Pp,..., P, € EndV be projections on V and P, + --- + P,, = Iy.
Show that P;P; = 0 whenever ¢ # j.

3. Let Pp,..., Py, € EndV be projections on V. Show that P, +---+ P, is
a projection if and only if P;P; = 0 whenever ¢ # j.
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. Show that if P € EndV is an orthogonal projection, then || Pv| < ||v|| for

allv e V.

Prove that if P;,..., P, € EndV are projections on V with P; +--- +
P,, = Iy, then there is an inner product so that Pj, ..., P, are orthogonal
projections.

. Show that if P € EndV is an orthogonal projection on the inner product

space and if W is P-invariant subspace of V', then P|ly € End W is an
orthogonal projection.

Prove Theorem [1.8.1.

Solutions to Problems 1.8

1.

2.

By Theorem 1.8.3, V = ImP; & --- & Im P, so that for any v € V|,

. P+ ---+ P,, is a projection means

N P+Y PPj=) P’+> PPj=(Pi+-+Pp)’ =P+ +Pp.
i i#j i i#£]

So if P;P; =0 for i # j, then Py +---+ Py, is a projection. Conversely, if
P, +---+ P, is a projection, so is Iy — (Py + -+ + Pp,).

(Roy) Suppose that P := Py+- - -+ P, is a projection. Then the restriction
of P on its image P(V') is the identity operator and P;|p(y) is still a
projection for each i = 1,...,m. According to Theorem 1.8.3, P(V) =
@2 Im P p(vy = ©j2,Im P;, which implies that P; P; = 0 whenever i # j.

I — P is also an orthogonal projection. Write v = Pv + (I — P)v so that
[ol> = [ Poll? + [I(Zp)v]* = | Po]?.

. By Theorem 1.83, V. =ImP; @ --- ® Im P,,. Let {ej1,...,€in,} be a

basis of Im P; for all i. Then there is an inner product, by Theorem [1.6.3
so that the basis {€11,...,€1n,5--s€m1y--+;Emn,, | is orthonormal. Thus
Pi,..., P, are orthogonal projections by Theorem [1.8.5

. Notice that P|}, = P?|w = P|w since P? = P and from Theorem [[.7.1

(Plw)~P*|lw = P|w since P* = P.
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1.9 Dual spaces and Cartesian products

The space V* = Hom (V, C) is called the dual space of V. Elements in V* are
called (linear) functionals.

Theorem 1.9.1. Let E = {ej,...,e,} be a basis of V. Define e, ..., e} € V*
by
e;(e;) =0i5, 4,7=1,...,n.

Then E* = {ej,...,e}} is a basis of V*.

Proof. Notice that each f € V* can be written as f = >_"" | f(e;)e} since both
sides take the same values on eq,...,e,. Now if >1'  aef = 0, then 0 =
Yo aiei(ej) =aj, j=1,...,n. Soe},..., e are linearly independent. O

The basis E* is called a basis of V* dual to E, or simply dual basis.
If T € Hom (V, W), then its dual map (or transpose) T* € Hom (W*,V*)
is defined by
T* () = oT, p e W™

The functional T*(p) is in V*, and is called the pullback of ¢ along T. Imme-
diately the following identity holds for all ¢ € W* and v € V:

(T"(p), v) = (¢, T(v))

where the bracket (f,v) := f(v) is the duality pairing of V' with its dual space,
and that on the right is the duality pairing of W with its dual. This identity
characterizes the dual map 7%, and is formally similar to the definition of the
adjoint (if V and W are inner product spaces). We remark that we use the same
notation for adjoint and dual map of T' € Hom (V, W). But it should be clear
in the context since adjoint requires inner products but dual map does not.

Theorem 1.9.2. The map * : Hom (V, W) — Hom (W*, V*) defined by *(T") =

T* is an isomorphism.
Proof. Problem 10. O

When V has an inner product, linear functionals have nice representation.

Theorem 1.9.3. (Riesz) Let V' be an inner product space. For each f € V*,
there is a unique w € V such that f(v) = (v,u) for all v € V. Hence the map
& :V — V* defined by £(u) = (-,u) is an isomorphism.

Proof. Let E = {ey,...,e,} be an orthonormal basis of V. Then for all v € V,
by Theorem [1.3.3
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so that w:= Y"1, f(e;)e;. Uniqueness follows from the positive definiteness of
the inner product: If (v,u’) = (v,u) for all v € V, then (v,u —u') = 0 for all v.
Pick v = u — v to have u = v’

The map £ : V — V* defined by &(u) = (-, u) is clearly a linear map bijective
from the previous statement. O

Let V4,...,V,, be m vector spaces over C.
XPVi=Vi X oo X Vi ={(v1, .- y0m) :0; €Viy i=1,...,m}

is called the Cartesian product of Vi,...,V,,. It is a vector space under the
natural addition and scalar multiplication.

Remark: If V is not finite-dimensional but has a basis {e, : « € A} (axiom of
choice is needed) where A is the (infinite) index set, then the same construction
as in the finite-dimensional case (Theorem [1.9.1)) yields linearly independent
elements {e : @ € A} in V*, but they will not form a basis.

Example (for Alex’s question): The space R*, whose elements are those
sequences of real numbers which have only finitely many non-zero entries, has
a basis {e; : i = 1,2,...,} where ¢; = (0,...,0,1,0,...) in which the only
nonzero entry 1 is at the sth position. The dual space of R* is RY, the space of
all sequences of real numbers and such a sequence (a,,) is applied to an element
(zn) € R* to give >, a,xy, which is a finite sum because there are only finitely
many nonzero x,. The dimension of R® is countably infinite but R® does not
have a countable basis.

Problems

1. Show that Theorem[1.9.3remains true if the inner product is replaced by a
nondegenerate bilinear form B(+,-) on a real vector space. Nondegeneracy
means that B(u,v) =0 for all v € V implies that v = 0.

2. Let {e1,...,e,} be an orthonormal basis of the inner product space V.
Show that {f1,..., fn} is a dual basis if and only if f;(v) = (v,e;) for all
veVandj=1,...,n.

3. Let {f1,..., fn} be a basis of V*. Show that if v € V such that f;(v) =0
forall j =1,...,n, then v =0.

4. Let {f1,..., f} beabasis of V*. Prove that there is a basis E = {ej1,...,en}
of V such that f;(e;) = d;;, 4,5 =1,...,n.

5. Let E={ey,...,ent and F = {f1,..., fn} be two bases of V and let E*
and F* be their dual bases. If [Iy]5 = P and [Iy+]E. = Q, prove that

Q= (P,
6. Show that if S € Hom (W,U) and T € Hom (V, W), then (ST)* = T*S*.
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7. Show that £ : V. — V** defined by £(v)(p) = ¢(v) for all v € V and
V € V*, is an (canonical) isomorphism.

8. Suppose E and F' are bases for V and W and let E* and F* be their dual
bases. For any T' € Hom (V, W), what is the relation between [T]% and
g

9. Show that dim(Vy x -+- x V,;,) =dimVj + -+ - + dim V,,,.

10. Prove Theorem [1.9.2.

Solutions to Problems 1.9

1. Let B(-,-) be a nondegenerate bilinear form on a real vector space V.
Define ¢ : V. — V* by ¢(v) = B(v,-). Clearly ¢ is linear and we need to
show that ¢ is surjective. Since dim V' = dim V*, it suffices to show that
¢ is injective (and thus bijective). Let v € Ker ¢, i.e., B(v,w) = 0 for all
w € V. By the nondegeneracy of B(,-), v =0.

2. Notice that (e;,e;) = 6;5. If F is a dual basis, then for each v =
Yimi(vyeei, fi(v) = [0 (vee) = Y (v,e) file) = (v,e5).
On the other hand, if f;(v) = (v, e;) for all v, then f;(e;) = (e;,€;) = d;5,
i.e., F'is a dual basis.

3. The assumption implies that f(v) =0 for all f € V*. If v # 0, extends it
to basis E = {v,va,...,v,} of V. Define g € V* by g(v) = 1 and g(v;) =0
foralli=2,...,n.

4. Introduce an inner product on V so that by Theorem [1.9.3 we determine
U, ..., Uy via f;(v) = (v,u;). By Theorem[I.6.3/and Theorem [1.6.1 there
is a pd T € EndV such that (Tu;,u;) = d;5. Set e; = Tu; for all i.
Uniqueness is clear.
Another approach: Since {fi,..., fn} is a basis, each f; # 0 so that
dimKer f; = n — 1. So pick v; € N;zKerf; # 0 (why?) such that
fi(vi) = 1. Then f;(v;) =0 for all j # 0.

6. For any ¢ € U*, (T*S*)p =T*(p0S) = (poS)oT = po(ST) = (ST)*e.
So (ST)* =T*5*.

7. Similar to Problem 10. Notice that £(e;) = e}* for all 4. It is canonical
because of e — e**.

8. Let A= [Tk, ie,, Te; =31 | a;jfi. Write v =", ae; so that

(T f; )0 = f(Tv) = f{ Q- aiTer) = f{ (Y awanife) = Y cianifF (fr) = Y ciaji.
i ik ik i
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On the other hand
O azen) ) = aje; (Y arer) =Y aiag.
7 [ k i

So T*fr = Y ajel, ie., [T*E = AT e, ([T)5)" = [T*]%.. This
explains why T™ is also called the transpose of T

(Roy) Suppose E = {e1,...,en,} and F = {f1,..., fm}. Let [T =
(aij) € Cpuxen and [T*]E = (bpg) € Crxerm- By definition, Te; = S0 | ai; fi
and T* fo = 377 bpges. Since e (e;) = di5 and f;(fi) = dij, the definition
(T*f;)ei = f;(Te;) implies that b;; = a;;. Thus [T*)E. = ([T15)T.

9. If E; ={ei1,...,€in, t isabasisof V;, i =1,...,m, then
E={(e11,---,em1)s--s(€1nys--+»€mn,, )}
is a basis of V4 x -+ x V,,, (check!).
10. # is linear since for any scalars a, 8, (aS + 8T)*¢ = @(aS + BT) =
apS + BT = aS*e + BT ¢ = (aS* + BT*)p. It is injective since if

T* =0, then poT =T*p =0 for all p € V*. By Problem 3, T'= 0. Thus
* is an isomorphism.

1.10 Notations

Denote by S, the symmetric group on {1,...,m} which is the group of all
bijections on {1,...,m}. Each o € S, is represented by

o= (ot 2 ato)

1 if o is even
—1 if ois odd

where o € S,,,. Let o, 3,7 denote finite sequences whose components are natural
numbers

T(ny,...,nm) = {a:a=(a(l),...,a(m)),l <ai) <n;,i=1,...,m}
Topn = {ara=(a(l),...,a(m)),1<a(i)<n,i=1,...,m}
Gmn = {a€lpia(l)<---<a(m)}
Dypn = {a€ly,:a(i)# a(j) whenever ¢ # j}
Qmn = {aely,:a(l)<---<alm)}.
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For o € Qm,n and o € S,,,, define
ao = (a(o(1)),...,ac(m))).

Then ao € D, , and

Dyypn=Hac:a € Qmn,0 € Sn}t=QmnSm. (1.1)
Suppose n > m. For each w € @, ,, denote by w’ the complementary
sequence of w, i.e., w' € Qpu_m n, the components of w and w’ are 1,...,n, and
. 1, ey m, m+1, ... n
7= (w(l), e wlm), WD), ... w’(n—m)) € Sn.
It is known that
e(0) = (=1)*@tmmtD/2, (1.2)
where s(w) := w(1)+---4w(m). Similarly for w € Q. pn, 0 € Sy and 7 € Sy _ppy,
_ 1, ce m, m+1, ..., n cs
T o), ..., wl(m), Wn(l), ..., W'n(n—m) n
and
e(0) = e(9)e(m)(—1)*FTmimN/2) (1.3)
Moreover
S, = {o= 1, R m, m+1, ..., n )
no T T W), ..., wl(m), W'w(l), ..., Ww'an—m))’
WE Qmm,0 € S, € Sp_m} (1.4)

Let A€ Cpxp. Forany 1 <m <n, 1 <1<k, a€ Qmn,and 8 € Q. Let
Ala| ] denote the submatrix of A by taking the rows a(1), ..., a(m) of A and the
columns 3(1),...,5(l). So the (i, j) entry of A[a|f] is an(;)s(;)- The submatrix
of A complementary to A[a|f] is denoted by A(«a|B) := Ale/|'] € Crn—m)x (k—1)-
Similarly we define A(a|f] := Ale/|f] € C_myxr and Ala|B) = Ala|f] €
Crxk-1)-

Recall that if A € C,«,,, the determinant function is given by

det A= " e(0) [ [ aio)- (1.5)
o€S, =1
It is easy to deduce that
det A = Z 6(71')5(0) H G (i),0(d)- (1.6)
oc€eSy =1

Let A € Cy,xg. For any 1 <m < min{n, k}, @ € Q. and 8 € Qp ,

detdlold] = 2 &) ] Lo o> (1.7)
1=1

oESm
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For any 0 € S,,, we have
det A[af|[] = det A[a|80] = £(0) det A[a|5]. (1.8)

When o € T, 8 € Diag, Ale|8] € Cruxmn whose (4,7) entry is aqi)s(s)-
However if @ € Ty, ,, and o € D, 5, then Afe|5] has two identical rows so that

det Ala|f] =0, a€Tlpmn\ Dmn- (1.9)

Theorem 1.10.1. (Cauchy-Binet) Let A € C,xp, B € Cpx; and C = AB.
Then for any 1 <m < min{r,n,{} and o € Q@ and 8 € Qu, 4,

det Cla| ] = Z det Ala|w] det Blw|g].

WEQm,n
Proof.
m
det Cla|f] = Z €(U)Hca(i),ﬁa(i)
TESm zm .
= Z a(a)HZ Aa(i),j j,@’az
oESm i=1j=1
m
= D« Z Ga(i) (1) b (i), Bo (1)
oESm €Ty pni=1
- Z Haa(i)w(i) Z £(0)by(i),80(¢)
TEL 1, m =1 TESm
= Y D Ga(nm det Bh|d]
7€M, n i=1
= > [laaw@nwdet Bl6)
WED .y, i=1

= Z Z Haa(i),wg(i) det Blwo|f]

WEQm,n OESy i=1

= Z (Z E(U)Haa(i),w(i))detB[wlﬁ]

WEQm,n TESM i=1
= Z det A[a|w] det Blw|S].
weQm,n

O

Theorem 1.10.2. (Laplace) Let A € Cy,xp, 1 <m <n and @ € Q. Then

det A = Z det Afor|w](—1)* @+ det A(alw).
WEQm,n
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Proof. The right side of the formula is

(—1)*@ 3" (=1)*“) det Afa|w] det A’ |w']
wean,n

= (@ Y > > 5(9)6(7T)(—1)S(”)Haau)we(i)Haa'uwwu)

WEQm,n 0ES, TESH_—m

_ S(a) Z m(m+1)/2 HCL (i)o () H Ao/ (i—m)o (i)

oeS, i=1 i=m+1
= Z g(m)e(o) Haﬂr(i)a(i)
oeSy, i=1
= det A.
O
Theorem 1.10.3. Let U € U, (C). Then for o, 8 € @, with 1 <m < n,
det U det Ule|f] = (—1)* @+ det U(a|B). (1.10)
In particular
|det Uler|G]] = |det U(«|B)]. (1.11)

Proof. Because det I[B|lw] = dg, and U*[B|y] = U[y|B]T, apply Cauchy-Binet
theorem on I, = U*U to yield

Spw =Y detU[y]B]det Uy|w]. (1.12)
TEan,n
Using Laplace theorem, we have

daydetU = Z det U[ry|w](—=1)*@ ) det U (a|w).

WEQm,n
Multiplying both sides by U[y|8] and sum over 7 € S,,,, the left side becomes
> oy det U det Uly[8] = det U det Ulal5]
YEQmM,n
and the right side becomes

Z Z det U[y|4] det Uly|w](—1)*@*5) det U (a|w)

YEQm,n WEQm,n

Z 85w (—1)%@F5(@) det U (a|w)
UJeQm n
= (- det U(alB)

Since |det U| = 1, we have the desired result. O
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The permanent function of A is
n
per A = Z H Qo (i)
oSy, i=1

which is also known as “positive determinant”.

Problems
1. Prove equation (1.2)).
2. Prove that [T2) 370 ai; = 3 o, TTi% @iy

3. Prove a general Laplace expansion theorem: Let A € Cy xn, @, 5 € Qs
and 1 <m < n.

Sapdet A=Y det Afafw](—1)" ) det A(B|w).

UJEQm.n
4. Show that
m _1
Tl om)| = [[ne [Tl = 0™, Gm,nz(“m )
=1 m
n n
Dol = (1)t 1@l = ().
m m

Solutions to Problems 1.10
1.

2. (Roy) If A = (ai;) € Cyxn, the left side of [T, Z;”:l ai; =Y er, . [T ai
is the product of row sums of A. Fix n and use induction on m. If m =1,
then both sides are equal to the sum of all entries of A. Suppose that the
identity holds for m — 1. We have

m m—1 n
Z H Giy(i) = Z H Qiry(3) Z Qmj
j=1

YEL m n i=1 YELm—1,n =1
m—1 n n
= E ai; E Gy j by induction hypothesis
i=1 j=1 j=1
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3.

4. The ith slot of each sequence in I'(ny, . . . , ny ) has n; choices. So [T'(ny, ..., nm)| =
[1%, n; and thus [Ty, | = n™ follows from |T(nq,...,nm)| = [1ie; n
with n; = n for all i.
|Grnnl = ("7 71). Now |Q,n| is the number of picking m distinet num-
bers from 1,...,n. So [Qmn| = () is clear and [Dyy | = |Qum,n|m! =
()t



Chapter 2

Group representation
theory

2.1 Symmetric groups

Let S, be the symmetric group on {1,...,n}. A matrix P € C,,«,, is said to be
a permutation matrix if

pi,o’(j) = 61',0’(]')7 Za] = 1a sy

where o € S, and we denote by P(c) for P because of its association with
o. Denote by P, the set of all permutation matrices in C,,«,. Notice that
¢ : S, — P, (§ — P(0)) is an isomorphism.

Theorem 2.1.1. (Cayley) Each finite group G with n elements is isomorphic
to a subgroup of 5,.

Proof. Let Sym (G) denotes the group of all bijections of G. For each o € G,
define the left translation I, : G — G by l,(x) = oz for all z € G. It is easy
to show that l,, = l5l, for all o,7 € G so that | : G — Sym (G) is a group
homomorphism. The map [ is injective since [, = [, implies that cx = 7z for
any ¢ € G and thus ¢ = 7. So G is isomorphic to some subgroup of Sym (G)
and thus to some subgroup of S,,. O

The following is another proof in matrix terms. Let G = {o1,...,0,}. Define
the regular representation @ : G — GL,,(C):

Q(U)ij = (501'7001‘) € GL,(C).

Tt is easy to see that Q(o) is a permutation matrix and Q : o — Q(o) is injective.

So it suffices to show that @ is a homomorphism. Now
(Q)Q(M))ij = > Q@)ikQ(M)kj = Y _ 00100100170, = V0,00, = QT
k=1 -

k=1

31
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So we view each finite group as a subgroup of .S,, for some n.
The element o € S, is called a cycle of length k (1 < k < n), if there exist
1 <iy,...,7 < n such that

U(it) = it+1, tzl,,k—l
O(ik) = i1
o(d) = i, id{i1,....i+k}

and we write o = (41,...,49). Two cycles (i1,...,ix) and (j1,...,Jm) are said
to be disjoint if there is no intersection between the two set {i1,...,it} and
{j1,.--+Jm}. From the definition, we may express the cycle o as

(i1,0(i1),...,0" (i1)).

For any o € S, there is 1 < k < n such that ¢¥(i) = i and let k be the
smallest such integer. Then (i o(i) --- o¥71()) is a cycle but is not necessarily
equal to 0. The following theorem asserts that o can be reconstructed from
these cycles.

Theorem 2.1.2. Each element o € S,, can be written as a product of disjoint
cycles. The decomposition is unique up to permutation of the cycles.

Proof. Let ¢ < n be a positive integer. Then there is a smallest positive integer
r such that 0" (i) = 4. If r = n, then the cycle (i o(i) --- 0" 1(i)) iso. If r < m,
then there is positive integer j < n such that j & {i,o(i),...,0""1(i)}. Then
there is a smallest positive integer s such that o°(j) = j. Clearly the two cycles
(io(i) -+ 0" (i) and (j o(j) --- o 1(j)) are disjoint. Continue the process
we have

o=(i0@i) - "D olj) - TN ) -k o(k) - o'TH(R))

For example,

G 51736 D:(l 25 3)(4 7)(6)=( 25 3)(4 7).

So ¢(o) = 3 (which include the cycle of length 1)

1 2 3 4 5
<2 5 4 3 1):(1 2 5)(3 4)=(3 4)(1 2 5)=3 4> 1 2.
So ¢(o) = 2.

Cycles of length 2, i.e., (ij), are called transpositions.

Theorem 2.1.3. Each element o € S, can be written (not unique) as a product
of transposition.
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Proof. Use Theorem 2.1.2
(i1 -+ ig) = (4182)(i2ig) - - - (th—1tk) = (41%%) (418k—1) - - - (4192). (2.1)
O

Though the decomposition is not unique, the parity (even number or odd
number) of transpositions in each o € S,, is unique (see Merris p.56-57).

Problems

1. Prove that each element of S, is a product of transpositions. (Hint:
(i1 dg -+ i) = (i1i2)(i2d3) - - - (Ip—1ik) = (irix)(irip—1) - - - (i1i2)).

2. Show that S,, is generated by the transposition (12),(23),...,(n — 1,n)
(Hint: express each tranposition as a product of (12),(23),...,(n—1,n)).

3. Express the following permutations as a product of nonintersecting cycles:

(a) (ab)(aiy...irbj1... jr).

(b) (ab)(aiy...irbj1...Jr)(ab).
(c¢) (ab)(aiy... ).

(d) (ab)(aiy...i)(ab).

4. Express o = (24)(1234)(34)(356)(56) € S7 as a product of disjoint cycles
and find ¢(o).

Solutions to Problems 2.1

1. Use Theorem 2.1.2 and the hint.

2. (4,i+2)=(+1,i+2)(¢,i+1)(i+ 1,7+ 2) and each (ij) is obtained by
conjugating (i,7+ 1) by the product (7,7 +1)--- (¢ + 1,9+ 2) where ¢ < j.
So S, is generated by (12),(23),...,(n —1,n).
(Zach) (ij) = (14)(15)(1¢). By Problem 1, every cycle is a product of
transpositions. So S, is generated by (12),(13),...,(1n). Now (1k) =
(L,k—=1)(k—1,k)(1,k—1) for all k > 1.

3. (a) (ab)(aiy...txbjr... jr) = (air... ip)(bj1... js).
(b) (ab)(aiy...dpbj1... js)(ab) = (aiy... 4 )(bj1... js)(ab) = (aj1... jsbi1... ir).
(c¢) (ab)(aiy... i) = (aiy...1i.b).
(d) (ab)(aiy...ir)(ab)=(bi1... ).

1

2 7
4 3

4 o:(24)(1234)(34)(356)(56):( S 7)2(14235)(6)(7).

So ¢(o) = 3.
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2.2 Representation theory

Let V' be an n-dimensional complex vector space and GL(V') be the group of
invertible operators T' € End V. Clearly the group of n x n complex invertible
matrices GL,,(C) is isomorphic to GL(V'). Let G be a finite group. A (linear)
representation of G of degree n is a homomorphism T : G — GL(V), i.e.,

T(0'10'2) = T(O’l)T(Jg), 01,09 € G.

Then T'(e) = I where e € G is the identity element (reason: T'(e) = T(e?) =
T(e)T(e)) and T(c~t) = (T(0))~". The dimension of V is called the degree of
the representation 7. The representation T is called faithful (to the group) if
it is injective, i.e., G is isomorphic to T(G) < GL(V).

Similarly we have the matrix representation A : G — GL,(C), i.e.,

A(oy03) = A(o1)A(02), 01,02 €G.

So A(e) = A and A(c1) = (A(0))~ L. Clearly if P € GL,(C), then B(o) :=
P~1A(0)P, o € G, yields a matrix representation B : G — GL,(C). We call
the representations A and B isomorphic.

Let E be a basis of V and let T : G — GL(V) be a representation. Let
A(o) == [T(0)]E € GL,(C) where n = dimV. Then A : G — GL,(C) is a

matrix representation since
A(0103) = [T(0109)]5 = [T(01)T(02)]F = [T(01)] [T (02)]5 = A(01)A(03).
Under another basis F', we have a matrix representation B(c) := [T'(0)]%. Then
B(o) = [T(0)lr = UE[T(0)]El]F = P71 A(0)P, 0 €G,

where P := [I]E, i.e., A and B are isomorphic. In other words, the matrix
representations with respect to different bases of a linear representation are
isomorphic. Similarly the representations S : G — GL(V) and T : G :— GL(W)
are said to be isomorphic if there is an invertible L € Hom (V, W) such that
T(c) = L71S(0)L for all ¢ € G. In other words, isomorphic representations
have the same matrix representation by choosing appropriate bases accordingly.

Given any representation T : G — GL(V) with dim V' = n, a choice of basis
in V identifies with C™ (i.e., isomorphic to via the coordinate vector) and call
this isomorphism L. Thus we have a “new” representation S : G — GL,(C)
which is isomorphic to T'. So any representation of G of degree n is isomorphic
to a matrix representation on C™. The vector space representation does not
lead to “new” representation, but it is a basis free approach; while at the same
time the matrix representation may give us some concrete computation edge.
So we often use both whenever it is convenient to us.

The basic problem of representation theory is to classify all representations
of G, up to isomorphism. We will see that character theory is a key player.

Example 2.2.1. (a) The principal representation: ¢ — 1 for all o € G,
is of degree 1.
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(b) The alternating representation on S, o — (o), is of degree 1.
(¢) o+ I, is a representation of degree n.

(d) The regular representation @ : G — GL,(C), where n = |G|, is given
by
Q(U)ij = 501"00]"

Here is another version: let V' be an n-dimensional complex vector space
with a (ordered) basis indexed by G, i.e., E = {f,,,..., fs, } where G =
{01,...,0n}. For each o € G, define T(c) by T(0)fr = for. So the
images f, = T(c)f., where o € G, form a basis of V. Then Q = [T(0)]%
since the jth column of @ is e; where 0o = 0y, i.e., Q(0)ij = 65,00,

(e) Ss has 6 elements: e, (23),(12), (123), (132), (13). Define T : S3 — GL»(C)
by setting their images accordingly as

I 1 -1 0 1 0 -1 -1 1 -1 0
0o —-1)°\1 o)0\1 —1)°\-1 0)’\-1 1
which is a representation of degree 2.

The representation A : G — GL,(C) is said to be reducible if there is
P € GL,(C) such that

Al(J) 0

P*lA(U)P = (C(O’) As ()

> , forallo e, (2.2)

where A;(0) € GL,,,(C) and Az(0) € GLj,—, (C) with 1 < m < n. In addition if
C(o) =0for all ¢ € G, then A is said to be completely reducible. Moreover,
A is said to be irreducible if A is not reducible. It is easy to see that A
is irreducible if and only if any representation isomorphic to A is irreducible.
Similar notions are defined for representation 7' : G — GL(V), for example, T
is reducible if there is a basis E for V such that [T(o)]% is of the form (2.2),
etc.
Notice that if A: G — GL,(C) is reducible, i.e., (2.2) holds, then

(él((«%) A2<0mr>> N (Aclg)) Aﬁ«ﬂ) (AC?%) Aﬁm)

= Al U)Al(ﬂ') 0
= (C(U)Al(ﬂ') + AQ(O—)C(ﬂ') A2(O.)A2(ﬂ_)) (23)

So Ay(om) = A1(0)A1(m) and As(om) = As(0)A1(m). So Ay and Ay are lower
degree representations of GG, known as sub-representations. If A is completely
reducible, it is determined by A; and As.

From definition all linear representations are irreducible. So Example[2.2.1/(a),
(b) are irreducible; (c) is reducible if and only if n > 1; (d) is reducible if n > 1
(we will see, Problem 1 when n = 3); (e) Problem 2.
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Theorem 2.2.2. The representation 7' : G — GL(V) is reducible if and only
if there is a nontrivial subspace W invariant under T'(o) for all o € G, i.e.,
T(o)W C W (indeed T(o)W = W) for all 0 € G.

Proof. If T is reducible, then there is a basis E = {e1,...,€m,€m+1,---,6€n}
such that (o)
E _ 1(o 0
[T(o))p ( Clo Ag(a)) , foralloe@,

)
where A;(0) € GL,,(C) and As(0) € GLy,—,(C). Clearly W := (epm41,...,€n)
is the desired invariant subspace.
Conversely if W is nontrivial and invariant under T'(¢) for all o € G, then
extend the basis F' of W to a basis E for V in which F' is the latter part of F.
Then [T'(0)]E is the desired reducible representation. O

SoT|w : G — GL(W) is arepresentation of G and is called a sub-representation
of T', defined by restriction:

Tlw(o) =T(o)|w-

The following theorem asserts that reducibility and completely reducibility co-
incide for finite group representations.

Theorem 2.2.3. (Maschke) Let A be a matrix representation of the finite group
G. If A is reducible, then A is completely reducible.

Proof. Since A is reducible, we may assume that

Ao) = (Ié}((aa)) Af(g)) , forallo €@,

where A;(0) € GL,,,(C) and As(0) € GL;,— 1 (C). Let

(I 0 1 Im 0
P:= <Q Inm) , sothat P = (—Q Inm) ,

where @ is to be determined. Then
(Im 0 > (Al(a) 0 ) (Im 0 >
_Q Infm C(U) AZ(U) Q Infm

A1(o) 0
(C(U) — QA (0) + Az(0)Q A2(0)> : (2.4)

So we want to find @ such that C(c) — QA1(0) + A2(0)Q = 0 for all 0 € G.
From (2.3)

P~ 'A(0)P

C(om) = C(0)Ai(7) + A2(0)C(m)
so that

Co) = C’(crﬂ')Al(w)*lfAﬂa)C(ﬂ')A ()t
= C(on)Ai(on) P Ay(0) — Ay(0)C(m) A1 ()L



2.2. REPRESENTATION THEORY 37

Sum over 7 to have

GIC(o) = (D Clom)Ai(om) ) Ai(0) = Ax(0) (D O(m)Ar(m) ™)

TeG TeG
= () CmA(m) ) A(0) = Ax(0) (D C(m)Ai(m) )
el el

Set Q := ﬁ(ZweG C(m)A1(m)~1). Then
C(o) —QA1(0)+ Ax(0)Q =0, foralloe€G.

Substitute into (2.4)) to have the desired result.
O

Theorem 2.2.4. Every matrix representation A of the finite group G is a
direct sum of irreducible representations, i.e., there is P € GL,(C) such that
P1A(0)P = A1(0) ® Ax(0) @ - -+ ® Ag(o) for all o € G, where Ay, ..., Ay are
irreducible representations.

Proof. Use Theorem 2.2.3| with induction. O

So the study of representations of GG, up to isomorphism, is reduced to the
study of irreducible representations.

A representation T : G — GL(V) is unitary if V' has been equipped with
an inner product such that T'(o) are unitary for all o € G. It is unitarisable
if it can be equipped with such an inner product. For example, the regular
representation @ : G — GL,(C) (n = |G]) of a finite group is unitary (pick the
standard inner product).

Theorem 2.2.5. Every representation T : G — GL(V) is unitarisable.

Proof. Problem 3 “unitary trick”. O

Problems

1. Prove that the degree 3 representation of S3: o +— (d;,(;)) € GL3(C) is
reducible (Hint: find a 1-dimensional invariant subspace).

2. Prove that the degree 2 representation in Example 2.2.1/(e) is irreducible.

3. Let T : G — GL,(C) be a representation of a finite group G. Prove that
there is an inner product such that T(c) is unitary for all o € G, i.e.,
for any u,v € V, 0 € G we have (T'(0)u,T(c)v) = (u,v). (Hint: Let
(+,+) be any arbitrary inner product. Then consider it “average” (u,v) :=
51 Sonea (T (o) (o)1),

4. Prove that every matrix representation of a finite group is isomorphic to
a unitary matrix representation.
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. Write out the regular representation of the cyclic group C3 = {1,w,w?}

where w is the cubic primitive root of unity. Is it reducible?

. Prove Maschke Theorem using Theorem [2.2.5 (Hint: If W is an invariant

subspace for all A(c), sois W+).

Solutions to Problems 2.2

1. The representation T' is given as

1 1
e—I5,(12) — | 1 ,(13) — 1 ,

(23) 1],(123) — |1 ,(132) — 1
1 1 1
The subspace W := (e1 + e2 + e3) is invariant under all permutations in
GL3(C). By Theorem 2.2.2/ T : S5 — GL3(C) is reducible.

Remark: Using the same argument regular representation is always re-
ducible if |G| > 1 since the subspace spanned by e; + --- + e,, where
n := |G|, is a nontrivial invariant subspace.

. If the representation were reducible, there would exist a nontrivial in-

variant subspace, i.e., 1-dimensional W, by Theorem [2.2.2. Let W =
(c1e1 + caeq) and creq + caea # 0. Then

0 1
(1 O) (clel + 0262) =coe1 +Ccre0 €W

i.e., co = Aci and ¢; = Aca. Hence co = AN2cp and ¢; = A2 =¢;. So A2 =1,
i.e., cg = £c;. From

1 -1
<0 _1> (0161 + 0262) = (Cl — 62)61 — Cg€9 € W,

c1 — ¢ = 7yc1 and ¢g = —ycg. If ¢o # 0, then v = —1 but then 2¢; = co,
which is impossible.

(Roy) The matrices corresponding to (23), (12), (13) are

(6 ) o)D)

with eigenvalues 1,—1. If the representation were reducible, i.e., com-
pletely reducible, then all the matrices are simultaneously similar to diag-
onal matrices, in particular the above three matrices. Two would be the
same, contradiction.
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3. (a) It is straight forward computation to verify that (-,-) is an inner
product.

(@0 0) = 1 Coee T@wT@N0) = & Xyee(T(0)v, T(0)u) = (v, ).
(b)

(Oélu1 + aoug, v)

= |G| Z Vuy + agus), T(0)v)
oeG

- |G| Z (anT(o)ur + T (0)usT(o)v)
OEG

= O] u 7 + Qg — ’UQ, U
a7 T a7 2T >

= ai(ur,v) + az(uz,v)

(¢) (v,v) = ﬁzoec‘< (o)v,T(o)v) > 0 since each summand is non-
negative. Moreover (v,v) = 0 if and only if T'(o)v = 0 for all o.
Since T'(0) € GL(V), v = 0.

For all u,v € V

(T, T(R)) = = S (T T(m)u, T(o)T(m)o)

4. From Problem 3.

5. e— I3, wr— |1 , w? - 1]. It is reducible using the
1 1
argument of Problem 1 (or observe that C3 is abelian so all irreducible
representations must be of degree 1 from Problem 3.1).

6. With respect to some inner product, each A(o) is unitary by Theorem
A, if A: G — GL, (V) is reducible, i.e., there is a nontrivial invariant
subspace W. For each v € W+, we have (A(c0)v, A(oc)w) = (v,w) = 0 for
all w € W. But A(o)W =W so that (A(o)v, W) = {0}, i.e., A(o)W+ C
W+ for all o0 € A. So W+ is invariant under A(o) for all o € G.

2.3 Irreducible representations

Theorem 2.3.1. (Schur’s lemma) Let T : G — GL(V) and S : G — GL(W) be
two irreducible representations of G. If there is nonzero L € Hom (V, W) such
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that LoT(0) = S(o)oL for all o € G, then dim V' = dim W and L is invertible;
thus S and T are isomorphic.

Proof. Recall
ImL={Lv:veV}CW, KerL={veV:Lv=0}CV.

From L # 0 we have Im L # 0 and Ker L # V. For any v € V, from S(o)Lv =
LT(o)v € Im L, Im L is S(o)-invariant subspace of W for all o € G. By Theorem
2221 Im L must be trivial, i.e., ImL = W. Similarly Ker L is T'(¢)-invariant
subspace of V so that Ker L = 0. Hence L is invertible; thus S and T are
isomorphic. U

The following is simply a matrix version of Theorem [2.3.1.

Corollary 2.3.2. Let A : G — GL,(C) and B : G — GL,,(C) be two ir-
reducible representations of G. If there is nonzero M € C,,«, such that
MA(c) = B(o)M for all 0 € G, then n = m and M is invertible; thus A
and B are isomorphic.

The special case A = B in Corollary 2.3.2 provides more information on M.

Corollary 2.3.3. Let A : G — GL,,(C) be an irreducible representation of G.
If there is M € C,,xp, such that M A(o) = A(o)M for all 0 € G, then M = cI,,.

Proof. Let ¢ be an eigenvalue of M. So M — cl, is not invertible. Clearly
(M —cl,)A(o) = A(o)(M —cl,) for all 0 € G. Then apply Corollary 2.3.2. O

There are important orthogonal relations among the entries of an irreducible
matrix representation and between matrix representations.

Theorem 2.3.4. Let A(o) = (a;j(c)) € GL,(C) be a degree n irreducible
matrix representation of G. Then

Z ais(o_l)atj(a) = %(52‘]‘(5“. (25)

ceG

If B(o) = (b;;(0)) is an irreducible degree m matrix representation of G and
not isomorphic to A, then

Z ais(c71)by;(o) = 0. (2.6)
ceG
Proof. For any M € Cp,xm, let
p(M) :=> " Alc™")MB(0).
ceG
For any 7 € G,

A(m)p(M) = A(ro~")MB(o) = > A(r~")MB(r7) = o(M)B(r).
oeG T€G
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If A and B are not isomorphic, then from Corollary 2.3.2) p(M) = 0; if A = B,
then from Corollary [2.3.3 we have o(M) = cprL,.

Pick M = E,; which is the matrix with 1 as its (s,t)-entry and zeros else-
where. Computing the (4, j)-entry of p(Est):

P(Ea)ij = Y (Alc")EuB(0))i
oceG
= Z Z Z A(Uil)ip(Est)qu(U)qj
ceG p=1q=1

= 222D ai(0 by ()

ceGp=1q=1

= Z azs btj )

ceG

If A and B are not isomorphic, then ¢(FEs;) = 0 so that we have (2.6). If A = B,
then ¢(Es;) = cstlm (st are to be determined) so that ¢(Es;)i; = ¢std;;. Then

Cstélj = Z azs atj ) (27)
ocG
Set ¢ = j in (2.7) and sum over 7 to have

Nncgy = Z Zatz azs ) — Z(A(U)A(J_l))ts - Z(In)ts - |G|5st

oeG i=1 oeG oceG

So ¢t = ‘%lést and substitute it into (2.5) to yield the desired result.
]

Theorem 2.3.5. Let A(c) = (a;i(0)) and B(o) = (b;;(0)) be two irreducible
matrix representations of G of degree n and m respectively. Then for any m € G,

Gy, (n)6s ifA=B
Z azs btj 0'7T> {On Qij (7'(')56,5 1

if A and B not isomorphic
occG

Proof. Multiply both sides of (2.5) by a;x(7) and sum over j:

Zais Zat] a]k ‘Gl stz(su ]k @alk( )65157

ceG

e Y eq tis(0 Vam(om) = Glag (m)d,.
Similarly multiply both sides of (2.6) by bjx(7) and sum over j to have the
second part of the theorem. O

Each entry of A(o) can be viewed as a function G — C. The totality of
A(co) as o runs over G is viewed as a |G|-dimensional complex vector.
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Theorem 2.3.6. Let A(o) = (a;;(0)) be an irreducible degree n matrix repre-
sentation of G. Then the n? functions a;; : G — C are linearly independent.

Proof. Let c;; € C such that

Zcijaij(a) = 07 for all o € G.

4,J
Multiply both side by a,,(c~!) and sum over o:

0= Z Cij Z apq(0 1)aij(‘7) = Zcij‘spj‘sqi% B %Cptr

2 oeG 2%

Problems

1. Prove that the irreducible representations of G are of degree 1 if and only
if G is abelian.

2. Let A: G — GL,(C) be an irreducible representation of a finite group G.
Prove that n? <|G].

3. Let Ay(0) = (aj;(0)), ..., Ar(0) = (aj;(c)) be non-isomorphic represen-

tations of G with degrees nq,...,n, respectively. Prove that there are
linearly independent Y;_, n7 functions al; : G — C such that };_, n? <
G-

Solutions to Problems 2.3

1. Suppose that G is abelian and let A : G — GL,(C) be irreducible. By
Corollary 2.3.3], since A(c)A(mw) = A(m)A(o) for all m we have A(o) = ¢, I,
for all o € G; so n = 1 because A is irreducible.

(Daniel): Indeed {A(0) : 0 € G} is a commuting family of matrices, they
are simultaneously diagonalizable. So n = 1.

(Daniel) Conversely suppose that all irreducible representations are of
degree 1. The regular representation of G is injective, i.e., Q(G) = G and
is isomorphic to a diagonal representation T, i.e., T'(c) is diagonal for all
o € G. Clearly T(0) for all 0 € G are commuting. We then see that
Q(G), and thus G is abelian.

2. By Theorem 2.3.6/ and the remark before it.
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3. (Roy) The second claim Y_;_, n? < |G| follows from the first one, because
dim C[G] = |G|. Suppose there are ¢}; € C such that

Z Zcf‘yai](g) = 0’ for all g E G

t=1 i,j

Multiply (on the right) both sides by aj (o~ '7) and sum over o, by The-
orem [2.3.5

0=3"5 e, X al gy lo ) = S e, min = 14 Y e,
i, 5

t=1 i,j c€G

for all 7 € G. Since the above equation holds for all s = 1,...,r and
1 < p,q < ns, we conclude by Theorem 2.3.6 again that ¢;; = 0 for all
1 <4,j <ns. Thus all ¢j;’s are zero by induction hypothesis.

2.4 Characters

In this section, we assume that G is a finite group.
Let A be a (matrix or linear) representation of G. The function x : G — C
defined by
x(o) = tr A(o)

is called a character of G. If A is irreducible, we call x an irreducible char-
acter. Characters are class functions on G, i.e., x(7) is a constant for 7 € [0],
where

[0] = {mon™! : 7w € G}

denotes the conjugacy class in G containing o € GG. So characters are indepen-
dent of the choice of basis in the representation. Though non-similar matrices
could have same trace, we will see in this section that characters completely de-
termine the representation up to isomorphism, i.e., representations having the
same characters if and only if they are isomorphic.

Clearly x(e) = trA(e) = trI, = n where n = x(e) is the degree of the
representation. When x(e) = 1, x is said to be linear; otherwise it is nonlinear.

Example 2.4.1. x = 1is a character of G and is called the principal character.
When G = S,,, the sign function € is called the alternating character.

We denote by I(G) the set of irreducible characters of G. We will see that
I(G) is a finite set.

Theorem 2.4.2. (Orthogonal relation of the first kind) Let x, u € I(G). Then

1 1y )1 ifx=np
e 2 Xohlo )—{0 ot (29
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Proof. Let A and B be the irreducible representations of x, 1 € I(G). Then the

left side of (2.8)) is
1 _
@ Z Z aii(0)bj; (o Y (2.9)
i,j 0c€G
If A and B are not isomorphic, from (2.5), (2.9) is zero. So if x # u, then A
and B are not isomorphic so that |—é,‘ >oec X(o)u(o™) = 0. If x = p, then we
may assume that A = B. Applying (2.5),

1 T |G| o
@U;x(a)u(o )= m%‘ Ty = 1.

O

Immediately from Theorem [2.4.2 non-isomorphic irreducible representations
have different characters.

Theorem 2.4.3. Let x,p € I(G). For any 7 € G,

1 1 X ifx=n
= ) X p(om) = 3 X9
Gl ; 0 ifx#mp
Proof. Similar to the proof of Theorem [2.4.2] and use Theorem [2.3.5. O

Theorem 2.4.4. For any character x of G, x(c~!) = x(o) for all o € G.

Proof. From Problem 2.3, x is obtained from a unitary representation, i.e.,
A(c™1) = A(o)~t = A(0)*. So

x(o™) =trA(c™!) = tr (A(0)*) = tr A(o) = x(0).
O

We remark that when x is linear, x(c~=!) = x(c)~! because x(o) = A(0).
Moreover from Theorem 2.4.4 |x(c)| = 1 for all 0 € G. But this is not true for
nonlinear characters.

Let C[G] be the set of all functions f : G — C. Notice that C[G] is a vector
space under natural operations and dim C[G] = |G].

Theorem 2.4.5. On C[G], (f,g) := |—é1,‘ > occ f(o)g(o) is an inner product.

Proof. Exercise. O
We sometimes denote it as (-,-)g. With respect to this inner product, from
Theorem 2.4.2 and Theorem [2.4.4] the irreducible characters of G are orthonor-

mal in C[G] and thus are linearly independent. So we have finitely many irre-
ducible characters of G. Denote them by

I(G) = {x1,-- > Xk}
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From (2.4.2)
A function f : G — C is said to be a class function if f is constant on each
conjugacy class of G. Denote by C(G) C C[G] the set of all class functions. It

is clear that C(G) is a vector space. Since G is a disjoint union of its conjugacy
classes, dim C'(G) is the number of conjugacy classes in G.

Theorem 2.4.6. (Isomorphism criterion) Let A, B be two representations of
G. Then A and B are isomorphic if and only if x4 = x 5.

Proof. Tt suffices to establish the sufficiency. By Theorem [2.2.3 we can decom-
pose A and B into their irreducible direct sums:

A0) = Ai(0) @@ Aifo), B(0) = Bi(0) & - & By(0)

Among A,,...,A;, By,...,Bp, denote by Dy,...,D; be the non-isomorphic
ones and let x; be the characters of D;, i = 1,...,t. Suppose there are r; repre-
sentations among Ay, ..., A; and s; representations among By, ..., B,, isomor-
phic to D;, i —1,...,t. Then

l t

xa(o) =tr (Z Ai(o)) = Zritr D;(o) = ZriXi(U) (2.11)

i=1

Similarly
¢
xg(0) = ZSiXi(U)~
i=1

From x4 = xp we have

t

Z(Ti —si)xi(0) =0, o€q.

i=1

Since x1, .-, Xx: are linearly independent, r; = t; for all t = 1,...,t. So A and
B are isomorphic. O

Theorem 2.4.7. (Character criterion) x € C(G) is character of G if and only
if x = Zle m;Xi, where mq, ..., my are nonnegative integers.

Proof. From (2.11]). O

The following theorem implies that the irreducibility of a representation can
be deduced from its character.

Theorem 2.4.8. (Irreducibility criterion) A character x of G is irreducible if
and only if (y,x) = 1.
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Proof. Suppose that A, Ay, ..., Ay are the representations for y and x1,..., Xk
respectively and I(G) = {x1,...,Xxx}. So A = Zle m;A;. From Theorem
247, x = Zle m;X;. Since irreducible characters are orthonormal,

k k n
(xx) = (Z m;iXi, ZmiXi) = me
i=1 i=1 i=1
Now x irreducible, i.e., A irreducible, if and only if only one m; = 1 and other

m; are zeros. In other words, x irreducible, if and only if (x,x) = 1. O

The regular representation @ : G — GL,(C), where n = |G|, contains all
the irreducible representations of G as sub-repesentations. We now study its
character structure.

Theorem 2.4.9. The multiplicity of x; in x¢ is x;(e), i.e., the degree of x;.

k
XQ = Zx(@)xi- (2.12)

Proof. Recall that if G = {0y, ...,0,}, then the regular representation Q : G —
GL,(C) is given by
Q(a)ij = 50,“00]- .

Let x¢q be its character. Then
Z" = G| ifo=e
XQ(J) = Q(J)Zl = E 60“0'0" = { . (213)
— — ’ 0 ifo#e

From Theorem 2.4.7, xq = Zle m;Xi, where I(G) = {x1,.-.,xx}- Then by
(2.10) and (2.13)

me= (xa- ) = 57 2 Xe(@) (o) = (o)
oeG

O

We have the following important relation between the order of G and the
degrees of all irreducible characters.

Theorem 2.4.10. |G| = Y1, xi(e)? = Y, ¢ /() X(€).
Proof. Use (2.13) and (2.12)) to have |G| = xg(e) = Zle xi(e)?. O

Immediately we have an upper bound for the degree of any irreducible char-
acter x which is not the principal character: , i.e. x(e) < (|G| — 1)¥/2.

Example 2.4.11. |S3| = 6 so there are three irreducible characters: the prin-
cipal character, the alternating character and an irreducible character of degree
2 (see Example 2.2.1(e)). It is because 6 = 1 + 1 + 22
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Theorem 2.4.12. 1. (Completeness of characters) The irreducible charac-
ters form an orthonormal basis of C(G).

2. The number of irreducible characters |I(G)| of G is the number of conju-
gacy classes of G.

Proof. Tt suffices to establish the first statement.

Since the space C(G) of class functions on G is the number of conjugacy
classes in G and I(G) = {x1,-.-,Xx} is a linearly independent set in C(G), it
suffices to show that every class function is a linear combination of x1,..., Xk-
Let A; be the corresponding irreducible representation of y; for allt =1,... k,
and denote by A¢(0) = (af;). Let x;(e) = n; for all 4. So from Theorem [2.4.10
|G| = Zle n?. From Problem 3.3 the |G| functions af; are linearly independent
and dim C[G] = |G|. So

{al; i, j=1,....nt=1,... k}

is a basis of C[G]. Let f € C(G) C C|G]. Then for some ¢
t=1,... .k

m,z‘jzl,...,nand

ko ng
:ZZ ciiag;( for all o € G.
t=14,5=1

Since f is a class function,

flo) = f(z tom) ‘G‘wa o)

TeG

= ZZZCU al;(n"'om)

7T€Gt lz] 1

= |G| ZZ Z Cij Z pq(0)ag; ()

TEG t=11,j=1 p,q=1

SOl S (lGlg >>

t= 1w,p,q 1

= Z Z Cij g 5151711 by (2.5)

t=114,5,p,q=1

- ZZC“PP

t= 1z,p 1

S <n Z) o

t=1 i=1

a linear combination of x1,..., xk- O
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Example 2.4.13. Since |S4| = 24 and there are 5 conjugacy classes, there are
5 irreducible characters of G: principal character, alternating character, two
irreducible characters of degree 3 and one irreducible character of degree 2 as
24 =1+ 1+ 22+ 3%+ 32 (the principal and alternating characters are the only
linear characters).

Let [o] be the conjugacy class in G containing o.
Theorem 2.4.14. (Orthogonal relation of the second kind)

ol iy = 41 o] =[]
Gl X;(G)x( X(7) { )t o1

Proof. Let I(G) = {x1,.-.,Xx}. From Theorem 2.4.12, k is also the number
of conjugacy classes. Let o1,...,0, € G be from the distinct classes. Let
U = (u;j) € Cpxy be defined by

o]\ 2 .
uij = ( ﬁéﬂ xi(o;), i,j=1,.. .k

Then
k
UU*); = Zuitﬁjt a le o)X 0] G Z Xi(o = dyj,
|G & el
t=1 ceG
ie., UU* = I and thus U*U = 1. So
k 1/2 k
X _ ailllle
6ij — (U U)z_] _ Zutiutj — (H 7 ||GJ| Z O’Z Xt 0'] (215)
i=1 t=1
and (2.15) is another form of (2.14). O

Theorem 2.4.15.
1 1 ifo=e
— > x(e)x(o) = { . (2.16)
|G| eTE) 0 ifo#e
Proof. Take o = e in (2.14). O
Theorem 2.4.16. If x € I(G), then x(e) divides |G|.
Proof. Omitted O

The above theorem has some interesting implications. For example, if |G|
is a prime, the all characters of G are linear and thus G must be abelian from
Problem 3.1.

Problems
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. Let x, p be characters of G. Prove

(a) x(om) = x(wo), for all o, € G.
(b) |x(o)] < x(e), for all o € G.

(¢) (x,p) is a nonnegative integer.

. Let x € I(G). Prove that

(a)
T (o) - {LG| ify=1

otherwise
oeG

(b) Ygea (@) =1G].

G|
ag

. Prove that 3° ;g [x(0)]* = ll[—“ for any o € G.
. Prove that x =1 and x = € are the only linear characters of S,,.
. What is |I1(S3)|? Find I(S3).

. Let A: G — GL,(C) be a representation of G. Show that C(o) :=

A(e™HT and D(o) := A(0) are representations and they are isomorphic.
Is E(0) := A(0)* a representation of G?

. Show that if x is a character, so is X. Is it true that x¥ € I(G) if x € I(G)?

. Find all the irreducible characters of the alternating group Az (As is iso-

morphic to the cyclic group Cj).

Solutions to Problems 2.4

2.

1. Let I(G) = {x1,-.-, Xk} Let x, u be characters of G with representations

A and B.

(a) x(om) = trA(om) = trA(o)A(r) = trA(m)A(o) = trA(no) =
x(mo).

(b) Since A(o) can be viewed as a unitary matrix for all ¢ € G, and
diagonal entries of a unitary matrix have moduli no greater than 1,
we have |x(0)| = |tr A;;(0)] < tr]di(o)] < x(e).

(¢) By Theorem 2.4.12, x = Zle nix: and pu = Zle mix; where n;
and m; are nonnegative integers for all i. So (x,u) = Zle nym; is
a nonnegative integer.

(a) Use Theorem 2.4.2 with p = 1.
(b) Use Theorem 2.4.2] with xy = p and m = e.
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3. From Theorem 2.4.14 with m = o.

4. The transpositions form a conjugacy class [(12)] in S,, (check!). Notice that

if x is linear, then it is a representation so that x?(12) = x((12)?) =
Hence x(7) = £1 for all transpositions 7 € S,,. Now S, is generated by
the transpositions and x(omw) = x(o)x(7), x = 1 and x = ¢ are the only
linear characters of S,,.

(Alex) Let x be a linear character of Sy, i.e., x : S, = C* where C* = C\
{0} is a homomorphism. Since Im x is abelian, the commutator subgroup
[Sn,Sn] = {zyz=ty~™! : 2,y € S, } of S, is contained in Kery. But the
commutator group [Sp, Sy] is the alternating group A,,. Since A4,, is the
largest proper normal subgroup of S, Kerx is either S, or A,,. When
Kery = S,, x = 1; when Ker y = A, then x(12) = —1 since (12)? = 1
implies that x2(12) = 1.

. The conjugacy class of S5 are:

[e] = {e}, [(12)] = {(12),(23),(13)}, [(123)] = {(123), (132)}

So |I(S3)| = 3 by Theorem [2.4.12. Notice that x; = 1 and x2 = ¢ are the
linear characters of S3. Let £3 be the last irreducible character. So from
Theorem 2.4.10, 6 = x3(e) + x3(e) + x3(e) = 1 + 1 + x3(e) so that ys is
of degree 2. It is the character corresponding to Problem 2.2.

Clom) = A((om)™)" = (A(x~HA(e~)" = A((e)")TA((m) )T =

(0)C(m) for all o, € G. D(o7) = A(om) = A(0)A(r) = A(o) A(r) =
(0)D(mw). By Theorem 2.4.60/ C' and D are isomorphic since xp =
D(o) = trC(0) = x¢. However E(om) = A(om)* = (A(0)A(7))* =
(m)*A(0)* # E(0)E(m).

. From Problem 6: D is a representation.  is irreducible if and only if x is

irreducible. Just use (x, x) = 1, i.e., Theorem 2.4.8|

. |As] =|S3|/2 = 3. The conjugacy classes of Az are

e = {e}, [(123)] = {(123)}, [(132)] = {(132)}.

Let x1 be the principal character. By Theorem [2.4.10] there are only
two irreducible characters left, both of degree 1, x2, x3, say. So xa(e) =
x3(e) = 1 and |x2(0)| = |x3(0)| = 1 for all 0 € As. Since x1, X2, X3 are
orthonormal, x2(123) = &, x2(132) = €2, x2(123) = €2, and x2(132) = ¢,
where ¢ is the primitive cubic root of unity. Notice that X, = x3.



Chapter 3

Multilinear maps and
tensor spaces

3.1 Multilinear maps and tensor maps

Let Vi, ..., Vi, W be m + 1 vector spaces over a field F. A map ¢ :Vj x -+ X
Vin — W is called m-multilinear or simply multilinear if

(1, av; + AUl ) = (V1 Vi V) A QU1 U Um),

forallt=1,...,m,i.e., T is linear while restricted on the ith coordinate for all
1. Indeed the condition can be weakened to

O(v1, ..V F QU Um) = (U1, Vi Um) + ap(V1, U )

for all 7. A linear map T : V' — W can be viewed as a 1-multilinear map. There
is some significiant difference between a linear map and a multilinear map.

Consider the linear map 7' € Hom (V; x V5, W) and a multilinear map ¢ :
Vi x Vo — W. Since T is linear,

T(v1+v], vatvh) = T(vy,v2)+T(v],v5) = T(v1,0)+T(0,v2)+T (v}, 0)+T(0,v5).
Since ¢ is multilinear,
p(v1tv, v2+v5) = (01, v2405)+p(V], vath) = P(v1, v2)+p(vi, vy)+e(v1, v2)+(v], v5).

In particular ¢(vy,0) = ¢(0,v2) = 0, but T'(v1,0) and T'(0, v2) are not necessar-
ily zero.

Example 3.1.1. The following maps are multilinear.
(a) f:Cx C — C defined by f(z,y) = xy.
(b) ¢ :V*xV — C defined by ¢(f,v) = f(v).

51
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(c) ¢ :C™ x C™ — C defined by ¢(z,y) = 2T Ay, where A € C,,x,, is given.
(d) ® : C™ x C" — C,,xy defined by ®(z,y) = 2y’.
(e) det : C* x --- x C" — C defined by det(x1,...,2,) = det A, where A =

[1'1 . xn].
(f) f:Vix-xV, — C defined by f(vi,...,vm) = [[i- fi(vi), where
fi € Vi =1,...,m, are given. We will write f = [\, fi. So

I12 filvr, .o om) =TI filvs).
(g) g : Vi x --- x V¥ — C defined by g(fi1,...,fm) = [[/~, fi(v;) where

v, €V,i=1,...,m, are given.

(h) Let o : Vi x -+ x Vyy > Wand ¢ : Vi x -+ x V,,, = W. Then ayp + S
is also multilinear. So the set of multilinear maps M (Vi,...,V,,; W) is a
vector space.

Recall the notation in Chapter 1:

F:=T(n,...,nm) ={y:7y=HQ),...,v(m)),1 <~() <n;,i=1,...,m}

with || = []%, n;. We will use I' frequently. Notice that we can order T
according to the lexicographic order. Moreover

m  n;

1> a5 =S Lo

i=1j=1 ~eT i=1
Let E; = {e1,...,€in,} be a basis of V;, i = 1,...,m. So each v; € V; can

be written as v; = Z;“:laijeij, i=1,...,m. Let v : Vi x--- xV,, — W be

multilinear. From definition,

ni

Nm
’l/)(Ul,.. .7Um) = w(z aljleljl,..., Z amjmem]—m)

Jji=1 Jm=1
ny N
= E ... E aljl ... amjm’w(eljl DRI emjm’)
Jji=1 Jm=1

= Z A1~y(1) " am'y(m)w(el'y(l)a SR em'y(m))
~el

= Y ayd(e,) (3.1)

yer

where

Clry = Ham(i) S (C,
=1

ey = (€1V(1)7 . ’emw(m)) S X:ilvia (3'2)

for all v € I'(n1,...,nm). ¥(ey) in (3.1) completely determine the multilinear
.
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Theorem 3.1.2. (Multilinear extension) Let E; = {e;1,..., €, } be a basis of
Vi, i =1,...,m. There exists a unique multilinear map ¢ : V3 X --- xV,, = W
such that ¢(ey) = wy for all v € I'(n4,...,nm), where e, is given in (3.2) and
wy € W are given.

Proof. Since we want ¢(e,) = w,, for all v € ', from (3.1) we need to define

(V1. 0m) = z:avwﬂY

yel
where a.,w, are given in (3.2) and v; = Y77%, ajje;;. Let vf = 370 ajjeq
where ¢ = 1,...,m. From the definition of ¢,
o(v1,. .. v+ vl o)
= Z a14(1) -+ (Qiy ) + Ca’;'y(i)) © Oy (m) Wy
yel’
— /
= Z A1y(1) " Bin(i) " Omry(m) Wy + CZ A1y (1) " Qi (g) " " By (m) Wy
yer yer
= 0(V1,e ey Viye ey V) F (V1,0 Ve U)

i.e., ¢ is multilinear. We are going to show that ¢(e,) = w, for all « € T'. For
any o € I', write

Cia(i) = Z Oa(i)jCij-
j=1
From the definition of ¢ and eq = (€14(1), - - - €ma(m)), We have

w(ea) = ©(e1a(1)s -+ -1 €ma(m)) = Z Sa(1)y(1) *** Oa(m)y(m)Wy = Z San Wy = W
yeTl yel

Thus we just established the existence.

Suppose that there is another multilinear map % : Vi x --- x V,;, — W such
that ¢(ey) = wy, v € I'. Then from (3.1)

Y1, ..., 0m) = Zaww(ev) = Zavwv =1y, Um)-

~yel ~el
So P = . O

Let us point some more differences between linear and mutlilinear maps.
When T : V — W is linear, T is completely determined by the n := dimV
values T'(e1),...,T(e,) where E = {ey,...,e,} is a basis of V. But for a
multilinear map ¢, we need |[I'| = []"; dimV; values. It is much more than
dim(Vy X -+ x Vi) = >0 dim V.

Recall Example 3.1.1(d) with m = n = 2, i.e.,, ® : C?> x C2 — Cyyxy defined
by ®(z,y) = xy?. Since rank (zy?) < min{rankz,ranky?} < 1, we have
det(®(z,y)) = 0. But if 1 := (1,0)” and x5 := (0,1)7, then

det(®(x1, 1) + @(x2,22)) = det Iy = 1.
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So ®(x1, 1) + ®(z2,22) ¢ Im ® . So Im ® is not a subspace.
In general the image Im ¢ = {@(v1,...,vm) : v; € V;;i = 1,...,m} is not
necessarily a subspace of W. The rank of ¢,

rank ¢ = dim(Im ).

Clearly rank ¢ <[], dim V;. The multilinear map ¢ is called a tensor map
if rank ¢ = [[;", dim V;. In other words, a tensor map is a multilinear map with
maximal image span. Example 3.1.1 (a) is a trivial tensor map.

Theorem 3.1.3. The multilinear map ¢ : V; x --- x V;;, — P is a tensor map
if and only if the set {¢(ey) : v € I'} is linear independent, where e, is given in

(3.2).
Proof. From (3.1) (p(ey) : v € T) = (Im¢) and |I'| =[], dim V;. O

Theorem 3.1.4. Tensor map of Vi,...,V,, exists, i.e., there are W and ¢ :
Vi x - xV,, — W such that ¢ is a tensor map.

Proof. By Theorem [3.1.2, simply pick W so that dim W = [[*, dim V; and let
{w, : v € T} be a basis so that wy (y € I') determine the multilinear ¢ which
is obviously a tensor map. O

Clearly tensor maps on Vi X -+ x V},, are not unique.

The study of multilinear map is reduced to the study of some linear map
(not unique) via a tensor map. A multilinear map ¢ : V4 x -+ x V,,, — P
is said to have universal factorization property if for any multilinear map
Y:Vy x - x Vy, — W, there is T € Hom (P, W) such that ¢y =T o ¢.

Vix---xVy, — P

N

Theorem 3.1.5. The multilinear map ¢ : V3 X -+ x V,;, — P is a tensor map
if and only if ¢ has universal factorization property.

Proof. Suppose that ¢ is a tensor map. Then {¢(ey) : v € T'} is a basis of
(Im ). From Theorem [I.T.T}, there is a unique 77 € Hom ((Im ¢), W) such that
Tip(ey) = ¢(ey), v € T'. Since (Im ) C P, there is T € Hom (P, W) such that
T qmy = Ti- So Tp(ey) = ¢(ey), v € T Since T'p and ¢ are multilinear
maps on Vi X -+ x V,,, (Problem 2), from Theorem 3.1.2) T'p = 1.

Conversely, suppose that ¢ has universal factorization property. In partic-
ular consider a tensor map ¢ on Vi X - -+ X Vy, Le., dim(Im¢) = [~ dim V;.
Then T = ¢ for some linear T. Thus T'((Im ¢)) = (Im ). Hence

dim(Im ) < dim(Im ).

So rank ¢ = [];", dim V; and ¢ is a tensor map. O
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Problems

1. Suppose that ¢ : Wi x -+ x Wy, — W is multilinear and T; : V; — W; is
linear, ¢ = 1,...,m. Define ¢ : Vi x --- X V;, = W by ¢¥(v1,...,0mp) =
o(Thv1, ..., Tinvp). Show that ¢ is multilinear.

2. Prove that if ¢ : Vi x --- x V;, — W is multilinear and T : V. — W is
linear, then T o ¢ is multilinear.

3. Show that when n > 1, the determinant function det : C" x --- x C" — C
is not a tensor map.

4. Suppose that the multilinear map ¢ : Vi x --- x V,;, — P has universal
factorization property. Show that the linear map T is unique if and only

if Im ) = P.
Solutions to Problems 3.1
1.
Y(V1, .+ UL U)

= o(Thvr,... Ti(vi +cv)), ..., Tom)
= o(Thvr,...,Ti(v;) + cTi(v)), ..., Trnom)
= (T, . Ti(vi), .-, Tonvm) + co(Thve, ..., Ti(v), . oo, Trnom,)
= Y1, Ve Um) + CO(V1, .V U).

2.

To(viy ... v+ vl )
T(o(v1y -y Viye ey Um) + (V1o Ve Um)
= T, s ViyeeyUm) + T(v1, ..V U)

3. dim(C™ x -+ x C™) = n™ but dim(Im det) = dimC = 1. So det : C" x
-+« x C"™ — C is not a tensor map.

4. Suppose that Ty o ¢ = T o ¢ where T1,T5 : P — W. Then Tz = Thz
for all z € Imp. Since (Imp) = P, we have T1z = Thz for all z € P. So
T =1Ts.

3.2 Tensor products and unique factorization
Let P be a vector space. If there is a tensor map ® : V; X --- x V;;, — P such

that (Im ®) = P, then P is said to be the tensor product of V;,--- V,, and
is written as @2, V; = V1 ® - - ® V},. Clearly

dim @7, V; = dim(Im @) = [ [ dim V;.
1=1
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The elements of ®~,V; are called tensors. The tensors of the form
R(V1y ey Up) = V1 ® - @ Uy

are called decomposable tensors, i.e., tensor in S® are decomposable. The
decomposable tensors span ®;*,V; so we can find a basis of decomposable
tensors for ®{*,V;. The tensors which are not decomposable, i.e., tensors in
(Im®) \ Im® are called indecomposable tensors.

From Theorem [3.1.4:

Theorem 3.2.1. Let P be a vector space with dim P = []_, dimV;. Then
there exists ® : V1 x --- x V,,, — P so that P is the tensor space.

Theorem 3.2.2. Tensor spaces of V1, ..., V,, are isomorphic, i.e., if P = ®2,V;
and Q = X, V; are tensor spaces of Vi,..., V,,, then there exists an invertible
T € Hom (P, Q) such that T o ® = K.

Proof. Since P and @ are tensor spaces of Vq,...,V,,, dim P = dim Q,
{®e,:veT}, {Ke,:yel}

are bases of P and Q. By Theorem [3.1.5 (universal factorization property) there
is T € Hom (P, @) such that T' ® (ey) = Key, v € I'. Thus T is invertible and
T =KX. O

So all tensor products are isomorphic and thus we use V1 ®- - -®V,, to denote
any one of those.

Theorem 3.2.3. Let ¢ : V} X --- x V,;, — W be a multilinear map. Then there
exists a unique linear T : ®[*,V; — W such that v =T o ®, i.e.,

Y1, 0) =T @ (V1,0 0) = TV®.
Proof. From Problem 3.1 #.4. O

In other words, the tensor map on ®;*,V; has unique factorization prop-
erty.

Corollary 3.2.4. Let ¢ : V3 x---xV,;,, — P be a multilinear map. Then ¢ is a
tensor map and (Im ) = P if and ouly if ¢ has a unique universal factorization

property.

Problems
1. Show that if some v; = 0, then v; ® --- ® v,, = 0.

2. Let z € U®V so that z can be represented as z = Zle u; ®v;. Prove that
if k£ is the smallest natural number among all such representations, then
{u1,...,ur} and {v1,..., v} are linear independent sets respectively.
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3. Suppose that ey, ey € V are linearly independent. Prove that e; ® es +
ea ®e; € V®V is indecomposable.

4. Let P = ®™,V; with tensor map ¢ and let T' € Hom (P, Q) be invertible
linear map. Prove that ¢ = T o is also a tensor map and @ is the tensor
space with tensor map .

Solutions to Problems 3.2

1. The tensor map is a multilinear map. So v1 ® -+ ® v,,, = 0 if v; = 0 for
some 7.

2. (Daniel and Roy) Without loss of generality, we suppose on the contrary
that {uy,...,u} is not linearly independent and uy = Zf;ll a;u; for some
a; € C. Then

k k—1 k—1 k—1
ZZZUNXHH = ZuZ'@vi—l—Z(aiui)@vk = Zui®(vi+aivk),
i=1 i=1 i=1 i=1

which implies that the rank of z is no greater than k£ — 1, a contradiction.

3. Extend ej,e3 to a basis {e1,...,e,} of V. If &1 ® ea + €2 ® e; were
decomposable, then we would have

n n
e1®ext+exa®ep = (Z aie;) ® (Z Bie;) = Zaiﬂjei R e;.
i=1 i=1

,J

Since e; ® ¢j, 4,7 = 1,...,n, are linearly independent, a1 32 = a1 =1
and a1 = asfs = 0 which is impossible.

4. (Roy) Since ¢ is multilinear and T is linear, for each i = 1,...,m, we have
(V1.0 +avl, . v)
T /
OV ey Viy ooy Um) + a@(V1, .o, Ve U)

= T
= v
Thus ¢ is multilinear. Notice that rank = rank =[]}~ dim V;, since

T is invertible. Therefore, 1 is a tensor map and @ is the corresponding
tensor space.

(V1 Vi) +aT(P(v1, . U )

Vlyevn s ViyennsUm) +a(V1, .o V0o U)

(Daniel) By Theorem [3.1.5, in order to show that 1 is a tensor map,
we need to show that i has universal factorization property. Let f :
x,V; — R be any multilinear map. Since ¢ : x/2;V; — P is a tensor
map and P = ®™,V;, there is f : P — R such that foy = f. Set
f=foT ':Q— R. Then

f:fogp:foT_loTogo:fow.
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3.3 Basic properties of tensors and induced in-
ner products

Theorem 3.3.1. If u1 ® - QU+ + 01 ® - @y, = 0, then p(uq, ..., um)+
<o+ vy, ..., 0y) = 0 for any multilinear ¢ : V§ X -+ x V,;, — W.

Proof. From Theorem [3.2.3, ¢ = T® for some T' € Hom (®,V;, W). So
Pur, - um) =T @ (ur, - um) = T(ur @ -+ @ Uiy,
and similarly ¢(vy,...,vp) =T(v1 ® - -+ @ vy, ). Hence

WUy .oy Um) + -+ (V1. U)
= T(Ul®"'®Um)+"'+T(Ul®"'®vm)
= T(Ul®"'®Um+"'+’111®"'®71m)

e

O

Theorem 3.3.2. Let v; € V;, i =1,...,m. Then v; ® --- ® v, = 0 if and only
if some v; = 0.

Proof. One implication is trivial. Suppose v; ® -+ ® v,,, = 0 but v; # 0 for all
i. Then there were f; € V* such that f;(v;) =1 for all i. Let

m

@:Hfi:V1><~--><Vm—>(C
i=1
which is multilinear. Then
(V1. Um) = ﬁfl(vz) =1.
i=1
By Theorem 3.3.11 p(v1, ..., v,) = 0, a contradiction. O

Theorem 3.3.3. 41 ® - Q@ Uy = V1 ® -+ Q vy, # 0 if and only if v; = c;u; #0
foralli=1,...,mand [[", ¢ = 1.

Proof. One implication is trivial. Suppose u1®- - -Quy, = v1®- - -Qv,, # 0. From
Theorem [3.3.2  all u;, v; are nonzero. From Theorem [3.3.1! for all multilinear ¢,

Uty Um) = (U1, Um)-

Suppose that ug and vy are not linearly dependent for some k. Then there is
Vi € V* such that fi(vi) =1 and fi(ux) = 0. For other ¢ # k, choose f; € V*
such that f(v;) = 1. Set ¢ := [[;~, fi. Then

O(v1,...,Um) = Hfl(vz) =1
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and -
gp(ul,. .. ,um) = Hfi(ui) =0
i=1
contradicting o(u1, ..., um) = @(v1,...,0y). Hence vy = cuy for all k. From
O#u1®®umzvl®.®fum: (Hcl>u1®.®um
i=1
we have [[I", ¢; = 1. O

Since the decomposable elements span the tensor space ®i*;V;, each z €
®i,V; is a linear combination of decomposable tensors. Let k be the smallest
number of decomposable tensors in all such linear combinations for z. We call
k the smallest length or the rank of z. The smallest length of z # 0 is one if
and only if z is decomposable.

Theorem 3.3.4. Let z € URV so that z can be represented as z = Zle U; QU; .
Then k the smallest length of z if and only if {uy,...,ux} and {vy,..., v} are
linear independent sets, respectively.

Proof. One implication follows from Problem 3.2 #2.

For the sufficiency, let z = 22:1 x; ®y; and we are going to show that k < r.
Since vy, ...,v; are linearly independent, there is ¢ € V* such that g(v;) = 1
(I is arbitrary fixed), g(v;) = 0 when j # I. Let f € U* be arbitrary. Then
fg:U xV — C is bilinear. Since

k T
Zui@)vi = ZIJ’ ®yj
i=1 j=1

from Theorem [3.3.1 with ¢ = fg, we have

k

Flw) =3 Fluidg(w) = f@3)g(us) = F_ 9(u3)ws).

i=1

Since f € V* is arbitrary, u; = Z§=1 g9(yj)z;, ie, w € (x1,...,2,) for all
l=1,...,k. Since uy,...,u, are linearly independent, we have k < r. O]

We now consider an induced inner product of ®7,V;. Suppose that (-,-); is
an inner product on V; and E; = {e;1,...,€,} is an orthonormal basis of V;
for alli =1,...,m. We know that

E = {eﬁ? =e1y(1) @ @ emy(m) : Y €L}

is a basis of ®,V;, where I' = T'(nq,...,n,,). We would like to have an inner
product (-,-) on ®,V; such that E is an orthonormal basis, i.e.,

(ef, 6?) = da,p-
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Such inner product is unique from Theorem [1.6.3. From Problem 1.6 #1
(u,v) := z:czwg7 (3.3)
vel

where u = 3 aye, v = > ver bye? € @2, Vi. It appears depending on the
choice of basis but it does not.

Theorem 3.3.5. Let V; be inner product space with orthonormal basis F; =

{€i1y.--,€in; }, =1,...,m. The inner product obtained from (3.3) satisfies
(U1®"'®um7’01®"'®’l}m):H(Ui7vi)i (3.4)
i=1

u;, v; € V; for all 4.

Proof. Since u;,v; € V; we have
Uz Uz
U; = E aijeij, v = E bijeij, 7= 1,...,m.
=1 i=1
Since ® is multilinear, from (3.1))

u® = ®(u1,...,um) = ZHai’Y(i)eg

yeli=1

® = ®(’U17...,’Um)=ZHbm(i)6§).

yeli=1

From (3.3) and [[;%, 2?21 Cij = Dner 1 ey

(u®0®) = ZHam(i)Ew(i)

yel'i=1
m Uz
= 12 aubs
i=1j=1
m g g
= TIOQ aijeis. D bijeij)
i=1 j=1 j=1

= H(Uz’,vi)i-
i=1
O

There are many bilinear maps from (®%_,V;) x (@, ,V;) to @, V; since

m

k m
dim @7, V; = [[ni =[] [[ ni = dim(@}_, Vi) dim(@724 1, Vi), (3.5)
=1 i=1 i=k+1

What we like is one that maps (v1 ® -+ @ Vg, Vg1 ® - @ Upp) 10 V1 ® « + + ® Uy,
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Theorem 3.3.6. There is a unique multilinear map X : (®F_, V;)x (® )1 Vi) —
®i~,V; such that

K1 Q@ QUi U1 @ @Upp) =01 @+ * @ Upy, (3.6)

and
Vi@ @Vi)® (Vg1 @ Vi) =V1®--- @ Vi (3.7)

Proof. By (3.5) the tensor map X that satisfies (3.0) exists and is unique. From
(ImK) = (11 @ -+ Qup, 1 v; € Vi) = @1, V;, (3.7) follows. See Problem 3.2 #4
for details. O

We also write ® for X in Theorem [3.3.6. So (3.7) can be written as
Ve V)@V 0Vy) = eV,
and (3.0) can be written as
(V1 ® @) ® (Vg1 @+ O Um) =01 @+ @ V.

Problems

1. Suppose that vq,...,vr € V are linearly independent and uy,...,ux € U.
Prove that Zle u; @ v; = 0 if and only if u; =--- =wup =0.

2. Let v1,...,v, € V and A € Cpxi. Suppose AAT = I, and uj =
Zle ai;v;, j =1,..., k. Prove that Zle u; @ u; = Zle v; @ ;.

3. Define ® : C¥ x C* — Cpyxp, by 2@y = 2y”. Let C* and C” be equipped
with the standard inner products. Prove that for any A, B € Cgx, =
C* ® C", the induced inner product is given by (A4, B) = tr B*A.

4. Let E; = {eq1,...,¢€in,} be abasisof V;, i =1,...,m. Define
(VM@ V)X (Vi ®QVy) = V1Q--QV,

by o(e1i;, ® « @ eriys Chilying, @ @ €mi,) = €15 @ -+ @ ey, (With
bilinear extension). Show that ¢ is the tensor map satisfying

PV @ @ Uk, Vb1 ® -+ @ VUpy) = V1 @+ + @ Upp.
5. Let z:Zleuinvi@wi e U®V ®@W. Prove that if {uy,...,ux} and

{v1,...,vx} are linearly independent and w; # 0 for all k, then k is the
smallest length of z.

Solutions to Problem 3.3
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1. By Theorem [3.3.1 Zle u; ® v; = 0 implies that Zf;l o(ug,v;) = 0 for
any multilinear map . Since vy, ..., v, are linearly independent, we can
choose f € V* such that f(v;) = 1 for all 7. If some u; # 0, then there
would be g € U* such that g(u;) = 1 and g(u;) = 0 for j # 7. The map
fg:UxV — C is multilinear so that Zle fg(u;,v;) = 1, a contradiction.

S ()

> (S emesnon)

Il
M= T

1

.
Il

Qijaej | Vi © Vg

~
Il
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Il
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M»
VM” P
M” i

j=1

M=
M?r

52[02' Qg = Z’Uj ® Vj

~
I
-
©
Il

i=1

3. (Roy) Suppose A = x @ y and B = 2z ® w. Then by Theorem 3.3.5, we

have
k n
(A,B) = (@.2) - (yw0) = (Z x) S v

On the other hand,
kK n o k n k n
A= Y3 o = 323 s - (S am) (S
i=1 j=1 i=1 j=1 i=1 j=1

Thus the induced inner product is given by (A, B) = tr B*A.

3.4 Induced maps

In this section we study Hom (®2,V;, @2, W;). Let T; € Hom (V;, W;). Define
the multilinear map from x72,V; to @2, W; by

P1,. .y vm) =TI ® -+ @ TrpUpy,.
By Theorem [3.2.3], there is a unique T' € Hom (®1", V;, ®, W;) such that

T ® - Q@Upy) =T101 @+ @ Typvp,.
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Denote such T by 71 ® -+ ® T}, and call it the induced map of T1,...,T,,,
ie.,
@ T @ - Q@Up) =Tiv1 @ -+ ® T

We will see that in Section 3.7 that 71 ®- - -®@T,,, is a tensor of @2 ;Hom (V;, W;).
The main focus in this section is to study 71 ®- - -®T,,, € Hom (@, V;, @, W;)
as a linear map.

Theorem 3.4.1. Let S; € Hom (W;,U;), T; € Hom (V;,W;), ¢« = 1,...,m.
Then
(®i219)(®i21 T;) = @21 (SiTh).

Proof.
(@21 Si) (@21 Ti) (01 ® -+ - @ i)
(@i218:) (T, @ -+ @ Ty Urm)
= SiTiv1 ® - ®SynTnvm
@121 (SiTi) (V1 ® -+ - @ Up).

Since ®[™,V; is spanned by the decomposable elements, we have the desired
result. O

Theorem 3.4.2. Let T; € Hom (V;, W;), i =1,...,m. Then
rank @, T; = Hrankﬂ.
i=1

Proof. Let rank T; = k; for all i. So there is a basis {€;1, ..., €ik;s Cik; 41y -+, €in,
for V; such that Te;1,...,Te;i, are linearly independent in W; and Te;i,+1 =
---Tein, = 0,7 =1,...,m. Notice that {e2 : v € ['(n1,...,n,,)} is a basis for
®, Vi. Moreover

(@1 Ti)es = Tery1) @ - ® Tnemn(m)

so that if v & T'(k1,...,kp), then (®]2,T;)e = 0 (because some (i) > k;).
Since T'e;1, ..., Te;k, are linearly independent in W; for all ¢, the vectors

(@, T)e?, vy el(kr,... km)

are linearly independent in ®7*,W; (Why?) Hence
rank @7, T; = |D(ky, ..., km)| = [ [ ki = [ [ rank T3.
i=1 i=1

O

Theorem 3.4.3. Let T; € Hom (V;, W;), where V;, W; are inner product spaces,
t=1,...,m. Then
(@21 T3)" = @ T
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Proof. We use the same notation (-, -) for all the inner products on V;, W;.
(@M Tw® w®) = (T @ @ Tpm, w1 @ -+ @ W)

(Tivi, wy)

I

«
Il
ol

I
s

(vi, T;w;)

(
(

o
Il
—

VI QU TTw1 @+ @ T W)

1
1}®, ®;’11Ti*w@))

Since ®]™,V; is spanned by decomposable tensors, we have the desired result.
O

Problems
1. Prove that

(a) Th ® -+ ®T,, =0 if and only if some T; = 0,
(b) T1 ® --- ® Tpy, is invertible if and only if T; are all invertible.

2. Let S;,T; € Hom (V;, W;), i = 1,...,m. Prove that @, T; = 7,5; # 0
if and only if T; = ¢;S; #0,i=1,...,mand [["; ¢; = 1.

1,...,m. Prove that be ®/2,T; is invertible if

3. Let T; € EndV;, i =
= 1,...,m) are invertible. In this case (@™ ,T;)"! =

and only if T; (i
CUBY
4. Let T; € Hom (V;, W;), i =1,...,m. Define
¢ : Hom (V;, W;) x - -+ x Hom (V;,, W,,,) — Hom (®*,V;, %, W;)

by o(T1,....,Tn) =T1 ® - -+ @ T),,. Prove that ¢ is multilinear.

Solutions to Problems 3.4

1. (a) Directly from Theorem 3.4.2! ®",T; = 0 & 0 = rank @, T; =
H?;l rank 75, i.e., some T; = 0. The converse is trivial. (b) From Theorem
3.4.2.

Another approach: use Theorem [3.7.2] and Theorem [3.3.2.
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2. (Roy) If T; = ¢;5; with [[;~, ¢; = 1, then clearly

T1®"'®Tm(U1®"'®Um) = T Q- QTpvm

= aSi ®- @ CmSmUm
m

= (H ¢)S1v1 ® -+ ® Sy,
i=1

= Sl@"'@»sm('(}l@"'@vm)
So @, T; = ®™,S;. Conversely if @ ,T; = ®@™,S; # 0, then
T1U1®"’®vam:Slvl®"'®5mvm #O

for all v1 ® - - @ vy, & Ker ®[%, T;. In particular, if v; € KerT; for all
i, then by Theorem [3.3.2, v1 ® -+ ® vy, & Ker ®“, T;. By Theorem
3.3.3 Tyv; = ¢;S;v; for all v; € KerT; with H:il ¢; = 1. By symmetry
Siv; = ¢ Tyv; for all v; & Ker S; with [[", ¢, = 1. So T; = ¢;S; in the
complement of Clearly S;v; = C%Tivi So T; and ¢;S;

Another approach: apply Theorem [3.7.2] and Theorem [3.3.3.
3. The first part follows from Theorem [3.4.2. By Theorem [3.4.1
(LT ) (@I Th) = @iy (T, ') = 1.
So (@, Ti) " = (@, T, ).

i=1

o(Ty,..., T, + T, ... Tn)(v1 @ @ vy,)
= Tl®"'®Ti+cj_'i,®"'®Tm(Ul®"'®Um)
Tivy @@ (T; + Tv; @+ @ Trpom
Tivy @ - @ (Tyv; + Tivg) @ -+ @ Trpvom,
Tivy @+ @ Ty + T @ -+ @ T @ -+ @ Trpo,
= o(Th,...,Tiy...., T) +c(Tr, ..., T, ..., T)) (01 @ -+ @ V)

Soo(Ty,...,Ti+cT!, ..., Tw) = (T, ..., Ty .., Tn)+c(Th, ..., TL, o, To)).

y L

3.5 Matrix representations of induced maps and
Kronecker product

Let E; = {ej1,...,€in, } be a basis of V; and F; = {f;1,..., fix,} be a basis of
Wi,i=1,...,m. Then

Eg :{e?:ﬁe1"(711,...,7”%)}7 Fo={f:aecT(k,....km)}

are bases for @7, V; and @, W, respectively, where I'(nq, ..., 1) and T'(k1, . .., k)
are in lexicographic ordering.
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Theorem 3.5.1. Let T; € Hom (V;, W;) such that A; = [Tl]g = (a%,) € Cg,xn,
i=1,...,m. That is

ki
i .
Tieit: E astfis, t:l,...,ni, z:l,...,m.
s=1

Then the matrix representation of ®;*,7; with respect to Eg and Fg is given

by
m
- _
@i Tl = | [ abose
i=11ilg, };[1 Rl
BEr(n1,....,nm)
In other words, the (o, §) entry of [®§11Ti]§§ is [IZ, ag(i)ﬂ(i)'

Proof. For any 8 € I'(nq,...,n,,), we have

®L Tiey = Tieipn) @ ® Tmemp(m)

k1 km
= D apmf1s @@ Y Al fms
s=1 s=1

1 m
- Z Aa)p)f1a1) @ -+ ® AGim) a(m) fma(m)
@€l (K1, skm)

_ 7 ®

= > (H aa(l’)ﬂ(l’)) fo-
aer(kly-“vkrn) i=1

O

Let A; = (a) € Cg,xn,, i = 1,...,m. The Kronecker product of
Ai,..., Am, denoted by A1 @ -+~ ® Ay € Cryr | k)< (17, ns) 1S defined by

(®i1Ai)a,p = Hafx(z’w)’
=1

where a € T'(k1,...,km),8 € T'(n1,...,ny), both arranged in lexicographic
ordering respectively. We immediately have the following

Theorem 3.5.2. Let A; = [Tl]gl i=1,...,m. Then
m F m i om
(@21 Til i, = Oy [Ti] g, = O A
Example 3.5.3. Let A € C,,,x,, and B € C,y,. Then

a11B alnB
A®B: N N e :(aijB)e(Cmenq
amiB - amnB

In general A® B # B® A.
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Notice that
F(m,p) = {(17 1)7 RN (17p)7 (27 1)a R (zap)v Tty (m7 1)7 RS (m7p)}
and
F(n7Q) = {(17 1)7 LR} (17(]), (27 1)7 ) (2aQ)7 ] (’I’L, 1)7 ce (n7Q)}
Consider o = (1,7) € I'(m, p), 8 = (1,4) € I'(n,q). Then
(A® B)(1,0),(15) = Ga)smba@p@) = a11bij-
That is, the (A ® B)[1,...,p|1,...,q] = a;1 B. Similar for other blocks.

Problems
1. Let A;, B; € Cy, n;, t =1,...,m. Prove the following:
(i) ®",;A; =0 if and only if some 4; = 0.

67

(i) @ A; = @1 B; # 0 if and only if A; = ¢;B; # 0 for all i and

H’L 16 = L.
(iii) rank (®7,A4;) = [[;~, rank A;.
(iv) (©7L14:)" = L A7

2. From the definition of Kronecker product prove that (7, 4;)(®",B;) =

®;11 Al Bz (Hint:

m t;

> (Teane)TTws6) = TIQ ahmibise)
t

NET (t1,.0stm) =1 i=1 i=1 j=1

where Ay = (af;)).

3. Show that if A; € (Cmm, i =1,...,m, are triangular (diagonal, resp.)
matrices, then A1 ® --- ® A,, is also trlangular (dlagonal resp.). In par-

ticular the (a, a)—entry of Ay ®--- @ Ay, is [[" a, (i)l

4. Show that if A;, B; € C,,, «n, are similar for all = 1,...,m, then ®*, 4;

and ®[*, B, are similar.

5. Which one of z @ y = 2y’ and Xy = yaT, x € C™ and y € C" is the

Kronecker product? Explain.

6. (Merris) Show that for any A, B € Cpx»n, (1 ) If AB = BA, then e4

eteB and (2) e @ B = eA®TTOB where e 1= )7 | A’“/k

Solutions to Problems 3.5

+B _
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1. (i) From Problem 3.4 #1 and Theorem [3.5.2

(Roy) If A; =0, then ®7*,A; = 0 because every entry of ®!"; A; has
a factor of some entry of A,.
(=). Suppose on the contrary that A; # 0 for all .. Then each
A; contains some nonzero entry al, . Let a € I'(ky,... k) and
8 € T'(ny,...,ny) be such that a(i) = s; and B(i) = t; for all i.
It follows that the (a, () entry of ®;A; is nonzero, which means
®izy A; # 0.

(ii) From Problem 3.4 #2 and Theorem 3.5.2

(iii) From Theorem 3.4.2 and Theorem [3.5.2

(iv) From Theorem 3.4.3 and Theorem [3.5.2
2. Let A= (a’;) and B = (b%;). The («, 3)-entry of (@, A;)(®",B;) is

> )<Hl“3<i>w<i))(nlb%)ﬁ(z‘))
= =

= DR | (AN Loanerey
)z:l

YEL (t1,eeestm) @

m t;
= IO  aneibise)

i=1 j=1
which is the (a, 8)-entry of @™, A;B;.
3. Recall that .
(®i%14i)a,p = Hafx(i)ﬁ(i)v
i=1
where o € T'(k1,...,kn), 8 € I(n1,...,ny,), both arranged in lexico-
graphic ordering respectively. When o < [ in lexicographic ordering,

a(i) < B(i) for some i (remark: converse is not true) so that ag(i)ﬁ(i) =0,
ie., (81 A;)a,p =0. In other words, (®,A4;) is upper triangular.

4. Suppose B; = PiAiPZ-_l for all 3. Then from Problem 2

@ B = QL (PAP) = (L P) (R A) (@5, P )
= (P, P) Q7 A4:) (@2 P) "

5. (Roy) None of them is the Kronecker product since z ® y € Cpppx1-

6. (Roy) Let E = {eq,ea,...,e,} be a basis of C" so that [A]E is upper trian-
gular. Since [I]£ is also upper triangular, both A®1I,, and I,,® A are upper
triangular with respect to the basis £ ® F in the lexicographic order by
Theorem [3.6.1(a). Therefore, we may assume, without loss of generality,
that A is upper triangular with diagonal entries Ay,..., A, in order. The
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diagonal entries of AQI, are A1,..., A1, A2, ..., A2, ..., An,..., A\, in order,
and the diagonal entries of [, ® A are A1,..., An, A1, -5 Any oo oy ALy e e oy A
in order. Thus the eigenvalues of A®I, -1, ®Aare \;—A;,%4,5=1,...,n.

3.6 Induced operators

We now study some basic properties of the induced map 71 ® -+ - Q@ Tj,.

Theorem 3.6.1. Let T; € End V; and let A; = [Tz]g“ where Ej; is a basis of V,
1=1,...,m.

(a) Suppose that A; is upper triangular with diag A; = (M\;1,..., A\in,). Then
[®;’;11ﬂg§ = ®",A; is also upper triangular with (v,7)-diagonal entry
[TZ Ay, v €T

(b) If A\;j, j = 1,...,n;, are the eigenvalues of T;, then the eigenvalues of
QL Ty are [T iy, v €T

(c) If 545, § =1,...,n,, are the singular values of T;, then the singular values
of @, T; are [~ sivzi), v € T

(@) tr &, Ty = [ tr T
(e) det®™ T; = [, (det T;)™/™, where n := [, n;.

Proof. (a) Use Problem 3.4 #3 for matrix approach.
The following is linear operator approach. Since A; is upper triangular, For
any v € I'(ny,...,nm), we have

Titin(i) = Ainti) Cinti) + Vi
where v; € (e;5 : j < v(7)). Then
(®2111—‘1)6§ - Tlelfy(l) X ® Tmem'y(m)
(Ayery) +v1) @ @ (A (m)€my(m) + Um)

H /\W(l)e§ + w

i=1

where w is a linear combination of u; ® -+ ® u,,. Each u; is either e, ;) or v;
and at least one is v;. But v; is a linear combination of e;;, j < v(i). So u® and
thus w is a linear combination of e2 such that « is before 7 in lexicographic
order. So [®;11T¢]§Z is upper triangular.

(b) By Schur’s triangularization theorem we may assume that the matrix
representation of A; is upper triangular for all i (cf. Theorem 3.4.1/and Problem
3.4 #3). Then use (a).

(c) The singular values of A are the eigenvalue nonnegative square roots of
A*A. Apply (b) on A*A.
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(d) tr (@24 T;) = Z'yGF | J PO 27:1 Nij = [T%, e T
(e) Since determinant is equal to the product of eigenvalues,

det @2, T; = H H Ain(i) = H H Ain (i)

~eli=1 i=1~el
Since (i) is chosen from 1, ..., n; and such v(7) appears in |I'|/n; times in those
n := |T'| elements in T'. So
R s SUAIZINES & V0L
H Ain(i) = H Aij = H Aij
yer j=1 j=1
and hence
m Uz n/nl m
det(®§i1Ti) = H H )\i] = H(det Tl)n/m
=1 \j=1 i=1

O

Theorem 3.6.2. Let T; € EndV; where V; are inner product spaces, i =
1,...,m. If all T; are (a) normal, (b) Hermitian, (c¢) psd, (d) pd, and (e)
unitary respectively, so is ®;%,T;.

Proof. Recall from Theorem [3.4.1 (®7,5;)(®",T;) = @, (5;T;) and Theorem
343 @, TF = (@0, T))*.
(a) If all T; are normal, then

(@4 T)" (@21 T;) = (@i T ) (@21 Th) = @i T T = @2 T = (9,2 Ti) (724 T)™

So ®*,T; is normal.
(b) If all T; are Hermitian, then

(@) = @4 T = @4 T;

ie., ®,T; is Hermitian.
(c) and (d) If all T; are psd (pd), then ®7,T; is Hermitian and by Theorem
3.6. 1] all eigenvalues of @7, T; are nonnegative (positive). So ®,T; is psd (pd).
(e) If all T; are unitary, then

(@i 1) (@24 Th) = @i I; Ty = @2 Iy, = I®;’;1‘/i‘

We now study the converse of Theorem 13.6.2.

Theorem 3.6.3. Let T; € EndV; where V; are inner product spaces, i =
1,...,m.
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(a) If ®™,T; # 0 is normal, then all T; # 0 are normal.
(b) If ®™,T; # 0 is Hermitian, then T; = ¢;H; where H; are Hermitan and
H;il c € R.

Proof. (a) From Problem 3.4 #1 T; # 0. There is an orthonormal basis E; =
{ei1,...,€in,} such that [T; ]EZ is upper triangular. Let Eg = {e2 : v € T'}

which is an orthonormal basis for ®7*,V;. From Theorem [3.6.1] [®§’;1Ti]§§ is
upper triangular. On the other hand [®;’;1Ti] Ee is a normal matrix. By Lemma

153 [®;’;1Ti]§§ must be diagonal. now
m E 1 m
[®i:1Ti}E§ = [Tl]gl ®--® [Tm]gm # 0.

From Problem 3.5 #3, each [Tl}g is diagonal. Hence T; is normal for all 4.

(b) From (a) each T; # 0 and is normal. So some eigenvalue of T} is nonzero,
i.e., there exists some a € I' such that the eigenvalues of T; are \j,(;) # 0 for
all i. Consider any fixed T}. Since the eigenvalues of the Hermitian ®*,T; are
real, from Theorem 3.6.1(b)

H Nia@)Ae; ER,  j=1,...,ny
i=1,i4k
since they are (not all) eigenvalues of @7 ,T; # 0 and are nonzero. Let
ag = H )‘ia(i) #0
i£k

since A\gory # 0. Then Hy := a;Tj is normal with real eigenvalues, i.e., Hy is
Hermitian. Set ¢y := alzl. Then

0# &L T; = H N @5y He).

Since ®;2,T; and ®}* , H}, are Hermitian, we have H?:l cr € R.

Problems

1. Prove that if ®7,7T; # 0 is pd (psd), then T; = ¢;H; and H; is pd (psd)
and [~ ¢; > 0.

2. Prove that ®;2,T; # 0 is unitary if and only if T; = ¢;U; and Uj; is unitary
and | []", c,| =1



72 CHAPTER 3. MULTILINEAR MAPS AND TENSOR SPACES

3. Suppose S;,T; € EndV;, i =1,...,m, are psd. Show that @, (S; +1;) >
®:’;1574 + ®;11/11i.

4. Show that if the eigenvalues of A € C,,«,, are Ay,..., \,, then the eigen-
values of A® I, — I, ® Aare \; —Aj,4,j=1,...,n.

5. Let T; e EndV and v; € V, i =1,...,m where m < dim V. Prove that
(@M, Tiw®,v®) =0 for all (v;,v;) = d;; if and only if some T} = 0.

Solutions to Problems 3.6
1. By Theorem [3.6.2] and Theorem [3.6.3(b).

2. Suppose that @ ,T; # 0 is unitary. By Theorem [3.6.2} all T; are normal
and by Problem 3.4 #3, all T; are invertible. The converse is easy by
Theorem [3.4.1 and Theorem [3.4.3.

4. By Schur’s triangularization theorem, there is unitary matrix U such that
U*AU = T is upper triangular with diagT = (A1,...,A,). The matrix
U ® I is unitary by Problem 2. So

U'N)ARI,— I, A)(U®I)
= UD(AIL, -1, AUI)
TRI-IT
whose spectrum is the spectrum of A® I,, — I,, ® A counting multiplicities.

From Theorem [3.6.1(a), the eigenvalues of T ® I — I ® T are A\; — \; for
all 4, 7. In particular, A ® I,, — I,, ® A is not invertible.

3.7 Tensor product of linear maps

Given T; € Hom (V;,W;), i = 1,...,m, we studied basic properties of the in-
duced map ®!",T; € Hom (®™,V;, @™, W;). Not every member of Hom (@, V;, @, W;)

is of the form ®!",T; (see Problem 1), but the span of all the induced maps is
Hom (&7, Vi, @i, W)

Theorem 3.7.1. Hom (®2,V;, @7, W;) = (7, T; : T;, € Hom (V;, W;)).

Proof. Let E; = {e;1,...,€in,} be a basis of V; and F; = {f;1,..., fir,} be a
basis of W;, i =1,...,m. Then

Eg={ef:B8eT(n,....nm)}, Fo={f> aeT(ky,... .kn)}
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are bases for ®;,V; and ®;~, W; respectively. Set
F1:::F(nlr..,nnﬂ, FQZZZF(klp..,km)

and both are in lexicographic ordering. Let S € Hom (®7,V;, @7, W;) be
arbitrary. For any § € I'y,

Se? = Z capfl.

a€cly
Define T}, € Hom (V;, W;) such that
T;qeip = 5quij7
where p,g=1,...,n;, 7=1,... k;;e=1,...,m. For any a € I'g, v € I'y, set

® . gl m
Tary = Taqyyay @ @ Ty

m)y(m)-
Then
® _ 1 m
T3e5 = Tayymeis) @ @ Tiim)y(m)Ema(m)
= 081y f1a(1) @ -~ @ I(m)y(m) fma(m)
= 0pfS-
So

Z Z cary T e? = Z Z CarOpyfa = Z capfs = 56?

acly yvel'y acly yel'y a€el's

Since {e%@ : B €T} is a basis of @, V; we have
23 Y et
aecl'y yvel'y

In other words, S is a linear combination of induced maps Tf% (w € Ty, €
Ty). O

We now see that 71 ® --- ® T}, can be viewed as a (decomposable) tensor
when each T; € Hom (V;, W;) is viewed as a vector, i.e., we have the following
result.

Theorem 3.7.2. There exist a unique tensor map X such that Hom (®7*,V;, @1, W;)
is the tensor space of Hom (V;, W1),...,Hom (V,,,, W,,,), i.e.,

Hom (272, V3, @2, W;) = Hom (Vi, W1) B - - - B Hom (V;y,, W)

In other words, T1 ® - - @ T, = K(T1, ..., Tim)-
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Proof. From Problem 3.4 #4, the map X(T1,...,T,) = Th ® --- Ty, €
Hom (®7*,V;, @, W;) is multilinear and is unique.
From Theorem [3.7.1, Hom (®I™, V;, ®™, W;) is spanned by the induced maps
m . T;, T; € Hom (V;, W;), i.e.,

(ImX) = (®24T; : T; € Hom (V;, W;)) = Hom (®[%,V;, @2, W;).
Moreover
dim(ImX) = dimHom (®*,V;, @, W;)
= (dim®;Z,V;)(dim @2, W;)

= H dim V; dim W;
=1

=[] dimHom (V;, W).
i=1
So X is a tensor map and

Hom (V;,W7) X - .- K Hom (V,,,, W,,,) = Hom (®[2,V;, @, W;),

i.e.,, Hom (®7,V;, ®7,W;) is a tensor product of Hom (V1, W1), ..., Hom (V,,,, W,,,).
O

Similarly we can view Cym g, [ |, as the tensor product of Cy, xn, - - -, Ci,p xcy
such that the Kronecker products A1 ® - -+ ® A,,, are the decomposable tensors.

Problems

1. Define the bilinear map ¢ : V. xV — V@V by p(v1,v2) = v2 ® v1 s0
that there is T € End (V ® V') such that T® = ¢, i.e., T'(v1,v2) = v2 @v;.
Prove that when dimV = 1, T is not an induced map, i.e., there are no
T1,T5 € End (V) such that T =T} ® T5.

2. Let {e1,...,en} be a basis for V. Define T;; € End V such that T;je, =
Opje;. Let T =30 ) Z?=1 Ti; ® Tj;. Show that T(v1 ® v2) = v2 ® vy for
all v1,v3 € V' (cf. Theorem [3.7.1 and notice that the 7" in Problem 1 is a
linear combination of induced maps).

3. Prove that in the proof of Theorem [3.7.1
(a) (Daniel) {T;p :j=1,...,ki,g=1,...,n;} is a basis of Hom (V;, W;).
(b) {T2, : a € Ty, y € T'1} is a basis of Hom (@2, Vi, @2, W;).

4. Let V; be an inner product space, ¢ = 1,...,m. Equip ®;2,V; with the
inner product. Let T' € End (®7™,V;). Prove that (Tv®,v®) = 0 for all
v® € @™, V; if and only if ' = 0. (Hint: Show that (Tu®,v®) = 0).



3.8. SOME MODELS OF TENSOR PRODUCTS 75

Solutions to Problems 3.7
1.
2.
3.

4.

3.8 Some models of tensor products

Let M(V,...,V;C) denote the space of all m-multilinear maps f : x™V — C.
Let E ={ey,...,en} beabasisof V and let E* = {f1,..., fn} be the dual basis
of V*, ie.,

fi(ej):@j, i,j:L...,n.

Theorem 3.8.1. 1. {I[;"; fa@) : @ € Tpn} is a basis of M(V,...,V;C).

2. M(V,...,V;C) = ™V* ie., there is tensor map ® : V* x --- x V* —
MWV,...,V;C)and dim M (V,...,V;C) = n™
3. M(V*,...,V*C) = @™V, ie., there is tensor map ® : Vx --- x V —

M(V*,...,V*C) and dim M(V*,...,V*;C) = n™.

Proof. (1) We first show that S := {]]\", fa(i) : @ € Dy} spans M(V, ..., V;C).
First observe that for each ez = (eg(1),...,€g(m)) €V x---x V and f € [y,

(IT fai))es = T fa (es) = Sap- (3.8)
1=1 =1
Let f € M(V,...,V;C). Then we claim
f=> flea) ] fau
@€l i=1

where eq = (€a(1), -+ €a(m)). It is because from (3.8)

Z f(@a) Hfa(z) €p = Z f(eoz)(s(xﬁ = f(eﬂ)a ﬁ € Fm,n-
=1

a€lm n aanl,n

We now show that S is a linearly independent set. Set

Z Ca Hfa(i) =0.
=1

a€lm n i=
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Then
0= Z Co‘Hfa(i) (65) = Cp, ﬂerm,n-
a€lm n i=1

(2) Tt is easy to see that the map ® : x™V* — M(V,...,V;C) defined by
®(91,~--79m) = ng
i=1

is multilinear. From (1) {J[;%; faq) : @ € T n} is a basis of M(V,...,V;C).
So
dimM((V,...,V;C) = [Ty n|l =n™ = (dim V)™ = (dim V*)™.
So ® is a tensor map and (Im®) = M(V,...,V;C), ie., M(V,...,V;C) =
XMV,
(3) Similar to (2). Indeed we can define ® : x™V — M(V* ... . V*;C) by
@(v1,...,0m) =[]/~ vi (a notation) where

m m

(H Ui)(gla <e. 7gm) = ng(vz)

O

So M(V,...,V;C) is a model for @ V* and M(V*,...,V*;C) is a model
for @™V

We have another model for @™V, namely M(V,...,V;C)*, i.e., the dual
space of M(V,...,V;C).

Theorem 3.8.2. M(V,...,V;C)* is a model for ™V, i.e., there is tensor map
R:Vx--xV—-MUV,.. V;C* and dim M (V,...,V;C)* = n™.

Proof. For vq,...,vm, € V define [[\, v; € M(V,...,V;C)* by
(JTv)f = f(or,.oom),  feMV,...,V;0).
i=1

From Theorem B3.8.1(1), {[I% fa@i) : @ € T} is a basis of M(V,...,V;C).
Now from (3.8) {I[;%; €aq) : @ € T'imn} is the dual basis of {[]" faq) : @ €
Iy n} and thus is a basis of M(V,...,V;C)*. Then define ® : V x --- ,xV —

M(‘/,,V,C>* by ®(IU17""/UTIL):H;Y;1U71- O
Elements in M(V,...,V;C) are called contra-variant tensors; elements
in M(V*,...,V*;C) are called covariant tensors. They are useful tools in

differential geometry.
The tensor space

p q
qu=V®~--®V® V'R .- QV*
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is called a tensor space of type (p,q) (with covariant type of degree p and
with contra-variant type of degree ¢). Analogous to the previous treatment,
under some tensor map, M(V*,... V* V. ..., V;C) (p copies of V and ¢ copies
of V*) is a model of V:

Let E ={e1,...,en} be a basis of V and let E* = {f1,..., fn} be the dual
basis of V*. Then

P q
{ITeao IT /50y - @ € Do B € Ty}
i=1 j=1
is a basis for
MV*,...,V*V,...,V;C) (p copy of V,q copy of V*)

Define @ : V* x -« x V¥ x V x -+ x V — M(V*,...,V*,V,...,V;C) by

p q
D(€a(r)s- a3y o) = [ ] €t [T o0
i=1 j=1

{ea() ® - ®ea(p) ® fo01) @ ® fa(q) : @ € Tpns B € Tgn}
= {2 ® f? ca€l,n, 0el n}

is a basis of Vq”.

Problems

1. Define a simple tensor map X : x™V* — (®@™V)* such that K™V* =
(®@V)*.

2. Let M(V1,...,Vy; W) be the set of all multilinear maps from V; x---xV,,
to W. Prove that dim M (Vy,..., W,,; W) = dim W - [~ | dim V;.

Solutions to Problems 3.8

1. Let f1,..., fm € V*. Define K(f1,..., fm)=f € (@™V)* by f(11®--®
vm) = [1%, fi(v;). Clearly X is multilinear.
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Chapter 4

Symmetry classes of tensors

4.1 Permutation operators

Let V be an n-dimensional inner product space. Let S;, be the symmetric group
of degree m on the set {1,...,m}. Each o € S, yields a multilinear map

SO(UL s ,’Um) = Vs-1(1) ®-® VUs—1(m), Vly---,Um ev.
By the unique factorization property,

®

xmy MV
X A
®Tn, V

there is unique P(o) € End (V) such that P® = ¢, i.e.,
P(U)(Ul R & Um) = Vs-1(1) ® Vg—1(2) K- Vo—=1(m)>

for all vy,...,v, € V. The operator P(o) called the permutation operator
associated with ¢ on @™V

Theorem 4.1.1. For each o € S,,, ([P(U)]gg)a,g = 0q,80-1, Where o, 8 €

R

Proof. Let E = {e1,...,en} be a basis of V and let Eg = {e, : v € I'), n}
which is a basis of @ V. Then

P(o)e? = P(o)eg) @+ @ eg(m)
= €B(e-1(1) @ B Eg(a-1(m))
= e%(FI
= Z 5a’gg—16§, ﬂ S Fm,n,-
a€lm n

79
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So the matrix representation is

([P())52)a8 = (0apo—1 el
BETm n

From the proof we see that

P(O’)Q? = e%ﬂ,l (4.1)
The permutation operator yields a representation of Sy,, i.e., P : S, — GL(®",V;).
Theorem 4.1.2. Let 0,7 € S,,,. Then

(a) P(omw) = P(o)P(m).

(c) P(o) is invertible and P(0)~! = P(o~1).
(d) P(o) is unitary, i.e., P(0)~! = P(0)* with respect to the induced inner

product of ®™V.
(e) If dimV > 2, then P(c) = P(w) implies ¢ = m, i.e.,, P is a faithful

representation.

(f) tr P(0) = n?), where n = dim V and (o) is the number of factors in the
disjoint cycle factorization of o.

Proof. (a) From (4.1)

P(o)P(m)v® = P(o)v®_, =% = vgﬂ),l = P(om)v®

T n—lo—1

(b) Clear or from Theorem 4.1.1l
(¢) From (a) and (b).

(d) With respect to the inner product

m m

(P(0)u®,v®) = [[(0o-1( ) = [[(wir vo)) = (u®,0%) = (u®, Pl o).
=1 i=1

Since ®™V is spanned by the decomposable tensors, P(c)™t = P(c~!) =
P(o)*, i.e., P(o) is unitary for all o € S,,.
(e) Since dimV > 2, there are linearly independent vectors eq,es € V. Set

vpi=e1+key, k=1,...,m.

When i # j, v; and v; are linearly independent. If P(c) = P(w), then
vf’,l = ’U?,l # 0. By Theorem 13.3.3, v,-1(;) and v -1(; are linearly
dependent for all 4. So o=1(i) = 7=1(i) for all 4, i.e., o = 7.
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(f) From Theorem 4.1.1
tr P(U) = Z 504,040’*1 = Z 604(7,(1 = |{Oé S Fm,n Lo = O{}I
|

a€lm n

In other word, tr P(o) is the number of elements o € Ty, ,, that is fixed
by o (a+— «ao). Decompose o into the product of ¢(o) disjoint cycles. It
is easy to see that for each cycle all the a-components must be the same
and they can be chosen from 1,...,n. So tr P(o) = ne(@),

O

We remark that when S,, is replaced by any subgroup G of S,,, it yields a
representation P : G — GL(@™V).

Problems

1. Suppose m > 1. Prove that unless ¢ = e or dimV = 1, P(0) is not an
induced operator, i.e., there are no 7; € End V such that P(o) = @, T;.

2. Suppose that 7 € S, is a transposition. Prove that if P(7) is a sum of k
induced operators, then k& > n?, where n = dim V.

3. If dimV > 1, then o — P(0) is a reducible representation of Sy,.

Solutions to Problems 4.1

1. Suppose that there were T; € EndV such that P(o) = ®,T;. For all
0 # v € V we have

Tw®@--- @ Tyv = (&L, T)(®L0) = P(o)(®L10) =v®--- .

Thus by Theorem [3.3.2 and Theorem 13.3.3l we have T;v = c;v, H?il ;=1
for all ¢ = 1,...,m. Notice that ¢; apparently (but really not) depends
on v. choose an orthonormal basis E = {e1,...e,} of V (after equip V
with an inner product). Each T; is unitary since P(c) is unitary (Problem
3.6 #2). Now Tie; = cgj)ej, for all 4, j with |c§j)| =1,and T(es + e;) =
c(es + €¢) with |¢| = 1 where ¢ depends on T;. Since n =dimV > 1,

(s) (t)

cles+e) =Ti(es+e)=c; 'es+c; e,

for any s # j. So ¢s = ¢, for all s # ¢, i.e., T; = cI. Hence ®*,T; is a
scalar multiple of the identity, contradiction.

3. Each P(o0) is a permutation matrix in Cpmy,m. If dimV > 1, then
n™ > 1. Notice that the span of Z«/erm B e%’ is an invariant subspace
under P(o) for all v € Ty, ,,. Hence by Theorem2.2.2, P : G — GL(®™V)

is reducible.
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4.2 Symmetric multilinear maps and symmetriz-
ers

A multilinear map ¢ : x™V — W is said to be completely symmetric if
V(Vo(1)s - s Va(m)) = Y (V1,...,0m), forall o€ Sy, (4.2)

Each multilinear map ¢ : x™V — W induces a completely symmetric multilin-
ear map:

1
1¢(U17...,Um) = % Z @(va(l)v"‘,va(m))'

" 0€Sm
It is because
Lo(Va(1)ys -+ Un(m))
1
= E Z @(Uwo(l),...,yﬂg(m))
oESm
1
= ﬁ Z @(UT(1)7 . ”UT(m)) (7. — 7T0'>
TESm
— 1W(U17"'7UTTL)7

ie., 1, is a completely symmetric multilinear map according to (4.2)).
It is easy to see that (4.2)) is equivalent to the following

1
- E V(Vo(1)s -5 Vo(m)) = V(1. ,v) forallvy,...,v, €V, (4.3)
" 0ESm

Similarly, 1 is said to be skew symmetric if
Y(Va1ys -+ Vo(m)) = €(0)Y(v1, ..., vy) forall o and vy,...,v, € V. (4.4)

Notice that (4.4) is equivalent to the following
poor 6((771)1/}(’00(1), o Vo(my) = P(V1, - V). (4.5)

Each multilinear ¢ : x™V — W yields a skew symmetric multilinear ¢, :
xmV — W:

1 -
€¢(U1,...,Um) = % Z 6(0’ 1)<p(v0(1),...,vg(m)).

" 0ESM
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It is because

E‘P(Uﬂ(l)v ceey U-rr(m))
1 _
= W Z 8(0— 1)§0(U‘n’0(1)"~';vﬂ—g(m))
ocESm
1 —
T oml Z (T m)p(Vr (1), s Vr(my) (T = 70)
TESm
! - — _
= ﬁ 8(7’ 1)5(7()90(’07'(1)’ cee 7vr(m)) (by E(T 17r) = 5(7— 1)5(7{-))
| TESm
= e(mep(vi,...,vm).

When m = 2, ¢ can be decomposed as

Ploi) = Sl(on,00) + (w2, 00)] + 501, 2) — (22, 1)
1

@(1)171)2) +E¢(U1,U2), (4'6)

Le., o =1, +¢c,.
When m > 2, the decomposition of ¢ may have more than two summands.
The reason for m = 2 case having two summands is that

I(SQ) = {175}

is the set of irreducible characters of Ss.

For general subgroup G of S,,, the set of irreducible characters I(G) of G
will come into the picture.

We say that the multilinear map ¢ : x™V — W is symmetric with
respect to G and Yy if

x(e) -
|G| Z X(U 1)1/’(1}0(1)7 ce 7va(m)) = ql}(vla cee 7UTn) (47)
ceCG
for all vy,...,v,, € V. If x is linear, then ¢ : x™V — W is symmetric with

respect to G and x if and only if ¥(vy(1), - -, Vo(m)) = X(0)Y(v1, ..., vy) for all
o € G (Problem 3). When x is not linear, they are not equivalent.

Motivated by 1, and ¢,, each multilinear map ¢ : x™V — W induces a
mulitlinear map x, : X"V — W symmetric with respect to G' and x:

xle -
X<p('U17 ey 'Um) = |é,|) Z X(O’ 1)(,0(’00(1), e ,’l)a(m))

ceG

for all vi,...,v, € V. The map X, is called the component of ¢ with
respect to G and Y.

Theorem 4.2.1. Let ¢ : x™V — W be multilinear. Then x, is symmetric
with respect to G and Y, i.e., Xy, = Xe-
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Proof. We now show that x, satisfies (4.7) by using the irreducible character
orthogonal relation of the first kind:

XX¢(U1, cee ;vm)
x\e _
|(G|) Z X(ﬂ- 1)X¢(’Uﬂ—(1), s 7U7'r(m))
TeG
x\e —1y xle _
|é|) Z X('/T 1) . |é|) Z X(U 1)@(”71’0(1); ceey vﬂa(m))
TeG ceG
|G|2 Z (Z (7'17T)> O(Vr(1)y -+ s Vr(m)) (T =T0)
TEG \welG
x(e) G _ (
IG]2 Z ( (6|)X(7' 1)) ©(Vr(1),-- > Vr(m)) (by Theorem 2.4.2)
TeG X
Xgo(vh ... avm)' (48)

O

Clearly if ¢ : x™V — W is symmetric with respect to G' and x, then x4 = v,
and vice versa.

Recall I(G) denotes the set of irreducible characters of G. Each ¢ : x™V —
W induces x,, for all x € I(G). The following is an extension of (4.0)).

Theorem 4.2.2. Let ¢ : x™V — W. Then ¢ = erl(c) X In particular,
for ® : x™V — @MV

= ) xe (4.9)

x€I(G)

where xg : X™V — @™V

Proof.

Since ® :

Z ’Ul,..., m)

X€I(G)
x(
= 7|Z U(r 1)7---ava(m))
I1(G) ceG

= )X(Jil) @(Ug(l), cee 7va'(nb))

UEG
= Z 0e.o—10(v <oy Vo(my)  (by Corollary 2.4.15)

ocG
= V15, Um). (4.10)

XMV — @MV is multilinear, ® = }° ;) Xe follows immediately.
O
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Since xg : XMV — @™V is multilinear, by the unique factorization property
of @V there is a unique T(G, x) € End (®™V') such that

xe =T(G, x)®, (4.11)
ie.,
x™V = QmV
R %X)
MV
and thus

X®(U17 s ,Um) = T(Ga X)’U®7

To determine T'(G, x) consider

T(Ga X)U® = X® (v17 s 7Um)

- >|<é6|) DX ® (Wos- -+ o)

ceG

_ x(e) -1
= WZX(U )”?

ceG

= % Z x(e™HP(e7H®

||UEG

So

7y = X9 S (0)P(0) € Bnd (27V) (4.12)

o
A

and is called the symmetrizer associated with G and x since from (4.11)),
it turns ® into xg which is symmetric to G and x. We now see some basic
properties of T(G, x).

Theorem 4.2.3. Let x,p € I(G) where G < Sp,,. Then

(a) T(G,x) is an orthogonal projection with respect to the induced inner
product on @™V, i.e., T(G,x)? = T(G,x) and T(G,x)* = T(G, x).

(b) ZXGI(G) T(G,x) = Igmv.

(¢) I X # i, then T(G, )T (G, p) = 0.
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Proof. (a) From Theorem 4.1.2| P(ow) = P(o)P(7) so that

2 _ (X

x> (e)
G2

x> (e)
G2
X2 (e)
G|? 4
= T(G,x).

> X(U)P(U)> (]‘éf 3 x(w)Pm)

oceG

3™ 3 Mo)x(m) P(o) P(r)

oceGmeG

TeG

(Z X(U)X(U_17)> P(r)  (r=om)

oceG

Z <|G|X(T)) P(r) (by Theorem [2.4.2)

x(e)

So T(G, x) is a projection. By Theorem 2.4.4 (o) = x(c~!) so that

T(G,x)"

. X(B) N\ *
= W Z x(o)P(o)

ceG

|G‘ oceG

= T(G,x).

S Z x(e™HP(e™!) (P(0)* = P(o)~! by Theorem 4.1.2(d))

So T(G, x) is an orthogonal projection.

(b) By Theorem 2.4.15

Z T(G,x) =

X€I(G)

> XS o)

xeI(Q) p=te;
3 (|é| 3 x(e)x(a)) P(0)
cEG x€I(G)

= P(e)

— Iyev.

(¢) By Theorem 2.4.3, > x(o)u(o™'7) = 0if x # p. So
T(G,x)T(G,p)

x(e)u(
|G?

x(e)u(e)
G2

= 0.

S 3 x@)u(r)Plom)

ceGmeG

5 (z X(U)u(0‘17)> P
7€G \o€dG
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The range of T(G, x)
ViN(G) =T(G,x)(@™V)

is called the symmetry class of tensors over V associated with G and x.
Theorem 4.2.2] implies that

MV = Vi (G).
X€I(G)

The following asserts that the sum is indeed an orthogonal sum with respect to
the induced inner product on ®™V.

Theorem 4.2.4. The tensor space ®™V is an orthogonal sum of V, (G), x €
I(G), ie.,
®mV :J—XEI(G) VX(G)

In other words
QMV =V, (G) L--- LV, (G),

where I(G) = {x1,...,xx} is the set of irreducible characters of G.
Proof. From Theorem 41.2.3(a) and (c), T'(G, x) is an orthogonal projection. [
The elements in VJ"*(G) of the form
vk kU = T(Gx) (01 Q- @ Uy

are called decomposable symmetrized tensors. Such notation does not
reflect its dependence on G and x. From Theorem 4.2.4, vy * --- % vy, is the
piece of v1 ® -+ ® vy, In Vo (G). So Vo (G) is spanned by the decomposable
symmetrized tensors vy * - - - % Upy,.

As we saw before, when G = Sy we have I(G) = {1,¢}. Then

1
U1 @ Vg = T(Sg, 1)(111 ® ’Uz) = *('Ul X vg + V2 ® 1}1)

2
and
vy Avg =T(So,¢e)(v1 ® vg) = %(vl ® vy — V2 ® V7).
Clearly
V1 ® Vo = v @V + V1 A Vs,
Moreover

(v1 ® Vo, v1 A )

1
= — (V1 @V +Vv2®V1,v1 QU — V2 ® V1)

4
1

= Z((vl ® V2,01 @ v2) — (V1 ® V2,2 Q@ v1) + (V2 @ V1,1 ® V) — (V2 @ V1, V2 @ V1))
1

= Z(('U17'U1)<'U2,’U2) - ('U],’UQ)(’UQ,Ul) + (U27U1)(U1)U2) - (UQ;UZ)(Ula’Ul))

= O7



88 CHAPTER 4. SYMMETRY CLASSES OF TENSORS

verifying that
V@V =Vi(S2) L V.(S2)
as indicated in Theorem 4.2.4.

The following is the unique factorization property of symmetrizer map * :
X"V — Vo (G).

Theorem 4.2.5. Let ¢ : x™V — W be a multilinear map symmetric with
respect to G and x. There exists a unique T\, € Hom (V,(G), W) such that

¢ = Tx*7
<y : Vi (G)

ie,
Y(v1, ..., 0m) = ThHv™.
Proof. Uniqueness follows immediately since the decomposable symmetrized

tensors v* span V, (G).
For the existence, from the factorization property of ® (Theorem [3.2.3)),

there is T' € Hom (®™V, W) such that ¢ = T®. Then from the symmetry of
with respect to G and ¥,

Y1, 0m) = X1, .., Um)

_ x(e) Z X0 (Vo(1)s - - -3 Vo(m))

|G| oeG

= )Té;) Z x(eTHTv? (¢ =T®)
oG

= T <Xé€|) Z X(O'_l)P(O'_l)> v®

c€eG
— ToT(G\®
= Tv*

Set TX = T|VX(G) € Hom (VX(G), W) So

Y1, ..., vm) = Thv™.
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Problems

1. Prove that if 7 € G, then P(m)T(G,x) = T(G,x)P(w). In addition, if
x(e) = 1, then P(7)T(G,x) = x(m~)T(G, x). (Hint: If x is linear, then
x(om) = x(o)x(m))

2. Prove P(c~1)v* = v%. In addition, if x(e) = 1, then v} = x(o)v*.

3. Show that if x is linear, then ¢ : x™V — W is symmetric with respect
to G and x if and only if Y (V1) -+, Vo(m)) = X(0)¥(v1,. .., vy) for all
ocedG.

4. Let f1,..., fm € V*. Provethat ¢ : x™V — Cdefinedby v =3 x(m) [T, fr()
is symmetric with respect to G and .

5. Prove that the multilinear map v : x™V — C is skew symmetric with re-
spect to Sy, if and only if v; = v; implies that ¢ (vq, ..., vm) = 0 whenever
i # j. (Hint: o is a product of transpositions).

Solutions to Problems 4.2

1. Essentially from the proof of Theorem 4.2.3

P(m)T(G, x)

I
|
VR
S
=
=_
|
S
N————

(4.13)

o T
_ X _
= a Tz: x(x7trm)P(rn)  (tm = 7o)

- ( 3 x(r)Pm) Pr) (x(n~trr) = x(7))
TEG

= T(G.x)P(m).
In addition, if x is linear, then from (4.13))

P(m)T(G,x)
_ x(e)
= W Z x(o)P(ro)

ceG

_ x(e) -
= W ZX(W 1T)P(T)

TEG

= XD S VAP (x(om) = x()x(w) since x linear )
T7€G

= x(= HT(G,x).
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2. By Problem 1,

P(a_l)v* = P(U_l)T(G, v® = T(G,X)P(U_l)'l)® =T(G,x\)v@ = v:.

In addition, if y is linear, then again by Problem 1,

vy =P )" = P(o™)T(G, x)v® = x(0)T(G, x)v® = x(a)v".

. Suppose Y is linear so that it is a representation.

If Y(Va(1)s -+ s Vo(m)) = X(0)Y(v1, ..., vy) for all o € G, then

MO S (e oy Urm)

‘G| ceG

= DS e lon, )

‘G| ceG

= x(@*1,...,vm)  (x(e7"x(0) = x(o7 o) = x(e))
= 1/’(”17 e 7vm) ( since X(e) = 1)

(Answer to Alex’s question: Indeed for general irreducible character y, if
V(Vo(1)s -+ Vo(m)) = %w(vl, ..., Uy for all o € G, then 1) is symmetric
with respect to G and x since Y. x(67)x(0) = |G| by Theorem [2.4.2)

If 9 is symmetric with respect to G and y, then ¢ = T for some T} €

Hom (V, (G), W) by Theorem 4.2.5. Thus

w(vo(l),-..,va(m)) = TX * (vo(l),...,va(m))
= Tyv,
= Ty (x(o)v*) (by Problem 2)
= x(0)Ty(v")

= X(J)gD(’Ul, cee ,vm)
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4. (Roy)

- 9T <Z x(o-1>x<or>>

TEG \o€EG

e G m
- Té) Z (HX(T)> Hff(t) (v¢) (Theorem [2.4.3)

TeG X(e)

= > xO]] fo@)

T€G

= Y(v1,...,Um)

[amE

Therefore 1) is symmetric with respect to G and x.

fry () (x(o7) = x(709))
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5. From Problem 3, ¢ is skew symmetric if and only if 9(vy(1), ..., Vo(m)) =
g(o)p(v1,...,vm). Thus, if ¢ = (ij), then ¢ skew symmetric implies
that ¥(vi,...,0i, ..., 0, .., Um) = —(V1,...,0),..., V..., V). S0 if
v; = vj, then ¥(v1,...,v,) = 0. Conversely suppose that v; = v; implies

that ¥(v1,...,vm) = 0 whenever i # j. Then

0 = Y1, .., +0j,...,0+Vj,...,0n)

= Y1,y Ve, Uiy, Um) F (V1,0 Uy, Uy, U)

(V1,0 Vi Uy Um) F OV, U, Vi, U

SOYP(V1, .oy Viy ooy Uy Um) = —U(V1,..., V5, ..., V4,...,Un). Bacho €

Sy is a product of transpositions, i.e., 0 = o109 - - - 0. So

11)(1)0(1)3 v 7Uo(m)) = *7/1(%2-~ak(1)7 e ’UJQ"'Jk(m)) == 5(U)¢(’U1» cee

4.3 Basic properties of symmetrized tensor

avm)~

The symmetrized tensors, i.e., the elements in V) (G) is a subspace of @™V
but the decomposable symmetrized tensors in V, (G) may not be decomposable
elements in V. When G = {e}, x must be trivial and Vx(e) = ™V so
®™V can be viewed a special kind of V, (G). So basic properties of V, (G) apply

to MV as well.
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Theorem 4.3.1. If u* +---+v* = 0, then for any multilinear map ¢ : x™V —
W symmetric with respect to G and ¥,

Pur, . tm) + -+ P(vr, . vm) = 0.
Proof. From Theorem [4.2.5] there is T, € Hom (V, (G), W) such that
YUty Uy) =Tu™, (v, ., ) = THU™.

So
YU, .o t) + o F P01, U) = Ty (" + - +07) = 0.

Notice that when G = {e}, the symmetric multilinear function ¢ with respect
to {e} and x =1 simply means that ¢ is simply multilinear. So Theorem [4.3.1
is a generalization of Theorem [3.3.1.

Theorem 4.3.2. If vy *--- x v, =0, then vy, ..., v, are linearly dependent.
Proof. Suppose on the contrary that vy*- - -xv,, = 0and vy, ..., v, were linearly
independent. Extend it to a basis {vi,...,Um, Um+1,...,0s} of V. So

(Vo) @+ ®Vp(my : 0 € G} C{vy0) @ - @ Vy(my 17 € Dy}

must be linearly independent. Now

* € —
0=v"= M Z x(o 1)1)0(1) Q@ Vg(m)-
|G| oeG
So all the coefficients are zero, contradicting x(e) = n # 0. O

Necessary and sufficient condition for vy * -« - * v, = 0 is still unknown. See
[16, (17, [6] for some partial results.

The conclusion in Theorem 4.3.2] is weaker than Theorem 13.3.2.

The necessary and sufficient condition for v* = v*(3 0) is not known for
general G and x. When G = S, (and its irreducible characters are called
immanent), necessary and sufficient conditions are given [25]. A necessary
condition for equality of immanantal decomposable tensors, unconstrained by
the families of vectors (uy,...,un) and (v1,...,Un), was given in [23].

The following is a necessary condition.

Theorem 4.3.3. If u* = v* £ 0, then (u1,...,Um) = (V1,...,Vm).

Proof. Set W := (v1,...,vm). Let {e1,...,ex} (kK < m) be a basis of W.
Suppose on the contrary, u; ¢ W for some i. Then extend {ei,...,ex} to a
basis F = {e1,..., €k, €kt1 = U, €kt1,-..,6n} of V and let {f1,..., fn} be the
dual basis of V*, i.e., fi(e;) = ;5. So

frvj) = 0, Hfk<r<nandj=1,...,m (4.14)
fs(ui)) = 0, if1<s<k (4.15)
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Now for each o € T'yy, 1, [ 114 fa@ : X™V — C is multilinear. So by the unique
factorization property of ®, there is T, € (®™V)* such that

t=1

In particular

Taeg =T, ® €y = (H fa(t))e’y = H fa(t)(e'y(t)) = 504’7

t=1 t=1

In other words, {T, : a € 'y, , } is a basis of (®™V)* dual to Eg. From v* # 0,
we claim that there is 5 € Iy, ,, such that Tgv* # 0. Reason: if Tgv* = 0 for
all 3, then write (since v* € ®™V)

Y. aref
V€L m,n

so that for all B € 'y, ,,

0="Tgv" = Z ayTpe? = Z a0y = ag,

'Yerm,n 'Yerm,n

contradicting that v* # 0. Now

_ xle - x(e) T

04T =30 - xo s =3 Soxte ) [ Lo tewio). (416
oG ceG t=1

So B € 'y (otherwise some 3(t) > k so that fgu)(ve@)) = 0 from (4.14)).
From (4.15),

* « _ X\€ —
0 7é Tgv = Tgu = |(C¥| E 1 | I fﬁ(t) a(t)
ceCG

a contradiction. So u1,..., Uy, € (V1,...,0y). By symmetry, (ui,...,un)
<U1, SN ,Um>.

o

The conclusion in Theorem 4.3.3] is weaker than Theorem [3.3.3.

The inner product on V induces an inner product on ®™V. Such induced
inner product descends on V, (G) via restriction. We now see the explicit form
of the induced inner product on V, (G).

Theorem 4.3.4. Let V be an inner product space. Then the induced inner
product on V,(G) is given by

(u*’v*) = (’u,®71)*) = (u*,y®) |G| Z H ut,UU(t)
t=1

ceG
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Proof. Since T(G, x) is an orthogonal projection Theorem 4.2.3(a) and x(oc~1) =
x(0),

(u*,v") = (T(G,x)u® T (G, x)v?)

= (W, T(G, ) = (u®,v") = (u*,v?)

_ (xe) o, v®

- (o)

~ x(e)

= ol 2 M)

— x() Z x(o) H(ug,l(t),ut) (induced inner product)

|G| ceqG t=1
~ x(e) M
O

Let

Gy ={c€eG:ac=a} <G
be the stabilizer of o € I'y, ;.

Theorem 4.3.5. (a) Let E = {ej,...,e,} be an orthonormal basis of V.

Then (©
* * €
( oueﬁ) = >|<7| Z X(o-)é(%ﬁav aaﬁ c Fm,n~
ceG
v (e)
" e
lexll* = g 2 (@), a€lma
oGy
Proof. (a) From Theorem 4.3.4
(e eh) = x(e) s ~ xle) 5
Cq> eﬁ) - G Z X(O) H(ea(t)a eﬁo’(t)) = G Z X(U) «,Bo-
| | oeG i=1 | | ocelG

(b) It follows from (a) by setting 5 = a:

* |12 (6) X(e)
lez > = X203 \(0)5nn0 = 22 (o).
o 2" o 2

Theorem 4.3.6. Let V' be a vector space with dim V' = n. Then

dimV, (G) = Xéel) Z X(U)nc(”).
oceG
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Proof. Since T(G, x) is an orthogonal projection by Theorem 4.2.3(a),
dimVy(G) = rankT(G,x)=trT(G,x)
_ x(¢)
= WZX(U)UP(U)

ceG

_ >|<é@|) 3" X(o)n@).  (by Theorem L.L2(f))
oceG

Since dim ®™V = n™ we have
m __ q: m _ _ X(@) c(o)
A= dime"V = 3 V(@) = 3 Y (o
XEI(G) XEI(G) oe@

which also follows from Theorem [2.4.15.

Problems

1. Let £ = {e1,...,e,} be an orthonormal basis of V. Prove that if o €

Qs then [|eg ]| = X

2. Let E ={es,...,e,} be an orthonormal basis of V and o € Ty, ,, 7 € G.
Prove that (e}, ef,) = % Yoeq, X(1710).

3. Suppose m < n. Prove that V, (G) # 0.

4. Suppose x is an irreducible character of G and a € I'y,,,. Prove that
@ > scq., X(0) is a nonnegative integer (Hint: consider the restriction
of x onto Gy).

Solutions to Problem 4.3
1. By Theorem [4.3.5(b) with G, = e.

2. By Theorem 4.3.5(a),

4. which is a nonnegative integer.
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4.4 Bases of symmetry classes of tensors

In the last section we have a formula for the dimension of V, (G) and the ex-
pression

dim Vy (G) = Téf') > x(o)n
oeG

is not simple at all. In this section we want to construct a basis of V,(G).
It involves two steps: (1) express V,(G) as a direct sum of orbital subspaces
(Theorem [4.4.5] and (2) find bases for orbital subspaces. To this end we first
decompose I'y, ,, via G.

Let G < S,,. Recall

Fpn ={a=(a(l),...,a(m)), 1 <a(j)<n, j=1,...,m}.

Each o0 € G actson I'y, , i.e., 0 : 'y, 5, — I'yyy , defined by

gl@)=ac™!, acT,n..

Since

7(a) =c(ar™ ) =ar o7 =57 (a), a €T,

the action o +— & is a a homomorphism (isomorphism if n > 1) from G into the
manifestation of S, as a group of permutations of Iy, ,,, i.e.,

G={7:0€G}

is a group of permutations of I'y, ,,.
Two sequences a and 3 in I'y, ,, are said to be equivalent modulo G (more
precisely, modulo G), denoted by a@ = (mod G), if there exists o € G such

that 8 = 0~ (a) = ao, where ao := (a(o(1)),...,a(c(m))). This equivalence
relation partitions I'y, ,, into equivalence classes.
For each o € Iy, ,, the equivalence class

Iy ={ac:0€ G}
is called the orbit containing a. So we have the following disjoint union
Fm,n = UaGAFa~

Let A be a system of representatives for the orbits such that each sequence in
A is first in its orbit relative to the lexicographic order. Now

H<G=Ag CApg

since o € Ag implies that o < o for all # € G and thus for all 7 € H.
Consider the example I's 5.

1. If G = S3, then
I'so=1{(1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2),(2,2,1),(2,2,2)}
has 4 orbits:
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Then A = {(1,1,1), (1,1,2), (1,2,2), (2,2,2)}.
2. If G = {e, (12)}, then I'3 5 has 6 orbits:

A={(1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,2,1),(2,2,2)}.

We use the notations o < @ and a < 8 with respect to the lexicographical
order. The following theorem is clear.

Theorem 4.4.1. If « € I'y, 5, then o € A if and only if « < ao for all o € G.
Theorem 4.4.2. (a) G, C A for all G < S,.

(b) If G = S,,, then A = Gy .

(c) If m <nand A =Gy, p, then G = 5,.

Proof. (a) If @ € Gy, 1, then clearly a < ac for all 0 € G. So a € A.

(b) If & € A, then there is o € Sy, such that oo € Gy, , CA. Soa=ao €
Gy n- Then apply (a).

(c) Suppose G # S,,. Then there is a transposition 7 € G. Sincem < n, a =
(1,...,m) € Qmn C Gpn. Now a1 and « are not in the same orbit (otherwise
there is o € G such that a7 = «ao; but then 7 = ¢ € G, a contradiction).
In other words, arm # « for any m € G. Moreover, since 7w # e, we have
atm & Gy, for any m € G. Thus the representative (in A) of the orbit 'y, is
not contained in G, ;,, contradicting A = G, .. O]

7?7? The conclusion in (c) is not valid if m > n, for example, I's o with
G ={e, (12)}.

We develop some combinatorial machinery in order to discuss the structure
of a basis for V, (G).

Recall that the stabilizer G, < G is a subgroup of G. For any 7 € G, recall
the right coset of G, in G

Gor:i={o7:0€ G,}

containing 7. Since G is a disjoint union of right cosets, i.e., there are 71, ..., 7 €
G such that

G:GaTlLJ"'UGaTk.

Moreover |Go1;| = |Gol so that k|G| = |G|. Clearly Ty = {am,...,a7;}
(11,...,7k depend on «).

The following is a combinatorial formula involving A and I'y, ,, that we will
need in the construction of a basis for V, (G).
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Theorem 4.4.3. Let ¢ : Ty, , — W be a map. Then

Yo Z Z ao).

YEl m,n aeA ceG

Proof. Recall I'y, , = Ugeal'y so that

Yoo = "> e

YEl mn aceA~vel',
Write Ty, = {a7y,...,ar;}. Notice that

{foeG:ac=ar}={c€G: a0 =a}|=|{r € G:ar=a}| = |G,

J

j=1,...,k, ie., when o runs through G, ao meets ar; with |G,| occurrences.
So
k
5 o) =3 oo = iy 3 ot
yET o Jj=1 oeG
O

Let E = {e1,...,en} be a basis of V. Since Eg = {e2 : v € T, 5.} is a basis
of ™V and I'y, 5, = Ugeal'a,

Vi(G)=(es 7 €lmpn) = (eh:y€la)= Y (eh,:0€G). (417

aEA aEA

The subspace

Oy = (e, 10 € G) CV(G)
is called the orbital subspace associated with a € I';, ,. The following gives
some relation between orbital spaces.

Theorem 4.4.4. Let E = {ey,...,e,} be an orthonormal basis of the inner
product space V. Then

(a) (en,ep) =0 if a# B (mod G).
(b) [lezll = llezll if v = 3 (mod G).

Proof. (a) Notice that (e}, ej) =0 if a # 8 (mod G) by Theorem [4.3.5(a).
(b) By Theorem [4.3. o( ) it suffices to show that if a = 86 for some 0 € G,
then > . x(0) =2 cq, X(7). Indeed Go = 6~1Gs6 by Problem 2. So

doxtn) =Y x0'0) = Y x(o)= > xlo)

oeGg T€Gg oc€0-1Ggo oc€Ga
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So for any a € I'y, 1, €l = 0 if and only if e} = 0 for all 0 € G. In other
words, if one element in the orbital space O, is zero, then all elements in O,
are zero. By Theorem [1.3.5/e}, # 0 if and only if 3, x(0) # 0. So we define

A=facA: ) x(o)#0}cA (4.18)

ocG,

where G, = {0 € G : ac = a} is the stabilizer (a subgroup of G) of a. Notice

that
1

= Y o) = (a1, (119)
| a‘ c€Gq

the inner product (see Chapter 2) of the principal character and the character
Xla., (not necessarily irreducible), the restriction of x onto G, (it is a character
of G, because the restriction of the representation A : G — GL,(C) to G,
is a representation). Notice that (x|g,,1) is a nonnegative integer since it
denotes the multiplicity of the principal character in x|g, by Theorem [2.4.7
and Theorem 2.4.12l

Theorem 4.4.5. Let E = {ey,...,e,} be a basis of V. Then
VilG) = Gpcalehy 10 € G). (4.20)

Proof. Equip V with an inner product so that F is an orthonormal basis (The-
orem [1.6.3). When o € A\ A, e, = e, =0 for all 0 € G. So (4.17) becomes
(4:20). By Theorem 4.4.4, the orbital subspaces are orthogonal, i.e., (4.20)) is
an orthogonal sum and thus is a direct sum. O

Notice that A depends on I'y,,, and G alone but A depends on x as well
and is a very important set. We now see some basic properties of A (Compare
Theorem [4.4.2).

Theorem 4.4.6. (a) Q. C A for all G < Sy, (Qunp = 0 if m > n).
(b) If G=5,, and x = ¢, then A = Q..
(¢) f1<m<nand A= Qpn,, then G= 5, and x = ¢.

Proof. (a) By Theorem4.4.2(a) Qum.n C Gmpn C A. If & € Qo p, then G, = {e}
so that > .o x(0) = x(e) #0. Thus a € A by (4.20).

(b) Since G = Sy, by Theorem 4.4.2(b) A = Gy . If v € A\ Quypn, then
there are i # j such that v(¢) = v(j). Define the transposition 7 = (ij). Then
T € G,. Since e(1) = —1,

Z g(o) = Z e(ro) = — Z e(o).
oceGy ceG, ceGy
So ZD’GG’Y e(c)=0,ie,v¢A. SoAcC Qm.n and hence A= Qm.n by (a).
(¢c) From 1 <m <n,a=(1,...,i—1,4,4,i +2,...,m) € Gy n. Since a ¢
Qman = A, Y ,cq. x(0) =0. Notice that (i,i+1) € G foralli=1,...,m—1
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(if the transposition (i,7+1) € G, then we would have G, = {e}, contradicting
Y veq, X(0) =0). Then G = S, by Problem 2.1 #2.
Let 7:= (i,i+ 1) € G. Then G, = {e, 7} so that

x(e) +x(r) =Y x(o) =0.

ceGqy

So x(7) = —x(e) = —k where k is the degree of x. Then from Problem 1,
A(r) = —I; if A is the (unitary) representation for x. By Problem 2.1 #2 for
any 0 € G

=T Ty

where each 7; is a transposition of the form (¢,7 4 1). So

Alo) = Al 1) = A1) - A7) = (1) I

So
\(0) = tr A(o) = (1) = e(r1) -~ &(r, )k = ke(o)
for all o € G, i.e., x = ke. Since x is irreducible, we must have k£ = 1. O
Let
Q:={a€Tma: Y x(a)#0}
acGqy

Note that A = ANQ and

Q=Uy,cal'a =Uyeaf{ao 0 € G} (4.21)

So for a € 'y, 5, €}, # 0 if and only if o € Q. So the set {e}, : a € Q} consists
of the nonzero elements of {e}, : « € I'y, »} (a spanning set of V, (G)).
Moreover from (4.20)

Vi(G) = @aeaOa, (4.22)

where O, = (€}, : 0 € G). In order to find a basis for V, (G), it suffices to find
bases of the orbital subspaces O, o € A. Define

Sq = dimO,, = dim(e}, : 0 € G).
Notice that s, depends on Y.

Theorem 4.4.7. (Freese)

50 =29 S 1 (0) = %) (o .

Proof. Since G is a disjoint union of right cosets of G, in G, i.e., there are
T, ..., Tk € G such that

G=Gym1U---UG,7s
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and I'y, = {am,...,an}. Moreover |G,7;| = |Ga| so that k|G| = |G|. Notice
that O, = T'(G, x)Wa, where
W = (e '06G>:<e?:ﬂefa>.

o

Then E, := {e&, ..., €%, } is a basis of W, but {e}, ... ek,
a basis for O,,.

Since W, is invariant under P(c) and thus invariant under T'(G, x), the
restriction T (G, x) = T(G, x)|w,, of T(G,x) is a linear map on W, and is a
projection (Problem 1.8 #8).

Let C = (¢;5) == [TQ(G,X)]EZ € Cixk (C depends on « and s, := dim O, <
k). From

} may not be

To(G.X)Wa =T(G,X){ely : 0 € G) = ety 1 0 €G),
we have (by Theorem [1.8.2)
sq =dim(e}, 10 € G) =rank T, (G, x) = tr T (G, x) = tr C.
We now compute C':

To(Gx)ed:, = €nr, =T(G,X)eq,,

aTj QaTj

_ xl(e)
= o 2 X0 o

for j=1,...,k. So

Since x(7; 'ori) = x(o) for all 4,

k k
sa:trC:;ch:;XéR Z x(o) = Tg(j Z x(o).

O'EGa
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Recall that (x|a,,1) is a nonnegative integer when a € T'yy . So 54 =
x(e)(xlg.,1) > 1 for each a € A if x is not linear. When Y is linear, s, = 1
(Problem 6).

Let E = {e1,...,e,} be a basis of V. We now construct a basis of V, (G).
For each a € A, we find a basis of the orbital subspace O,: choose a lexicograph-
ically ordered set {a1,..., a5, } from {ac : 0 € G} such that {e} ,....e5 }
is a basis of O,. Execute this procedure for each v € A. If {a,3,---} is the
lexicographically ordered set A, take

A:{al,...,asa;ﬂl,...,ﬂsﬁ;...}

to be ordered as indicated (often we pick ay = «). Then {e}, : a € A} is a basis
of Vy(G) (Clearly A = {ay, B1,..., } is in lexicographic order but note that the
elements of A need not be in lexicographical order, for example, it is possible
that g > 31). Such order (not unique) in A is called an orbital order. Clearly

ACAcCq.

Although A is not unique, it does not depend on the choice of basis E since A,
A and C do not depend on E, i.e., if F = {f1,..., fn} is another basis of V,
then {f* : a € A} is still a basis of V,(G).

Example: Consider m = n = 3 and G = S3. Recall that there are three
irreducible characters of S5, namely, the principal character 1, the alternating
character € and the character with degree 2:

x(e) =2, x(23) = x(12) = x(13) = 0, x(123) = x(132) = —

We now construct A, A and A for this degree two x. Since G = S,,,, A = Gy
for I's 5 by Theorem 4.4.2 and the orbits (equivalence classes) are

{(1,L, 1)}

{(1,1,2),(1,2,1),(2,1,1)};
{(1,1,3),(1,3,1),(3,1,1)};
{(1,2,2),(2,1,2),(2,1,1)};
{(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2),(3,2,1) };
{(1,3,3),(3,1,3),(3,3,1)};

{(2,2,2)}

{(2,2,3),(2,3,2),(3,2,2) 1
{(2,3,3),(3,2,3),(3,3,.2) 1

{(3,3,3)}.

Then by direct computation

={(1,1,2),(1,1,3),(1,2,2),(1,2,3),(1,3,3),(2,2,3),(2,3,3)}.
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For example, if « = (1,1, 1), then G, = S5 and

> x(e) = x(0) =x(e) + x(123) + x(132) =2 -1 -1 = 0.

c€Gq ceG

Ifa= (L 152)7 G(x - {67 (12)} so that

> x(0) =x(e) + x(12) =2+ 0 =2.

ceGqy

The orbit Ty, (w:= (1,2,3)) |T'w| = 6 and other orbits are of size 3.
First we consider the “small” orbits. For a = (1,1,2), we have G, =
{e, (12)} so that

fo= 49 S Mo) = x(@) +x((12)) =2

| Ot| g€Gqy
With 7 = e, 72 = (23), 73 = (13),

., ={(1,1,2),(1,2,1),(2,1,1)} = {an, ar, ats}.

From
1
cij = WZ X7 o) = S0 )+ X (12))
we have
2 1 1
3 3 7?
Cc=1[-1 2 _1
B ST
3 3 3

Any two columns of C are linearly independent so that we can take a; = a =
(1,1,2), as = (1,2,1). The computation for the other five “small orbits” is
similar, i.e.,

(1’ 1)3)7 (172’2)7 (17373’)7 (272’3)’ (27373)

Now we consider the larger orbit. For w = (1,2,3), we have G, = {e} so
that

Sy = |XC§6) Z x(o) =2x(e) =4

Yl rea,

With 7 = e, 72 = (23), 73 = (12), 74 = (123), 75 = (132), 76 = (13),
r, ={(1,2,3),(1,3,2),(2,1,3),(2,3,1),(3,1,2), (3,2, 1)} = {1, ..., a7}

From

1
) S x(r o) = it 7))

Cij =
‘G | ceG



104 CHAPTER 4. SYMMETRY CLASSES OF TENSORS

we have ) . .
2.0 o0 -+ -1 0
0 2 -1 ¢ o -1
0 31 23 0 0 %
c=|" 3 3 3
-+ 0 o 2 -1 o0
% 31 23
-2 0 0 -1 2 o0
1 1 2
0O -3 -3 0 0 3

Notice that rank C' = 4 (for example the columns 1,2, 3,4 or columns 1,2,3,5
are linearly independent. So we can take w; = w = (1,2,3), wa = (1,3,2),
ws =(2,1,3) and wy = (2,3,1). Hence

A = {11

in which the order is not lexicographic.

It is known (Problem 6) that A = A if and only if y is linear. In such
cases, {e;, : @ € A} is an orthogonal basis of V, (Q) if E = {e1,...,e,} is an
orthogonal basis of V. If x(e) > 1, can we choose A such that {e* : a € A}
is an orthogonal basis for V, (G)? When G = D,,, (the diheral group) such A
exists for every x € I(G) if and only if m is a power of 2 (Wang and Gong
(1991) [34] [35], Holmes and Tam (1992) [4]). On the other hand, every doubly
transitive subgroup G < 5,, has an irreducible character for which no such A
exists (Holmes (1995) [3])

We give several common examples of symmetry classes of tensors and in-
duced operators.

Example 4.4.8. Assume 1 < m < n, G = S, and x = €. Then V,(G) is
the mth exterior space A™V, A = A = Qm,n, the set of strictly increasing

sequences in I'y, », A = Gy, the set of nondecreasing sequences in I'y, ,,. See
Problem 6 and Theorem 4.4.6(b).

Example 4.4.9. Assume G = 5, and x = 1, the principal character. Then
Vi(G) is the mth completely symmetric space @™V, A = A = A = G, . See
Problem 7.

Example 4.4.10. Assume G = {e} < S, (x = 1). Then V,(G) = @™V,
A=A=A= I'yyn. See Problem 7.

We know that from Theorem 4.3.6

dim V,(G) = |A| = >|<ée|) Z x (o)),
ceG
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The following gives another expression for |A| in terms of s,.

Theorem 4.4.11.

dmVy(G) = A=) sa=) sa

aeﬁ acA
X
= Z ()
aEA UEG
|G‘ a€lm n 0€Ga

Proof. Tt suffices to establish the last equality. By the proofs of Theorem 4.4.3
and Theorem 4.4.4

2. 2 xm = D iF

ZADIPIRC

a€lm,n TEGa aEA Ga 0€GmEGqo
- Y e T Cumo o)
aGA UEGﬂ‘GG
= IGIZ > x(@).
aeA Ga TEG,
O
Problems

1. If U € C,,xx, is unitary and tr U = —n, prove that U = —1I,

2. Let 0 € G < Sy, B € L. Prove that Gg = 071G 6.

a Ga
3. Prove that ) A |‘G ‘I = |Tyn| and |A| = Eaerm,n l‘GH.

4. Let {e1,...,en} be a basis of V. Prove that {e}, : o € A} is linearly
independent.

5. Write s4(X) = 8q = ZQGA ‘G ‘ ZaeG x(o) to indicate its dependence
on Y, an irreducible character of G < S, and ao € 'y, .

) sa(x) divides x(e) for all x € I(G).

(a
(b ZXeI (@) sa(x) = \l(i'\-
G|

)
(c) Unless Ga(x) = G and x =1, we have sq < 157
)

(d) Foreacht € S, and 7w € G, Srar(X) = Sa(X). Here rae = (7(a(1)),. ..
Fm,n

,7(a(m))) €



106 CHAPTER 4. SYMMETRY CLASSES OF TENSORS

(e) if a € Q, then x(e) < s4(x) < x(e)?. (Hint: Problem 2.4 #1).
6. Prove that A = A if and only if x(e) = 1.
7. Prove that A = A (or A = A) if and only if y = 1.
8. Let a € Q. Prove that if x(e) = 1, then for any o € G,, x(o) =1, ie.,
Xle. = 1.
9. Prove the identities: (") = -L; Y ves,, e(o)nlo), ("+Z_1) =L Y ves,, ne@),

10. Suppose Vy (G) # 0. Prove that if G # S,,, or x # €, then there is o € A
such that a(i) = a(j) for some i # j.

11. Let C' € Cgxy be the matrix in the proof of Theorem 4.4.7, i.e., ¢;; =
% Y ea., x(1;7 tor;). Give a direct proof of C? = C.

Solution to Problems 4.4

1. Since the diagonal entries w;; satisfies |uy;| < 1 since U € C,,x,, is unitary.
So —n = trU implies that n = [trU| = > 1w < Yoy |ug| = n. By
the equality case of the triangle inequality, u;; = —n and hence U = —1I,,
since U has orthonormal rows (columns).

2. yEGpy & Biy=p0 & pov0~1 =3 0v0~! € Gg, ie., v € O71Gs0.

4. By Theorem 4.4.5 V,(G) = @®,caléh, : 0 € G). So {e}, : a € A} is
linearly independent.

6. From Theorem [4.4.7 and the definition of AlA=A &1 =s,(=
x(e)(xlg,,1)) for all & € A. Then notice that (x|g,,1) is a positive
integer for each o € A.

8. Suppose x = 1. For any a € A, Y7 ., x(0) = [Ga| # so that o € A.
Hence A = A. Then use Problem 6 to have A = A since x(e) = 1.

Conversely suppose A = A, i.e., ﬁ > sec, X(0) is a positive integer for

alla € A. So
) x(@) < Y Ix(o) < 1Gal.

oc€Gq ceGq

But for all 0 € G, |x(o)] < x(e) = 1 by Problem 2.4 #1. So by the
triangle inequality, x(o) = 1 for all o € G,, i.e., Xlg., = 1. Pick o =
(1,...,1) € A = A to have the desired result since G, = G.
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9. Since the alternating character € and the principal character 1 of S,, are
linear, By Problem 6, A = A for x =¢,1. So on one hand

dim V. (Sy) = |A] = |Qm’n|=<:l>,

dim Vi (Sm) = |A] = |Gn| = (TH_:;L B 1> (by Problem 7).

On the other hand, by Theorem [4.3.6

dim V(S oo Z ne@)

" 0€ESm

and

dim V4 (S — Z e(o),

m! 0ESH

10. Suppose V, (@) # 0 so that A is nonempty. Assume that all « € A have
distinct entries. Then m < n evidently. Suppose G = S, and we need
to show that x # . Since G = S,,, A = Gy, (Theorem 4.4.2(b)) we
have A C Q. By Theorem 4.4.6(a) A = @, and then by Theorem
1.4.6(c) x =e.

11. Remark: In the proof of Theorem 4.4.7 we know that C' = (c¢;;) =
[Ta(G,X)]gZ € Cgxi is a projection matrix since T, (G, x) € End (W,,)
is a projection.

k
(C%iy = D ciscy
s=1
k
= XY X aton) ¥ atntan)
|G|2 s i
s=10€Gq pra=tel
X(B)Q S -1 -1 _-1 -1
- |G|? Z Z x(7i o) Z X(ry o pry) (m=0""p)
s=1o€eGq neG,
- PSS o)
s=1o,u€EGq
_ x(e)? . . B
BETeE Z ZX(E‘ YX(Yur) (v =o0Ts)
pneEGq y€G
x(e)®
- |G|2 2 (Zx X077 um)
nEGL \OEG
= X(ri ,m'] by Theorem 2.4.3
neEGaq
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So C' is a projection matrix.

4.5 Linear operators on V,(G)

Let T' € End V. Similar to the induced operator T € End (™V), we want to
study the induced operator on V, (G) induced by T'. The map ¢ : x™V — V, (G)
defined by

V1, 0m) =Tvy %% Ty,

is multilinear and symmetric with respect to G and x. By Theorem 4.2.5] there
is a unique K(T') € End (V, (G))

XMV u Vi (G)

satisfying
K(T)vy * - x v =Ty -+ % Tug,.
Such K(T) is called the induced operator of T' on V, (G). Notice that K(T)

depends on G, x, m,n. We now discuss some basic properties of K (T).

Theorem 4.5.1. Let T € End (V). Then V,(G) is an invariant subspace of
®"T" and
K(T)=&"T|v, ()

So K (T)v* = (@™T)v* for all v* € V,(G).
Proof. Notice that
(®™T)P(0) = P(o)(@™T)

so that (®™T)T(G,x) = T(G, x)(®™T) (Problem 1). So V,(G) is an invariant
subspace of (™T ) Thus (®™T) induces a linear operator on V, (G) which is
K(T), because

K(Tw* = Tvix-*«Tv, =T(G,x)Tv1 ® - Q Tup,
TG 0E T = (™ T)T(G, )
(@mT)v*
and the decomposable v* span V, (G), i.e., K(T) = @™ Ty, (q)- B

Theorem 4.5.2. Let S,T € End (V). Then

(a) K(Iv) = Iv(@)-

(b) K(ST) = K(S)K(T). So T — K(T) is a representation of GL(V) in
GL(V, (Q)).
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(c) rank K(T) = |ANT,,..|, where r = rank T".
Proof. (a) Clear.
(b)
K(ST) = @"(ST)lv (o)
= (@"S®"T)|v,(q by Theorem 3.41
= ®@"Slv ) @™ Tlv, (@) by Theorem 4.5.1

= K(S)K(T).
(c) Since r = rank T', there is a basis {v,...,v,} of V such that Twvy,...,Tv,
are linearly independent and Tv, 41 =--- =Tv, =0. Let e; =Tv;, i =1,...,r,
and extend them to a basis E = {e1,..., e, €r41,...,6,} of V. Now

E.={ef:acA} and {v):acA}
are bases of V, (G). If a € Ty, -, then

K(T)vy, = Tvg(ry * - % To(m) = €,

o

So

{ef = K(T)v' :ac ANT,,,}

is a subset of the basis E, of V,(G) so that it is a linearly independent set.
When a ¢ ANT,,,, there is some i such that a(i) > r. Then Tvai) = 0 s0

that K (T)v% = 0. So rank K(T) = |ANT,,..|. O

Theorem 4.5.3. Let V be an inner product space and T € End V. Equip
V4 (G) with the induced inner product.

1. K(T)* = K(T%).

2. If T is normal, Hermitian, positive definite, positive semidefinite, unitary,
so is K(T).

Proof. (a) From Theorem [4.5.1 V, (G) is invariant under T and @™T™*. So

K(T~) (@™T") v, (c)
= (®"T)"|v, (@) by Theorem 3.4.3
(®@™T|v, ()" Theorem [1.7.1(a)

K(T)*.

(b) Since ®™T has the corresponding property by Theorem [3.6.2, by Theo-
rem [1.7.1(b) K(T) = ®"T'|y, (@) has the corresponding property. O

Theorem 4.5.4. Let E = {e1,...,e,} beabasisof Vand T' € End V. Suppose
that A = [T]% is upper triangular with diagA = (A1,...,\,). Then B =
[K(T)]g* is upper triangular with diagonal entries [}, Ag), 3 € A, where
E, = {e% : o € A} (in the orbital order).

*
[e3%
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Proof. Since A = [T% is upper triangular,

Te; :)\jej+zaij6¢, J=1...,n,

i<j

where Ay, ..., A, are the eigenvalues of T'. For each 3 € A7 there is m € G such
that 7 = 81 € A. Then
K(T)e; = Te,g(l) kooee ok Teg(m)

= (Qswesw + Y apwen) * - x Aaemesom) + D Gipemyer)

i<pB(1) i<B(m)
= (H )\g(t))eg—&— Z caez.
t=1 a€Sa

where

Sgi={a €l a() <B>i),i=1,...,m, with at least one strict inequality}.

We remark that some o € Sz may not be in A. Fix a € Sg and we may
assume that e, # 0 (note: a € 2 from (4.21) but may not be in A). Clearly
ay = af € A for some 0 € G. From the definition of Sg,

ap < am < B = f.
In other words 1 comes strictly before (3 in lexicographic order.

Case 1. If a€ A, then o < ( in the orbital order, according to the construction
of A.

Case 2. If a € A, then e, € O, = (e, 0 € G} is a linear combination of those

eX in the orbital subspace O,, where v € T'y, N A. Each v < [ in the

5
orbital order by Case 1.

So [K(T)]g is upper triangular, where E, = {e, : @ € A} in the orbital order.
O

In Theorem 4.5.5, the eigenvalues of K(T) are evidently []"; A\,¢), w €

A, counting multiplicity. However the order of these eigenvalues apparently
depends on the order of A1,..., \,; but it is merely a deception.

Theorem 4.5.5. Let A\{,..., A, and s1,...,s, be the eigenvalues and the sin-
gular values of T' € End V, respectively. Then

1. The eigenvalues of K(T) are [[/"; Aus), w € A, counting multiplicities.
Moreover for any 7 € S,

ﬁ)‘ﬂu(i)a w e A
=1



4.5. LINEAR OPERATORS ON V,(G) 111

are the eigenvalues of K (7T'), counting multiplicity. Hence f(A1,...,\,) :=
tr K(T) is a symmetric function of A1,..., A\, i.e.,

f(/\l,. . -;/\n) = f()\.,.(l),. . .,/\T(n)), TES,.

2. The singular values of K (T') are [[;" su;), w € A, counting multiplicities.
Moreover for any 7 € S,

ﬁ Srw(i), W€ A
i=1

are the singular values of K (T'), counting multiplicities.

Proof. (a) The first part follows from Theorem 4.5.4. Schur’s triangular theorem
or Jordan form allows any prescribed ordering of A1,..., \,. In other words, for
any 7 € Sy,

ﬁ)\rw(i)a w e A
i=1

are the eigenvalues of K (T'), counting multiplicities.
(b) Apply (a) on A*A. O

In order to compute det K (T') we rewrite [T, Au) as [[;, A7) where

my(w) denotes the multiplicity of the integer ¢, i.e., the number of times ¢
appearing in w. Clearly for all w € I'y, ,,,

(oo =TT
i=1 t=1
Theorem 4.5.6. Let T'€ End V. Then
det K(T) = (det T) % 12 (4.23)
Proof. Since the determinant is the product of eigenvalues, by Theorem [4.5.5
det K(T) = [T T[TA"““ =T T »"“ =TI
weAt=1 t=1ueA t=1

where g; := ) A mi(w) and m¢(w) is the multiplicity of # in w. In other words,
¢+ 1s the total number of times the integer ¢ appearing among all the sequences
in A. By Theorem [4.5.5(a)

e~ o, - [
t=1 t=1 t=1

which is true for all scalars Ay, ..., A, (view them as indeterminants). So ¢; = ¢,
a constant, for all t =1,...,n. Since >, my(w) = m,
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ng=> g =23 Y miw) =) > mw)=mlA]
t=1 t=1,eA weA t=1
So

Then

n =|A|
det K(T H RIAL_ (H )\t> = (det T) %12,
O

The following is an alternate approach for ¢; = ¢ for all ¢:
From Problem 4.4 #2 (Guoy = 07 'Go0) and #5 for any o € Ty, 0 € G
we have
|Ga0| = |Go¢‘7 Saoc = So) mt(aa) = mt(a)'

For any arbitrary 7 € S,
Gra =Ga, Sra = 8a, Mi(TQ) =M —1(y)(a).
Moreover, as o runs over I'y, ,, Ta runs over I'y, ,, as well. Then

@G = Z Zsamt ):ZSth(a) (sq =0 if a ¢ A)

wEA aEA aEA

— |G| Z Z |G o |sami(a)

— |G| Z Z |Goolsacmi(ac) (|Gas| = |Gal, Sac = So, mi(ao) = my(a))

oeG
1 ‘
= @l Z |Gy |symi(y) (Theorem 4.4.3, o(v) = |G4|syme(7))
Y€l m n
Then for any 7 € S,
1
q = @ Z |G‘ra‘8'rozmt(7_a) (Trm,n - Fm,n)
O‘ermm,
1
= @l Z |Galsamr—1)(@) (Gra = GasSra = Sa, Mi(TQ) = M1 ()
OtEFNL,n
= 4r-1(t)-
Theorem 4.5.7. Let E = {ey,...,e,} be an orthonormal basis of the inner

product space V and equip V,(G) with the induced inner product. Let T €
EndV and A = (a;;) = [T)E. Then for a, 3 € Ty, n,

(K(T)eh,er) = X2 | G| Z Haag ®8() (4.24)

oceG
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Proof. Notice that K(T)ej; = Teg) * -+ * T'eg(r). Since E is an orthonormal
basis,

(Tesr), €ao(t)) = Ga(o()B(t)-
Then use Theorem [4.3.4 with uy = Tegy and vy = eq(p):

(K(T)eh ) = 2 |G| DS () [1(T e, earte) |é,| S Haw@
t=1

We now discuss the matrix representation of K(T). Let E = {e1,...,e,} be
an orthonormal basis of the inner product space V' and equip V, (G) with the
induced inner product. From the construction of the basis E, = {e} : a € A},
different orbit subspaces are orthogonal (Theorem [4.3.5). However the vectors
within the same orbit subspace may not be orthogonal. So the right side of
(4.24)) is not necessarily the corresponding element of K(T') with respect to the
basis E, of V, (G).

When y(e) = 1, (A = A by Problem 4.4 #6) E, = {e* : @ € A} is an
orthogonal basis of V, (G) (but not necessarily orthonormal). Upon normaliza-

tion,

is an orthonormal basis of V, (G) (Problem 6). Thus if x(e) = 1, then the matrix
representation of K (7T') with respect to E. follows from the following theorem.

Theorem 4 5.8. Suppose x(e) = 1 and E = {ey,...,e,} is a basis of V (so
E, ={ el : a € A} is a basis of V,(G) according to the lexicographic

(X

ordering). If T € EndV and A = [T]£, then

E/

[K(T)]E; < \/m g H Qoo (t)6( t)) s (425)

Proof. Equip V' with an inner product so that E is an orthonormal basis (The-
orem [1.6.3). Then E. is an orthonormal basis of V. (G) with respect to the
induced inner product. Since x(e) = 1, use (4.24) to have

Gl 1GI
ﬂ7 oz aao(t )B(t)
\/ [Gsl P\ 1Gal ™ ~ \1GalIGAl ||G,6 g;; H

When Y is linear, similar to the Kronecker product of matrices, we define
the induced matrix K(A) using (£.25). Let x(e) = 1 and let A € C,x,,. The

O
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matrix K (A) € C|z|xa| defined by

K(A)aﬂ Qoo (t),B Ot,ﬁ € A (426)
/|G 1G5] Z H (t)

ceG
is called the induced matrix. If T and A are as in Theorem 4.5.8, then

K (1)) = K(A).

Since the induced matrix K(A) is the matrix representation of K (7T'), we have
the following properties.

Theorem 4.5.9. Let A € C,,«,, with eigenvalues A1, ..., A, and singular values
s3> -+ > 8, > 0. Suppose x is linear and let K(A) be the induced matrix of
A. Then

(a) K(I) =I5}, where |A| = ﬁ Y v x(o)nlo).

(b) K(AB) = K(A)K(B), where A, B € C,,xp,.

(c) K(A™Y) = K(A)7lif A € C,x, is invertible.

(d) rank K (A) = |ANT,,.,|, where = rank A.

(e) If A is upper triangular, then K (A) is also upper triangular.

(f) The eigenvalues of K(A) are [T\, A,(;), w € A. The singular values of
K(A) are JT:" | sw(), w € A.

(8) tr K(A) = 3 en 121 Aatt) = Xaea 1a71 Loea X(@) TTi21 Gao(t),a)-
(h) det K(A) = (det A)%IAI.

(i) K(A")=K(A)".

(j) If A is normal, Hermitian, psd, pd, or unitary, so is K(A).

For x(e) > 1, see [18] for the construction of orthonormal basis of V, (G),
the matrix representation of K(T'), where T' € End V', and the induced matrix
K(A).

We now provide an example of K (T') with nonlinear irreducible character.

Assume that G = S5 and y is the degree 2 irreducible character. We have

x(e) =2, x(12) = x(23) = x(13) = 0, x(123) = x(132) = —

Assume dimV = n = 2. Then by direct computation,

I's, = {(1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2),(2,2,1),(2,2,2) }
A = {(1,1,1),(1,1,2),(1,2,2),(2,2,2)}

A = {(1,1,2),(1,2,2)}

A = {(1,1,2),(1,2,1),(1,2,2),(2,1,2)}.
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Let E = {ej,ea} be a basis of V. Then

B, ={eqa€ A} ={ef119):€(1,2,1)€(1,2,2): €(2,1,2)}

is a basis of V, (G). Observe that E, is not an orthogonal basis even if E is an
orthonormal basis, since

* * * * 1
(6(1,1,2)76(172,1)) = (6(1,2,2)a8(2,1,2)) = 3

For example, by Theorem [4.3.5

x(e)

(e(1,1,2): €(1,2,1)) = 55| Z X(0)0(1,1,2),(1,2,1)0 = g(X(23) +x(123)) = —3

o€S3

Moreover (check by working out the C' matrices!)

6&,1,1) = _6?1,1,2) - 62‘1,2,1)7 €>(k2,2,1) = _6?1,2,2) - 6?2,1,2)' (4.27)

Let T € End V be defined by

mE= (2 1)
By direct computation,
a’d — abc 0 abd — b*c 0
e I s

acd — bc® b — acd 0 ad? — bed
For example

K(T)ef110 = Teir*Ter*Tes
= (aey + cea) x (aey + cea) * (bey + des)
= a2be’(“171,1) + azdez“l’m) + acbe(; 5 1y + acde; 5 5
+cabefy 1 1) + cadefy | 5y + c2be>{272,1) + czbef272’2)
= a2de’(“171,2) + acbe(y 5 1) + acde(y 5 o)
+cabe(y 1 1) + cadefy | 5y + 02b€?272)1) by (4.20)
= (a*d— abe)e(y 1 0y +0ey 51 + (acd — ch)e’(*ng) + (acd — ch)eZ‘Q)m).

The computations for K(T)e{; 5 1), K(T)ef; 5 ), K(T)ef,; o are similar.
Furthermore, one can define the derivation operator Dk (T') of T' by

Dr(T) = L k(1447

dt )}t:()’
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which acts on V, (G) in the following way:
Dy (T)vy -+« % Oy, :Zvl sk V1 % TV % Vjgq % -k Uy

Clearly T +— Dg(T) is linear. With respect to the above example

2a +d 0 b 0

B, 0 2a 4+ d b —b

Dr(De = 0 a+2 0
c —c 0 a+ 2d

Research problem: Given the Jordan structure of T € C,x,, (T € End V),
what is the Jordan structure of Cp,,(T) (G = Sy, and x =€) where 1 < m < n?
The answer is given by Atkin [I]; also see Littlewood [13] for some simplified
treatment. Atkin also studied the problem for Kronecker product. In general
the corresponding problem for K (7') is not known.

Problems
1. Prove that (™T)P (o) = P(0)(®™T) and (™T)T(G, x) = T(G, x)(@™T).

2. IV, (G) # 0, prove that K(T) is invertible if and only if T is invertible.
Moreover7 K(T D =K(T)

3. Let S,T € EndV are psd. Show that K(S +T) > K(S) + K(T), i.e.,
K(S+T)—- K(S)+ K(T) is psd. Hence S > T implies K(S) > K T)
(Hint: Use Problem 3.6 #2)

4. Prove that if G = Sy, x = ¢, rank T < m, then K(T') = 0.

5. Suppose T' € EndV is positive semidefinte with eigenvalues A\; > --- >
An. Prove that K(T) on Vi(G) has largest eigenvalue A7* and smallest
eigenvalues A7

6. Suppose that x(e) =1 and E = {ey, .. en} is an orthonormal basis of the

inner product V. Prove that E/ = { i G |ez; a € A} is an orthonormal

basis for V, (G).

7. Suppose that y(¢) =1land E = {e1,...,e,}isabasisof V. Let T € End V
and [T = A = (a;;). Prove that

([K(D)|5)as = TN |Z (@) [ ] taowse: «B€A.
=1

8. Let a € 'y, , and x be linear. Prove that if ) ., x(0) =0, ie, a ¢ Q,
then > - x(0)¢(ac) =0, where ¢ : T, ,, — W is any map.
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9. Suppose that x is linear. If A, B € C,,«y, deduce directly from (4.20) that
K(AB) = K(A)K(B) (Hint: Compare Theorem [1.10.1)).

10. Show that tr K (A) = x(€) > ea(Xlan, 1) TTi1 Aag)-

Solution to Problems 4.5
1. (™T)P(o )’U® = (®mT) =Ty o-1(1)®" - -Q@Tv o—1(m) = = P(o )(®mT)'U®.
Then (@™T)T(G, x) = (G’,X)(®mT) follows since T'(G, x) = >|‘Ge|) > v X(0)P(0)
is a linear combination of P(0), o € G.

2. Suppose Vy(G) # 0, i.e., |A| # 0. Then use Theorem [4.5.6/ since a matrix
is invertible if and only if its determinant is nonzero.

3. By Problem 3.6 #4, ™ (S +T) > ™S 4+ ™T So

K(S+T) = @™(S+Dlv e = (@S +"T)|v, ()
®@" S|y, (@) +@"Tlv, (@) = K(S) + K(T).

Soif S > T, then S =T + R where R > 0. Then K(R) > 0 by Theorem
4.5.3 and hence

K(S)=K(T+R) > K(T) + K(R) > K(T).

4. Let r = rankT.

rank K(T) = [Ty, NA| (Theorem [4.5.2)
= |IprNQmun| (Theorem [4.4.6/since G = Sy, x =€)
0

since all elements of I';, , has some repeated entries as r < m so that
Fm,r N Qm,n = (Z)

5. By Theorem 4.5.5, since A= Lynn, the eigenvalues are []0", Aw(iy, w €
Iy pn. Since Ay > --- > X, > 0, the largest eigenvalue of K (T') is A" and
the smallest eigenvalue is A"

6. By Theorem [4.3.5(a), E is an orthogonal basis. It remains to show that
each vector in F’ has unit length. By Theorem 4.3.5(b)

||\/||GT €a ‘G| || 12 = XCE6)| Z x(o) = |G} | Z x(o) = (xle., 1)

0€G, “oeGa
which is a positive integer since o € A. Notice that

Gl 22 M= g 32 o

“req, oeG

since each |x(o)| <1 (x is linear). So (x|g,,1) = 1.



118 CHAPTER 4. SYMMETRY CLASSES OF TENSORS

7.
8.
9.

10. Notice that [T}, Aoy = [I/2; Aacq for all o € G, sq = x(e)(xla..1)
and Gop = 07'G,0, for all a € Ty, ,, and 6 € G. So

m

Y I ew =x@) Y Klow D [ raw

tr K(T) =
acA t=1 acA t=1
= ()Z (XlG.,1 H/\a(t)
a€A

4.6 Generalized matrix functions
Let G < Sy, x € I(G) and let A € C,, x4, The function
dg(A) Z H Qo (t) (4.28)
oeGG

is called the generalized matrix function association with G and x.
Example:

(a) When G = S,,, and x = ¢,

d5(A) = det A = Z e(o) Hata(t)'
t=1

0ESm

(b) When G = S,,, and x =1,
dX(A) =per A:= Z H Ao (t)
o€Sy, t=1
is called the permanent of A.

(¢) When G = {e} < S,,, then

dX ( H At

which is the product of the diagonal entries.

Theorem 4.6.1. Let A € C,,,x.,n. Then
(a) d&(Im) = x(e).
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(b) If A is upper triangular, then
d%(A) = x(e)det A = x(e)per A = x(e)h(A).

(c) d%(AT) = d%(A) (x(o) == x(0) for all o € G).
(d) d§(A*) =dE(A). So if A is Hermitian, then d(A) is real

Proof. (a) and (b) are trivial.

(c)
Haa(t)t = Z TﬂHata(t) = dé(A)-

d5(AT) =" x(o)
ceG t=1 ceG t=1
O]

(d) d5(A%) = dG((A)") = d5(A) = d5(A).
Theorem 4.3.4 and Theorem [4.5.7/ can be restated respectively using gener-

alized matrix function as in the next two theorems.
CyUm, Uty .. Uy, €V oand let A € C,yxyn where

Theorem 4.6.2. Let vq,
(ui,vj). Then for each o, 8 € T'yy 1,

(u*,v*) = x(e) Z x(o H Ut, Vo)) (Theorem 14.3.4)
|G| oceG =1
_ x(e) X X(e) Jx oy
- |G| dG(A) |G| ((UMUJ))

en} be an orthonormal basis of V' and let

Theorem 4.6.3. Let E = {eq,...,
T € EndV. Let A = (a;;) = [T)%. Then for each a, 3 € Ty,

(K(T)GE,GZ) = |G| Z H Qo (t)Bo(t) (Theorem [4.5.7)
ceG t=1
_ x(e)
= x(e) X (AT[B|la eorem 4.0.1(c
= Gl TArds(AT[Bla])  (Th 1.6.1(c))

(@a(i)8(j)) € Crxm- In particular when m =n
_ X(e) d)é(A) |é|) dX (AT)

K Ep, €1 Kk Ey) = Il

where Ala|f] =

(K(T)ey * -
We will use the above two theorems to establish some inequalities and iden-
tities. Notice that x is irreducible if and only if ¥ is irreducible. Clearly
x(€). So statements about d@(A) apply to dg(A).

x(e) =
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Theorem 4.6.4. Let A, B € C,,,xn. Then
|d5(AB*)|? < d%(AA*) dY(BBY). (4.29)

Proof. Let u; = A(;) and v; = B(;), where A(;) denotes the ith row of A. Then

i

(u*,v") = ﬁdé((ui,vj)) (Theorem [4.6.2)

= >|<gf|)d’é(AB*) ((u,v) :==v*u)

Then apply Cauchy-Schwarz inequality

o)) € ()0 07)
to have (4.29). O
Theorem 4.6.5. Let A, B € C,,,xm. Then

A5 (A7 < x(e) di(AAY). (4.30)
Proof. In (4.29) pick B = I,,, and apply Theorem [4.6.1 to have (4.30). O
Theorem 4.6.6. (Schur) If A € C,,,x,, is psd, then

x(e)det A < d§(A). (4.31)

Proof. Since A is psd, there is an upper triangular matrix L such that A = LL*
(Problem 1.5 #9). By Theorem [4.6.1(b),

|d%(L)|* = x(e)?| det L|* = x(e)* det A.
Applying (4.30),

A& (L)[* < x(e)dg(LLY) = x(e)dg(A).

O
From Theorem [4.6.6), if A > 0, then
d5(A) >0, detA<perA, detA<h(A).
Theorem 4.6.7. (Fischer) If A € C,xsm, is psd, then
det A < det A[1,...p|1,...,p]det Alp+1,...,mlp+1,...,m]. (4.32)

Proof. This is indeed a special case of Theorem 4.6.4. Let G < S, be the group
consisting of o7, where o is a permutation on {1, ..., p}, and 7 is a permutation
on {p+1,...,m}. Let x(om) = e(0)e(nm). Then x is a linear irreducible character
of G (check!) and d(A) is the right side of (4.32).

O
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See Horn and Johnson’s Matrix Analysis p.478 for a matrix proof of Theorem
4.6.7.

Theorem 4.6.8. Let A € C,,,x.m. Then

h<A>=|—é| S () (A).

x€I(G)

In particular, if A > 0, then

) = XS, h(A) > per A

Proof. Since A € C,,,xm, there are uy, ..., Up;v1,...,0, €V where dimV =m
such that a;; = (u;,v;) (Problem 1.6 #3). Then

1
] Z x(e)d5 (A) Z (u*,v*)  (by Theorem 4.6.2)
X€I(G) X€I(G)

= Y (T(G,x)u® T(G, x)v®)
x€l(G)

= (Z T(G,x)u®,v%) (by Theorem 4.2.3)
x€l(G)

= H(ui,vi) (by Theorem [4.2.3(b))
i=1

= n(A).

When A > 0, by Theorem [4.6.6/each summand d (A) in ﬁ ZxEI(G) x(e)dg (A)
is nonnegative so we have

n(A) > X gy )
|G|
for all x € I(G). In particular with G = S,,, and y = 1, we have h(A) > —Lper A.
O
We can express u* = v* in terms of the generalized matrix function when
Ui, - .-, Uy are linearly independent (so m < dim V).

Theorem 4.6.9. Let uq,...,u,, €V be linearly independent. Then u* = v* if
and only if v; = 377" ajjuy, j =1,...,m and d§(AA*) = d5(A) = x(e).

Proof. Since uq, ..., uy,, are linearly independent, by Theorem 4.3.2, u* # 0.
(=) Suppose u* = v*(# 0). From Theorem [4.3.3]

(U1y ooy Um) = (U1, .00y Um).
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So there is A € C,,,xm such that v; = ZTZl ai;u;, t =1,...,m. Equip an inner

product on V so that {uj,...,u;} is an orthonormal set. Then
(uiyug) = bijy  (visuy) = agg,  (viy05) = (AAY);;

Apply Theorem 4.6.2/ we have

W) = M) = X axa)

G| G|
R ()
e xle) X(€) x(a ax
(’U , U ) - |G| Trd (( Vi, ])) |G| Trd (AA )

Then from u* = v* we have d(AA*) = d%(A) = x(e).
(<) From the assumption and the above argument,

(v*,u*) = (u*,u*) = (v, vY) (4.33)

so that
(v, w)? = (u*, u*) (0", v%)

with u* # 0. By the equality case of Cauchy-Schwarz inequality, v* = cu* for
some constant. Then substitute into (4.33) to have ¢ = 1. O

Theorem 4.6.10. For all psd A, B € C,,,xm,
d%(A + B) > dX%(A) + dX(B).
In particular, if A > B, then d§(A) > d§(B).

Proof. Let E be an orthonormal basis of V' with dim V' = m. There are psd
S,T € EndV such that [S]Z = A and [T ]E = B. Notice that K(S+T) >
K(S) + K(T) (Problem 4.5 #3) and [T + S]% = A+ B. Apply Theorem [4.6.3
(switching x to ¥) to have the desired result.

Suppose A > B, i.e., A= B+ C where C > 0. The

d%(A) > d§&(B + C) > d&(B) + d5(C) > d§(B)
since d5(C) > 0 by Theorem 4.6.5. O

We now discuss the generalized Cauchy-Binet Theorem (compare Theorem
L10.T]).

Theorem 4.6.11. (Generalized Cauchy-Binet) Let A, B € C,x,. For any
a,BeQ={w:Th,: Eaer x(o) # 0}

dg((AB)a |G| Zd" [o|w])dg (Blw|8])

we
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Proof. Let E = {ey,...,e,} be an orthonormal basis of V. There are S,T €
End V such that [S]E = A and [T]E = B. Notice that Eg = {€® : w € [';, n} is
an orthonormal basis of ®V with respect to the induced inner product. We
have

X ((ap)ials

= (K(ST)ej,er) (by Theorem 4.6.3)

= (K(S)K(T)ep,eq) (K(ST) = K(S)K(T))

= (K(T)ep, K(S%)e) (K(5)" = K(57))

= Z (K(T)ep, e3)(el, K(S*)e;,) (by Theorem [1.3.3)

w€elp n

= > (K(T)ep el (el K(S*)es)  (by Theorem £24@™ V =Lyera) Vy(G))
welm n

= Y (K(S)es,en)(K(T)epel) (ef #00weQ, ifweTly,,)
wGQ

= |G\2 de [a|w])d¥ (Blw|B]). (by Theorem [1.6.3)
weN

Then switch back to . O
When G = S,,, and x = ¢ it reduces to Theorem [1.10.1.

Theorem 4.6.12. Let H < G < S,,, and x € I(G). Suppose x|y € I(H).
Then for all psd A € C,,,xm,

@d H(A) = @d a(A).
Proof.

ceCG TrEH

e DIPIR )P(T) (7= o)

TeGneH

— @ Z x(T)P(7) (Theorem [2.4.3 since X(ﬂrfl) = X(77717'))

|G| TEG
= T(G,x).

With respect to the induced inner product on ® ™V where V' is an m-dimensional
inner product space, T(G, x) is an orthogonal projection by Theorem 4.2.5(a).
So for any z € MV

Izl = IT(G, x)zl|-
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Since T'(G, x)T(H, x) = T(G, x), apply the above inequality on T'(H, x)z,
IT(H, x)zl| = |T(G, x)T(H, x)z|| = |T(G, x)=|.-

Since A € C,,xm is psd and dimV = m, there are vy,...,v, € V such that
a;j = (vi,v;) (Problem 1.5 #10). Set z = v® in the above inequality to have

(T(H, x)v®, T(H,x)v®) > (T(G, x)v®, T(G, x)v®).
Then use Theorem 4.6.2 to have

=X
|H| H = ‘G|dG(A)

The following famous conjecture is still open.

Permanent-on-top conjecture: If A € C,,, %, is psd, then

A5 (A) < x(e)per A.

Problems

1. Show that if A, B € C,,xm are psd, then det(A+ B) > det A+ det B and
per (A+ B) > per A + per B.

2. (Hadamard) Prove that if A € Cpyxpm, then |det A[* <T[%, 370 Jai|*.
Hint: det(AA*) < h(AA*).

3. Prove that when y is linear, Cauchy-Binet formula takes the form: for any
Oé, /‘6) 6 A?

a5 ((AB)alg) = 3 ﬁdéwawndéwwwn.
wGA hd

4. Suppose that H < G and assume that x|g is also irreducible, where y is
an irreducible character of G. Show that V, (G) C V, (H).

5. If A € C,xm is psd, then
per A > per A[l,...,p|l,...,p]perAjp+1,...,mlp+1,...,m].

Solution to Problems 4.5

1. Follows from Theorem [4.6.10 with V = C™, G = S,,, x = ¢; V = C™,
G=5, x=1.
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2. By Theorem [4.6.6}, | det A|> = det(AA*) < h(AA*) since AA* is psd. But
h(AA*) =TTL, 300 fas]?.

3. From Theorem [4.6.11), since x(e) =1,

dg((AB)[alB]) = |G| > A& (Alalw])dy (Blw]8)
weN
_ X X _ A
= IGI > di(Alajwo))di(BlwalB]) (2= AG)
weAo€eG
Let A = (aij) € Cooxm and let w1, ..., Um;v1,...,Un € V such that a;; =

(us,v;). If 0 & G, then wo & A so that v}, = Vo (1) ¥ * Vo (m) = 0.
By Theorem [4.6.2] if 0 & G,,, then

dX = * * . = O
‘Gl ( [a|wo]) (’U’a(z)7vwa(]))

So we have the desired result.

ot
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Chapter 5

Exterior spaces and
completely symmetric
spaces

5.1 Exterior spaces

Let dimV = n. When G = S,,, with m < n, and x = ¢, V-(S,,), denoted by
A™V is called the mth exterior space or Grassmannian space. Denote by

UA:vl/\-«~/\vm

the decomposable element v*. The induced operator K (T") is denoted by C,,(T).
Since the alternating character is linear, the induced matrix K (A) is defined by
(4.25) and is denoted by C,,(A). Tt is called the mth compound of A.

Theorem 5.1.1. Let dimV =n > m. For A"V,
(2) A=Gn, A=A =Qpp, dimA"V = (7).
(b) Let E = {e1,...,e,} be a basis of V. Then Ex :={e} :a € Qmn}is a

basis of A™V. If E is an orthonormal basis of V, then E} := vVm!E" is
an orthonormal basis of ATV

(c) For each o € Sy,, v =e(o)v”. When i # j and v; = v, v = 0.
(d) vy A+ Avy, =0 if and only if vy, ..., v, are linearly dependent.
(e) Ifu; = Z;"’:l a;jvj, i =1,...,m, then u" = det(a;;)v".

(f) Ifut =" #0, then u; = 337  ajjv; i = 1,...,m and det(a;;) = 1.

(g) Moy =37 aijej,i=1,...,m, thenv" =3 o det A[l,...,m|a]e,.

127
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Proof. The proofs of (a), (b), (c) are obtained in Chapter 4. Notice that e(e) = 1
and & € Qum.ny Go = {€}.

(d) By Theorem 4.3.2] it suffices to show the sufficiency. Let vy,...,v,, be
linearly dependent. Then for some j, v; = Zt#j civg. So by (c)

le---/\vm:thvl/\---/\vj,l/\vt/\vjﬂ/\-~-/\Um:0
t#£j

because each summand has repeated v’s.

(e) Direct computation yields

m m
u = O au) A A amuy)
=1 =

= Z (H am(i))vﬁ

a€ly m =1

= Z (H Gia())Va ((d) and Dy, = {(1,...,m)o : 0 € Sp,})

Q€D m i=1

= ( aw(z‘)) Vo
ogeS,, \i=1
= ( Z 5(0’) Haw(l)> ’U/\
=1

TESm

= det(a;;)v" (Problem 1)

(f) By Theorem 4.3.3

(U1, ey Um) = (V1,0 Um)-

Then u; = 377", a;vj, i = 1,...,m. Use (e) to have det(a;;) = 1 (a special
case of Theorem [4.6.9)
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(g) Similar to (e)

A
v = E aije;) g Amje;)
= § Haiw(i)ew

a€ly, ni=1

= Z Haiw(,—)eﬁ ((d) and Dy, = {0 : @ € Quny0 € S })

a€Dy, =1

= > > (T waewe

AEQm,n OESy, i=1

= Z ( Z E(J)Hamg(i)> e

aeQm,n 0ESm
= Z det A[1, ..., m|alel
aeQnL,n
O
We now study the induced matrix Cp,(A). From (4.26),
1
dg(Alalf), (5.1)

K(A)a, Ooo
' /G ||Gﬁ§g H RV TeN TeR

for all a, 3 € A. Hence
Cin(A)a,p = det Ala|f],

for all a, 8 € Q-
For example, if n = 3 and k = 2, then

det A[1,2[1,2] det A[1,2|1,3] det A[1,22,3]
Co(A) = [ det A[1,3]1,2] det A[1,3]1,3] det A[1,3[2,3] | .
det A[2,3]1,2] det A[2,3]1,3] det A[2,3]2,3]

In general Cq(A) = A and C,,(A) = det A.
From Theorem 4.5.8| we have the following result.

Theorem 5.1.2. Let E = {e1,...,e,} be a basis of V and E, := {e} : a €
Qm.n} and El = vVm!E,, a basis of A"V (in lexicographic order). Let T €
EndV and [T)% = A. For any a, 8 € Qum.n,

([Cm(TNIE s =

The induced matrix C,,

([CM<T))]§“A)0¢,6 = Cp(A)a,p = det A[alf].
(A) is called the mth compound of A. Clearly

Cm(AB) = Cm(A)Cm(B)
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Indeed it is the Cauchy-Binet determinant identity (Theorem [1.10.1]) since

Cm(AB)a,ﬁ = Z Cm(A)a,ow(B)w,,Bv Ck7ﬁ S Qm,n~

WEQm,n

By Theorem [5.1.2

det(AB)[a|f] = > det Alalw]det B[w|d].
WEQm n

We now list some basic properties of Cy,(A).

Theorem 5.1.3. Let m < n and A € C,,«, with eigenvalues A{,...,\, and
singular values s1,...,$,. Then

m(A%) = Cp(A)*, Crn(A™1) = Cp(A) L if A is invertible.

a

(a) C
(b) If rank A = r > m, then rank Cp,,(A) = (). If r < m, then C,,(A) = 0.
(c) If A is upper triangular, so is Cp,(A).

)

(d) TI%; Ao(r) are the eigenvalues and [} o) (0 € Qm,n) are the singular
values of Cy,(A).

(e) trCp(A4) = EaeQm,n H?; Ao(t) = ZaeQmm det Afalal.

(f) (Sylvester-Franke) det Cy,(A) = (det A)( =),
(g) If A is normal, Hermitian, pd, psd or unitary, so is Cy,(A).

Compound matrix is a very powerful tool and the following results are two
applications.

Theorem 5.1.4. Let A € C,,«,, with eigenvalues |A;| > -+ > |\,|. Denote by
R; = Z?Zl laijl, i =1,...,n, and let Rjy) > --- > Ry, be an rearrangement of
Ry, ..., R, in nonincreasing order. Then

L

Proof. Let Ax = A\ where x is an eigenvector of A. Then

Ry, 1<m<n. (5.2)

H::]s

E aijxj:)\lwi, izl,...,n.

Let 1 < s < n be an integer such that

|zs| = max |z;| > 0.
=1
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Then

n

| = Zasj% <3 <Y Jagl =Ry < Ry).
j=1 s j=1

— J=1

ZT;
J

asj
Tg

Use Theorem [5.1.3(d) and apply the inequality on C,,(A) to have

m

[T M (A)] = [A1(Cn(A))] < Riyy(Crm(A)).

i=1

For any o € @y, p,, use Theorem [5.1.2

Ra(Cin(A)) > ldet Afalg]

BEQm,n

= Z Z (o) H Ao (i)Bo (i)
i=1

BEQm,n |0ES

<
WED p, n i=1
< > IHlaaws!
YET 1, m 1=1
m n m m
= ]I laaasl = ]] Recr < ]I Ria
i=1j=1 i=1 i=1

We can use (5.8)) to have

| det A|

|>\n| Z T—n—1 »
L2 Ry

since

i=1

131

Z H ‘aa(l)w(l)| (Dmm = {aJ HIOAS Qm,nag S Sm})

Theorem 5.1.5. Suppose that A € C,«, is invertible with singular values
$1 > - > 8, > 0. Let A = QR be the unique QR decomposition where
positive diagonal entries of R. Let diag R = (a1,...,a,). Let apy) > --- > apy

be the rearrangement of aq,...,a,. Then

n

Ha[t] SHst, m=1,...,n—1, Ha[t] :Hst.

t=1 t=1 t=1 t=1

(5.4)
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Proof. We first establish aj;) < s1. Let A = QR be the QR decomposition of
A. Recall that s; is the square root of the largest eigenvalue of the psd

A*A=R'Q*QR = R*R.

It is known that any diagonal entry of a Hermitian B is less than or equal to
the largest eigenvalue of B (by using Spectral Theorem for Hermitian matrices).
Suppose apy) = ar for some 1 < r < n. Then

a[2l] = IaT‘Q < (R*R)T’!‘ < 3% (55)
Hence aj;) < s1. and use Theorem [5.1.3 (c) and (g),
Cn(A) = Cn(Q)Cm(R)

is the QR decomposition of C,,(A). Now the diagonal entries of C,,(R) are
-, Aa(iy @ € Qumyn and the largest is [T, a;) By Theorem 5.1.3(d), the
largest singular value of C,(A) is [/, s;. So by (5.5) we have

m

Ham Sﬁsi, 1=1,....,n—1.
i=1

i=1
The equality is obtained via the determinant equation

det A =detQdet R
so that N N
Hsi = |det A| = |det R| = Ham.
i=1 i=1
O

Remark: The converse of Theorem [5.1.5!is true, i.e., given positive numbers
a1,...,a, and s1 > --- > s, > 0, if (5.4) is true, then there exists A € C,xp,
with singular values s’s and diag R = (ay,...,a,) where A = QR is the QR
decomposition of A. This result is known as Kostant’s convexity theorem [11].
Indeed Kostant’s result is in a broader context known as real semisimple Lie
groups.

For A € C,,xpn, t € C, we write

Con(Ln +tA) = I(n) + tDWM(A) + 2D (A) + - -+ t™ DM (A).
The matrix Dg)(A) is called the rth derivative of C;,(A4). In particular
DS,IL)(A) is the directional derivative of Cy,(-) at the identity I,, in the direc-
tion A. It is viewed as the linearization of C,(A)

Theorem 5.1.6. If A € C,,«,, is upper triangular, then Dy(,:) (A) is upper tri-

angular.
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Proof. If A is upper triangular, so is I,, + tA. Thus Cp, (I, + tA) is upper

triangular. O

Theorem 5.1.7. (a) D%)(SASA) = C’m(S)D(T)( A)C,,(S) Lt foralll <7 <
m. So, if A and B are similar, then C,,(A) and C,,(B) are similar.

(b) Let A € C,x, with eigenvalues Aq,...,\,. Then the eigenvalues of
Dg,:)(A) are

Z H Aaw(i)v (OAS Qm,n-

WEQy,m i=1

In particular Ay 1)+ +Aa(m), & € Qum,n, are the eigenvalues of D,(,}L) (A).

(c) D)(A%) = D3 (A)*.
Proof. (a)

Con (I, + tSAS™)

= Cp(S(I, +tA)S™Y)

Con(S)Co (I, + tA)Co (S71)
(s)c (S)7!
(5)

Con(S)Con (I, + tA)Cra(S) ™
= Cu(S)(U[(n) + DS (A) + DR (A) + - + " DI (A))Crn(S)

= I(n) +tCn(S)DR) (A)Cin(8) ™" + 12 C(S) D (A) O (S) ™
+ o " Cn (S) DI (A) O, (S)

On the other hand

Cm(In—ktSAS*l):I(n)+tDﬁ)(SAS*1)+t2Df,f)(SAS’ )+ 4t DIM (SASTY).

Comparing coefficients of ¢ of both equations yields the desired result.

(b) By Schur triangularization theorem, there is U € U(n) such that UAU* =
T where T is upper triangular and diagT = (A1,...,A,). By (a)

D) (A) = C(U*)DG(T)C (U)

m

and hence DS,’;)(A)) and DY (T)) have the same eigenvalues. From Theorem
5.1.6 DS,?(T) is upper triangular so the diagonal entries are the eigenvalues of
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A. Now

Con(I +tT) a0
= det(I, +tT)[co|q]

m

= H(l + t)\a(l-))

i=1

2
= 1+ t(>\a(1) + -+ )\a(m)) +¢2 Z H Aaw(i)

WEQ2, m =1

4+t Z H/\aw(i)+"'

WEQy,m i=1

for all @ € Qpn. So the eigenvalues of Dﬁ;)(A) are ZweQT N [T—1 Aawi)s

o€ Qmn-
(c) For any t € R,

Iy + D (A7) + £DP (A7) + -+ £7 DG (A7)
Crn (I +tA”)

= Cn(l+tA)"

= I(Z‘n)HD%)(A)*+t2D§3)(A)*+-~+tngn)(A)*

Hence DY) (A*) = D,(,:)(A)* for all r as desired. O

Let A € C,xp, and set Ay, (A) := DS,P(A). It is called the mth additive
compound of A.

m

A (B) for all A, B € Cpypy and A, (cA) = cAp(A).
Proof. By Theorem [5.1.3(a)

Theorem 5.1.8. A, : Cpoxry — C(n “(r is linear, i.e., A, (A+B) = A, (A)+

Con((In + tA)(I +B)) = Co (I + tA)Co (I, + tB).

Now

Cp (I, +tA)C (I, +tB) = (I(;) +tA,(A) + 0(t2))(I(;) + 1A (B) + o(t?))
= I(n) +tAm(A) + An(B)) + o(t?),

and

Con(In+tA)(I,+tB)) = Cpn (I, +t(A+B)+t*AB) = I )+t(Am(A+B))+o(t2).

Then compare coefficients of ¢ on both sides. The equality A,,(cA) = cA,,(A)
is easily deduced as well. O
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The following problem is still open

Marcus—de Oliveira Conjecture
Let A, B € C,,«x,, be normal matrices with eigenvalues a1, ..., a, and 31, ..., Bn-
The Marcus—de Oliveira Conjecture claims that

{det(VAV™' + UBU ™) : V,U € U(n)} C conv{] [ (e + Bo(s)) : 0 € Su},

=1
where conv S denotes the convex hull of the set S c C.
Since
det(VAV L+ UBU™Y) = det(V(A+VIUBU V)V
= detVdet(A+V 'UBU'V)det V*
= det(A+V'UBUT'V),

by using spectral theorem for normal matrices, Marcus—de Oliveira Conjecture
can be restated as

{det(diag (a1, ..., o) + Udiag (B, ..., 8,)U L) : U € U(n)}
C conV{H(ai + Boi)) 1 0 € Sn},
i=1

where conv S denotes the convex hull of the set S C C.

When A and B are Hermitian, the inclusion becomes an equality, a result
of Fielder [2]. See the generalization of Fielder’s result in the context of real
semisimple Lie algebras [28] 29 [30].

For A, B € Cp,xp, the Cauchy-Binet formula yields [21]

det(A+ B) = det((A T, (g;)) — C(A 1,)C, (g;) .

Thus

det(A+UBU 1) = Co(A 1,,)Ch (UBI(’}_1> — Co(A L) (UsU) (g) U,

Problems
1. Show that for A™V (m <n=dimV), Q = D, p,.

2. Let T € EndV and dimV = n. Prove that for all vy,...,v, € V,
Cn(T)vr A+ Aoy, = (det T)vy A -+ Aoy,

3. Suppose V4 (G) # 0 and vy * - - - * v, = 0 whenever vy,. .., vy, are linearly
dependent. Prove that V, (G) = A"V, ie., G= 5, and x =¢.
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4. (Cartan Lemma) Let e, ..., e be linear independent and Zle e; \Nv; =
0. Prove that there is a symmetric matrix A € Cgxy such that v; =
Zle aijej, © = 1,..., k. Hint: Extend ej,...,e; to a basis e,..., e,

of V. Notice that {e; Ae; : 1 < i < j < n} is a basis of A2V and
Yim aijei Nej =3 (aij — aji)ei Nej.

5 Let A € C,xn and E; = 1/Z?=1 la;;|2 and use similar notations as in
Theorem 5.1.4. Prove that

m n m
i=1 i=1
and det A
et
An| 2 —— -
n]lis Ep

Hint: Use Problem 4.6 #2.
6. (Weyl) Let A € Cpxn- Let A1,..., A\, with the ordering |A;| > -+ | > A,
and s; > -+ > s, be the singular values of A, respectively. Prove that

m

H|)\t|§HSt, mzl,...,n—l, H'Atl:HSt (56)
t=1 t t=1

=1 t=1

(Hint: Establish |A] < s; and use Theorem [5.1.3(d). Remark: The
converse is true, i.e., given A1,..., A, in nonincreasing moduli and s; >
<o > 8, >0, if (5.0) is true, then there exists A € C,,x, with eigenvalues

X's and singular values s’s. It is due to A. Horn [7] and see a different
proof of T.Y. Tam [27]).

7. Let A € C,,«,, with distinct eigenvalues A1, ..., A,. Define

Sep(A) = min |)\Z — )\J|
i#j

Set L:=A®I, — I, ® A. Prove

tr Gy (D) )” 3
)

Sep(A)Z( n2—n—
12" Ry (L

Hint: The eigenvalues of L are \; — A; 4,5 = 1,...,n, in which n? —n are
nonzero so Cyz_,, (L) has only one nonzero eigenvalue

[T = A) = (17 TJ O = Ap)? = tr Cran(L).

i#j i<j

Then apply (5.3).
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8. Let A € C,,x,, be Hermitian with distinct eigenvalues and set L := A ®
I, — I, ® A. Prove

1/2
| det L[w|w]| )
T2 Ry (L)

where w € Qp2_y, 2. Hint: [A\i| > max;—1 ., |ai].

Sep(A) > <

9. Let A1,..., A, be the eigenvalue of A € C,x,. Prove that (\; — )\j)g,
1 <4 < j < n, are the eigenvalues of M := Dél)(AQ) — 2C5(A). When

the eigenvalues of A are distinct, use M to give a nonzero lower bound of
Sep(A).

Solutions
1.
2.

5.2 Decomposable elements in the exterior spaces

We will give some characterization of decomposable elements in the exterior
space A™V. We know from Theorem [5.1.1(d) that v = v; A -+ Avy, is nonzero

if and only if vy,...,v,, are linearly independent. Moreover from Theorem
5.1L1(f) if v # 0, then u" = v” if and only if u; = Z;"Zl ¢ijvj,i=1,...,mand
det(c;;) = 1. So the two m-dimensional subspaces (u1,. .., Up) and (vi,..., V)

of V are the same if and only if u® = cv” # 0. Thus nonzero decomposable
v are in one-one correspondence (up to a nonzero scalar multiple) with m-
dimensional subspaces of V. The space of m-dimensional subspaces of V is
called the mth Grassmannian of V.

Suppose that E = {ey,...,e,} is a basis of V and {vy,..., vy} is a basis for
the m-dimensional subspace W of V. Since v’s are linear combinations of e’s,

from Theorem [5.1.7(g)
v = Z agel).

WEQm ,n
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So up to a nonzero scalar multiple, those (:fl) scalars a,, are uniquely determined

by W. In other words, if we choose another basis {u1, ..., un} of W so that

u’ = g boel,

WEQm,n

then
a, =cb,, forallwe Qmn

for some constant ¢ # 0. The (:}l) scalars a, are called the Pliicker coordi-
nates of v"*. The concept was introduced by Julius Pliicker in the 19th century

for studying geometry. Clearly not all (:1) scalars are Pliicker coordinates for
some v” since not all vectors in A™V are decomposable. We are going to give
a necessary and sufficient condition for Pliicker coordinates.

By see Theorem [5.1.1(c),
Z Aol =v0 =e(o) = Z e(o)a,el)
wean,n UJEQm,n

so that
e = (0)ay,.

So it is a necessary condition and motivates the following definition.
Let p: I'y,,, — C be a function satisfying
plwo) =e(o)p(w), o€ Sm,w €y (5.7)

For any element z = ZweQm,n cwely € NV, the coordinates ¢, can be viewed as
a function c¢(w). This function can be extended to I'y, ,, such that (5.7) remains
true. Conversely, any p satisfying (5.7) gives a one-one correspondence between
elements of A™V and 3 o p(w)e).

w

For any «, 8 € 'y, , and p satisfying (5.7)), define P(a, 3) € C,pxm such that
P(a, B)ij =plali,j: p]), 1<i,j<m,
where afi, j : §] € 'y, 5, is obtained from « by replacing (i) by 5(j), i.e.,
afi,j: 0] =(a(l),...,a(i—1),80),a(@+1),...,a(m)) € Ty p.

The following result gives the relationship between decomposability and subde-
terminants.

Theorem 5.2.1. Let 1 < m < n. If p satisfies (5.7)) and is not identically zero,
then the following are equivalent.

Lo2=3% cq, . Pw)el is decomposable.
2. There is A € Cy,xy, such that p(w) = det A[1,...,m|w], w € Q. n-

3. det P(a, B) = p()™ 1p(B), @, B € Q-
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Proof. O

(a) = (b). Suppose z = }_ o p(w)ef is decomposable, i.e., z = v1 A
< AUp,. Write v; = Z;;l a;jej, i =1,...,m, where E = {e1,...,e,} is a basis
of V. By Theorem 5.1.1(g),

z=0v" = Z det A[1,...,m|wle)
UJEQWL,n

Comparing coefficients yields p(w) = det A[1,...,m|w], w € Qmn-
(b) = (a). Suppose that (b) is true. Use A to define v; = > 7, ajze;,
t=1,...,m. So

= Y pweh= > det AL, mlwle) = vi A Avy

WEQm,n WEQm n

is decomposable.
(b) = (c). For any A € Cpp,xp, and «, 5 € Q. n, let

S:=A[l,...,mla] = (Aa1) -+ Aaim)) € Craxm
where A, ;) denotes the ith column of S, i =1,...,m. Similarly let
T:=All,...,m|B] = (Aga) --- Agm)) € Crxm.
If we define X € C,,,xm by
ri; = det(Aq1)y - Aagi=1) As0G) Aaii+1) - Aaemy)s 154,75 <m,

then by Cramer rule
SX = (det S)T.

Taking determinants on both sides
det Sdet X = det T'(det S)™.
If S is invertible, then
det X = det T'(det S)™ 1. (5.8)

If S is not invertible, then replace S by S + t1I,,,. Since det B is a polynomial
function of its entries b;;, we have (5.8)) by continuity argument.
Suppose that (b) is true. Then

detS = detA[l,...,mla] = p(a),
detT = detA[l,...,m|8] = p(B)
and
,Tij = det(Aa(l) e Aa(ifl) Aﬁ(j) Aa(i+1) e Aa(m))

det A[1,...,m|a(l),...,a(i—1),8(),ai +1),...,a(m)]
= pla(l),...,a(i —1),8(7),ali +1),...,a(m))
plali,j: f]).
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Then X = (2;;) = P(a, ) and (5.8) becomes

det P(a, B) = p(a)™ p(3).
Suppose (c) is true. Since p is not a zero polynomial, there is some @ € Q. n,
such that p(«) # 0. Define A € C,,x,, where

1

Qij = p(a)ﬁflp(a(l), sy a(iil)vﬂ(j%a(i‘i»l)a sy a(m))a 1<i<m,1<j<n
Then for any w € Qum.n,

det A[1,...,m|w]
= det(a(j))
= det(p(a)= 'p(a(l),...,a(i —1),w(j), (i +1),...,a(m))
= ((p(a)= )™ det(p(ali,j : w)i<ij<m
p(a)' ™™ det P(a,w)
= (p(a)!""p(a)™ " 'p(w) by (¢)
= pw).

There are many equivalent conditions for decomposability, for example

P(a, B)P(B,7) = p(B)P(a,7), @, B,7€Tmn

is also necessary and sufficient condition (but we will not discuss it in detail).

We now use Theorem [5.2.1/ to deduce some results.

Let o € Dy, . Denote by Im o denotes the set of the components of a. We
say that o, € D, differ by k components if Ima NIm 3| = m — k. For
example o = (1,3,5) and 8 = (3,5,6) differ by one component. We say that
o1, .., 0 € Qun,n form a chain if all consecutive sequences differ by one com-
ponent. The following is an important necessary condition for decomposability.

Theorem 5.2.2. Let 2 = 3 o plw)e) € ARV (with dim V' = n) be de-

composable. If p(«) # 0, p(8) # 0 and « and G differ by k components, then
there are k — 1 different sequences aq,...,ax—1 € Qmn such that p(a;) # 0,
1=1,...,k—1,and a,aq,...,a,_1,0 form a chain. In other words, any two
nonzero coordinates of a decomposable v” are connected by a nonzero chain.

Proof. When k = 1, the result is trivial. Suppose k > 1. Use (5.7) to extend
the domain of p to I', . By Theorem [5.2.1

det P(a, §) = p(a)™ 'p(B) # 0

so one term in the expansion of the left side must be nonzero, i.e., there is
o € S, such that
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Since « and S differ by k£ > 1 components, there is ig(1 < 79 < m) such that
a(ip) € Im B. From p(alig, o(ig) : 5]) # 0 we know that S(o(ig)) € Im« and
alig,0(ig) : B] € Dy So there is § € Sy, such that afig,o(ip) : Gl = aq €
Qm,n- By (57)7

p(a1) = e(@)p(alio, o(io) : B]) # 0.
Clearly a and «; differ by one component and «; and 3 differ by £ — 1 compo-
nents. Repeat this process for oy and (8 to have as, ..., ar_1. O

Example: Theorem|5.2.2|can be used to determine indecomposable elements,
Le, if 2 =3 .o p(w)el has two nonzero unchained coordinates, then z is
indecomposable. For example z = e; A ey + e3 A e4 is indecomposable since
p(1,2) and p(3,4) are nonzero but not chained.

Theorem 5.2.3. Let dimV =n and 1 < m < n. Then all elements in A™V is
decomposable if and only if m =1, m=n—1 or m = n.

Proof. <= Clearly if m = 1 or m = n, all elements of A™V are decomposable.

So we only need to consider m = n — 1. Suppose z = ZweQm,n el € N"™V. By
(5.7) extend the domain of p to I, , and we are going to show that p satisfies
Theorem [5.2.1(c).

For any «, 3 € Qmn, if & = (3, then P(a, @) = p(«)l,,. Hence (c) is valid.
If « # 3, then from m = n — 1, « and 3 differ by one component. So « has
a unique component «(t) € Im 8 and there is o € S, such that a(j) = Bo(j)
unless j =t. So

p([t,t: Bo]) = pla(l),...,alt—1),00(),a(t+1),...,a(m))
1)3 s 7ﬂa(t - 1)7ﬂ0—(t)aﬂa(t + 1)7 s ’ﬂa(m))

When j #t,

plali,j: fol) = plali, j = a]) = p()di;.
So the (m—1)x(m—1) principal submatrix P(«, 80)(t|t) of P(a, Bo) is p(a) L —1
and the tth diagonal entry of P(a, S0) is p(8c). So

det P(a, Bo) = p(a)™ 'p(Bo) = e(o)p(a)™ 'p(B).
By the property of determinant,
det P(a, Bo) = detp(afi,o(j) : B]) = e(o) det p(ali, j : B]) = (o) det P(«, ).

Hence det P(a, 8) = p(a)™ 1p(B), i.e., Theorem [5.2.1(c) is satisfied. Hence all
elements of A"V are decomposable.
Conversely if 2 < m < n — 2, let

a=(1,....m), B=(1,....m—2,m+1,m+2).

Then consider z = e/ + eg. Notice that « and g differ by two components and
are linked by a nonzero chain. By Theorem [5.2.2 z is indecomposable. So not
all elements of A"V are decomposable. O
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Theorem 5.2.4. Let v1 A+ Avm =3 oo plwlel # 0. If p(a) # 0, let
u; = E?Zl pali,jl)ej, i =1,...,m. Then ug A+ Aty = p(a)™ o1 A+ Avy,.
Thus (u1,...,Vm) = (V1,...,0y,). Here

ali,g] = (a(1),...,ali = 1), j,a(i +1),...,a(m)) € Tyn,n.

Proof. Let a;; := p(afi,j]) = pla(l),...,a(@ —1),j,a + 1),...,a(m)). By
Theorem [5.1.1,
u” = Z det A[1,...,m|wlel.
UJEQ?YL,?L

By Theorem [5.2.1
det A[L, ..., m|w] = det(a;, ;) = det(p(ali,j: w]) = p(a)mflp(w).

So v = p(a)™ . Then by p(a) # 0, v\ # 0 to have (uy,...,, Up) =
<’U1,...,Um>. O

By Theorem [5.2.4 it is easy to find a basis of the subspace that corresponds
to a given decomposable element. For example, from Theorem [5.2.3)

z:el/\eg/\63+261Aeg/\64—61/\63/\64—362/\63/\646/\3V

is decomposable with dim V' = 4. It is not hard to find w1, us,u3 € V such that
z = u1 Aug Aus: by Theorem 5.2.4, let o = (1,2, 3) so that p(a) = 1. Then

up = p(1,2,3)e1 + p(2,2,3)es + p(3,2,3)es + p(4,2,3)eq = €1 — 3ey

because p(2,2,3) = p(3,2,3) = 0 and p(4,2,3) = p(2,3,4) by (5.7). Similarly
Ug = €9 + €4, Uz = €3 + 2e4. So

z=(e1 —3eq) N (e2+eq) A (e3 +2e4) = —3.

Problems
Lo Let vi Ao Avm =D ew, np(w)eg # 0. Prove that for any a € I',,, ,,,

n

U; = Zp(a[i,j})ej €{vy, .., om), t=1,...,m.
j=1

2. It is known that z = 3e; Aeg+5e1 Aes+bei Aes+esANes—2eq Aeg+5egNey
is decomposable, find u1,us € V such that z = uy A us.

3. Let p : Iy, — C not identically zero. Suppose that p satisfies (5.7).
Prove that the following are equivalent.

(a) P(a, B)P(B,7) = p(B)P(e,7), &, 3,7 € T
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(b) P(a, B)P(B, ) = p(a)p(B) I, a, B € Gmn.
(c) >t plas,t: B)pBlt,s : a)) =p(a)p(B), &, B €T p,s=1,...,m.
(d) f;l(—l)k_lp(a(%) 1 0(k))p(d(k) = 0, @ € Tonny 6 € Tongam,
a(i) 1 6(k) = (afl),...,a(i—1),a(i+1),...,a(m),é(k)) € Tpp
6(k)y = (6(1),...,06(k—1),8(k+1),...,6(m+1)) € Cpp.

5.3 Completely symmetric spaces

We denote V, (G) by Vi(S,,) = ™V when G = S, and x = 1. The space ¢V
is called a completely symmetric spaces. The decomposable element v* is
written as v®* =v{ e --- 0 v,,.

Let A € C,;,xm, the permanent

per A = Z Zata(t)

c€S, t=1

plays an important role for the completely symmetric space as the determinant
to the exterior space.

Theorem 5.3.1. Let dimV = n > m. Denote by v(a) = |Ga| (G = Sy,). For
oV,
(a) A=A=A=@,,, and dime™V = ("+m_1).

(b) If E = {e1,...,e,} isabasis of V, then E, := {e?, : @ € G, } is a basis of
V. If E is an orthonormal basis of V', then E,, := { VT(";) er:a€Gmnt

is an orthonormal basis of e™V .

(c) For each o € S, v3 =v°.

(d) vy e---ev, =0 if and only if some v; = 0.

(e) If u® = v* # 0, then there is 0 € S, and d; # 0 such that u; = d;v,(;),
i=1,...,mand [[]", d; = 1.

(f) v =30 ajjej, i =1,...,m, then

L] 1 L]
v® = Z mperA[l,...7m|a]ea.
a€Gm, n

Proof. (a), (b), (c) are clear from Chapter 4.
(d) Tt suffices to prove the necessary part and we use contrapositive. Equip
V with an inner product. Suppose v; # 0 for all ¢ = 1,...,m. The union
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1

UM ,vit of the finite hyperplanes v;- is not dense in V. So there is w € W such

that .
H(wa Ut) ;é 0
t=1

On the other hand, for any w € V

=k

(w® --Qu, U.) = (T(G’ ]_)w® --Quw, v®) = (rw® - Quw, v1®- - ®vm) B (w’ vt)~

t

Il
_

So v* = 0 would imply []}", (w,v;) =0 for all w € V. Thus v*® # 0.
(e) If u® = v*® # 0, then for any w € V,
m
[[w.u)=(we - @wu)= (e ®w,v*) =

t=1 t

s

(w, vy). (5.9)

Il
—

Decompose u; = x; + y; such that x; € (vy), y¢ € vi, t = 1,...,m. For any
z € vi, we have [}~ (z,v;) = 0. By (5.9)

m m m
0=szt qut szt forallzevf‘.
t=1 t=1 t=1

Applying the claim in the proof of (d) on the space vi- to have y; = 0 for some
i, 1.e., u; = x; € (v1). So there is d; # 0 such that u; = d;v;. Substitute it into
m
0= (w,vl)(H w,vy) — d; H w,ug)) (5.10)
=2 t#1
Since v; # 0 and w € V is arbitrary, we have

H(w,vt) =d; H(w,ut), for all w € vi-
i=2 t#i

Then apply continuity argument, so that the above equality is valid for w € V.
Then use induction.

(f)
v*® Zaljej Zam]e]

= Z H Aia(i)€

@€l i=1
= Z (o) *» (Theorem 4.4.3)
a€Gm n cESy, i=1
1
= Z per A| m|a]

a€Gm,n



5.3. COMPLETELY SYMMETRIC SPACES 145

O

We denoted by P, (T) for K(T) if T € EndV and P, (A) for K(A) if
Ae (Cnxn-

Theorem 5.3.2. Let T" € EndV with dimV = n. Let A{,..., )\, be the
eigenvalues and si,...,s, be the singular values of A. Let A = [T}g € Chxn
where F is a basis of V. Then

(a) Let E, be the basis as in Theorem 5.3.1. Then

(b) Pn(A*) = Pn(A)", Ppn(A7Y)
P (A)Pn(B).

(¢) If rank A = r, then rank P,,,(A) = (H'm_l).

m

P,,(A)~1 if A is invertible, P,,(AB) =

(d) If A is upper triangular, so is P,,(A).

e 7 Aa() are the eigenvalues and [])—; sa(:) are the singular values, a €
t=1 "a(t) t=1 Sa(t)
Gmn, of Py (A)

(£) trPu(A) = Yoea . I Aoty = Sace,,. siyper Alaal.
n+m—1)

(g) det Pm (A) = (det A)( n

(h) If A is normal, Hermitian, pd, psd or unitary, so is P,,(A).

Problems

1. Prove the Cauchy-Binet formula for the permanent: Let A, B € C,xy.-
For any «, 8 € Gy s

per (AB)alg) = 3 ﬁpermmwnperw[wwn.

wEGm ,n
2. Prove Laplace expansion for permanent: for any A € C,,xp, o € Qo

per A = Z per Ala|B]per A(a|f).
BEQm.,n

3. Let G < S;,. Check which properties of Theorem [5.3.1/ remain true for
Vi(G).

4. Prove that the set {v® --- @ v :v € V} generates V*™ = V1(S,,).
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5. Let A(t) € C,,xn be a differentiable matrix function. Prove that

d < o daig(t)
%perA(t) = i]zz:l per A(i|7) FT



Chapter 6

Research topics

6.1 Orthonormal decomposable basis

The material in this section is from Holmes [3].

Let V be a finite-dimensional complex inner product space and assume n :=
dimV > 2 (to avoid trivialities). Let G < Sy,. Fix an orthonormal basis
{e1,...,en} of V. Given v € Ty, ,, and x € I(G), the inner product on V
induces an inner product on ®™V. If the subspace W of ®™V has a basis
consisting of mutually orthogonal standard symmetrized tensors, we will say
that W has an o-basis.

Given v €T, set G := {0 € G|vy0 =~} < G. We have

(e &5r) = >|<§;1|) > x(om i) = >|<g|) > xlopr™h),

ccGyr oeGy

the first equality from [1, p. 339] and the second from the observations that
TG, =G, and x(o7 7 ) = x(ror " turh).

We have dim V.X = x(1)(x, 1)c, -

The group G is 2-transitive if, with respect to the componentwise action,
it is transitive on the set of pairs (i, 7), with 4,7 = 1,...,m, i # j. Note that if
G is 2-transitive, then for any ¢ = 1,...,m, the subgroup {o € G|o(i) =i} of
G is transitive on the set {1,... .. ,m}.

Theorem 6.1.1. Assume m > 3. If G is 2-transitive, then ®™V does not have
an o-basis.

Proof. By the remarks above, it is enough to show that VX does not have an
o-basis of some x € I(G), v €T

Let H = {0 € G|o(m) = m} < G and denote by 1 the induced character
(1)%, so that ¥(0) = |{i|o(i) = i}| for 0 € G (see [4, p. 68]).

Let pe G—H and fori=1,...,m, set R, = {0 € H|op(i) = i}. Clearly,
R, =0ifie {m,p~t(m)}. Assume i ¢ {m,p~t(m)}. Since H acts transitively

147
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on 1,...,m — 1, there exists some 7 € R;. Then R, = H;7, where H; := {0 €
H|o(i) = i}. Now [H : H;] equals the number of elements in the orbit of i
under the action of H, so [H : H;] = m — 1. Therefore, |R;| = |H;7| = |H;| =
|H|/|H : H;] = |H|/(m —1). We obtain the formula

}jwap):f)mA: SR =222,
m—1
=1

oeH i#m,p=1(m)

Since (¢, 1)¢ = (1,1)g = 1 by Frobenius reciprocity, 1 is a constituent of 9,
whence x := ¢ — 1 is a character of G. Moreover, the 2-transitivity of G implies
that (¢, 9)c = 2 (see [4, p. 68]). Hence, (x,x)c = 1, so that y is irreducible.

Let v = (1,...,1,2) € T and note that G, = H. Let  and 7 be represen-
tatives of distinct right cosets of H in G. Then p := ur~! € G — H, so the
discussion above shows that

@) = X 5 xtonr ) = X222 - ] <o

) = g = 6] m -

It follows that distinct standard symmetrized tensors in V.X are not orthogonal.
On the other hand,

dimVWX = X(l)(Xa 1)H = (m - 1)[(1#7 1)H - 1]7

and since (¢, 1)y = (¥,%)g = 2 by Frobenius reciprocity, dim V.Xx =n —1 > 1.
Therefore, V.X does not have an o-basis. This completes the proof. O

Corollary 6.1.2. If G = S,, (m > 3) or G = A, (m > 4), then ™V does not
have an o-basis.

2-transitive groups have been studied extensively (see [3, Chapter XII], for
example).

Problems
1. Show that if G is abelian, then ®™V has an o-basis.

2. Give a proof of Corollary [6.1.2] by showing that (i) Sy, is 2-transitive for
all m and (ii) the alternating group A4,, is 2-transitive if m > 4.

3. Show that if G is the dihedral group D,, < S,, then ®™V has an o-basis
if and only if m is a power of 2.



Bibliography

[1]

2]

A.C. Aitken, The normal form of compound and induced matrices, Proc.
London Math. Soc. 38 (1934), 354-376.

M. Fiedler, Bounds for the determinant of the sum of hermitian matrices,
Proc. Amer. Math. Soc., 30 (1971), 27-31.

R.R. Holmes, Orthogonal bases of symmetrized tensor spaces, Linear and
Multilinear Algebra 39 (1995), 241-243.

R.R. Holmes and T.Y. Tam, Symmetry classes of tensors associated with
certain groups, Linear and Multilinear Algebra 32 (1992), 21-31.

R.R. Holmes, C.K. Li, T.Y. Tam, Numerical range of the derivation of an
induced operator. J. Aust. Math. Soc. 82 (2007), 325-3-43.

C. Gamas, Conditions for a symmetrized decomposable tensor to be zero,
Linear Algebra Appl., 108 (1988), 83-119.

A. Horn, On the eigenvalues of a matrix with prescribed singular values,
Proc. Amer. Math. Soc., 5 (1954) 4-7.

.M. Isaacs, Character Theory of Finite Groups, Academic Press, New York,
1976.

G. James and A. Kerber, The Representation Theory of the Symmetric
Group, Encyclopedia of Mathematics and Its Applications, Volume 16,
Addison-Wesley Publishing Company, 1981.

G. James and M. Liebeck, Representations and Characters of Groups, Cam-
bridge Mathematical Textbooks, Cambridge University Press, 1993.

B. Kostant, On convexity, the Weyl group and Iwasawa decomposition,
Ann. Sci. Ecole Norm. Sup. (4), 6 (1973) 413-460.

C.K. Li, and T.Y. Tam, Operator properties of T and K (T'), Linear Algebra
Appl. 401 (2005), 173-191.

D.E. Littlewood, On induced and compound matrices, Proc. London Math.
Soc. 40 (1936), 370-380.

149



150

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

BIBLIOGRAPHY

M. Marcus, Finite Dimensional Multilinear Algebra, Part I, Marcel Dekker,
New York, 1973.

M. Marcus, Finite Dimensional Multilinear Algebra, Part II, Marcel
Dekker, New York, 1975.

R. Merris, Nonzero decomposable symmetrized tensors, Linear and Multi-
linear Algebra 5 (1977), 287-292.

R. Merris, On vanishing decomposable symmetrized tensors, Linear and
Multilinear Algebra, 5 (1977/78), 79-86.

R. Merris, The structure of higher degree symmetry classes of tensors II,
Linear and Multilinear Algebra, 6 (1978), 171-178.

R. Merris, Recent advances in symmetry classes of tensors, Linear and
Multilinear Algebra , 7 (1979) 317-328.

R. Merris, Multilinear Algebra, Gordon and Breach Science Publishers, Am-
sterdam, 1997.

U. Prells, M.1. Friswell, S.D. Garvey, Use of geometric algebra: Compound
matrices and the determinant of the sum of two matrices, Proc. R. Soc.
Lond. A, 459 (2030), 273-285.

J.A. Dias da Silva, Conditions for equality of decomposable symmetric
tensors, Linear Algebra and its Appl., 24 (1979), 85-92.

J.A. Dias da Silva, Colorings and equality of tensors, Linear Algebra Appl.,
342 (2002) 79-91.

J.A. Dias da Silva, J. A. and M.M. Torres, On the orthogonal dimension
of orbital sets, Linear Algebra Appl., 401 (2005), 77-107.

, J.A. Dias da Silva and H.F. da Cruz, Equality of immanantal decompos-
able tensors, Linear Algebra Appl., 401 (2005), 29-46.

J.P. Serre, Linear Representations of Finite Groups, Springer, New York,
1977.

T.Y. Tam, A. Horn’s result on matrices with prescribed singular values and
eigenvalues, Electronic Linear Algebra, 21 (2010) 25-27.

T.Y. Tam and M.C. Thompson, Determinant and Pfaffian of sum of skew
symmetric matrices, Linear Algebra Appl., 433 (2010) 412-423.

T.Y. Tam and M.C. Thompson, Determinants of sum of orbits under com-
pact Lie group, to appear in Linear Algebra Appl.

T.Y. Tam and M.C. Thompson, Determinants of sums of two real matrices
and their extensions, submitted for publication.



BIBLIOGRAPHY 151

[31]

[32]

[33]

[34]

J.H. van Lint, Notes on Egoritsjev’s proof of the van der Waerden conjec-
ture. Linear Algebra Appl., 39 (1981), 1-8.

J.H. van Lint, The van der Waerden conjecture: two proofs in one year.
Math. Intelligencer 4 (1982), 72-77.

B.Y. Wang, Foundation of Multilinear Algebra, Beijing Normal University
Press (in Chinese), 1985.

B.Y. Wang, Wang and M.P. Gong, A high symmetry class of tensors with
an orthogonal basis of decomposable symmetrized tensors, Linear and Mul-
tilinear Algebra, 30 (1991), 61-64.

B.Y. Wang, Wang and M.P. Gong, The subspaces and orthonormal bases
of symmetry classess of tensor, Linear and Multilinear Algebra, 30 (1991),
195-204.

H. Weyl, Inequalities between the two kinds of eigenvalues of a linear trans-
formation, Proc. Nat. Acad. Sci. U. S. A., 35 (1949) 408-411.



