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Chapter 1

Review of Linear Algebra

1.1 Linear extension

In this course, U, V,W are finite dimensional vector spaces over C, unless spec-
ified. All bases are ordered bases.

Denote by Hom (V, W ) the set of all linear maps from V to W and EndV :=
Hom (V, V ) the set of all linear operators on V . Notice that Hom (V, W ) is a vec-
tor space under usual addition and scalar multiplication. For T ∈ Hom(V, W ),
the image and kernel are

Im T = {Tv : v ∈ V } ⊂ W, KerT = {v : Tv = 0} ⊂ V

which are subspaces. It is known that T is injective if and only if KerT = 0.
The rank of T is rankT := dim Im T .

Denote by Cm×n the space of m×n complex matrices. Each A ∈ Cm×n can
be viewed as in Hom (Cn,Cm) in the obvious way. So we have the concepts, like
rank, inverse, image, kernel, etc for matrices.

Theorem 1.1.1. Let E = {e1, . . . , en} be a basis of V and let w1, . . . , wn ∈ W .
Then there exists a unique T ∈ Hom(V, W ) such that T (ei) = wi, i = 1, . . . , n.

Proof. For each v =
∑n

i=1 aiei, define Tv =
∑n

i=1 aiTei =
∑n

i=1 aiwi. Such
T is clearly linear. If S, T ∈ Hom(V, W ) such that T (ei) = wi, i = 1, . . . , n,
then Sv =

∑n
i=1 aiSei =

∑n
i=1 aiTei = Tv for all v =

∑n
i=1 aiei ∈ V so that

S = T .

In other words, a linear map is completely determined by the images of basis
elements in V .

A bijective T ∈ Hom(V, W ) is said to be invertible and its inverse (T−1 ◦
T = IV and T ◦ T−1 = IW ) is linear, i.e., T−1 ∈ Hom(W,V ): T−1(α1w1 +
α2w2) = v means that

Tv = α1w1 + α2w2 = T (α1T
−1w1 + α2T

−1w2),
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i.e., v = T−1w1 +α2T
−1w2 for all w1, w2 ∈ W and v ∈ V . We will simply write

ST for S ◦ T for S ∈ Hom(W,U), T ∈ Hom(V, W ). Two vector spaces V and
W are said to be isomorphic if there is an invertible T ∈ Hom(V, W ).

Theorem 1.1.2. Let T ∈ Hom(V, W ) and dimV = n.

1. Then rankT = k if and only if there is a basis {v1, . . . , vk, vk+1, . . . , vn}
for V such that Tv1, . . . , T vk are linearly independent and Tvk+1 = · · · =
Tvn = 0.

2. dimV = dim Im T + dimKer T.

Proof. Since rankT = k, there is a basis {Tv1, . . . , T vk} for ImT . Let {vk+1, . . . , vk+l}
be a basis of KerT . Set E = {v1, . . . , vk, vk+1, . . . , vk+l}. For each v ∈ V ,
Tv =

∑k
i=1 aiTvi since Tv ∈ Im T . So T (v−∑k

i=1 aivi) = 0, i.e., v−∑k
i=1 aivi ∈

KerT . Thus v −∑k
i=1 aivi =

∑k+l
i=k+1 aivi, i.e., v =

∑k+l
i=1 aivi so that E spans

V . So it suffices to show that E is linearly independent. Suppose
∑k+l

i=1 aivi = 0.
Applying T on both sides,

∑k
i=1 aiTvi = 0 so that a1 = · · · = ak = 0. Hence∑k+l

i=k+1 aivi = 0 and we have ak+1 = · · · = ak+l = 0 since vk+1, . . . , vk+l are
linear independent. Thus E is linearly independent and hence a basis of V ; so
k + l = n.

Theorem 1.1.3. Let A ∈ Cm×n.

1. rankA∗A = rankA.

2. For each A ∈ Cm×n, rankA = rankA∗ = rankAT , i.e., column rank and
row rank of A are the same.

Proof. (1) Notice Ax = 0 if and only if A∗Ax = 0. It is because A∗Ax = 0
implies that (Ax)∗(Ax) = x∗A∗Ax = 0. So Ax1, . . . , Axk are linearly in-
dependent if and only if A∗Ax1, . . . , A

∗Axk are linearly independent. Hence
rankA∗A = rankA.
(2) Since rankA = rankA∗A ≤ rankA∗ from Problem 3 and thus rankA∗ ≤
rankA since (A∗)∗ = A. Hence rank A = rankAT (why?).

Problems

1. Show that dim Hom (V, W ) = dimV dimW .

2. Let T ∈ Hom(V, W ). Prove that rankT ≤ min{dimV, dimW}.
3. Show that if T ∈ Hom(V, U), S ∈ Hom(U,W ), then rankST ≤ min{rankS, rankT}.
4. Show that the inverse of T ∈ Hom(V, W ) is unique, if exists. Moreover T

is invertible if and only if rankT = dim V = dim W .

5. Show that V and W are isomorphic if and only dimV = dim W .
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6. Show that if T ∈ Hom(V, U), S ∈ Hom(U,W ) are invertible, then ST is
also invertible. In this case (ST )−1 = T−1S−1.

7. Show that A ∈ Cm×n is invertible only if m = n, i.e., A has to be square.
Show that A ∈ Cn×n is invertible if and only if the columns of A are
linearly independent.

8. Prove that if A,B ∈ Cn×n such that AB = In, then BA = In.

Solutions to Problems 1.1

1. Let {e1, . . . , en} and {f1, . . . , fm} be bases of V and W respectively. Then
ξij ∈ Hom(V, W ) defined by ξij(ek) = δikfj , i, j, k = 1, . . . , n, form a basis
of Hom (V, W ). Thus dim Hom (V, W ) = dimV dimW .

2. From definition rankT ≤ dimW . From Theorem 1.1.2 rankT ≤ dimV .

3. Since Im ST ⊂ Im S, rankST ≤ rankS. By Theorem 1.1.2 rankST =
dimV − dimKer ST . But Ker T ⊂ Ker ST so that rankST ≤ dimV −
dimKer T = rankT .

4. Suppose that S and S′ ∈ Hom(V, W ) are inverses of T ∈ Hom(V, W ).
Then S = S(TS′) = (ST )S′ = S′; inverse is unique. T ∈ Hom(V, W )
invertible ⇔ T is bijective (check!). Now injective T ⇔ Ker T = 0, and
surjective T ⇔ rankT = dim W

5. One implication follows from Problem 4. If dimV = dimW , let E =
{e1, . . . , en} and {f1, . . . , fn} be bases of V and W , define T ∈ Hom(V, W )
by Tei = fi for all i which is clearly invertible since T−1fi = ei.

6. (T−1S−1)(ST ) = IV and (ST )(T−1S−1) = IW .

7. From Problem 4, a matrix A is invertible only if A is square. The second
statement follows from the fact the rankA is the dimension of the column
space of A.

8. If AB = I, then rankAB = n so rankA = n(= rankB) by Problem
3. So KerA = 0 and KerB = 0 by Theorem 1.1.2. Thus A and B is
invertible. Then I = A−1ABB−1 = A−1B−1 − (BA)−1 so that BA = I.
(or, without using Theorem 1.1.2, note that B = B(AB) = (BA)B so
that (I −BA)B = 0. Since Im B = Cn, I −BA = 0, i.e., BA = I).

1.2 Matrix representations of linear maps

In this section, U, V,W are finite dimensional vector spaces.
Matrices A ∈ Cm×n can be viewed as elements in Hom (Cn,Cm). On the

other hand, each T ∈ Hom(V, W ) can be realized as a matrix once we fix bases
for V and W .
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Let T ∈ Hom(V, W ) with bases E = {e1, . . . , en} for V and F = {f1, . . . , fm}
for W . Since Tej ∈ W , we have

Tej =
m∑

i=1

aijfi, j = 1, . . . , n.

The matrix A = (aij) ∈ Cm×n is called the matrix representation of T with
respect to the bases E and F , denoted by [T ]FE = A.

From Theorem 1.1.1 [S]FE = [T ]FE if and only if S = T , where S, T ∈
Hom(V, W ).

The coordinate vector of v ∈ V with respect to the basis E = {e1, . . . , en}
for V is denoted by [v]E := (a1, . . . , an)T ∈ Cn where v =

∑n
i=1 aivi. Indeed we

can view v ∈ Hom(C, V ) with 1 as a basis of C. Then v · 1 =
∑n

i=1 aiei so that
[v]E is indeed [v]E1 .

Theorem 1.2.1. Let T ∈ Hom(V, W ) and S ∈ Hom(W,U) with bases E =
{e1, . . . , en} for V , F = {f1, . . . , fm} for W and G = {g1, . . . , gl} for U . Then

[ST ]GE = [S]GF [T ]FE

and in particular
[Tv]F = [T ]FE [v]E , v ∈ V.

Proof. Let A = [T ]FE and B = [S]GF , i.e., Tej =
∑m

i=1 aijfi, j = 1, . . . , n. and
Tfi =

∑l
k=1 bkigk, i = 1, . . . , m. So

STej =
m∑

i=1

aijSfi =
m∑

i=1

aij(
l∑

k=1

bki)gk =
l∑

k=1

(BA)kjgk.

So [ST ]GE = BA = [S]GF [T ]FE .

Consider I := IV ∈ EndV . The matrix [I]E
′

E is called the transitive matrix
from E to E′ since

[v]E′ = [Iv]E′ = [I]E
′

E [v]E , v ∈ V,

i.e., [I]E
′

E transforms the coordinate vector [v]E with respect to E to [v]E′ with
respect to E′. From Theorem 1.2.1, [I]EE′ = ([I]E

′
E )−1.

Two operators S, T ∈ EndV are said to be similar if there is an invertible
P ∈ EndV such that S = P−1AP . Similarity is an equivalence relation and is
denoted by ∼.

Theorem 1.2.2. Let T ∈ EndV with dimV = n and let E and E′ be bases
of V . Then A := [T ]E

′
E′ and B := [T ]EE are similar, i.e., there is an invertible

P ∈ Cn×n such that PAP−1 = B. Conversely, similar matrices are matrix
representations of the same operator with respect to different bases.
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Proof. Let I = IV . By Theorem 1.2.1, [I]EE′ [I]E
′

E = [I]EE = In where In is n× n
identity matrix. Denote by P := [I]EE′ (the transitive matrix from E′ to E) so
that P−1 = [I]E

′
E . Thus

[T ]E
′

E′ = [ITI]E
′

E′ = [I]E
′

E [T ]EE [I]EE′ = P−1[T ]EEP.

Suppose that A and B are similar, i.e., B = R−1BR. Let E be a basis of V .
By Theorem 1.1.1 A uniquely determines T ∈ EndV such that [T ]EE = A. By
Theorem 1.2.1, an invertible R ∈ Cn×n uniquely determines a basis E′ of V
such that [T ]EE′ = R so that

[T ]E
′

E′ = [I]E
′

E [T ]EE [I]EE′ = R−1[T ]EER = B.

So functions ϕ : Cn×n → C that take constant values on similarity orbits
of Cn×n, i.e., ϕ(A) = P−1AP for all invertible P ∈ Cn×n, are defined for
operators, for examples, determinant and trace of a operator.

Problems

1. Let E = {e1, . . . , en} and F = {f1, . . . , fm} be bases for V and W . Show
that the matrix representation ϕ := [ · ]FE : Hom (V, W ) → Cm×n is an
isomorphism.

2. Let E and F be bases of V and W respectively. Show that if T ∈
Hom(V, W ) is invertible, then [T−1]EF = ([T ]FE)−1.

3. Let E and F be bases of V and W respectively. Let T ∈ Hom(V, W ) and
A = [T ]FE . Show that rankA = rankT .

Solutions to Problems 1.2

1. It is straightforward to show that ϕ is linear by comparing the (ij) entry of
[αS+βT ]FE and α[S]FE +β[T ]FE . Since dim Hom (V, W ) = mn = dimCm×n,
it suffices to show that ϕ is injective. From Theorem 1.1.1, ϕ is injective.

2. From Theorem 1.2.1, [T−1]EF [T ]FE = [T−1T ]EE = [IV ]EE = In where dim V =
n. Thus use Problem 1.8 to have [T−1]EF = ([T ]FE)−1, or show that
[T ]FE [T−1]EF = In similarly.

3. (Roy) Let rankT = k and let E = {v1, . . . , vn} and F = {w1, . . . , wm} be
bases for V and W . When we view v ∈ V as an element in Hom (C, V ),
by Problem 1, the coordinate maps [ · ]E : V → Cn and [ · ]F : W → Cm

are isomorphisms. So

rankT = dim Im T = dim〈Tv1, . . . , T vn〉 = dim〈[Tv1]F , . . . , [Tvn]F 〉
= dim〈[T ]FE [v1]E , . . . , [T ]FE [vn]E〉 = dim Im A = rankA.
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1.3 Inner product spaces

Let V be a vector space. An inner product on V is a function (·, ·) : V ×V → C
such that

1. (u, v) = (v, u) for all u, v ∈ V .

2. (α1v1 + α2v2, u) = α1(v1, u) + α2(v2, u) for all v1, v2, u ∈ V , α1, α2 ∈ C.

3. (v, v) ≥ 0 for all v ∈ V and (v, v) = 0 if and only if v = 0.

The space V is then called an inner product space. The norm induced by
the inner product is defined as

‖v‖ =
√

(v, v), v ∈ V.

Vectors v satisfying ‖v‖ = 1 are called unit vectors. Two vectors u, v ∈ V are
said to be orthogonal if (u, v) = 0, denoted by u ⊥ v. A basis E = {e1, . . . , en}
is called an orthogonal basis if the vectors are orthogonal. It is said to be
orthonormal if

(ei, ej) = δij , i, j = 1, . . . , n.

where

δij =

{
1 if i = j

0 if i 6= j

is the Kronecker delta notation.

Theorem 1.3.1. (Cauchy-Schwarz inequality) Let V be an inner product space.
Then

|(u, v)| ≤ ‖u‖‖v‖, u, v ∈ V.

Equality holds if and only if u and v are linearly dependent, i.e., one is a scalar
multiple of the other.

Proof. It is trivial when v = 0. Suppose v 6= 0. Let w = u − (u,v)
‖v‖2 v. Clearly

(w, v) = 0 so that

0 ≤ (w, w) = (w, u) = (u, u)− (u, v)
‖v‖2 (v, u) = ‖u‖2 − |(u, v)|2

‖v‖2 .

Equality holds if and only if w = 0, i.e. u and v are linearly dependent.

Theorem 1.3.2. (Triangle inequality) Let V be an inner product space. Then

‖u + v‖ ≤ ‖u‖+ ‖v‖, u, v ∈ V.

Proof.

‖u + v‖2 = (u + v, u + v) = ‖u‖2 + 2Re (u, v) + ‖v‖2 ≤ ‖u‖2 + 2|(u, v)|+ ‖v‖2

By Theorem 1.3.1, we have

‖u + v‖2 ≤ ‖u‖2 + 2‖u‖‖v‖+ ‖v‖2 = (‖u‖+ ‖v‖)2.
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Theorem 1.3.3. Let E = {e1, . . . , en} be an orthonormal basis of V . For any
u, v ∈ V ,

u =
n∑

i=1

(u, ei)ei,

(u, v) =
n∑

i=1

(u, ei)(ei, v).

Proof. Let u =
∑n

j=1 ajej . Then (u, ei) = (
∑n

j=1 ajej , ei) = ai, i = 1, . . . , n.
Now (u, v) = (

∑n
i=1(u, ei)ei, v) =

∑n
i=1(u, ei)(ei, v).

Denote by 〈v1, . . . , vk〉 the span of the vectors v1, . . . , vk.

Theorem 1.3.4. (Gram-Schmidt orthogonalization) Let V be an inner product
space with basis {v1, . . . , vn}. Then there is an orthonormal basis {e1, . . . , en}
such that

〈v1, . . . , vk〉 = 〈e1, . . . , ek〉, k = 1, . . . , n.

Proof. Let

e1 =
v1

‖v1‖ ,

e2 =
v2 − (v2, e1)e1

‖v2 − (v2, e1)e1‖
. . .

en =
vn − (vn, e1)e1 − · · · − (vn, en−1)en−1

‖vn − (vn, e1)e1 − · · · − (vn, en−1)en−1‖
It is direct computation to check that {e1, . . . , en} is the desired orthonormal
basis.

The inner product on Cn: for any x = (x1, . . . , xn)T and y = (y1, . . . , yn)T ∈
Cn,

(x, y) :=
n∑

i=1

xiyi

is called the standard inner product on Cn. The induced norm is called the
2-norm and is denoted by

‖x‖2 := (x, x)1/2.

Problems

1. Let E = {e1, . . . , en} be a basis of V and v ∈ V . Prove that v = 0 if and
only if (v, ei) = 0 for all i = 1, . . . , n.
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2. Show that each orthogonal set of nonzero vectors is linearly independent.

3. Let E = {e1, . . . , en} be an orthonormal basis of V . If u =
∑n

i=1 aiei and
n =

∑n
i=1 biei, then (u, v) =

∑n
i=1 aibi.

4. Show that an inner product is completely determined by an orthonormal
basis, i.e., if the inner products (·, ·) and 〈·, ·〉 have the same orthonormal
basis, then (·, ·) and 〈·, ·〉 are the same.

5. Show that (A,B) = tr (B∗A) defines an inner product on Cm×n, where
B∗ denotes the complex conjugate transpose of B.

6. Prove |tr (A∗B)| ≤ tr (A∗A)tr (B∗B) for all A,B ∈ Cm×n.

Solutions to Problems 1.3

1. v = 0 ⇔ (v, u) = 0 for all u ∈ V ⇒ (v, ei) = 0 for all i. Conversely
each u ∈ V is of the form

∑n
i=1 aiei so that (v, ei) = 0 for all i implies

(v, u) = 0 for all u ∈ V .

2. Suppose that S = {v1, . . . , vn} is an orthogonal set of nonzero vectors.
With

∑n
i=1 aivi = 0, aj(vj , vj) = (

∑n
i=1 aivi, vj) = 0 so that aj = 0 for all

j since (vj , vj) 6= 0. Thus S is linearly independent.

3. Follows from Theorem 1.3.3.

4. Follows from Problem 3.

5. Straightforward computation.

6. Apply Cauchy-Schwarz inequality on the inner product defined in Problem
5.

1.4 Adjoints

Let V, W be inner product spaces. For each T ∈ Hom(V, W ), the adjoint of T
is S ∈ Hom(W,V ) such that (Tv, w)W = (v, Sw)V for all v ∈ V, w ∈ W and is
denoted by T ∗. Clearly (T ∗)∗ = T .

Theorem 1.4.1. Let W,V be inner product spaces. Each T ∈ Hom(V, W ) has
a unique adjoint.

Proof. By Theorem 1.3.4, let E = {e1, . . . , en} be an orthonormal basis of V .
For any w ∈ W , define S ∈ Hom(W,V ) by

Sw :=
n∑

i=1

(w, Tei)W ei.
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For any v ∈ V , by Theorem 1.3.3, v =
∑n

i=1(v, ei)V ei so that

(v, Sw)V = (v,
n∑

i=1

(w, Tei)W ei)V =
n∑

i=1

(Tei, w)W (v, ei)V

= (T
n∑

i=1

(v, ei)V ei, w)W = (Tv, w)W .

Uniqueness follows from Problem 1.

Theorem 1.4.2. Let E = {e1, . . . , en} and F = {f1, . . . , fm} be orthonormal
bases of the inner product spaces V and W respectively. Let T ∈ Hom(V, W ).
Then [T ∗]EF = ([T ]FE)∗, where the second ∗ denotes the complex conjugate trans-
pose.

Proof. Let A := [T ]FE , i.e., Tej =
∑m

k=1 akjfk, j = 1, . . . , n. So (Tej , fi)W =
aij . By the proof of Theorem 1.4.1

T ∗fj =
n∑

i=1

(fj , T ei)W ei =
n∑

i=1

(Tei, fj)W ei =
n∑

i=1

ajiei.

So [T ∗]EF = A∗ = ([T ]FE)∗.

Notice that if E and F are not orthonormal, then [T ∗]EF = ([T ]FE)∗ may not
hold.

Problems

1. Let S, T ∈ Hom(V, W ) where V, W are inner product spaces. Prove that

(a) (Tv, w) = 0 for all v ∈ V and w ∈ W if and only if T = 0.

(b) (Sv, w) = (Tv, w) for all v ∈ V and w ∈ W if and only if S = T .

2. Show that (ST )∗ = T ∗S∗ where T ∈ Hom(V, W ) and S ∈ L(W,U) and
U, V,W are inner product spaces.

3. Let E and F be orthonormal bases of inner product space V . Prove that
([I]FE)∗ = ([I]FE)−1 = [I]EF .

4. Let G be a basis of the inner product space V . Let T ∈ EndV . Prove
that [T ∗]GG and ([T ]GG)∗ are similar.

5. Let V, W be inner product spaces. Prove that if T ∈ Hom(V, W ), then
rankT = rankT ∗.

6. The adjoint ∗ : Hom (V, W ) → Hom(W,V ) is an isomorphism.
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Solutions to Problems 1.4

1. (a) (Tv, w) = 0 for all v ∈ V and w ∈ W ⇒ Tv = 0 for all v ∈ V , i.e.,
T = 0.

(b) Consider S − T .

2. Since (v, T ∗S∗w)V = (Tv, S∗w)V = (STv, w)V , by the uniqueness of ad-
joint, (ST )∗ = T ∗S∗.

3. Notice that I∗ = I where I := IV . So from Theorem 1.4.2 ([I]FE)∗ =
[I∗]EF = [I]FE . Then by Problem 2.2, ([I]FE)−1 = [I]EF .

4. (Roy and Alex) Let E be an orthonormal basis of V . Let P = [IV ]EG
(the transition matrix from G to E). Then [T ∗]GG = P−1[T ∗]EEP and
[T ]EE = P [T ]GGP−1. By Theorem 1.4.2 [T ∗]EE = ([T ]EE)∗. Together with
Problem 2

[T ∗]GG = P−1[T ∗]EEP = P−1([T ]EE)∗P
= P−1(P [T ]GGP−1)∗P = (P ∗P )−1([T ]GG)∗(P ∗P ),

i.e. ([T ]GG)∗ and ([T ∗]GG) are similar.

Remark: If G is an orthonormal basis, then P is unitary and thus ([T ]GG)∗ =
([T ∗]GG), a special case of Theorem 1.4.2.

5. Follows from Theorem 1.4.2, Problem 2.3 and rankA = rankA∗ where A
is a matrix.

6. It is straightforward to show that ∗ : Hom (V, W ) → Hom(W,V ) is a
linear map. Since dim(V, W ) = dim(W,V ) it remains to show that ∗ is
injective. First show that (T ∗)∗ = T : for all v ∈ V , w ∈ W ,

(T ∗w, v) = (v, T ∗w)V = (Tv, w)V = (w, Tv)

Then for any S, T ∈ Hom(V, W ), S∗ = T ∗ ⇔ S = T .

1.5 Normal operators and matrices

An operator T ∈ EndV on the inner product space V is normal if T ∗T = TT ∗;
Hermitian if T = T ∗, positive semi-definite, abbreviated as psd or T ≥ 0
if (Tx, x) ≥ 0 for all x ∈ V ; positive definite, abbreviated as pd or T > 0 if
(Tx, x) > 0 for all 0 6= x ∈ V ; unitary if T ∗T = I. Unitary operators form a
group.

When V = Cn is equipped with the standard inner product and orthonormal
basis, linear operators are viewed as matrices in Cn×n and the adjoint is simply
the complex conjugate transpose. Thus a matrix A ∈ Cn×n is said to be normal
if A∗A = AA∗; Hermitian if A = A∗, psd if (Ax, x) ≥ 0 for all x ∈ Cn; pd
if (Ax, x) > 0 for all 0 6= x ∈ Cn; unitary if A∗A = I. Unitary matrices in
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Cn×n form a group and is denoted by Un(C). One can see immediately that
A is unitary if A has orthonormal columns (rows since AA∗ = I as well from
Problem 1.8).

Theorem 1.5.1. (Schur triangularization theorem) Let A ∈ Cn×n. There is
U ∈ Un(C) such that U∗AU is upper triangular.

Proof. Let λ1 be an eigenvalue of A with unit eigenvector x1, i.e., Ax1 = λ1x1

with ‖x1‖2 = 1. Extend via Theorem 1.3.4 to an orthonormal basis {x1, . . . , xn}
for Cn and set Q = [x1 · · · xn] which is unitary. Since Q∗Ax1 = λ1Q

∗x1 =
λ1(1, . . . , 0)T ,

Â := Q∗AQ =




λ1 ∗ · · · ∗
0
... A1

0




where A1 ∈ C(n−1)×(n−1). By induction, there is U1 ∈ Un−1(C) such that
U∗

1 A1U1 is upper triangular. Set

P :=




1 0 · · · 0
0
... U1

0




which is unitary. So

P ∗ÂP =




λ1 ∗ · · · ∗
0
... U∗

1 A1U1

0




is upper triangular and set U = QP .

Theorem 1.5.2. Let T ∈ EndV , where V is an inner product space. Then
there is an orthonormal basis E of V such that [T ]EE is upper triangular.

Proof. For any orthonormal basis E′ = {e′1, . . . , e′n} of V let A := [T ]E
′

E′ . By
Theorem 1.5.1 there is U ∈ Un(C), where n = dim V , such that U∗AU is
upper triangular. Since U is unitary, E = {e1, . . . , en} is also an orthonormal
basis, where ej =

∑n
i=1 uije

′
i, j = 1, . . . , n (check!) and [I]E

′
E = U . Hence

[T ]EE = [I]EE′ [T ]E
′

E′ [I]E
′

E = U∗AU since U∗ = U−1.

Lemma 1.5.3. Let A ∈ Cn×n be normal and let r be fixed. Then arj = 0 for
all j 6= r if and only if air = 0 for all i 6= r.

Proof. From arj = 0 for all j 6= r and AA∗ = A∗A,

|arr|2 =
n∑

j=1

|arj |2 = (AA∗)rr = (A∗A)rr = |arr|2 +
∑

i 6=r

|air|2.

So air = 0 for all i 6= r. Then apply it on the normal A∗.
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Theorem 1.5.4. Let A ∈ Cn×n. Then

1. A is normal if and only if A is unitarily similar to a diagonal matrix.

2. A is Hermitian (psd, pd) if and only if A is unitarily similar to a real
(nonnegative, positive) diagonal matrix.

3. A is unitary if and only if A is unitarily similar to a diagonal unitary
matrix.

Proof. Notice that if A is normal, Hermitian, psd, pd, unitary, so is U∗AU for
any U ∈ Un(C). By Theorem 1.5.1, there is U ∈ Un(C) such that U∗AU is
upper triangular and also normal. By Lemma 1.5.3, the result follows. The rest
follows similarly.

From Gram-Schmidt orthgonalization (Theorem 1.3.4), one has the QR de-
composition of an invertible matrix.

Theorem 1.5.5. (QR decomposition) Each invertible A ∈ Cn×n can be decom-
posed as A = QR, where Q ∈ Un(C) and R is upper triangular. The diagonal
entries of R may be chosen positive; in this case the decomposition is unique.

Problems

1. Show that “upper triangular” in Theorem 1.5.1 may be replaced by “lower
triangular”.

2. Prove that A ∈ EndV is unitary if and only if ‖Av‖ = ‖v‖ for all v ∈ V .

3. Show that A ∈ Cn×n is psd (pd) if and only if A = B∗B for some (invert-
ible) matrix B. In particular B may be chosen lower or upper triangular.

4. Let V be an inner product space. Prove that (i) (Av, v) = 0 for all v ∈ V
if and only if A = 0, (ii) (Av, v) ∈ R for all v ∈ V if and only if A is
Hermitian. What happens if the underlying field C is replaced by R?

5. Show that if A is psd, then A is Hermitian. What happens if the underlying
field C is replaced by R?

6. Prove Theorem 1.5.5.

7. Prove that if T ∈ Hom(V, W ) where V and W are inner product spaces,
then T ∗T ≥ 0 and TT ∗ ≥ 0. If T is invertible, then T ∗T > 0 and TT ∗ > 0.

Solutions to Problems 1.5

1. Apply Theorem 1.5.1 on A∗ and take complex conjugate transpose back.
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2. A ∈ EndV is unitary ⇔ A∗A = IV So unitary A implies ‖Av‖2 =
(Av, Av) = (A∗Av, v) = (v, v) = ‖v‖2. Conversely, ‖Av‖ = ‖v‖ for all
v ∈ V implies ((A∗A − I)v, v) = 0 where A∗A − I is Hermitian. Apply
Problem 5.

3. If A = B∗B, then x∗Ax = xB∗Bx = ‖Bx‖22 ≥ 0 for all x ∈ Cn. Con-
versely if A is psd, we can define a psd A1/2 via Theorem 1.5.4. Apply QR
on A1/2 to have A1/2 = QR where Q is unitary and R is upper triangular.
Hence A = A1/2A1/2 = (A1/2)∗A1/2 = R∗Q∗QR = R∗R. Set B := R.

Let A1/2 = PL where P is unitary and L is lower triangular (apply QR
decomposition on (A∗)−1). Then A = L∗L.

4. (i) It suffices to show for Hermitian A because of Hermitian decomposition
A = H +iK where H := (A+A∗)/2 and K = (A−A∗)/(2i) are Hermitian
and

(Av, v) = (Hv, v) + i(Kv, v)

and (Hv, v), (Kv, v) ∈ R. So (Av, v) = 0 for all v if and only if (Hv, v) =
(Kv, v) = 0 for all v ∈ V . Suppose A is Hermitian and (Av, v) = 0 for all
v ∈ V . Then there is an orthonormal basis of eigenvectors {v1, . . . , vn} of
A with corresponding eigenvalues λ1, . . . , λn, but all eigenvalues are zero
because λi(vi, vi) = (Avi, vi) = 0. When C is replaced by R, we cannot
conclude that A = 0 since for any real skew symmetric matrix A ∈ Rn×n,
xT Ax = 0 (why?).
(Brice) Notice that A is psd (because (Av, v) = 0). From Problem 3 via
matrix-operator approach, A = B∗B for some B ∈ EndV . Thus from
Problem 4.2, A = A∗.
(ii)

2[(Av, w) + (Aw, v)] = (A(v + w), v + w)− (A(v − w), v − w) ∈ R
so that Im [(Av, w) + (Aw, v)] = 0 for all v, w. Similarly

2i[−(Av, w) + (Aw, v)] = (A(v + iw), v + iw)− (A(v − iw), v − iw) ∈ R
so that Re [−(Av, w) + (Aw, v)] = 0 for all v, w. So

(Av, w) = (Aw, v) = (v, Aw),

i.e., A = A∗. When C is replaced by R, we cannot conclude that A is real
symmetric since for any real skew symmetric matrix A ∈ Rn×n, xT Ax = 0.

5. Follow from Problem 4.

6. Express the columns (basis of Cn) of A in terms of the (orthonormal)
columns of Q.

7. (T ∗Tv, v) = (Tv, Tv) ≥ 0 for all v ∈ V . So T ∗T ≥ 0 and similar for
TT ∗ ≥ 0. When T is invertible, Tv 6= 0 for all v 6= 0 so (T ∗Tv, v) =
(Tv, Tv) > 0.
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1.6 Inner product and positive operators

Theorem 1.6.1. Let V be an inner product space with inner product (·, ·) and
let T ∈ EndV . Then 〈u, v〉 := (Tu, v), u, v ∈ V , defines an inner product if and
only if T is pd with respect to (·, ·).
Proof. Suppose 〈u, v〉 := (Tu, v), u, v ∈ V , defines an inner product, where (·, ·)
is an inner product for V . So

(Tu, v) = 〈u, v〉 = 〈v, u〉 = (Tv, u) = (T ∗u, v)

for all u, v ∈ V . So T = T ∗, i.e., self-adjoint. For any v 6= 0, 0 < 〈v, v〉 = (Tv, v)
so that T is pd with respect to (·, ·). The other implication is trivial.

The next theorem shows that in the above manner inner products are in
one-one correspondence with pd matrices.

Theorem 1.6.2. Let (·, ·) and 〈·, ·〉 be inner products of V . Then there exists a
unique T ∈ EndV such that 〈u, v〉 := (Tu, v), u, v ∈ V . Moreover, T is positive
definite with respect to both inner products.

Proof. Let E = {e1, . . . , en} be an orthonormal basis of V with respect to (·, ·).
So each v ∈ V can be written as v =

∑n
i=1(v, ei)ei. Now for each v ∈ V defines

T ∈ EndV by

Tv :=
n∑

i=1

〈v, ei〉ei

Clearly

(Tu, v) =
n∑

i=1

〈u, ei〉(ei, v) = 〈u,
n∑

i=1

(v, ei)ei〉 = 〈u, v〉.

Since 〈·, ·〉 is an inner product, from Theorem 1.6.1 T is pd with respect to (·, ·).
When v 6= 0, 〈Tv, v〉 = (T 2v, v) = (Tv, Tv) > 0) so that T is pd with respect to
〈·, ·〉. The uniqueness follows from Problem 4.1.

Theorem 1.6.3. Let F = {f1, . . . , fn} be a basis of V . There exists a unique
inner product (·, ·) on V such that F is an orthonormal basis.

Proof. Let (·, ·) be an inner product with orthonormal basis E = {e1, . . . , en}.
By Problem 1.4 S ∈ EndV defined by Sfi = ei is invertible. Set T := S∗S > 0
(∗ and T > 0 from Problem 5.7 are with respect to (·, ·)). So 〈u, v〉 = (Tu, v) is
an inner product by Theorem 1.6.1 and f1, . . . , fn are orthonormal with respect
to 〈·, ·〉. It is straightforward to show the uniqueness.

Problems
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1. Let E = {e1, . . . , en} be a basis of V . For any u =
∑n

i=1 aiei and v =∑n
i=1 biei, show that (u, v) :=

∑n
i=1 aibi is the unique inner product on V

so that E is an orthonormal basis.

2. Find an example that there are inner products (·, ·) on 〈·, ·〉 on V and
T ∈ EndV so that T is pd with respect to one but not to the other.

3. Let V be an inner product space. Show that for each A ∈ Cn×n there are
u1, . . . , un; v1, . . . , vn ∈ Cn such that aij = (ui, vj) 1 ≤ i, j ≤ n.

4. Suppose that (·, ·) on 〈·, ·〉 are inner products on V , T ∈ EndV and let
T (∗) and T 〈∗〉 be the corresponding adjoints. Show that T (∗) and T 〈∗〉 are
similar.

Solutions to Problems 1.6

1. Uniqueness follows from Theorem 1.6.3.

2.

3.

4. By Theorem 1.6.1 there is a pd S ∈ EndV with respect to both inner
products such that 〈u, v〉 = (Su, v) for all u, v ∈ V and thus 〈S−1u, v〉 =
(u, v). So

〈u, T 〈∗〉v〉 = 〈Tu, v〉 = (STu, v) = (u, T (∗)S(∗)v) = 〈S−1u, T (∗)S(∗)v〉

Since S(∗) = S〈∗〉 = S∗, say, and (A−1)∗ = (A∗)−1 for any A ∈ EndV
((A−1)∗A∗ = (AA−1)∗ = I by Problem 4.2). Then

〈u, T 〈∗〉v〉 = 〈u, (S−1)∗T (∗)S∗v〉 = 〈u, (S∗)−1T (∗)S∗v〉.

Hence T 〈∗〉 = (S∗)−1T (∗)S∗.

1.7 Invariant subspaces

Let W be a subspace of V . For any T ∈ Hom(V, U), the restriction of T ,
denote by T |W , is the unique T1 ∈ Hom(W,U) such that T1(w) = T (w) for all
w ∈ W .

Let W be a subspace of V and T ∈ EndV . Then W is said to be invariant
under T if Tw ∈ W for all w ∈ W , i.e., T (W ) ⊂ W . The trivial invariant
subspaces are 0 and V . Other invariant subspaces are called nontrivial or
proper invariant subspaces. If W is invariant under T , then the restriction
T |W ∈ Hom(W,V ) of T induces T |W ∈ EndW (we use the same notation
T |W ).
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Theorem 1.7.1. Let V be an inner product space over C and T ∈ EndV . If
W is an invariant subspace under T and T ∗, then

(a) (T |W )∗ = T ∗|W .

(b) If T is normal, Hermitian, psd, pd, unitary, so is T |W .

Proof. (a) For any x, y ∈ W , T |W x = Tx, T ∗|W y = T ∗y. By the assumption,

(T |W x, y)W = (Tx, y)V = (x, T ∗y)V = (x, T ∗|W y)W .

So (T |W )∗ = T ∗|W .
(b) Follows from Problem 7.3.

Problems

1. Prove that if W ⊂ V is a subspace and T1 ∈ Hom(W,V ), then there is
T ∈ Hom(V, U) so that T |W = T1. Is T unique?

2. Show that the restriction on W ⊂ V of the sum of S, T ∈ Hom(V, U) is
the sum of their restrictions. How about restriction of scalar multiple of
T on W?

3. Show that if S, T ∈ EndV and the subspace W is invariant under S and
T , then (ST )|W = (S|W )(T |W ).

4. Let T ∈ EndV and S ∈ EndW and H ∈ Hom(V, W ) satisfy SH = HT .
Prove that ImH is invariant under S and KerH is invariant under T .

Solutions to Problems 1.7

1. Let {e1, . . . , em} be a basis of W and extend it to E = {e1, . . . , em, em+1, . . . , en}
a basis of V . Define T ∈ Hom(V, U) by Tei = T1ei, i = 1, . . . , m and
Tej = wj where j = m + 1, . . . , n and wm+1, . . . , wn ∈ W are arbitrary.
Clearly T |W = T1 but T is not unique.

2. (S + T )|W v = (S + T )v = Sv + Tv = S|W v + T |W v for all v ∈ V . So
(S + T )|W = S|W + T |W .

3. (S|W )(T |W )v = S|W (Tv) = STv since Tv ∈ W and thus (S|W )(T |W )v =
ST |W v for all v.

4. For any v ∈ KerH, H(Tv) = SHv = 0, i.e., Tv ∈ KerH so that Ker H
is an invariant under T . For any Hv ∈ Im H (v ∈ V ), S(Hv) = HT (v) ∈
Im H.



1.8. PROJECTIONS AND DIRECT SUMS 19

1.8 Projections and direct sums

The vector space V is said to be a direct sum of the subspaces W1, . . . , Wm

if each v ∈ V can be uniquely expressed as v =
∑n

i=1 wi where wi ∈ Wi,
i = 1, . . . , n and is denoted by V = W1 ⊕ · · · ⊕ Wm. In other words, V =
W1 + · · · + Wm and if w1 + · · · + wm = w′1 + · · · + w′m where wi ∈ Wi, then
wi = w′i for all i.

Theorem 1.8.1. V = W1 ⊕ · · · ⊕Wm if and only if V = W1 + · · · + Wm and
Wi∩(W1+· · ·+Ŵi+· · ·+Wm) = 0 for all i = 1, . . . , m. Here Ŵi denotes deletion.
In particular, V = W1 ⊕W2 if and only if W1 + W2 = V and W1 ∩W2 = 0.

Proof. Problem 7.

In addition, if V is an inner product space, and Wi ⊥ Wj if i 6= j, i.e.,
wi ⊥ wj whenever wi ∈ Wi, wj ∈ Wj , we call V an orthogonal sum of
W1, . . . , Wm, denoted by V = W1+̇ · · · +̇Wm.

Suppose V = W1 ⊕ · · · ⊕ Wm. Each Pi ∈ EndV defined by Piv = wi,
i = 1, . . . , m satisfies P 2

i = Pi and Im Pi = Wi. In general P ∈ EndV is called
a projection if P 2 = P . Notice that P is a projection if and only if IV − P is
a projection; in this case ImP = Ker (IV − P ).

Theorem 1.8.2. Let V be a vector space and let P ∈ EndV be a projection.
Then the eigenvalues of P are either 0 or 1 and rankP = tr P .

Proof. Let rank P = k. By Theorem 1.1.2, there are v1, . . . , vn ∈ V such that
Pv1, . . . , Pvk is a basis of Im P and {vk+1, . . . , vn} is a basis of KerP . From
P 2 = P , E = {Pv1, . . . , Pvk, vk+1, . . . , vn} is linearly independent (check) and
thus a basis of V . So [P ]EE = diag (1, . . . , 1, 0, . . . , 0) in which there are k ones.
So we have the desired results.

The notions direct sum and projections are closely related.

Theorem 1.8.3. Let V be a vector space and let P1, . . . , Pm be projections
such that P1 + · · · + Pm = IV . Then V = Im P1 ⊕ · · · ⊕ Im Pm. Conversely, if
V = W1 ⊕ · · · ⊕ Wm, then there are unique projections P1, . . . , Pm such that
P1 + · · ·+ Pm = IV and ImPi = Wi, i = 1, . . . , m.

Proof. From P1+· · ·+Pm = IV , each v ∈ V can be written as v = P1v+· · ·+Pmv
so that V = Im P1 + · · ·+ Im Pm. By Theorem 1.8.2

dimV = tr IV =
m∑

i=1

trPi =
m∑

i=1

rankPi =
m∑

i=1

dim Im Pi.

So V = Im P1 ⊕ · · · ⊕ Im Pm (Problem 8.1).
Conversely if V = W1 ⊕ · · · ⊕ Wm, then for any v ∈ V , there is unique

factorization v = w1 + · · · + wm, wi ∈ Wi, i = 1, . . . , m. Define Pi ∈ EndV
by Piv = wi. It is easy to see each Pi is a projection and ImPi = Wi and
P1 + · · · + Pm = IV . For the uniqueness, if there are projections Q1, . . . , Qm

such that Q1 + · · · + Qm = IV and Im Qi = Wi for all i, then for each v ∈ V ,
from the unique factorization Qiv = Piv so that Pi = Qi for all i.
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Corollary 1.8.4. If P ∈ EndV is a projection, then V = Im P ⊕ KerP .
Conversely if V = W ⊕ W ′, then there is a projection P ∈ EndV such that
Im P = W and KerP = W ′.

We call P ∈ EndV an orthogonal projection if P 2 = P = P ∗. Notice that
P is an orthogonal projection if and only if IV −P is an orthogonal projection.
The notions orthogonal sum and orthogonal projections are closely related.

Theorem 1.8.5. Let V be an inner product space and let P1, . . . , Pm be orthog-
onal projections such that P1 + · · ·+ Pm = IV . Then V = Im P1+̇ · · · +̇Im Pm.
Conversely, if V = W1+̇ · · · +̇Wm, then there are unique orthogonal projections
P1, . . . , Pm such that P1 + · · ·+ Pm = IV and ImPi = Wi, i = 1, . . . , m.

Proof. From Theorem 1.8.3, if P1, . . . , Pm are orthogonal projections such that
P1 + · · ·+ Pm = IV , then V = Im P1 ⊕ · · · ⊕ Im Pm. It suffices to show that the
sum is indeed orthogonal. From the proof of Theorem 1.8.3, Piv = vi ∈ Im Pi

for all i, where v ∈ V is expressed as v =
∑m

i=1 vi. Thus for all u, v ∈ V , if
i 6= j, then

(Piu, Pjv) = (Piu, vj) = (u, P ∗i vj) = (u, Pivj) = (u, 0) = 0.

Conversely if V = W1+̇ · · · +̇Wm, then from Theorem 1.8.3 there are unique
projections P1, . . . , Pm such that P1 + · · · + Pm = IV and Im Pi = Wi, for all
i. It remains to show that each projection Pi is an orthogonal projection, i.e.,
Pi = P ∗i . For u, v ∈ V , write u =

∑m
i=1 ui, v =

∑m
i=1 vi where ui, vi ∈ Wi for

all i. Then for all i

(Piu, v) = (ui, v) = (ui,

m∑

i=1

vi) = (ui, vi) = (
m∑

i=1

ui, vi) = (u, Piv).

Corollary 1.8.6. Let V be an inner product space. If P ∈ EndV is an orthog-
onal projection, then V = Im P +̇KerP . Conversely if V = W +̇W ′, then there
is an orthogonal projection P ∈ EndV such that Im P = W and KerP = W ′.

Proof. Apply Theorem 1.8.5 on P and IV − P .

Problems

1. Show that if V = W1 + · · ·+ Wm, then V = W1 ⊕ · · · ⊕Wm if and only if
dimV = dim W1 + · · ·+ dimWm.

2. Let P1, . . . , Pm ∈ EndV be projections on V and P1 + · · · + Pm = IV .
Show that PiPj = 0 whenever i 6= j.

3. Let P1, . . . , Pm ∈ EndV be projections on V . Show that P1 + · · ·+ Pm is
a projection if and only if PiPj = 0 whenever i 6= j.
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4. Show that if P ∈ EndV is an orthogonal projection, then ‖Pv‖ ≤ ‖v‖ for
all v ∈ V .

5. Prove that if P1, . . . , Pm ∈ EndV are projections on V with P1 + · · · +
Pm = IV , then there is an inner product so that P1, . . . , Pn are orthogonal
projections.

6. Show that if P ∈ EndV is an orthogonal projection on the inner product
space and if W is P -invariant subspace of V , then P |W ∈ EndW is an
orthogonal projection.

7. Prove Theorem 1.8.1.

Solutions to Problems 1.8

1.

2. By Theorem 1.8.3, V = Im P1 ⊕ · · · ⊕ Im Pm so that for any v ∈ V ,
PiPjv = Pivj = 0 if i 6= j.

3. P1 + · · ·+ Pm is a projection means

∑

i

Pi +
∑

i 6=j

PiPj =
∑

i

P 2
i +

∑

i 6=j

PiPj = (P1 + · · ·+Pm)2 = P1 + · · ·+Pm.

So if PiPj = 0 for i 6= j, then P1 + · · ·+ Pm is a projection. Conversely, if
P1 + · · ·+ Pm is a projection, so is IV − (P1 + · · ·+ Pm).

(Roy) Suppose that P := P1+· · ·+Pm is a projection. Then the restriction
of P on its image P (V ) is the identity operator and Pi|P (V ) is still a
projection for each i = 1, . . . , m. According to Theorem 1.8.3, P (V ) =
⊕m

i=1Im Pi|P (V ) = ⊕m
i=1Im Pi, which implies that PiPj = 0 whenever i 6= j.

4. I − P is also an orthogonal projection. Write v = Pv + (I − P )v so that
‖v‖2 = ‖Pv‖2 + ‖(IP )v‖2 ≥ ‖Pv‖2.

5. By Theorem 1.8.3, V = Im P1 ⊕ · · · ⊕ Im Pm. Let {ei1, . . . , eini
} be a

basis of Im Pi for all i. Then there is an inner product, by Theorem 1.6.3
so that the basis {e11, . . . , e1n1 , . . . , em1, . . . , emnm} is orthonormal. Thus
P1, . . . , Pm are orthogonal projections by Theorem 1.8.5.

6. Notice that P |2W = P 2|W = P |W since P 2 = P and from Theorem 1.7.1
(P |W )=P ∗|W = P |W since P ∗ = P .

7.
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1.9 Dual spaces and Cartesian products

The space V ∗ = Hom (V,C) is called the dual space of V . Elements in V ∗ are
called (linear) functionals.

Theorem 1.9.1. Let E = {e1, . . . , en} be a basis of V . Define e∗1, . . . , e
∗
n ∈ V ∗

by
e∗i (ej) = δij , i, j = 1, . . . , n.

Then E∗ = {e∗1, . . . , e∗n} is a basis of V ∗.

Proof. Notice that each f ∈ V ∗ can be written as f =
∑n

i=1 f(ei)e∗i since both
sides take the same values on e1, . . . , en. Now if

∑n
i=1 aie

∗
i = 0, then 0 =∑n

i=1 aie
∗
i (ej) = aj , j = 1, . . . , n. So e∗1, . . . , e

∗
n are linearly independent.

The basis E∗ is called a basis of V ∗ dual to E, or simply dual basis.
If T ∈ Hom(V, W ), then its dual map (or transpose) T ∗ ∈ Hom(W ∗, V ∗)

is defined by
T ∗(ϕ) = ϕ ◦ T, ϕ ∈ W ∗.

The functional T ∗(ϕ) is in V ∗, and is called the pullback of ϕ along T . Imme-
diately the following identity holds for all ϕ ∈ W ∗ and v ∈ V :

〈T ∗(ϕ), v〉 = 〈ϕ, T (v)〉

where the bracket 〈f, v〉 := f(v) is the duality pairing of V with its dual space,
and that on the right is the duality pairing of W with its dual. This identity
characterizes the dual map T ∗, and is formally similar to the definition of the
adjoint (if V and W are inner product spaces). We remark that we use the same
notation for adjoint and dual map of T ∈ Hom(V, W ). But it should be clear
in the context since adjoint requires inner products but dual map does not.

Theorem 1.9.2. The map ∗ : Hom (V, W ) → Hom(W ∗, V ∗) defined by ∗(T ) =
T ∗ is an isomorphism.

Proof. Problem 10.

When V has an inner product, linear functionals have nice representation.

Theorem 1.9.3. (Riesz) Let V be an inner product space. For each f ∈ V ∗,
there is a unique u ∈ V such that f(v) = (v, u) for all v ∈ V . Hence the map
ξ : V → V ∗ defined by ξ(u) = (·, u) is an isomorphism.

Proof. Let E = {e1, . . . , en} be an orthonormal basis of V . Then for all v ∈ V ,
by Theorem 1.3.3

f(v) = f(
n∑

i=1

(v, ei)ei) =
n∑

i=1

f(ei)(v, ei) = (v,
n∑

i=1

f(ei)ei)



1.9. DUAL SPACES AND CARTESIAN PRODUCTS 23

so that u :=
∑n

i=1 f(ei)ei. Uniqueness follows from the positive definiteness of
the inner product: If (v, u′) = (v, u) for all v ∈ V , then (v, u− u′) = 0 for all v.
Pick v = u− u′ to have u = u′.

The map ξ : V → V ∗ defined by ξ(u) = (·, u) is clearly a linear map bijective
from the previous statement.

Let V1, . . . , Vm be m vector spaces over C.

×m
i Vi = V1 × · · · × Vm = {(v1, . . . , vm) : vi ∈ Vi, i = 1, . . . , m}

is called the Cartesian product of V1, . . . , Vm. It is a vector space under the
natural addition and scalar multiplication.

Remark: If V is not finite-dimensional but has a basis {eα : α ∈ A} (axiom of
choice is needed) where A is the (infinite) index set, then the same construction
as in the finite-dimensional case (Theorem 1.9.1) yields linearly independent
elements {e∗α : α ∈ A} in V ∗, but they will not form a basis.

Example (for Alex’s question): The space R∞, whose elements are those
sequences of real numbers which have only finitely many non-zero entries, has
a basis {ei : i = 1, 2, . . . , } where ei = (0, . . . , 0, 1, 0, . . . ) in which the only
nonzero entry 1 is at the ith position. The dual space of R∞ is Rℵ, the space of
all sequences of real numbers and such a sequence (an) is applied to an element
(xn) ∈ R∞ to give

∑
n anxn, which is a finite sum because there are only finitely

many nonzero xn. The dimension of R∞ is countably infinite but Rℵ does not
have a countable basis.

Problems

1. Show that Theorem 1.9.3 remains true if the inner product is replaced by a
nondegenerate bilinear form B(·, ·) on a real vector space. Nondegeneracy
means that B(u, v) = 0 for all v ∈ V implies that u = 0.

2. Let {e1, . . . , en} be an orthonormal basis of the inner product space V .
Show that {f1, . . . , fn} is a dual basis if and only if fj(v) = (v, ei) for all
v ∈ V and j = 1, . . . , n.

3. Let {f1, . . . , fn} be a basis of V ∗. Show that if v ∈ V such that fj(v) = 0
for all j = 1, . . . , n, then v = 0.

4. Let {f1, . . . , f} be a basis of V ∗. Prove that there is a basis E = {e1, . . . , en}
of V such that fi(ej) = δij , i, j = 1, . . . , n.

5. Let E = {e1, . . . , en} and F = {f1, . . . , fn} be two bases of V and let E∗

and F ∗ be their dual bases. If [IV ]FE = P and [IV ∗ ]E
∗

F∗ = Q, prove that
Q = (P−1)T .

6. Show that if S ∈ Hom(W,U) and T ∈ Hom(V, W ), then (ST )∗ = T ∗S∗.
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7. Show that ξ : V → V ∗∗ defined by ξ(v)(ϕ) = ϕ(v) for all v ∈ V and
V ∈ V ∗, is an (canonical) isomorphism.

8. Suppose E and F are bases for V and W and let E∗ and F ∗ be their dual
bases. For any T ∈ Hom(V, W ), what is the relation between [T ]FE and
[T ∗]E

∗
F∗?

9. Show that dim(V1 × · · · × Vm) = dimV1 + · · ·+ dimVm.

10. Prove Theorem 1.9.2.

Solutions to Problems 1.9

1. Let B(·, ·) be a nondegenerate bilinear form on a real vector space V .
Define ϕ : V → V ∗ by ϕ(v) = B(v, ·). Clearly ϕ is linear and we need to
show that ϕ is surjective. Since dimV = dim V ∗, it suffices to show that
ϕ is injective (and thus bijective). Let v ∈ Kerϕ, i.e., B(v, w) = 0 for all
w ∈ V . By the nondegeneracy of B(·, ·), v = 0.

2. Notice that (ei, ej) = δij . If F is a dual basis, then for each v =∑n
i=1(v, ei)ei, fj(v) = fj(

∑n
i=1(v, ei)ei) =

∑n
i=1(v, ei)fj(ei) = (v, ej).

On the other hand, if fj(v) = (v, ej) for all v, then fj(ei) = (ei, ej) = δij ,
i.e., F is a dual basis.

3. The assumption implies that f(v) = 0 for all f ∈ V ∗. If v 6= 0, extends it
to basis E = {v, v2, . . . , vn} of V . Define g ∈ V ∗ by g(v) = 1 and g(vi) = 0
for all i = 2, . . . , n.

4. Introduce an inner product on V so that by Theorem 1.9.3 we determine
u1, . . . , un via fj(v) = (v, uj). By Theorem 1.6.3 and Theorem 1.6.1 there
is a pd T ∈ EndV such that (Tui, uj) = δij . Set ei = Tui for all i.
Uniqueness is clear.
Another approach: Since {f1, . . . , fn} is a basis, each fi 6= 0 so that
dimKer fi = n − 1. So pick vi ∈ ∩j 6=iKer fj 6= 0 (why?) such that
fi(vi) = 1. Then fj(vi) = 0 for all j 6= 0.

5.

6. For any ϕ ∈ U∗, (T ∗S∗)ϕ = T ∗(ϕ◦S) = (ϕ◦S)◦T = ϕ◦ (ST ) = (ST )∗ϕ.
So (ST )∗ = T ∗S∗.

7. Similar to Problem 10. Notice that ξ(ei) = e∗∗i for all i. It is canonical
because of e 7→ e∗∗.

8. Let A = [T ]FE , i.e., Tej =
∑n

i=1 aijfi. Write v =
∑

i αiei so that

(T ∗f∗j )v = f∗j (Tv) = f∗j (
∑

i

αiTei) = f∗j (
∑

i,k

αiakifk) =
∑

i,k

αiakif
∗
j (fk) =

∑

i

αiaji.
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On the other hand

(
∑

i

ajie
∗
i )(v) =

∑

i

ajie
∗
i (

∑

k

αkek) =
∑

i

αiaji.

So T ∗f∗j =
∑

i ajie
∗
i , i.e., [T ∗]E

∗
F∗ = AT , i.e., ([T ]FE)T = [T ∗]E

∗
F∗ . This

explains why T ∗ is also called the transpose of T .

(Roy) Suppose E = {e1, . . . , en} and F = {f1, . . . , fm}. Let [T ]FE =
(aij) ∈ Cm×n and [T ∗]E

∗
F∗ = (bpq) ∈ Cn×m. By definition, Tej =

∑m
i=1 aijfi

and T ∗f∗q =
∑n

p=1 bpqe
∗
p. Since e∗j (ei) = δij and f∗j (fi) = δij , the definition

(T ∗f∗j )ei = f∗j (Tei) implies that bij = aji. Thus [T ∗]E
∗

F∗ = ([T ]FE)T .

9. If Ei = {ei1, . . . , eini} is a basis of Vi, i = 1, . . . , m, then

E = {(e11, . . . , em1), . . . , (e1n1 , . . . , emnm
)}

is a basis of V1 × · · · × Vm (check!).

10. ∗ is linear since for any scalars α, β, (αS + βT )∗ϕ = ϕ(αS + βT ) =
αϕS + βϕT = αS∗ϕ + βT ∗ϕ = (αS∗ + βT ∗)ϕ. It is injective since if
T ∗ = 0, then ϕ◦T = T ∗ϕ = 0 for all ϕ ∈ V ∗. By Problem 3, T = 0. Thus
∗ is an isomorphism.

1.10 Notations

Denote by Sm the symmetric group on {1, . . . , m} which is the group of all
bijections on {1, . . . , m}. Each σ ∈ Sm is represented by

σ =
(

1, . . . , m
σ(1), . . . , σ(m)

)
.

The sign function ε on Sm is

ε(σ) =

{
1 if σ is even
−1 if σ is odd

where σ ∈ Sm. Let α, β, γ denote finite sequences whose components are natural
numbers

Γ(n1, . . . , nm) := {α : α = (α(1), . . . , α(m)), 1 ≤ α(i) ≤ ni, i = 1, . . . , m}
Γm,n := {α : α = (α(1), . . . , α(m)), 1 ≤ α(i) ≤ n, i = 1, . . . , m}
Gm,n := {α ∈ Γm,n : α(1) ≤ · · · ≤ α(m)}
Dm,n := {α ∈ Γm,n : α(i) 6= α(j) whenever i 6= j}
Qm,n := {α ∈ Γm,n : α(1) < · · · < α(m)}.
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For α ∈ Qm,n and σ ∈ Sm, define

ασ := (α(σ(1)), . . . , ασ(m))).

Then ασ ∈ Dm,n and

Dm,n = {ασ : α ∈ Qm.n, σ ∈ Sm} = Qm,nSm. (1.1)

Suppose n > m. For each ω ∈ Qm,n, denote by ω′ the complementary
sequence of ω, i.e., ω′ ∈ Qn−m,n, the components of ω and ω′ are 1, . . . , n, and

σ =
(

1, . . . , m, m + 1, . . . , n
ω(1), . . . , ω(m), ω′(1), . . . , ω′(n−m)

)
∈ Sn.

It is known that
ε(σ) = (−1)s(ω)+m(m+1)/2, (1.2)

where s(ω) := ω(1)+· · ·+ω(m). Similarly for ω ∈ Qm,n, θ ∈ Sm and π ∈ Sn−m,

σ =
(

1, . . . , m, m + 1, . . . , n
ωθ(1), . . . , ωθ(m), ω′π(1), . . . , ω′π(n−m)

)
∈ Sn

and
ε(σ) = ε(θ)ε(π)(−1)s(ω)+m(m+1)/2, (1.3)

Moreover

Sn = {σ =
(

1, . . . , m, m + 1, . . . , n
ωθ(1), . . . , ωθ(m), ω′π(1), . . . , ω′π(n−m)

)
:

ω ∈ Qm,n, θ ∈ Sm, π ∈ Sn−m}. (1.4)

Let A ∈ Cn×k. For any 1 ≤ m ≤ n, 1 ≤ l ≤ k, α ∈ Qm,n and β ∈ Ql,k. Let
A[α|β] denote the submatrix of A by taking the rows α(1), . . . , α(m) of A and the
columns β(1), . . . , β(l). So the (i, j) entry of A[α|β] is aα(i)β(j). The submatrix
of A complementary to A[α|β] is denoted by A(α|β) := A[α′|β′] ∈ C(n−m)×(k−l).
Similarly we define A(α|β] := A[α′|β] ∈ C(n−m)×k and A[α|β) := A[α|β′] ∈
Cn×(k−l).

Recall that if A ∈ Cn×n, the determinant function is given by

detA =
∑

σ∈Sn

ε(σ)
n∏

i=1

aiσ(i). (1.5)

It is easy to deduce that

det A =
∑

σ∈Sn

ε(π)ε(σ)
n∏

i=1

aπ(i),σ(i). (1.6)

Let A ∈ Cn×k. For any 1 ≤ m ≤ min{n, k}, α ∈ Qm,n and β ∈ Qm,k,

det A[α|β] =
∑

σ∈Sm

ε(σ)
m∏

i=1

aα(i),βσ(i). (1.7)
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For any θ ∈ Sn, we have

det A[αθ|β] = det A[α|βθ] = ε(θ) det A[α|β]. (1.8)

When α ∈ Γm,n, β ∈ Γm,k, A[α|β] ∈ Cm×m whose (i, j) entry is aα(i)β(j).
However if α ∈ Γm,n and α 6∈ Dm,n, then A[α|β] has two identical rows so that

det A[α|β] = 0, α ∈ Γm,n \Dm,n. (1.9)

Theorem 1.10.1. (Cauchy-Binet) Let A ∈ Cr×n, B ∈ Cn×l and C = AB.
Then for any 1 ≤ m ≤ min{r, n, l} and α ∈ Qm,r and β ∈ Qm,l,

detC[α|β] =
∑

ω∈Qm,n

detA[α|ω] det B[ω|β].

Proof.

detC[α|β] =
∑

σ∈Sm

ε(σ)
m∏

i=1

cα(i),βσ(i)

=
∑

σ∈Sm

ε(σ)
m∏

i=1

n∑

j=1

aα(i),jbj,βσ(i)

=
∑

σ∈Sm

ε(σ)
∑

τ∈Γm,n

m∏

i=1

aα(i),γ(i)bγ(i),βσ(i)

=
∑

τ∈Γm,n

m∏

i=1

aα(i),γ(i)

∑

σ∈Sm

ε(σ)bγ(i),βσ(i)

=
∑

τ∈Γm,n

m∑

i=1

aα(i),γ(i) det B[γ|β]

=
∑

ω∈Dm,n

m∏

i=1

aα(i),γ(i) detB[γ|β]

=
∑

ω∈Qm,n

∑

σ∈Sm

m∏

i=1

aα(i),ωσ(i) detB[ωσ|β]

=
∑

ω∈Qm,n

(
∑

σ∈Sm

ε(σ)
m∏

i=1

aα(i),ωσ(i)) det B[ω|β]

=
∑

ω∈Qm,n

det A[α|ω] det B[ω|β].

Theorem 1.10.2. (Laplace) Let A ∈ Cn×n, 1 ≤ m ≤ n and α ∈ Qm,n. Then

det A =
∑

ω∈Qm,n

detA[α|ω](−1)s(α)+s(ω) detA(α|ω).
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Proof. The right side of the formula is

(−1)s(α)
∑

ω∈Qm,n

(−1)s(ω) detA[α|ω] det A[α′|ω′]

= (−1)s(α)
∑

ω∈Qm,n

∑

θ∈Sm

∑

π∈Sn−m

ε(θ)ε(π)(−1)s(ω)
m∏

i=1

aα(i)ωθ(i)

n−m∏

j=1

aα′(j)ω′π(j)

= (−1)s(α)
∑

σ∈Sn

ε(σ)(−1)m(m+1)/2
m∏

i=1

aα(i)σ(i)

n∏

i=m+1

aα′(i−m)σ(i)

=
∑

σ∈Sn

ε(π)ε(σ)
n∏

i=1

aπ(i)σ(i)

= det A.

Theorem 1.10.3. Let U ∈ Un(C). Then for α, β ∈ Qm,n with 1 ≤ m ≤ n,

detU detU [α|β] = (−1)s(α)+s(β) detU(α|β). (1.10)

In particular
|det U [α|β]| = |detU(α|β)|. (1.11)

Proof. Because det I[β|ω] = δβω and U∗[β|γ] = U [γ|β]T , apply Cauchy-Binet
theorem on In = U∗U to yield

δβω =
∑

τ∈Qm,n

detU [γ|β] det U [γ|ω]. (1.12)

Using Laplace theorem, we have

δαγ detU =
∑

ω∈Qm,n

detU [γ|ω](−1)s(α)+s(ω) detU(α|ω).

Multiplying both sides by U [γ|β] and sum over τ ∈ Sm, the left side becomes
∑

γ∈Qm,n

δαγ detU detU [γ|β] = det U detU [α|β]

and the right side becomes
∑

γ∈Qm,n

∑

ω∈Qm,n

det U [γ|β] det U [γ|ω](−1)s(α)+s(ω) detU(α|ω)

=
∑

ω∈Qm,n

δβω(−1)s(α)+s(ω) detU(α|ω)

= (−1)s(α)+s(β) detU(α|β)

Since |detU | = 1, we have the desired result.
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The permanent function of A is

per A =
∑

σ∈Sn

n∏

i=1

aiσ(i)

which is also known as “positive determinant”.

Problems

1. Prove equation (1.2).

2. Prove that
∏m

i=1

∑n
j=1 aij =

∑
γ∈Γm,n

∏m
i=1 aiγ(i).

3. Prove a general Laplace expansion theorem: Let A ∈ Cn×n, α, β ∈ Qm,n,
and 1 ≤ m ≤ n.

δαβ detA =
∑

ω∈Qm,n

det A[α|ω](−1)s(α)+s(ω) det A(β|ω).

4. Show that

|Γ(n1, . . . , nm)| =
m∏

i=1

ni, |Γm,n| = nm, |Gm,n| =
(

n + m− 1
m

)
,

|Dm,n| =
(

n

m

)
m!, |Qm,n| =

(
n

m

)
.

Solutions to Problems 1.10

1.

2. (Roy) If A = (aij) ∈ Cm×n, the left side of
∏m

i=1

∑n
j=1 aij =

∑
γ∈Γm,n

∏m
i=1 aiγ(i)

is the product of row sums of A. Fix n and use induction on m. If m = 1,
then both sides are equal to the sum of all entries of A. Suppose that the
identity holds for m− 1. We have

∑

γ∈Γm,n

m∏

i=1

aiγ(i) =


 ∑

γ∈Γm−1,n

m−1∏

i=1

aiγ(i)







n∑

j=1

amj




=




m−1∏

i=1

n∑

j=1

aij







n∑

j=1

amj


 by induction hypothesis

=
m∏

i=1

n∑

j=1

aij
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3.

4. The ith slot of each sequence in Γ(n1, . . . , nm) has ni choices. So |Γ(n1, . . . , nm)| =∏m
i=1 ni and thus |Γm,n| = nm follows from |Γ(n1, . . . , nm)| =

∏m
i=1 ni

with ni = n for all i.

|Gm,n| =
(
n+m−1

m

)
. Now |Qm,n| is the number of picking m distinct num-

bers from 1, . . . , n. So |Qm,n| =
(

n
m

)
is clear and |Dm,n| = |Qm,n|m! =(

n
m

)
m!



Chapter 2

Group representation
theory

2.1 Symmetric groups

Let Sn be the symmetric group on {1, . . . , n}. A matrix P ∈ Cn×n is said to be
a permutation matrix if

pi,σ(j) = δi,σ(j), i, j = 1, . . . , n

where σ ∈ Sn and we denote by P (σ) for P because of its association with
σ. Denote by Pn the set of all permutation matrices in Cn×n. Notice that
ϕ : Sn → Pn (δ 7→ P (σ)) is an isomorphism.

Theorem 2.1.1. (Cayley) Each finite group G with n elements is isomorphic
to a subgroup of Sn.

Proof. Let Sym (G) denotes the group of all bijections of G. For each σ ∈ G,
define the left translation lσ : G → G by lσ(x) = σx for all x ∈ G. It is easy
to show that lστ = lσlτ for all σ, τ ∈ G so that l : G → Sym (G) is a group
homomorphism. The map l is injective since lσ = lτ implies that σx = τx for
any x ∈ G and thus σ = τ . So G is isomorphic to some subgroup of Sym (G)
and thus to some subgroup of Sn.

The following is another proof in matrix terms. Let G = {σ1, . . . , σn}. Define
the regular representation Q : G → GLn(C):

Q(σ)ij := (δσi,σσj
) ∈ GLn(C).

It is easy to see that Q(σ) is a permutation matrix and Q : σ 7→ Q(σ) is injective.
So it suffices to show that Q is a homomorphism. Now

(Q(σ)Q(π))ij =
n∑

k=1

Q(σ)ikQ(π)kj =
n∑

k=1

δσi,σσk
δσk,πσj

= δσi,σπσj
= Q(σπ)ij .

31
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So we view each finite group as a subgroup of Sn for some n.
The element σ ∈ Sn is called a cycle of length k (1 ≤ k ≤ n), if there exist

1 ≤ i1, . . . , ik ≤ n such that

σ(it) = it+1, t = 1, . . . , k − 1
σ(ik) = i1

σ(i) = i, i 6∈ {i1, . . . , i + k}

and we write σ = (i1, . . . , ik). Two cycles (i1, . . . , ik) and (j1, . . . , jm) are said
to be disjoint if there is no intersection between the two set {i1, . . . , ik} and
{j1, . . . , jm}. From the definition, we may express the cycle σ as

(i1, σ(i1), . . . , σk−1(i1)).

For any σ ∈ Sn there is 1 ≤ k ≤ n such that σk(i) = i and let k be the
smallest such integer. Then (i σ(i) · · · σk−1(i)) is a cycle but is not necessarily
equal to σ. The following theorem asserts that σ can be reconstructed from
these cycles.

Theorem 2.1.2. Each element σ ∈ Sn can be written as a product of disjoint
cycles. The decomposition is unique up to permutation of the cycles.

Proof. Let i ≤ n be a positive integer. Then there is a smallest positive integer
r such that σr(i) = i. If r = n, then the cycle (i σ(i) · · · σr−1(i)) is σ. If r < n,
then there is positive integer j ≤ n such that j 6∈ {i, σ(i), . . . , σr−1(i)}. Then
there is a smallest positive integer s such that σs(j) = j. Clearly the two cycles
(i σ(i) · · · σr−1(i)) and (j σ(j) · · · σs−1(j)) are disjoint. Continue the process
we have

σ = (i σ(i) · · · σr−1(i))(j σ(j) · · · σs−1(j)) · · · (k σ(k) · · · σt−1(k))

For example,
(

1 2 3 4 5 6 7
2 5 1 7 3 6 4

)
=

(
1 2 5 3

) (
4 7

) (
6
)

=
(
1 2 5 3

) (
4 7

)
.

So c(σ) = 3 (which include the cycle of length 1)

(
1 2 3 4 5
2 5 4 3 1

)
=

(
1 2 5

) (
3 4

)
=

(
3 4

) (
1 2 5

)
=

(
3 4

) (
5 1 2

)
.

So c(σ) = 2.
Cycles of length 2, i.e., (i j), are called transpositions.

Theorem 2.1.3. Each element σ ∈ Sn can be written (not unique) as a product
of transposition.
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Proof. Use Theorem 2.1.2

(i1 · · · ik) = (i1i2)(i2i3) · · · (ik−1ik) = (i1ik)(i1ik−1) · · · (i1i2). (2.1)

Though the decomposition is not unique, the parity (even number or odd
number) of transpositions in each σ ∈ Sn is unique (see Merris p.56-57).

Problems

1. Prove that each element of Sn is a product of transpositions. (Hint:
(i1 i2 · · · ik) = (i1i2)(i2i3) · · · (ik−1ik) = (i1ik)(i1ik−1) · · · (i1i2)).

2. Show that Sn is generated by the transposition (12), (23), . . . , (n − 1, n)
(Hint: express each tranposition as a product of (12), (23), . . . , (n−1, n)).

3. Express the following permutations as a product of nonintersecting cycles:

(a) (a b)(a i1 . . . ir b j1 . . . jr).
(b) (a b)(a i1 . . . ir b j1 . . . jr)(a b).
(c) (a b)(a i1 . . . ir).
(d) (a b)(a i1 . . . ir)(a b).

4. Express σ = (24)(1234)(34)(356)(56) ∈ S7 as a product of disjoint cycles
and find c(σ).

Solutions to Problems 2.1

1. Use Theorem 2.1.2 and the hint.

2. (i, i + 2) = (i + 1, i + 2)(i, i + 1)(i + 1, i + 2) and each (ij) is obtained by
conjugating (i, i + 1) by the product (j, j + 1) · · · (i + 1, i + 2) where i < j.
So Sn is generated by (12), (23), . . . , (n− 1, n).

(Zach) (ij) = (1i)(1j)(1i). By Problem 1, every cycle is a product of
transpositions. So Sn is generated by (12), (13), . . . , (1n). Now (1k) =
(1, k − 1)(k − 1, k)(1, k − 1) for all k > 1.

3. (a) (a b)(a i1 . . . ir b j1 . . . jr) = (a i1 . . . ir)(b j1 . . . js).
(b) (a b)(a i1 . . . ir b j1 . . . js)(a b) = (a i1 . . . ir)(b j1 . . . js)(a b) = (a j1 . . . js b i1 . . . ir).
(c) (a b)(a i1 . . . ir) = (a i1 . . . ir b).
(d) (a b)(a i1 . . . ir)(a b) = (b i1 . . . ir).

4. σ = (24)(1234)(34)(356)(56) =
(

1 2 3 4 5 6 7
4 3 5 2 1 6 7

)
= (14235)(6)(7).

So c(σ) = 3.
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2.2 Representation theory

Let V be an n-dimensional complex vector space and GL(V ) be the group of
invertible operators T ∈ EndV . Clearly the group of n × n complex invertible
matrices GLn(C) is isomorphic to GL(V ). Let G be a finite group. A (linear)
representation of G of degree n is a homomorphism T : G → GL(V ), i.e.,

T (σ1σ2) = T (σ1)T (σ2), σ1, σ2 ∈ G.

Then T (e) = I where e ∈ G is the identity element (reason: T (e) = T (e2) =
T (e)T (e)) and T (σ−1) = (T (σ))−1. The dimension of V is called the degree of
the representation T . The representation T is called faithful (to the group) if
it is injective, i.e., G is isomorphic to T (G) < GL(V ).

Similarly we have the matrix representation A : G → GLn(C), i.e.,

A(σ1σ2) = A(σ1)A(σ2), σ1, σ2 ∈ G.

So A(e) = A and A(σ−1) = (A(σ))−1. Clearly if P ∈ GLn(C), then B(σ) :=
P−1A(σ)P , σ ∈ G, yields a matrix representation B : G → GLn(C). We call
the representations A and B isomorphic.

Let E be a basis of V and let T : G → GL(V ) be a representation. Let
A(σ) := [T (σ)]EE ∈ GLn(C) where n = dimV . Then A : G → GLn(C) is a
matrix representation since

A(σ1σ2) = [T (σ1σ2)]EE = [T (σ1)T (σ2)]EE = [T (σ1)]EE [T (σ2)]EE = A(σ1)A(σ2).

Under another basis F , we have a matrix representation B(σ) := [T (σ)]FF . Then

B(σ) = [T (σ)]FF = [I]FE [T (σ)]EE [I]EF = P−1A(σ)P, σ ∈ G,

where P := [I]EF , i.e., A and B are isomorphic. In other words, the matrix
representations with respect to different bases of a linear representation are
isomorphic. Similarly the representations S : G → GL(V ) and T : G :→ GL(W )
are said to be isomorphic if there is an invertible L ∈ Hom(V, W ) such that
T (σ) = L−1S(σ)L for all σ ∈ G. In other words, isomorphic representations
have the same matrix representation by choosing appropriate bases accordingly.

Given any representation T : G → GL(V ) with dimV = n, a choice of basis
in V identifies with Cn (i.e., isomorphic to via the coordinate vector) and call
this isomorphism L. Thus we have a “new” representation S : G → GLn(C)
which is isomorphic to T . So any representation of G of degree n is isomorphic
to a matrix representation on Cn. The vector space representation does not
lead to “new” representation, but it is a basis free approach; while at the same
time the matrix representation may give us some concrete computation edge.
So we often use both whenever it is convenient to us.

The basic problem of representation theory is to classify all representations
of G, up to isomorphism. We will see that character theory is a key player.

Example 2.2.1. (a) The principal representation: σ 7→ 1 for all σ ∈ G,
is of degree 1.
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(b) The alternating representation on Sn, σ 7→ ε(σ), is of degree 1.

(c) σ 7→ In is a representation of degree n.

(d) The regular representation Q : G → GLn(C), where n = |G|, is given
by

Q(σ)ij = δσi,σσj .

Here is another version: let V be an n-dimensional complex vector space
with a (ordered) basis indexed by G, i.e., E = {fσ1 , . . . , fσn

} where G =
{σ1, . . . , σn}. For each σ ∈ G, define T (σ) by T (σ)fπ = fσπ. So the
images fσ = T (σ)fe, where σ ∈ G, form a basis of V . Then Q = [T (σ)]FF
since the jth column of Q is ei where σσj = σi, i.e., Q(σ)ij = δσi,σσj

.

(e) S3 has 6 elements: e, (23), (12), (123), (132), (13). Define T : S3 → GL2(C)
by setting their images accordingly as

I2,

(
1 −1
0 −1

)
,

(
0 1
1 0

)
,

(
0 −1
1 −1

)
,

(−1 1
−1 0

)
,

(−1 0
−1 1

)

which is a representation of degree 2.

The representation A : G → GLn(C) is said to be reducible if there is
P ∈ GLn(C) such that

P−1A(σ)P =
(

A1(σ) 0
C(σ) A2(σ)

)
, for all σ ∈ G, (2.2)

where A1(σ) ∈ GLm(C) and A2(σ) ∈ GLn−m(C) with 1 ≤ m < n. In addition if
C(σ) = 0 for all σ ∈ G, then A is said to be completely reducible. Moreover,
A is said to be irreducible if A is not reducible. It is easy to see that A
is irreducible if and only if any representation isomorphic to A is irreducible.
Similar notions are defined for representation T : G → GL(V ), for example, T
is reducible if there is a basis E for V such that [T (σ)]EE is of the form (2.2),
etc.

Notice that if A : G → GLn(C) is reducible, i.e., (2.2) holds, then
(

A1(σπ) 0
C(σπ) A2(σπ)

)
=

(
A1(σ) 0
C(σ) A2(σ)

)(
A1(π) 0
C(π) A2(π)

)

=
(

A1(σ)A1(π) 0
C(σ)A1(π) + A2(σ)C(π) A2(σ)A2(π)

)
.(2.3)

So A1(σπ) = A1(σ)A1(π) and A2(σπ) = A2(σ)A1(π). So A1 and A2 are lower
degree representations of G, known as sub-representations. If A is completely
reducible, it is determined by A1 and A2.

From definition all linear representations are irreducible. So Example 2.2.1(a),
(b) are irreducible; (c) is reducible if and only if n > 1; (d) is reducible if n > 1
(we will see, Problem 1 when n = 3); (e) Problem 2.
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Theorem 2.2.2. The representation T : G → GL(V ) is reducible if and only
if there is a nontrivial subspace W invariant under T (σ) for all σ ∈ G, i.e.,
T (σ)W ⊂ W (indeed T (σ)W = W ) for all σ ∈ G.

Proof. If T is reducible, then there is a basis E = {e1, . . . , em, em+1, . . . , en}
such that

[T (σ)]EE =
(

A1(σ) 0
C(σ) A2(σ)

)
, for all σ ∈ G,

where A1(σ) ∈ GLm(C) and A2(σ) ∈ GLn−m(C). Clearly W := 〈em+1, . . . , en〉
is the desired invariant subspace.

Conversely if W is nontrivial and invariant under T (σ) for all σ ∈ G, then
extend the basis F of W to a basis E for V in which F is the latter part of E.
Then [T (σ)]EE is the desired reducible representation.

So T |W : G → GL(W ) is a representation of G and is called a sub-representation
of T , defined by restriction:

T |W (σ) = T (σ)|W .

The following theorem asserts that reducibility and completely reducibility co-
incide for finite group representations.

Theorem 2.2.3. (Maschke) Let A be a matrix representation of the finite group
G. If A is reducible, then A is completely reducible.

Proof. Since A is reducible, we may assume that

A(σ) =
(

A1(σ) 0
C(σ) A2(σ)

)
, for all σ ∈ G,

where A1(σ) ∈ GLm(C) and A2(σ) ∈ GLn−m(C). Let

P :=
(

Im 0
Q In−m

)
, so that P−1 =

(
Im 0
−Q In−m

)
,

where Q is to be determined. Then

P−1A(σ)P =
(

Im 0
−Q In−m

)(
A1(σ) 0
C(σ) A2(σ)

)(
Im 0
Q In−m

)

=
(

A1(σ) 0
C(σ)−QA1(σ) + A2(σ)Q A2(σ)

)
. (2.4)

So we want to find Q such that C(σ) − QA1(σ) + A2(σ)Q = 0 for all σ ∈ G.
From (2.3)

C(σπ) = C(σ)A1(π) + A2(σ)C(π)

so that

C(σ) = C(σπ)A1(π)−1 −A2(σ)C(π)A1(π)−1

= C(σπ)A1(σπ)−1A1(σ)−A2(σ)C(π)A1(π)−1.
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Sum over π to have

|G|C(σ) = (
∑

π∈G

C(σπ)A1(σπ)−1)A1(σ)−A2(σ)(
∑

π∈G

C(π)A1(π)−1)

= (
∑

π∈G

C(π)A1(π)−1)A1(σ)−A2(σ)(
∑

π∈G

C(π)A1(π)−1)

Set Q := 1
|G| (

∑
π∈G C(π)A1(π)−1). Then

C(σ)−QA1(σ) + A2(σ)Q = 0, for all σ ∈ G.

Substitute into (2.4) to have the desired result.

Theorem 2.2.4. Every matrix representation A of the finite group G is a
direct sum of irreducible representations, i.e., there is P ∈ GLn(C) such that
P−1A(σ)P = A1(σ)⊕A2(σ)⊕ · · · ⊕Ak(σ) for all σ ∈ G, where A1, . . . , Ak are
irreducible representations.

Proof. Use Theorem 2.2.3 with induction.

So the study of representations of G, up to isomorphism, is reduced to the
study of irreducible representations.

A representation T : G → GL(V ) is unitary if V has been equipped with
an inner product such that T (σ) are unitary for all σ ∈ G. It is unitarisable
if it can be equipped with such an inner product. For example, the regular
representation Q : G → GLn(C) (n = |G|) of a finite group is unitary (pick the
standard inner product).

Theorem 2.2.5. Every representation T : G → GL(V ) is unitarisable.

Proof. Problem 3 “unitary trick”.

Problems

1. Prove that the degree 3 representation of S3: σ 7→ (δiσ(j)) ∈ GL3(C) is
reducible (Hint: find a 1-dimensional invariant subspace).

2. Prove that the degree 2 representation in Example 2.2.1(e) is irreducible.

3. Let T : G → GLn(C) be a representation of a finite group G. Prove that
there is an inner product such that T (σ) is unitary for all σ ∈ G, i.e.,
for any u, v ∈ V , σ ∈ G we have (T (σ)u, T (σ)v) = (u, v). (Hint: Let
〈·, ·〉 be any arbitrary inner product. Then consider it “average” (u, v) :=
1
|G|

∑
σ∈G〈T (σ)u, T (σ)v〉).

4. Prove that every matrix representation of a finite group is isomorphic to
a unitary matrix representation.
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5. Write out the regular representation of the cyclic group C3 = {1, ω, ω2}
where ω is the cubic primitive root of unity. Is it reducible?

6. Prove Maschke Theorem using Theorem 2.2.5 (Hint: If W is an invariant
subspace for all A(σ), so is W⊥).

Solutions to Problems 2.2

1. The representation T is given as

e 7→ I3, (12) 7→



1
1

1


 , (13) 7→




1
1

1


 ,

(23) 7→



1
1

1


 , (123) 7→




1
1

1


 , (132) 7→




1
1

1




The subspace W := 〈e1 + e2 + e3〉 is invariant under all permutations in
GL3(C). By Theorem 2.2.2 T : S3 → GL3(C) is reducible.

Remark: Using the same argument regular representation is always re-
ducible if |G| > 1 since the subspace spanned by e1 + · · · + en, where
n := |G|, is a nontrivial invariant subspace.

2. If the representation were reducible, there would exist a nontrivial in-
variant subspace, i.e., 1-dimensional W , by Theorem 2.2.2. Let W =
〈c1e1 + c2e2〉 and c1e1 + c2e2 6= 0. Then

(
0 1
1 0

)
(c1e1 + c2e2) = c2e1 + c1e2 ∈ W

i.e., c2 = λc1 and c1 = λc2. Hence c2 = λ2c2 and c1 = λ2 = c1. So λ2 = 1,
i.e., c2 = ±c1. From

(
1 −1
0 −1

)
(c1e1 + c2e2) = (c1 − c2)e1 − c2e2 ∈ W,

c1 − c2 = γc1 and c2 = −γc2. If c2 6= 0, then γ = −1 but then 2c1 = c2,
which is impossible.

(Roy) The matrices corresponding to (23), (12), (13) are
(

1 −1
0 −1

)
,

(
0 1
1 0

)
,

(−1 0
−1 1

)

with eigenvalues 1,−1. If the representation were reducible, i.e., com-
pletely reducible, then all the matrices are simultaneously similar to diag-
onal matrices, in particular the above three matrices. Two would be the
same, contradiction.
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3. (a) It is straight forward computation to verify that (·, ·) is an inner
product.
(u, v) = 1

|G|
∑

σ∈G 〈T (σ)u, T (σ)v〉 = 1
|G|

∑
σ∈G〈T (σ)v, T (σ)u〉 = (v, u).

(b)

(α1u1 + α2u2, v)

=
1
|G|

∑

σ∈G

〈T (σ)(α1u1 + α2u2), T (σ)v〉

=
1
|G|

∑

σ∈G

〈α1T (σ)u1 + α2T (σ)u2T (σ)v〉

= α1
1
|G|

∑

σ∈G

〈T (σ)u1, T (σ)v〉+ α2
1
|G|

∑

σ∈G

〈T (σ)u2, T (σ)v〉

= α1(u1, v) + α2(u2, v)

(c) (v, v) = 1
|G|

∑
σ∈G〈T (σ)v, T (σ)v〉 ≥ 0 since each summand is non-

negative. Moreover (v, v) = 0 if and only if T (σ)v = 0 for all σ.
Since T (σ) ∈ GL(V ), v = 0.

For all u, v ∈ V

(T (π)u, T (π)v) :=
1
|G|

∑

σ∈G

〈T (σ)T (π)u, T (σ)T (π)v〉

=
1
|G|

∑

σ∈G

〈T (σπ)u, T (σπ)v〉

=
1
|G|

∑

σ∈G

〈T (σ)u, T (σ)v〉 = (u, v)

4. From Problem 3.

5. e 7→ I3, ω 7→



1
1

1


, ω2 7→




1
1

1


. It is reducible using the

argument of Problem 1 (or observe that C3 is abelian so all irreducible
representations must be of degree 1 from Problem 3.1).

6. With respect to some inner product, each A(σ) is unitary by Theorem
2.2.5, if A : G → GLn(V ) is reducible, i.e., there is a nontrivial invariant
subspace W . For each v ∈ W⊥, we have (A(σ)v, A(σ)w) = (v, w) = 0 for
all w ∈ W . But A(σ)W = W so that (A(σ)v, W ) = {0}, i.e., A(σ)W⊥ ⊂
W⊥ for all σ ∈ A. So W⊥ is invariant under A(σ) for all σ ∈ G.

2.3 Irreducible representations

Theorem 2.3.1. (Schur’s lemma) Let T : G → GL(V ) and S : G → GL(W ) be
two irreducible representations of G. If there is nonzero L ∈ Hom(V, W ) such
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that L◦T (σ) = S(σ)◦L for all σ ∈ G, then dimV = dim W and L is invertible;
thus S and T are isomorphic.

Proof. Recall

Im L = {Lv : v ∈ V } ⊂ W, KerL = {v ∈ V : Lv = 0} ⊂ V.

From L 6= 0 we have Im L 6= 0 and KerL 6= V . For any v ∈ V , from S(σ)Lv =
LT (σ)v ∈ Im L, Im L is S(σ)-invariant subspace of W for all σ ∈ G. By Theorem
2.2.2 Im L must be trivial, i.e., ImL = W . Similarly KerL is T (σ)-invariant
subspace of V so that KerL = 0. Hence L is invertible; thus S and T are
isomorphic.

The following is simply a matrix version of Theorem 2.3.1.

Corollary 2.3.2. Let A : G → GLn(C) and B : G → GLm(C) be two ir-
reducible representations of G. If there is nonzero M ∈ Cm×n such that
MA(σ) = B(σ)M for all σ ∈ G, then n = m and M is invertible; thus A
and B are isomorphic.

The special case A = B in Corollary 2.3.2 provides more information on M .

Corollary 2.3.3. Let A : G → GLn(C) be an irreducible representation of G.
If there is M ∈ Cn×n such that MA(σ) = A(σ)M for all σ ∈ G, then M = cIn.

Proof. Let c be an eigenvalue of M . So M − cIn is not invertible. Clearly
(M − cIn)A(σ) = A(σ)(M − cIn) for all σ ∈ G. Then apply Corollary 2.3.2.

There are important orthogonal relations among the entries of an irreducible
matrix representation and between matrix representations.

Theorem 2.3.4. Let A(σ) = (aij(σ)) ∈ GLn(C) be a degree n irreducible
matrix representation of G. Then

∑

σ∈G

ais(σ−1)atj(σ) =
|G|
n

δijδst. (2.5)

If B(σ) = (bij(σ)) is an irreducible degree m matrix representation of G and
not isomorphic to A, then

∑

σ∈G

ais(σ−1)btj(σ) = 0. (2.6)

Proof. For any M ∈ Cn×m, let

ϕ(M) :=
∑

σ∈G

A(σ−1)MB(σ).

For any π ∈ G,

A(π)ϕ(M) =
∑

σ∈G

A(πσ−1)MB(σ) =
∑

τ∈G

A(τ−1)MB(τπ) = ϕ(M)B(π).
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If A and B are not isomorphic, then from Corollary 2.3.2, ϕ(M) = 0; if A = B,
then from Corollary 2.3.3 we have ϕ(M) = cMIn.

Pick M = Est which is the matrix with 1 as its (s, t)-entry and zeros else-
where. Computing the (i, j)-entry of ϕ(Est):

ϕ(Est)ij =
∑

σ∈G

(A(σ−1)EstB(σ))ij

=
∑

σ∈G

n∑
p=1

m∑
q=1

A(σ−1)ip(Est)pqB(σ)qj

=
∑

σ∈G

n∑
p=1

m∑
q=1

aip(σ−1)δspδtqbqj(σ)

=
∑

σ∈G

ais(σ−1)btj(σ).

If A and B are not isomorphic, then ϕ(Est) = 0 so that we have (2.6). If A = B,
then ϕ(Est) = cstIm (cst are to be determined) so that ϕ(Est)ij = cstδij . Then

cstδij =
∑

σ∈G

ais(σ−1)atj(σ). (2.7)

Set i = j in (2.7) and sum over i to have

ncst =
∑

σ∈G

n∑

i=1

ati(σ)ais(σ−1) =
∑

σ∈G

(A(σ)A(σ−1))ts =
∑

σ∈G

(In)ts = |G|δst.

So cst = |G|
n δst and substitute it into (2.5) to yield the desired result.

Theorem 2.3.5. Let A(σ) = (aij(σ)) and B(σ) = (bij(σ)) be two irreducible
matrix representations of G of degree n and m respectively. Then for any π ∈ G,

∑

σ∈G

ais(σ−1)btj(σπ) =

{ |G|
n aij(π)δst if A = B

0 if A and B not isomorphic

Proof. Multiply both sides of (2.5) by ajk(π) and sum over j:

∑

σ∈G

ais(σ−1)
n∑

j=1

atj(σ)ajk(π) =
|G|
n

δst

n∑

j=1

δijajk(π) =
|G|
n

aik(π)δst,

i.e.,
∑

σ∈G ais(σ−1)atk(σπ) = |G|
n aik(π)δst.

Similarly multiply both sides of (2.6) by bjk(π) and sum over j to have the
second part of the theorem.

Each entry of A(σ) can be viewed as a function G → C. The totality of
A(σ) as σ runs over G is viewed as a |G|-dimensional complex vector.



42 CHAPTER 2. GROUP REPRESENTATION THEORY

Theorem 2.3.6. Let A(σ) = (aij(σ)) be an irreducible degree n matrix repre-
sentation of G. Then the n2 functions aij : G → C are linearly independent.

Proof. Let cij ∈ C such that

n∑

i,j

cijaij(σ) = 0, for all σ ∈ G.

Multiply both side by apq(σ−1) and sum over σ:

0 =
n∑

i,j

cij

∑

σ∈G

apq(σ−1)aij(σ) =
n∑

i,j

cijδpjδqi
|G|
n

=
|G|
n

cpq.

Problems

1. Prove that the irreducible representations of G are of degree 1 if and only
if G is abelian.

2. Let A : G → GLn(C) be an irreducible representation of a finite group G.
Prove that n2 ≤ |G|.

3. Let A1(σ) = (a1
ij(σ)), . . . , Ar(σ) = (ar

ij(σ)) be non-isomorphic represen-
tations of G with degrees n1, . . . , nr respectively. Prove that there are
linearly independent

∑r
t=1 n2

t functions at
ij : G → C such that

∑r
t=1 n2

t ≤
|G|.

Solutions to Problems 2.3

1. Suppose that G is abelian and let A : G → GLn(C) be irreducible. By
Corollary 2.3.3, since A(σ)A(π) = A(π)A(σ) for all π we have A(σ) = cσIn

for all σ ∈ G; so n = 1 because A is irreducible.

(Daniel): Indeed {A(σ) : σ ∈ G} is a commuting family of matrices, they
are simultaneously diagonalizable. So n = 1.

(Daniel) Conversely suppose that all irreducible representations are of
degree 1. The regular representation of G is injective, i.e., Q(G) ∼= G and
is isomorphic to a diagonal representation T , i.e., T (σ) is diagonal for all
σ ∈ G. Clearly T (σ) for all σ ∈ G are commuting. We then see that
Q(G), and thus G is abelian.

2. By Theorem 2.3.6 and the remark before it.
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3. (Roy) The second claim
∑r

t=1 n2
t ≤ |G| follows from the first one, because

dimC[G] = |G|. Suppose there are ct
ij ∈ C such that

r∑
t=1

∑

i,j

ct
ija

t
ij(σ) = 0, for all σ ∈ G.

Multiply (on the right) both sides by as
pq(σ

−1π) and sum over σ, by The-
orem 2.3.5

0 =
r∑

t=1

∑

i,j

ct
ij

∑

σ∈G

at
ij(σ)as

pq(σ
−1π) =

|G|
ns

∑

i,j

cs
ija

s
iq(π)δjp =

|G|
ns

∑

i

cs
ipa

s
iq(π)

for all π ∈ G. Since the above equation holds for all s = 1, . . . , r and
1 ≤ p, q ≤ ns, we conclude by Theorem 2.3.6 again that cs

ij = 0 for all
1 ≤ i, j ≤ ns. Thus all cs

ij ’s are zero by induction hypothesis.

2.4 Characters

In this section, we assume that G is a finite group.
Let A be a (matrix or linear) representation of G. The function χ : G → C

defined by
χ(σ) := trA(σ)

is called a character of G. If A is irreducible, we call χ an irreducible char-
acter. Characters are class functions on G, i.e., χ(τ) is a constant for τ ∈ [σ],
where

[σ] = {πσπ−1 : π ∈ G}
denotes the conjugacy class in G containing σ ∈ G. So characters are indepen-
dent of the choice of basis in the representation. Though non-similar matrices
could have same trace, we will see in this section that characters completely de-
termine the representation up to isomorphism, i.e., representations having the
same characters if and only if they are isomorphic.

Clearly χ(e) = tr A(e) = tr In = n where n = χ(e) is the degree of the
representation. When χ(e) = 1, χ is said to be linear; otherwise it is nonlinear.

Example 2.4.1. χ ≡ 1 is a character of G and is called the principal character.
When G = Sm, the sign function ε is called the alternating character.

We denote by I(G) the set of irreducible characters of G. We will see that
I(G) is a finite set.

Theorem 2.4.2. (Orthogonal relation of the first kind) Let χ, µ ∈ I(G). Then

1
|G|

∑

σ∈G

χ(σ)µ(σ−1) =

{
1 if χ = µ

0 if χ 6= µ
(2.8)
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Proof. Let A and B be the irreducible representations of χ, µ ∈ I(G). Then the
left side of (2.8) is

1
|G|

∑

i,j

∑

σ∈G

aii(σ)bjj(σ−1) (2.9)

If A and B are not isomorphic, from (2.5), (2.9) is zero. So if χ 6= µ, then A
and B are not isomorphic so that 1

|G|
∑

σ∈G χ(σ)µ(σ−1) = 0. If χ = µ, then we
may assume that A = B. Applying (2.5),

1
|G|

∑

σ∈G

χ(σ)µ(σ−1) =
1
|G|

∑

i,j

|G|
n

δij = 1.

Immediately from Theorem 2.4.2 non-isomorphic irreducible representations
have different characters.

Theorem 2.4.3. Let χ, µ ∈ I(G). For any π ∈ G,

1
|G|

∑

σ∈G

χ(σ−1)µ(σπ) =

{
χ(π)
χ(e) if χ = µ

0 if χ 6= µ

Proof. Similar to the proof of Theorem 2.4.2 and use Theorem 2.3.5.

Theorem 2.4.4. For any character χ of G, χ(σ−1) = χ(σ) for all σ ∈ G.

Proof. From Problem 2.3, χ is obtained from a unitary representation, i.e.,
A(σ−1) = A(σ)−1 = A(σ)∗. So

χ(σ−1) = trA(σ−1) = tr (A(σ)∗) = trA(σ) = χ(σ).

We remark that when χ is linear, χ(σ−1) = χ(σ)−1 because χ(σ) = A(σ).
Moreover from Theorem 2.4.4 |χ(σ)| = 1 for all σ ∈ G. But this is not true for
nonlinear characters.

Let C[G] be the set of all functions f : G → C. Notice that C[G] is a vector
space under natural operations and dimC[G] = |G|.
Theorem 2.4.5. On C[G], (f, g) := 1

|G|
∑

σ∈G f(σ)g(σ) is an inner product.

Proof. Exercise.

We sometimes denote it as (·, ·)G. With respect to this inner product, from
Theorem 2.4.2 and Theorem 2.4.4 the irreducible characters of G are orthonor-
mal in C[G] and thus are linearly independent. So we have finitely many irre-
ducible characters of G. Denote them by

I(G) = {χ1, . . . , χk}.
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From (2.4.2)
(χi, χj) = δij . (2.10)

A function f : G → C is said to be a class function if f is constant on each
conjugacy class of G. Denote by C(G) ⊂ C[G] the set of all class functions. It
is clear that C(G) is a vector space. Since G is a disjoint union of its conjugacy
classes, dim C(G) is the number of conjugacy classes in G.

Theorem 2.4.6. (Isomorphism criterion) Let A,B be two representations of
G. Then A and B are isomorphic if and only if χA = χB .

Proof. It suffices to establish the sufficiency. By Theorem 2.2.3 we can decom-
pose A and B into their irreducible direct sums:

A(σ) = A1(σ)⊕ · · · ⊕Al(σ), B(σ) = B1(σ)⊕ · · · ⊕Bm(σ)

Among A1, . . . , Al, B1, . . . , Bm, denote by D1, . . . , Dt be the non-isomorphic
ones and let χi be the characters of Di, i = 1, . . . , t. Suppose there are ri repre-
sentations among A1, . . . , Al and si representations among B1, . . . , Bm isomor-
phic to Di, i− 1, . . . , t. Then

χA(σ) = tr (
l∑

i=1

Ai(σ)) =
t∑

i=1

ritrDi(σ) =
t∑

i=1

riχi(σ) (2.11)

Similarly

χB(σ) =
t∑

i=1

siχi(σ).

From χA = χB we have

t∑

i=1

(ri − si)χi(σ) = 0, σ ∈ G.

Since χ1, . . . , χt are linearly independent, ri = ti for all i = 1, . . . , t. So A and
B are isomorphic.

Theorem 2.4.7. (Character criterion) χ ∈ C(G) is character of G if and only
if χ =

∑k
i=1 miχi, where m1, . . . , mk are nonnegative integers.

Proof. From (2.11).

The following theorem implies that the irreducibility of a representation can
be deduced from its character.

Theorem 2.4.8. (Irreducibility criterion) A character χ of G is irreducible if
and only if (χ, χ) = 1.
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Proof. Suppose that A, A1, . . . , Ak are the representations for χ and χ1, . . . , χk

respectively and I(G) = {χ1, . . . , χk}. So A =
∑k

i=1 miAi. From Theorem
2.4.7, χ =

∑k
i=1 miχi. Since irreducible characters are orthonormal,

(χ, χ) = (
k∑

i=1

miχi,
k∑

i=1

miχi) =
n∑

i=1

m2
i .

Now χ irreducible, i.e., A irreducible, if and only if only one mi = 1 and other
mi are zeros. In other words, χ irreducible, if and only if (χ, χ) = 1.

The regular representation Q : G → GLn(C), where n = |G|, contains all
the irreducible representations of G as sub-repesentations. We now study its
character structure.

Theorem 2.4.9. The multiplicity of χi in χQ is χi(e), i.e., the degree of χi.

χQ =
k∑

i=1

χ(e)χi. (2.12)

Proof. Recall that if G = {σ1, . . . , σn}, then the regular representation Q : G →
GLn(C) is given by

Q(σ)ij = δσi,σσj
.

Let χQ be its character. Then

χQ(σ) =
n∑

i=1

Q(σ)ii =
n∑

i=1

δσi,σσj =

{
|G| if σ = e

0 if σ 6= e
(2.13)

From Theorem 2.4.7, χQ =
∑k

i=1 miχi, where I(G) = {χ1, . . . , χk}. Then by
(2.10) and (2.13)

mi = (χQ, χi) =
1
|G|

∑

σ∈G

χQ(σ)χi(σ) = χi(e).

We have the following important relation between the order of G and the
degrees of all irreducible characters.

Theorem 2.4.10. |G| = ∑k
i=1 χi(e)2 =

∑
χ∈I(G) χ(e)2.

Proof. Use (2.13) and (2.12) to have |G| = χQ(e) =
∑k

i=1 χi(e)2.

Immediately we have an upper bound for the degree of any irreducible char-
acter χ which is not the principal character: , i.e. χ(e) ≤ (|G| − 1)1/2.

Example 2.4.11. |S3| = 6 so there are three irreducible characters: the prin-
cipal character, the alternating character and an irreducible character of degree
2 (see Example 2.2.1(e)). It is because 6 = 1 + 1 + 22.
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Theorem 2.4.12. 1. (Completeness of characters) The irreducible charac-
ters form an orthonormal basis of C(G).

2. The number of irreducible characters |I(G)| of G is the number of conju-
gacy classes of G.

Proof. It suffices to establish the first statement.
Since the space C(G) of class functions on G is the number of conjugacy

classes in G and I(G) = {χ1, . . . , χk} is a linearly independent set in C(G), it
suffices to show that every class function is a linear combination of χ1, . . . , χk.
Let At be the corresponding irreducible representation of χt for all t = 1, . . . , k,
and denote by At(σ) = (at

ij). Let χi(e) = ni for all i. So from Theorem 2.4.10
|G| = ∑k

t=1 n2
i . From Problem 3.3 the |G| functions at

ij are linearly independent
and dimC[G] = |G|. So

{at
ij : i, j = 1, . . . , n, t = 1, . . . , k}

is a basis of C[G]. Let f ∈ C(G) ⊂ C[G]. Then for some ct
ij , i, j = 1, . . . , n and

t = 1, . . . , k,

f(σ) =
k∑

t=1

nt∑

i,j=1

ct
ija

t
ij(σ), for all σ ∈ G.

Since f is a class function,

f(σ) = f(π−1σπ) =
1
|G|

∑

π∈G

f(π−1σπ)

=
1
|G|

∑

π∈G

k∑
t=1

nt∑

i,j=1

ct
ija

t
ij(π

−1σπ)

=
1
|G|

∑

π∈G

k∑
t=1

nt∑

i,j=1

ct
ij

nt∑
p,q=1

at
ip(π

−1)at
pq(σ)at

qj(π)

=
k∑

t=1

nt∑

i,j,p,q=1

ct
ija

t
pq(σ)

(
1
|G|

∑

π∈G

at
ip(π

−1)at
qj(π)

)

=
k∑

t=1

nt∑

i,j,p,q=1

ct
ija

t
pq(σ)

1
nt

δijδpq by (2.5)

=
k∑

t=1

nt∑

i,p=1

ct
iia

t
pp(σ)

1
nt

=
k∑

t=1

(
1
nt

nt∑

i=1

ct
ii

)
χt(σ)

a linear combination of χ1, . . . , χk.
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Example 2.4.13. Since |S4| = 24 and there are 5 conjugacy classes, there are
5 irreducible characters of G: principal character, alternating character, two
irreducible characters of degree 3 and one irreducible character of degree 2 as
24 = 1 + 1 + 22 + 32 + 32 (the principal and alternating characters are the only
linear characters).

Let [σ] be the conjugacy class in G containing σ.

Theorem 2.4.14. (Orthogonal relation of the second kind)

|[σ]|
|G|

∑

χ∈I(G)

χ(σ)χ(π) =

{
1 if [σ] = [π]
0 if [σ] 6= [π]

(2.14)

Proof. Let I(G) = {χ1, . . . , χk}. From Theorem 2.4.12, k is also the number
of conjugacy classes. Let σ1, . . . , σk ∈ G be from the distinct classes. Let
U = (uij) ∈ Ck×k be defined by

uij =
( |[σj ]|
|G|

)1/2

χi(σj), i, j = 1, . . . k.

Then

(UU∗)ij =
k∑

t=1

uitujt =
1
|G|

k∑
t=1

χi(σt)χj(σi)|[σt]| = 1
|G|

∑

σ∈G

χi(σ)χj(σ) = δij ,

i.e., UU∗ = I and thus U∗U = I. So

δij = (U∗U)ij =
k∑

i=1

utiutj =
(|[σi]||[σj ]|)1/2)

|G|
k∑

t=1

χt(σi)χt(σj) (2.15)

and (2.15) is another form of (2.14).

Theorem 2.4.15.

1
|G|

∑

χ∈I(G)

χ(e)χ(σ) =

{
1 if σ = e

0 if σ 6= e
(2.16)

Proof. Take σ = e in (2.14).

Theorem 2.4.16. If χ ∈ I(G), then χ(e) divides |G|.
Proof. Omitted

The above theorem has some interesting implications. For example, if |G|
is a prime, the all characters of G are linear and thus G must be abelian from
Problem 3.1.

Problems
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1. Let χ, µ be characters of G. Prove

(a) χ(σπ) = χ(πσ), for all σ, π ∈ G.

(b) |χ(σ)| ≤ χ(e), for all σ ∈ G.

(c) (χ, µ) is a nonnegative integer.

2. Let χ ∈ I(G). Prove that

(a)
∑

σ∈G

χ(σ) =

{
|G| if χ ≡ 1
0 otherwise

(b)
∑

σ∈G |χ(σ)|2 = |G|.

3. Prove that
∑

χ∈I(G) |χ(σ)|2 = |G|
|[σ]| for any σ ∈ G.

4. Prove that χ ≡ 1 and χ = ε are the only linear characters of Sn.

5. What is |I(S3)|? Find I(S3).

6. Let A : G → GLn(C) be a representation of G. Show that C(σ) :=
A(σ−1)T and D(σ) := A(σ) are representations and they are isomorphic.
Is E(σ) := A(σ)∗ a representation of G?

7. Show that if χ is a character, so is χ. Is it true that χ ∈ I(G) if χ ∈ I(G)?

8. Find all the irreducible characters of the alternating group A3 (A3 is iso-
morphic to the cyclic group C3).

Solutions to Problems 2.4

1. Let I(G) = {χ1, . . . , χk}. Let χ, µ be characters of G with representations
A and B.

(a) χ(σπ) = trA(σπ) = trA(σ)A(π) = trA(π)A(σ) = trA(πσ) =
χ(πσ).

(b) Since A(σ) can be viewed as a unitary matrix for all σ ∈ G, and
diagonal entries of a unitary matrix have moduli no greater than 1,
we have |χ(σ)| = |trAii(σ)| ≤ tr |Aii(σ)| ≤ χ(e).

(c) By Theorem 2.4.12, χ =
∑k

i=1 niχi and µ =
∑k

i=1 miχi where ni

and mi are nonnegative integers for all i. So (χ, µ) =
∑k

i=1 nimi is
a nonnegative integer.

2. (a) Use Theorem 2.4.2 with µ ≡ 1.

(b) Use Theorem 2.4.2 with χ = µ and π = e.
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3. From Theorem 2.4.14 with π = σ.

4. The transpositions form a conjugacy class [(12)] in Sn (check!). Notice that
if χ is linear, then it is a representation so that χ2(12) = χ((12)2) = 1.
Hence χ(τ) = ±1 for all transpositions τ ∈ Sn. Now Sn is generated by
the transpositions and χ(σπ) = χ(σ)χ(π), χ ≡ 1 and χ = ε are the only
linear characters of Sn.

(Alex) Let χ be a linear character of Sn, i.e., χ : Sn → C∗ where C∗ = C\
{0} is a homomorphism. Since Imχ is abelian, the commutator subgroup
[Sn, Sn] = {xyx−1y−1 : x, y ∈ Sn} of Sn is contained in Kerχ. But the
commutator group [Sn, Sn] is the alternating group An. Since An is the
largest proper normal subgroup of Sn, Ker χ is either Sn or An. When
Ker χ = Sn, χ ≡ 1; when Kerχ = An, then χ(12) = −1 since (12)2 = 1
implies that χ2(12) = 1.

5. The conjugacy class of S3 are:

[e] = {e}, [(12)] = {(12), (23), (13)}, [(123)] = {(123), (132)}

So |I(S3)| = 3 by Theorem 2.4.12. Notice that χ1 ≡ 1 and χ2 = ε are the
linear characters of S3. Let ξ3 be the last irreducible character. So from
Theorem 2.4.10, 6 = χ2

1(e) + χ2
3(e) + χ2

3(e) = 1 + 1 + χ2
3(e) so that χ3 is

of degree 2. It is the character corresponding to Problem 2.2.

6. C(σπ) = A((σπ)−1)T = (A(π−1)A(σ−1))T = A((σ)−1)T A((π)−1)T =
C(σ)C(π) for all σ, π ∈ G. D(σπ) = A(σπ) = A(σ)A(π) = A(σ) A(π) =
D(σ)D(π). By Theorem 2.4.6 C and D are isomorphic since χD =
trD(σ) = trC(σ) = χC . However E(σπ) = A(σπ)∗ = (A(σ)A(π))∗ =
A(π)∗A(σ)∗ 6= E(σ)E(π).

7. From Problem 6: D is a representation. χ is irreducible if and only if χ is
irreducible. Just use (χ, χ) = 1, i.e., Theorem 2.4.8.

8. |A3| = |S3|/2 = 3. The conjugacy classes of A3 are

[e] = {e}, [(123)] = {(123)}, [(132)] = {(132)}.

Let χ1 be the principal character. By Theorem 2.4.10 there are only
two irreducible characters left, both of degree 1, χ2, χ3, say. So χ2(e) =
χ3(e) = 1 and |χ2(σ)| = |χ3(σ)| = 1 for all σ ∈ A3. Since χ1, χ2, χ3 are
orthonormal, χ2(123) = ξ, χ2(132) = ξ2, χ2(123) = ξ2, and χ2(132) = ξ,
where ξ is the primitive cubic root of unity. Notice that χ2 = χ3.



Chapter 3

Multilinear maps and
tensor spaces

3.1 Multilinear maps and tensor maps

Let V1, . . . , Vm,W be m + 1 vector spaces over a field F. A map ϕ : V1 × · · · ×
Vm → W is called m-multilinear or simply multilinear if

ϕ(v1, . . . , αvi + α′v′i, . . . , vm) = αϕ(v1, . . . , vi, . . . , vm) + α′ϕ(v1, . . . , v
′
i, . . . , vm),

for all i = 1, . . . , m, i.e., T is linear while restricted on the ith coordinate for all
i. Indeed the condition can be weakened to

ϕ(v1, . . . , vi + αv′i, . . . , vm) = ϕ(v1, . . . , vi, . . . , vm) + αϕ(v1, . . . , v
′
i, . . . , vm)

for all i. A linear map T : V → W can be viewed as a 1-multilinear map. There
is some significiant difference between a linear map and a multilinear map.

Consider the linear map T ∈ Hom(V1 × V2,W ) and a multilinear map ϕ :
V1 × V2 → W . Since T is linear,

T (v1+v′1, v2+v′2) = T (v1, v2)+T (v′1, v
′
2) = T (v1, 0)+T (0, v2)+T (v′1, 0)+T (0, v′2).

Since ϕ is multilinear,

ϕ(v1+v′1, v2+v′2) = ϕ(v1, v2+v′2)+ϕ(v′1, v2+v′2) = ϕ(v1, v2)+ϕ(v1, v
′
2)+ϕ(v′1, v2)+ϕ(v′1, v

′
2).

In particular ϕ(v1, 0) = ϕ(0, v2) = 0, but T (v1, 0) and T (0, v2) are not necessar-
ily zero.

Example 3.1.1. The following maps are multilinear.

(a) f : C× C→ C defined by f(x, y) = xy.

(b) ϕ : V ∗ × V → C defined by ϕ(f, v) = f(v).

51
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(c) ϕ : Cm × Cn → C defined by ϕ(x, y) = xT Ay, where A ∈ Cm×n is given.

(d) ⊗ : Cm × Cn → Cm×n defined by ⊗(x, y) = xyT .

(e) det : Cn × · · · × Cn → C defined by det(x1, . . . , xn) = det A, where A =
[x1 · · · xn].

(f) f : V1 × · · · × Vm → C defined by f(v1, . . . , vm) =
∏m

i=1 fi(vi), where
fi ∈ V ∗

i , i = 1, . . . , m, are given. We will write f =
∏m

i=1 fi. So∏m
i=1 fi(v1, . . . , vm) =

∏m
i=1 fi(vi).

(g) g : V ∗
1 × · · · × V ∗

m → C defined by g(f1, . . . , fm) =
∏m

i=1 fi(vi) where
vi ∈ V , i = 1, . . . , m, are given.

(h) Let ϕ : V1 × · · · × Vm → W and ψ : V1 × · · · × Vm → W . Then αϕ + βψ
is also multilinear. So the set of multilinear maps M(V1, . . . , Vm;W ) is a
vector space.

Recall the notation in Chapter 1:

Γ := Γ(n1, . . . , nm) := {γ : γ = (γ(1), . . . , γ(m)), 1 ≤ γ(i) ≤ ni, i = 1, . . . , m}
with |Γ| =

∏m
i=1 ni. We will use Γ frequently. Notice that we can order Γ

according to the lexicographic order. Moreover
m∏

i=1

ni∑

j=1

aij =
∑

γ∈Γ

m∏

i=1

aiγ(i).

Let Ei = {ei1, . . . , eini
} be a basis of Vi, i = 1, . . . , m. So each vi ∈ Vi can

be written as vi =
∑ni

j=1 aijeij , i = 1, . . . , m. Let ψ : V1 × · · · × Vm → W be
multilinear. From definition,

ψ(v1, . . . , vm) = ψ(
n1∑

j1=1

a1j1e1j1 , . . . ,

nm∑

jm=1

amjm
emjm

)

=
n1∑

j1=1

· · ·
nm∑

jm=1

a1j1 · · · amjmψ(e1j1 · · · emjm)

=
∑

γ∈Γ

a1γ(1) · · · amγ(m)ψ(e1γ(1), . . . , emγ(m))

=
∑

γ∈Γ

aγψ(eγ) (3.1)

where

aγ :=
m∏

i=1

aiγ(i) ∈ C,

eγ := (e1γ(1), . . . , emγ(m)) ∈ ×m
i=1Vi, (3.2)

for all γ ∈ Γ(n1, . . . , nm). ψ(eγ) in (3.1) completely determine the multilinear
ψ.



3.1. MULTILINEAR MAPS AND TENSOR MAPS 53

Theorem 3.1.2. (Multilinear extension) Let Ei = {ei1, . . . , eini} be a basis of
Vi, i = 1, . . . , m. There exists a unique multilinear map ϕ : V1 × · · · × Vm → W
such that ϕ(eγ) = wγ for all γ ∈ Γ(n1, . . . , nm), where eγ is given in (3.2) and
wγ ∈ W are given.

Proof. Since we want ϕ(eγ) = wγ for all γ ∈ Γ, from (3.1) we need to define

ϕ(v1, . . . , vm) =
∑

γ∈Γ

aγwγ

where aγ , wγ are given in (3.2) and vi =
∑ni

j=1 aijeij . Let v′i =
∑ni

j=1 a′ijeij

where i = 1, . . . , m. From the definition of ϕ,

ϕ(v1, . . . , vi + cv′i, . . . , vm)

=
∑

γ∈Γ

a1γ(1) · · · (aiγ(i) + ca′iγ(i)) · · · amγ(m)wγ

=
∑

γ∈Γ

a1γ(1) · · · aiγ(i) · · · amγ(m)wγ + c
∑

γ∈Γ

a1γ(1) · · · a′iγ(i) · · · amγ(m)wγ

= ϕ(v1, . . . , vi, . . . , vm) + cϕ(v1, . . . , v
′
i, . . . , vm)

i.e., ϕ is multilinear. We are going to show that ϕ(eα) = wα for all α ∈ Γ. For
any α ∈ Γ, write

eiα(i) =
nj∑

j=1

δα(i)jeij .

From the definition of ϕ and eα = (e1α(1), . . . , emα(m)), we have

ϕ(eα) = ϕ(e1α(1), . . . , emα(m)) =
∑

γ∈Γ

δα(1)γ(1) · · · δα(m)γ(m)wγ =
∑

γ∈Γ

δαγwγ = wα.

Thus we just established the existence.
Suppose that there is another multilinear map ψ : V1 × · · · × Vm → W such

that ψ(eγ) = wγ , γ ∈ Γ. Then from (3.1)

ψ(v1, . . . , vm) =
∑

γ∈Γ

aγψ(eγ) =
∑

γ∈Γ

aγwγ = ϕ(v1, . . . , vm).

So ψ = ϕ.

Let us point some more differences between linear and mutlilinear maps.
When T : V → W is linear, T is completely determined by the n := dim V
values T (e1), . . . , T (en) where E = {e1, . . . , en} is a basis of V . But for a
multilinear map ϕ, we need |Γ| =

∏m
i=1 dimVi values. It is much more than

dim(V1 × · · · × Vm) =
∑m

i=1 dimVi.
Recall Example 3.1.1(d) with m = n = 2, i.e., ⊗ : C2 × C2 → C2×2 defined

by ⊗(x, y) = xyT . Since rank (xyT ) ≤ min{rankx, rank yT } ≤ 1, we have
det(⊗(x, y)) = 0. But if x1 := (1, 0)T and x2 := (0, 1)T , then

det(⊗(x1, x1) +⊗(x2, x2)) = det I2 = 1.
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So ⊗(x1, x1) +⊗(x2, x2) 6∈ Im ⊗ . So Im⊗ is not a subspace.
In general the image Im ϕ = {ϕ(v1, . . . , vm) : vi ∈ Vi, i = 1, . . . , m} is not

necessarily a subspace of W . The rank of ϕ,

rankϕ = dim〈Im ϕ〉.
Clearly rankϕ ≤ ∏m

i=1 dimVi. The multilinear map ϕ is called a tensor map
if rankϕ =

∏m
i=1 dimVi. In other words, a tensor map is a multilinear map with

maximal image span. Example 3.1.1 (a) is a trivial tensor map.

Theorem 3.1.3. The multilinear map ϕ : V1 × · · · × Vm → P is a tensor map
if and only if the set {ϕ(eγ) : γ ∈ Γ} is linear independent, where eγ is given in
(3.2).

Proof. From (3.1) 〈ϕ(eγ) : γ ∈ Γ〉 = 〈Im ϕ〉 and |Γ| = ∏m
i=1 dimVi.

Theorem 3.1.4. Tensor map of V1, . . . , Vm exists, i.e., there are W and ϕ :
V1 × · · · × Vm → W such that ϕ is a tensor map.

Proof. By Theorem 3.1.2, simply pick W so that dimW =
∏m

i=1 dimVi and let
{wγ : γ ∈ Γ} be a basis so that wγ (γ ∈ Γ) determine the multilinear ϕ which
is obviously a tensor map.

Clearly tensor maps on V1 × · · · × Vm are not unique.
The study of multilinear map is reduced to the study of some linear map

(not unique) via a tensor map. A multilinear map ϕ : V1 × · · · × Vm → P
is said to have universal factorization property if for any multilinear map
ψ : V1 × · · · × Vm → W , there is T ∈ Hom(P, W ) such that ψ = T ◦ ϕ.

V1 × · · · × Vm
ϕ //

ψ
&&MMMMMMMMMMM P

T~~~~
~~

~~
~~

W

Theorem 3.1.5. The multilinear map ϕ : V1 × · · · × Vm → P is a tensor map
if and only if ϕ has universal factorization property.

Proof. Suppose that ϕ is a tensor map. Then {ϕ(eγ) : γ ∈ Γ} is a basis of
〈Im ϕ〉. From Theorem 1.1.1, there is a unique T1 ∈ Hom(〈Im ϕ〉,W ) such that
T1ϕ(eγ) = ψ(eγ), γ ∈ Γ. Since 〈Im ϕ〉 ⊂ P , there is T ∈ Hom(P, W ) such that
T |〈Im ϕ〉 = T1. So Tϕ(eγ) = ψ(eγ), γ ∈ Γ. Since Tϕ and ψ are multilinear
maps on V1 × · · · × Vm (Problem 2), from Theorem 3.1.2, Tϕ = ψ.

Conversely, suppose that ϕ has universal factorization property. In partic-
ular consider a tensor map ψ on V1 × · · · × Vm, i.e., dim〈Im ψ〉 =

∏m
i=1 dimVi.

Then Tϕ = ψ for some linear T . Thus T (〈Im ϕ〉) = 〈Im ψ〉. Hence

dim〈Im ψ〉 ≤ dim〈Im ϕ〉.
So rankϕ =

∏m
i=1 dimVi and ϕ is a tensor map.
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Problems

1. Suppose that ϕ : W1 × · · · ×Wm → W is multilinear and Ti : Vi → Wi is
linear, i = 1, . . . , m. Define ψ : V1 × · · · × Vm → W by ψ(v1, . . . , vm) =
ϕ(T1v1, . . . , Tmvm). Show that ψ is multilinear.

2. Prove that if ϕ : V1 × · · · × Vm → W is multilinear and T : V → W is
linear, then T ◦ ϕ is multilinear.

3. Show that when n > 1, the determinant function det : Cn× · · · ×Cn → C
is not a tensor map.

4. Suppose that the multilinear map ϕ : V1 × · · · × Vm → P has universal
factorization property. Show that the linear map T is unique if and only
if 〈Im ϕ〉 = P .

Solutions to Problems 3.1

1.

ψ(v1, . . . , vi + cv′i, . . . , vm)
= ϕ(T1v1, . . . Ti(vi + cv′i), . . . , Tmvm)
= ϕ(T1v1, . . . , Ti(vi) + cTi(v′i), . . . , Tmvm)
= ϕ(T1v1, . . . , Ti(vi), . . . , Tmvm) + cϕ(T1v1, . . . , Ti(v′i), . . . , Tmvm)
= ψ(v1, . . . , vi, . . . , vm) + cψ(v1, . . . , v

′
i, . . . , vm).

2.

Tϕ(v1, . . . , vi + cv′i, . . . , vm)
= T (ϕ(v1, . . . , vi, . . . , vm) + cϕ(v1, . . . , v

′
i, . . . , vm))

= Tϕ(v1, . . . , vi, . . . , vm) + cTϕ(v1, . . . , v
′
i, . . . , vm)

3. dim(Cn × · · · × Cn) = nn but dim〈Im det〉 = dimC = 1. So det : Cn ×
· · · × Cn → C is not a tensor map.

4. Suppose that T1 ◦ ϕ = T2 ◦ ϕ where T1, T2 : P → W . Then T1z = T2z
for all z ∈ Im ϕ. Since 〈Im ϕ〉 = P , we have T1z = T2z for all z ∈ P . So
T1 = T2.

3.2 Tensor products and unique factorization

Let P be a vector space. If there is a tensor map ⊗ : V1 × · · · × Vm → P such
that 〈Im⊗〉 = P , then P is said to be the tensor product of V1, · · · , Vm and
is written as ⊗m

i=1Vi = V1 ⊗ · · · ⊗ Vm. Clearly

dim⊗m
i=1Vi = dim〈Im⊗〉 =

n∏

i=1

dimVi.
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The elements of ⊗m
i=1Vi are called tensors. The tensors of the form

⊗(v1, . . . , vm) = v1 ⊗ · · · ⊗ vm

are called decomposable tensors, i.e., tensor in =⊗ are decomposable. The
decomposable tensors span ⊗m

i=1Vi so we can find a basis of decomposable
tensors for ⊗m

i=1Vi. The tensors which are not decomposable, i.e., tensors in
〈Im⊗〉 \ Im⊗ are called indecomposable tensors.

From Theorem 3.1.4:

Theorem 3.2.1. Let P be a vector space with dim P =
∏n

i=1 dimVi. Then
there exists ⊗ : V1 × · · · × Vm → P so that P is the tensor space.

Theorem 3.2.2. Tensor spaces of V1, . . . , Vm are isomorphic, i.e., if P = ⊗m
i=1Vi

and Q = £m
i=1Vi are tensor spaces of V1, . . . , Vm, then there exists an invertible

T ∈ Hom(P, Q) such that T ◦ ⊗ = £.

Proof. Since P and Q are tensor spaces of V1, . . . , Vm, dimP = dim Q,

{⊗eγ : γ ∈ Γ}, {£eγ : γ ∈ Γ}
are bases of P and Q. By Theorem 3.1.5 (universal factorization property) there
is T ∈ Hom(P, Q) such that T ⊗ (eγ) = £eγ , γ ∈ Γ. Thus T is invertible and
T⊗ = £.

So all tensor products are isomorphic and thus we use V1⊗· · ·⊗Vm to denote
any one of those.

Theorem 3.2.3. Let ψ : V1×· · ·×Vm → W be a multilinear map. Then there
exists a unique linear T : ⊗m

i=1Vi → W such that ψ = T ◦ ⊗, i.e.,

ψ(v1, . . . , vm) = T ⊗ (v1, . . . , vm) = Tv⊗.

Proof. From Problem 3.1 #.4.

In other words, the tensor map on ⊗m
i=1Vi has unique factorization prop-

erty.

Corollary 3.2.4. Let ϕ : V1×· · ·×Vm → P be a multilinear map. Then ϕ is a
tensor map and 〈Im ϕ〉 = P if and only if ϕ has a unique universal factorization
property.

Problems

1. Show that if some vi = 0, then v1 ⊗ · · · ⊗ vm = 0.

2. Let z ∈ U⊗V so that z can be represented as z =
∑k

i=1 ui⊗vi. Prove that
if k is the smallest natural number among all such representations, then
{u1, . . . , uk} and {v1, . . . , vk} are linear independent sets respectively.
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3. Suppose that e1, e2 ∈ V are linearly independent. Prove that e1 ⊗ e2 +
e2 ⊗ e1 ∈ V ⊗ V is indecomposable.

4. Let P = ⊗m
i=1Vi with tensor map ϕ and let T ∈ Hom(P, Q) be invertible

linear map. Prove that ψ = T ◦ϕ is also a tensor map and Q is the tensor
space with tensor map ψ.

Solutions to Problems 3.2

1. The tensor map is a multilinear map. So v1 ⊗ · · · ⊗ vm = 0 if vi = 0 for
some i.

2. (Daniel and Roy) Without loss of generality, we suppose on the contrary
that {u1, . . . , uk} is not linearly independent and uk =

∑k−1
i=1 aiui for some

ai ∈ C. Then

z =
k∑

i=1

ui ⊗ vi =
k−1∑

i=1

ui ⊗ vi +
k−1∑

i=1

(aiui)⊗ vk =
k−1∑

i=1

ui ⊗ (vi + aivk),

which implies that the rank of z is no greater than k− 1, a contradiction.

3. Extend e1, e2 to a basis {e1, . . . , en} of V . If e1 ⊗ e2 + e2 ⊗ e1 were
decomposable, then we would have

e1 ⊗ e2 + e2 ⊗ e1 = (
n∑

i=1

αiei)⊗ (
n∑

i=1

βiei) =
∑

i,j

αiβjei ⊗ ej .

Since ei ⊗ ej , i, j = 1, . . . , n, are linearly independent, α1β2 = α2β1 = 1
and α1β1 = α2β2 = 0 which is impossible.

4. (Roy) Since ϕ is multilinear and T is linear, for each i = 1, . . . , m, we have

ψ(v1, . . . , vi + av′i, . . . , vm)
= T (ϕ(v1, . . . , vi, . . . , vm) + aϕ(v1, . . . , v

′
i, . . . , vm))

= T (ϕ(v1, . . . , vi, . . . , vm)) + aT (ϕ(v1, . . . , v
′
i, . . . , vm))

= ψ(v1, . . . , vi, . . . , vm) + aψ(v1, . . . , v
′
i, . . . , vm)

Thus ψ is multilinear. Notice that rankψ = rankϕ =
∏m

i=1 dimVi, since
T is invertible. Therefore, ψ is a tensor map and Q is the corresponding
tensor space.

(Daniel) By Theorem 3.1.5, in order to show that ψ is a tensor map,
we need to show that ψ has universal factorization property. Let f :
×m

i=1Vi → R be any multilinear map. Since ϕ : ×m
i=1Vi → P is a tensor

map and P = ⊗m
i=1Vi, there is f̄ : P → R such that f̄ ◦ ϕ = f . Set

f̃ = f̄ ◦ T−1 : Q → R. Then

f = f̄ ◦ ϕ = f̄ ◦ T−1 ◦ T ◦ ϕ = f̃ ◦ ψ.
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3.3 Basic properties of tensors and induced in-
ner products

Theorem 3.3.1. If u1⊗· · ·⊗um + · · ·+v1⊗· · ·⊗vm = 0, then ϕ(u1, . . . , um)+
· · ·+ ϕ(v1, . . . , vm) = 0 for any multilinear ϕ : V1 × · · · × Vm → W .

Proof. From Theorem 3.2.3, ϕ = T⊗ for some T ∈ Hom(⊗m
i=1Vi,W ). So

ϕ(u1, · · · , um) = T ⊗ (u1, · · · , um) = T (u1 ⊗ · · · ⊗ um)

and similarly ϕ(v1, . . . , vm) = T (v1 ⊗ · · · ⊗ vm). Hence

ϕ(u1, . . . , um) + · · ·+ ϕ(v1, . . . , vm)
= T (u1 ⊗ · · · ⊗ um) + · · ·+ T (v1 ⊗ · · · ⊗ vm)
= T (u1 ⊗ · · · ⊗ um + · · ·+ v1 ⊗ · · · ⊗ vm)
= 0.

Theorem 3.3.2. Let vi ∈ Vi, i = 1, . . . , m. Then v1 ⊗ · · · ⊗ vm = 0 if and only
if some vi = 0.

Proof. One implication is trivial. Suppose v1 ⊗ · · · ⊗ vm = 0 but vi 6= 0 for all
i. Then there were fi ∈ V ∗ such that fi(vi) = 1 for all i. Let

ϕ =
m∏

i=1

fi : V1 × · · · × Vm → C

which is multilinear. Then

ϕ(v1, . . . , vm) =
m∏

i=1

fi(vi) = 1.

By Theorem 3.3.1 ϕ(v1, . . . , vm) = 0, a contradiction.

Theorem 3.3.3. u1 ⊗ · · · ⊗ um = v1 ⊗ · · · ⊗ vm 6= 0 if and only if vi = ciui 6= 0
for all i = 1, . . . , m and

∏m
i=1 ci = 1.

Proof. One implication is trivial. Suppose u1⊗· · ·⊗um = v1⊗· · ·⊗vm 6= 0. From
Theorem 3.3.2 all ui, vi are nonzero. From Theorem 3.3.1 for all multilinear ϕ,

ϕ(u1, . . . , um) = ϕ(v1, . . . , vm).

Suppose that uk and vk are not linearly dependent for some k. Then there is
Vk ∈ V ∗ such that fk(vk) = 1 and fk(uk) = 0. For other i 6= k, choose fi ∈ V ∗

i

such that f(vi) = 1. Set ϕ :=
∏m

i=1 fi. Then

ϕ(v1, . . . , vm) =
m∏

i=1

fi(vi) = 1
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and

ϕ(u1, . . . , um) =
m∏

i=1

fi(ui) = 0

contradicting ϕ(u1, . . . , um) = ϕ(v1, . . . , vm). Hence vk = cuk for all k. From

0 6= u1 ⊗ · · · ⊗ um = v1 ⊗ · · · ⊗ vm = (
m∏

i=1

ci)u1 ⊗ · · · ⊗ um

we have
∏m

i=1 ci = 1.

Since the decomposable elements span the tensor space ⊗m
i=1Vi, each z ∈

⊗m
i=1Vi is a linear combination of decomposable tensors. Let k be the smallest

number of decomposable tensors in all such linear combinations for z. We call
k the smallest length or the rank of z. The smallest length of z 6= 0 is one if
and only if z is decomposable.

Theorem 3.3.4. Let z ∈ U⊗V so that z can be represented as z =
∑k

i=1 ui⊗vi.
Then k the smallest length of z if and only if {u1, . . . , uk} and {v1, . . . , vk} are
linear independent sets, respectively.

Proof. One implication follows from Problem 3.2 #2.
For the sufficiency, let z =

∑r
j=1 xj⊗yj and we are going to show that k ≤ r.

Since v1, . . . , vk are linearly independent, there is g ∈ V ∗ such that g(vl) = 1
(l is arbitrary fixed), g(vj) = 0 when j 6= l. Let f ∈ U∗ be arbitrary. Then
fg : U × V → C is bilinear. Since

k∑

i=1

ui ⊗ vi =
r∑

j=1

xj ⊗ yj

from Theorem 3.3.1 with ϕ = fg, we have

f(ul) =
k∑

i=1

f(ui)g(vi) =
r∑

j=1

f(xj)g(yj) = f(
r∑

j=1

g(yj)xj).

Since f ∈ V ∗ is arbitrary, ul =
∑r

j=1 g(yj)xj , i.e., ul ∈ 〈x1, . . . , xr〉 for all
l = 1, . . . , k. Since u1, . . . , uk are linearly independent, we have k ≤ r.

We now consider an induced inner product of ⊗m
i=1Vi. Suppose that (·, ·)i is

an inner product on Vi and Ei = {ei1, . . . , eini
} is an orthonormal basis of Vi

for all i = 1, . . . , m. We know that

E := {e⊗γ := e1γ(1) ⊗ · · · ⊗ emγ(m) : γ ∈ Γ}

is a basis of ⊗m
i=1Vi, where Γ = Γ(n1, . . . , nm). We would like to have an inner

product (·, ·) on ⊗m
i=1Vi such that E is an orthonormal basis, i.e.,

(e⊗α , e⊗β ) = δα,β .
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Such inner product is unique from Theorem 1.6.3. From Problem 1.6 #1

(u, v) :=
∑

γ∈Γ

aγbγ (3.3)

where u =
∑

γ∈Γ aγe⊗γ , v =
∑

γ∈Γ bγe⊗γ ∈ ⊗m
i=1Vi. It appears depending on the

choice of basis but it does not.

Theorem 3.3.5. Let Vi be inner product space with orthonormal basis Ei =
{ei1, . . . , eini

}, i = 1, . . . , m. The inner product obtained from (3.3) satisfies

(u1 ⊗ · · · ⊗ um, v1 ⊗ · · · ⊗ vm) =
m∏

i=1

(ui, vi)i (3.4)

ui, vi ∈ Vi for all i.

Proof. Since ui, vi ∈ Vi we have

ui =
ni∑

j=1

aijeij , vi =
ni∑

j=1

bijeij , i = 1, . . . , m.

Since ⊗ is multilinear, from (3.1)

u⊗ = ⊗(u1, . . . , um) =
∑

γ∈Γ

m∏

i=1

aiγ(i)e
⊗
γ

v⊗ = ⊗(v1, . . . , vm) =
∑

γ∈Γ

m∏

i=1

biγ(i)e
⊗
γ .

From (3.3) and
∏m

i=1

∑ni

j=1 cij =
∑

γ∈Γ

∏m
i=1 ciγ(i),

(u⊗, v⊗) =
∑

γ∈Γ

m∏

i=1

aiγ(i)biγ(i)

=
m∏

i=1

ni∑

j=1

aijbij

=
m∏

i=1

(
ni∑

j=1

aijeij ,

ni∑

j=1

bijeij)i

=
m∏

i=1

(ui, vi)i.

There are many bilinear maps from (⊗k
i=1Vi)× (⊗m

i=k+1Vi) to ⊗m
i=1Vi since

dim⊗m
i=1Vi =

m∏

i=1

ni =
k∏

i=1

ni

m∏

i=k+1

ni = dim(⊗k
i=1Vi) dim(⊗m

i=k+1Vi). (3.5)

What we like is one that maps (v1 ⊗ · · · ⊗ vk, vk+1 ⊗ · · · ⊗ vm) to v1 ⊗ · · · ⊗ vm.
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Theorem 3.3.6. There is a unique multilinear map £ : (⊗k
i=1Vi)×(⊗m

i=k+1Vi) →
⊗m

i=1Vi such that

£ (v1 ⊗ · · · ⊗ vk, vk+1 ⊗ · · · ⊗ vm) = v1 ⊗ · · · ⊗ vm, (3.6)

and
(V1 ⊗ · · · ⊗ Vk) £ (Vk+1 · · · ⊗ Vm) = V1 ⊗ · · · ⊗ Vm. (3.7)

Proof. By (3.5) the tensor map £ that satisfies (3.6) exists and is unique. From
〈Im £〉 = 〈v1 ⊗ · · · ⊗ vm : vi ∈ Vi〉 = ⊗m

i=1Vi, (3.7) follows. See Problem 3.2 #4
for details.

We also write ⊗ for £ in Theorem 3.3.6. So (3.7) can be written as

(V1 ⊗ · · · ⊗ Vk)⊗ (Vk+1 · · · ⊗ Vm) = V1 ⊗ · · · ⊗ Vm

and (3.6) can be written as

(v1 ⊗ · · · ⊗ vk)⊗ (vk+1 ⊗ · · · ⊗ vm) = v1 ⊗ · · · ⊗ vm.

Problems

1. Suppose that v1, . . . , vk ∈ V are linearly independent and u1, . . . , uk ∈ U .
Prove that

∑k
i=1 ui ⊗ vi = 0 if and only if u1 = · · · = uk = 0.

2. Let v1, . . . , vk ∈ V and A ∈ Ck×k. Suppose AAT = Ik and uj =∑k
i=1 aijvi, j = 1, . . . , k. Prove that

∑k
i=1 ui ⊗ ui =

∑k
i=1 vi ⊗ vi.

3. Define ⊗ : Ck ×Cn → Ck×n by x⊗ y = xyT . Let Ck and Cn be equipped
with the standard inner products. Prove that for any A,B ∈ Ck×n =
Ck ⊗ Cn, the induced inner product is given by (A,B) = trB∗A.

4. Let Ei = {ei1, . . . , eini} be a basis of Vi, i = 1, . . . , m. Define

ϕ : (V1 ⊗ · · · ⊗ Vk)× (Vk+1 ⊗ · · · ⊗ Vm) → V1 ⊗ · · · ⊗ Vm

by ϕ(e1i1 ⊗ · · · ⊗ ekik
, ek+1,ik+1 ⊗ · · · ⊗ emim) = e1i ⊗ · · · ⊗ emim (with

bilinear extension). Show that ϕ is the tensor map satisfying

ϕ(v1 ⊗ · · · ⊗ vk, vk+1 ⊗ · · · ⊗ vm) = v1 ⊗ · · · ⊗ vm.

5. Let z =
∑k

i=1 ui ⊗ vi ⊗ wi ∈ U ⊗ V ⊗W . Prove that if {u1, . . . , uk} and
{v1, . . . , vk} are linearly independent and wi 6= 0 for all k, then k is the
smallest length of z.

Solutions to Problem 3.3



62 CHAPTER 3. MULTILINEAR MAPS AND TENSOR SPACES

1. By Theorem 3.3.1
∑k

i=1 ui ⊗ vi = 0 implies that
∑k

i=1 ϕ(ui, vi) = 0 for
any multilinear map ϕ. Since v1, . . . , vk are linearly independent, we can
choose f ∈ V ∗ such that f(vi) = 1 for all i. If some ui 6= 0, then there
would be g ∈ U∗ such that g(ui) = 1 and g(uj) = 0 for j 6= i. The map
fg : U×V → C is multilinear so that

∑k
i=1 fg(ui, vi) = 1, a contradiction.

2.

k∑

j=1

uj ⊗ uj =
k∑

j=1

((
k∑

i=1

aijvi

)
⊗

(
k∑

i=1

aijvi

))

=
k∑

j=1

(
k∑

`=1

k∑

i=1

aija`jvi ⊗ v`

)

=
k∑

`=1

k∑

i=1




k∑

j=1

aija`j


 vi ⊗ v`

=
k∑

`=1

k∑

i=1

δi`vi ⊗ v` =
k∑

j=1

vj ⊗ vj

3. (Roy) Suppose A = x ⊗ y and B = z ⊗ w. Then by Theorem 3.3.5, we
have

(A,B) = (x, z) · (y, w) =

(
k∑

i=1

xizi

)


n∑

j=1

yjwj


 .

On the other hand,

trB∗A =
k∑

i=1

n∑

j=1

aijbij =
k∑

i=1

n∑

j=1

xiyjziwj =

(
k∑

i=1

xizi

)


n∑

j=1

yjwj


 .

Thus the induced inner product is given by (A,B) = trB∗A.

4.

5.

3.4 Induced maps

In this section we study Hom (⊗m
i=1Vi,⊗m

i=1Wi). Let Ti ∈ Hom(Vi,Wi). Define
the multilinear map from ×m

i=1Vi to ⊗m
i=1Wi by

ϕ(v1, . . . , vm) := T1v1 ⊗ · · · ⊗ Tmvm.

By Theorem 3.2.3, there is a unique T ∈ Hom(⊗m
i=1Vi,⊗m

i=1Wi) such that

T (v1 ⊗ · · · ⊗ vm) = T1v1 ⊗ · · · ⊗ Tmvm.
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Denote such T by T1 ⊗ · · · ⊗ Tm and call it the induced map of T1, . . . , Tm,
i.e.,

(⊗m
i=1Ti)(v1 ⊗ · · · ⊗ vm) = T1v1 ⊗ · · · ⊗ Tmvm.

We will see that in Section 3.7 that T1⊗· · ·⊗Tm is a tensor of ⊗m
i=1Hom(Vi,Wi).

The main focus in this section is to study T1⊗· · ·⊗Tm ∈ Hom(⊗m
i=1Vi,⊗m

i=1Wi)
as a linear map.

Theorem 3.4.1. Let Si ∈ Hom(Wi, Ui), Ti ∈ Hom(Vi,Wi), i = 1, . . . , m.
Then

(⊗m
i=1Si)(⊗m

i=1Ti) = ⊗m
i=1(SiTi).

Proof.

(⊗m
i=1Si)(⊗m

i=1Ti)(v1 ⊗ · · · ⊗ vm)
= (⊗m

i=1Si)(T1v1 ⊗ · · · ⊗ Tmvm)
= SiTiv1 ⊗ · · · ⊗ SmTmvm

= ⊗m
i=1(SiTi)(v1 ⊗ · · · ⊗ vm).

Since ⊗m
i=1Vi is spanned by the decomposable elements, we have the desired

result.

Theorem 3.4.2. Let Ti ∈ Hom(Vi,Wi), i = 1, . . . , m. Then

rank ⊗m
i=1 Ti =

m∏

i=1

rankTi.

Proof. Let rank Ti = ki for all i. So there is a basis {ei1, . . . , eiki
, eiki+1, . . . , eini

}
for Vi such that Tei1, . . . , T eiki

are linearly independent in Wi and Teiki+1 =
· · ·Teini

= 0, i = 1, . . . , m. Notice that {e⊗γ : γ ∈ Γ(n1, . . . , nm)} is a basis for
⊗m

i=1Vi. Moreover

(⊗m
i=1Ti)e⊗γ = Te1γ(1) ⊗ · · · ⊗ Tmemγ(m)

so that if γ 6∈ Γ(k1, . . . , km), then (⊗m
i=1Ti)e⊗γ = 0 (because some γ(i) > ki).

Since Tei1, . . . , T eiki
are linearly independent in Wi for all i, the vectors

(⊗m
i=1Ti)e⊗γ , γ ∈ Γ(k1, . . . , km)

are linearly independent in ⊗m
i=1Wi (Why?) Hence

rank ⊗m
i=1 Ti = |Γ(k1, . . . , km)| =

m∏

i=1

ki =
m∏

i=1

rankTi.

Theorem 3.4.3. Let Ti ∈ Hom(Vi,Wi), where Vi,Wi are inner product spaces,
i = 1, . . . , m. Then

(⊗m
i=1Ti)∗ = ⊗m

i=1T
∗
i .
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Proof. We use the same notation (·, ·) for all the inner products on Vi,Wi.

(⊗m
i=1Tiv

⊗, w⊗) = (T1v1 ⊗ · · · ⊗ Tmvm, w1 ⊗ · · · ⊗ wm)

=
m∏

i=1

(Tivi, wi)

=
m∏

i=1

(vi, T
∗
i wi)

= (v1 ⊗ · · · ⊗ vm, T ∗1 w1 ⊗ · · · ⊗ T ∗mwm)
= (v⊗,⊗m

i=1T
∗
i w⊗)

Since ⊗m
i=1Vi is spanned by decomposable tensors, we have the desired result.

Problems

1. Prove that

(a) T1 ⊗ · · · ⊗ Tm = 0 if and only if some Ti = 0,

(b) T1 ⊗ · · · ⊗ Tm is invertible if and only if Ti are all invertible.

2. Let Si, Ti ∈ Hom(Vi,Wi), i = 1, . . . , m. Prove that ⊗m
i=1Ti = ⊗m

i=1Si 6= 0
if and only if Ti = ciSi 6= 0, i = 1, . . . , m and

∏m
i=1 ci = 1.

3. Let Ti ∈ EndVi, i = 1, . . . , m. Prove that be ⊗m
i=1Ti is invertible if

and only if Ti (i = 1, . . . , m) are invertible. In this case (⊗m
i=1Ti)−1 =

⊗m
i=1T

−1
i .

4. Let Ti ∈ Hom(Vi,Wi), i = 1, . . . , m. Define

ϕ : Hom (Vi,Wi)× · · · ×Hom(Vm,Wm) → Hom(⊗m
i=1Vi,⊗m

i=1Wi)

by ϕ(T1, . . . , Tm) = T1 ⊗ · · · ⊗ Tm. Prove that ϕ is multilinear.

Solutions to Problems 3.4

1. (a) Directly from Theorem 3.4.2: ⊗m
i=1Ti = 0 ⇔ 0 = rank ⊗m

i=1 Ti =∏m
i=1 rankTi, i.e., some Ti = 0. The converse is trivial. (b) From Theorem

3.4.2.
Another approach: use Theorem 3.7.2 and Theorem 3.3.2.
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2. (Roy) If Ti = ciSi with
∏m

i=1 ci = 1, then clearly

T1 ⊗ · · · ⊗ Tm(v1 ⊗ · · · ⊗ vm) = T1v1 ⊗ · · · ⊗ Tmvm

= c1S1v1 ⊗ · · · ⊗ cmSmvm

= (
m∏

i=1

ci)S1v1 ⊗ · · · ⊗ Smvm

= S1 ⊗ · · · ⊗ Sm(v1 ⊗ · · · ⊗ vm)

So ⊗m
i=1Ti = ⊗m

i=1Si. Conversely if ⊗m
i=1Ti = ⊗m

i=1Si 6= 0, then

T1v1 ⊗ · · · ⊗ Tmvm = S1v1 ⊗ · · · ⊗ Smvm 6= 0

for all v1 ⊗ · · · ⊗ vm 6∈ Ker ⊗m
i=1 Ti. In particular, if vi 6∈ KerTi for all

i, then by Theorem 3.3.2, v1 ⊗ · · · ⊗ vm 6∈ Ker ⊗m
i=1 Ti. By Theorem

3.3.3 Tivi = ciSivi for all vi 6∈ KerTi with
∏m

i=1 ci = 1. By symmetry
Sivi = c′iTivi for all vi 6∈ KerSi with

∏m
i=1 c′i = 1. So Ti = ciSi in the

complement of Clearly Sivi = 1
ci

Tivi So Ti and ciSi

Another approach: apply Theorem 3.7.2 and Theorem 3.3.3.

3. The first part follows from Theorem 3.4.2. By Theorem 3.4.1

(⊗m
i=1T

−1
i )(⊗m

i=1Ti) = ⊗m
i=1(T

−1
i Ti) = I.

So (⊗m
i=1Ti)−1 = (⊗m

i=1T
−1
i ).

4.

ϕ(T1, . . . , Ti + cT ′i , . . . , Tm)(v1 ⊗ · · · ⊗ vm)
= T1 ⊗ · · · ⊗ Ti + cT ′i ⊗ · · · ⊗ Tm(v1 ⊗ · · · ⊗ vm)
= T1v1 ⊗ · · · ⊗ (Ti + cT ′i )vi ⊗ · · · ⊗ Tmvm

= T1v1 ⊗ · · · ⊗ (Tivi + cT ′ivi)⊗ · · · ⊗ Tmvm

= T1v1 ⊗ · · · ⊗ Tmvm + cT1v1 ⊗ · · · ⊗ T ′ivi ⊗ · · · ⊗ Tmvm

= ϕ((T1, . . . , Ti, . . . , Tm) + c(T1, . . . , T
′
i , . . . , Tm))(v1 ⊗ · · · ⊗ vm)

So ϕ(T1, . . . , Ti+cT ′i , . . . , Tm) = ϕ((T1, . . . , Ti, . . . , Tm)+c(T1, . . . , T
′
i , . . . , Tm)).

3.5 Matrix representations of induced maps and
Kronecker product

Let Ei = {ei1, . . . , eini
} be a basis of Vi and Fi = {fi1, . . . , fiki

} be a basis of
Wi, i = 1, . . . , m. Then

E⊗ = {e⊗β : β ∈ Γ(n1, . . . , nm)}, F⊗ = {f⊗α : α ∈ Γ(k1, . . . , km)}
are bases for⊗m

i=1Vi and⊗m
i=1Wi respectively, where Γ(n1, . . . , nm) and Γ(k1, . . . , km)

are in lexicographic ordering.
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Theorem 3.5.1. Let Ti ∈ Hom(Vi,Wi) such that Ai = [Ti]Fi

Ei
= (ai

st) ∈ Cki×ni

i = 1, . . . , m. That is

Tieit =
ki∑

s=1

ai
stfis, t = 1, . . . , ni, i = 1, . . . , m.

Then the matrix representation of ⊗m
i=1Ti with respect to E⊗ and F⊗ is given

by

[⊗m
i=1Ti]

F⊗
E⊗ =

(
m∏

i=1

ai
α(i)β(i)

)

α∈Γ(k1,...,km)
β∈Γ(n1,...,nm)

In other words, the (α, β) entry of [⊗m
i=1Ti]

F⊗
E⊗ is

∏m
i=1 ai

α(i)β(i).

Proof. For any β ∈ Γ(n1, . . . , nm), we have

⊗m
i=1Tie

⊗
β = T1e1β(1) ⊗ · · · ⊗ Tmemβ(m)

=
k1∑

s=1

a1
sβ(1)f1s ⊗ · · · ⊗

km∑
s=1

am
sβ(m)fms

=
∑

α∈Γ(k1,...,km)

a1
α(1)β(1)f1α(1) ⊗ · · · ⊗ am

α(m)β(m)fmα(m)

=
∑

α∈Γ(k1,...,km)

(
m∏

i=1

ai
α(i)β(i)

)
f⊗α .

Let Ai = (ai
st) ∈ Cki×ni , i = 1, . . . , m. The Kronecker product of

A1, . . . , Am, denoted by A1 ⊗ · · · ⊗Am ∈ C(
∏m

i=1 ki)×(
∏m

i=1 ni), is defined by

(⊗m
i=1Ai)α,β =

m∏

i=1

ai
α(i)β(i),

where α ∈ Γ(k1, . . . , km), β ∈ Γ(n1, . . . , nm), both arranged in lexicographic
ordering respectively. We immediately have the following

Theorem 3.5.2. Let Ai = [Ti]Fi

Ei
i = 1, . . . , m. Then

[⊗m
i=1Ti]

F⊗
E⊗ = ⊗m

i=1[Ti]Fi

Ei
= ⊗m

i=1Ai.

Example 3.5.3. Let A ∈ Cm×n and B ∈ Cp×q. Then

A⊗B =




a11B . . . a1nB
· · · · · · · · ·

am1B · · · amnB


 = (aijB) ∈ Cmp×nq

In general A⊗B 6= B ⊗A.
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Notice that

Γ(m, p) = {(1, 1), . . . , (1, p), (2, 1), . . . , (2, p), · · · , (m, 1), . . . , (m, p)}
and

Γ(n, q) = {(1, 1), . . . , (1, q), (2, 1), . . . , (2, q), · · · , (n, 1), . . . , (n, q)}.
Consider α = (1, i) ∈ Γ(m, p), β = (1, j) ∈ Γ(n, q). Then

(A⊗B)(1,i),(1,j) = aα(1)β(1)bα(2)β(2) = a11bij .

That is, the (A⊗B)[1, . . . , p|1, . . . , q] = a11B. Similar for other blocks.

Problems

1. Let Ai, Bi ∈ Cki,ni , i = 1, . . . , m. Prove the following:

(i) ⊗m
i=1Ai = 0 if and only if some Ai = 0.

(ii) ⊗m
i=1Ai = ⊗m

i=1Bi 6= 0 if and only if Ai = ciBi 6= 0 for all i and∏m
i=1 ci = 1.

(iii) rank (⊗m
i=1Ai) =

∏m
i=1 rankAi.

(iv) (⊗m
i=1Ai)∗ = ⊗m

i=1A
∗
i .

2. From the definition of Kronecker product prove that (⊗m
i=1Ai)(⊗m

i=1Bi) =
⊗m

i=1AiBi. (Hint:

∑

γ∈Γ(t1,...,tm)

(
m∏

i=1

ai
α(i)γ(i))(

m∏

i=1

bi
γ(i)β(i)) =

m∏

i=1

(
ti∑

j=1

ai
α(i)jb

i
jβ(i))

where Ak = (ak
ij)).

3. Show that if Ai ∈ Cni×ni
, i = 1, . . . , m, are triangular (diagonal, resp.)

matrices, then A1 ⊗ · · · ⊗ Am is also triangular (diagonal, resp.). In par-
ticular the (α, α)-entry of A1 ⊗ · · · ⊗Am is

∏m
i=1 ai

α(i)α(i).

4. Show that if Ai, Bi ∈ Cni×ni
are similar for all i = 1, . . . , m, then ⊗m

i=1Ai

and ⊗m
i=1Bi are similar.

5. Which one of x ⊗ y = xyT and x £ y = yxT , x ∈ Cm and y ∈ Cn is the
Kronecker product? Explain.

6. (Merris) Show that for any A,B ∈ Cn×n, (1) If AB = BA, then eA+B =
eAeB and (2) eA ⊗ eB = eA⊗I+⊗B , where eA :=

∑∞
k=1 Ak/k.

Solutions to Problems 3.5
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1. (i) From Problem 3.4 #1 and Theorem 3.5.2
(Roy) If Ai = 0, then ⊗m

i=1Ai = 0 because every entry of ⊗m
i=1Ai has

a factor of some entry of Ai.
(⇒). Suppose on the contrary that Ai 6= 0 for all i. Then each
Ai contains some nonzero entry ai

siti
. Let α ∈ Γ(k1, . . . , km) and

β ∈ Γ(n1, . . . , nm) be such that α(i) = si and β(i) = ti for all i.
It follows that the (α, β) entry of ⊗m

i=1Ai is nonzero, which means
⊗m

i=1Ai 6= 0.

(ii) From Problem 3.4 #2 and Theorem 3.5.2

(iii) From Theorem 3.4.2 and Theorem 3.5.2

(iv) From Theorem 3.4.3 and Theorem 3.5.2

2. Let A = (ai
st) and B = (bi

kl). The (α, β)-entry of (⊗m
i=1Ai)(⊗m

i=1Bi) is

∑

γ∈Γ(t1,...,tm)

(
m∏

i=1

ai
α(i)γ(i))(

m∏

i=1

bi
γ(i)β(i))

=
∑

γ∈Γ(t1,...,tm)

m∏

i=1

(ai
α(i)γ(i))b

i
γ(i)β(i))

=
m∏

i=1

(
ti∑

j=1

ai
α(i)jb

i
jβ(i))

which is the (α, β)-entry of ⊗m
i=1AiBi.

3. Recall that

(⊗m
i=1Ai)α,β =

m∏

i=1

ai
α(i)β(i),

where α ∈ Γ(k1, . . . , km), β ∈ Γ(n1, . . . , nm), both arranged in lexico-
graphic ordering respectively. When α < β in lexicographic ordering,
α(i) < β(i) for some i (remark: converse is not true) so that ai

α(i)β(i) = 0,
i.e., (⊗m

i=1Ai)α,β = 0. In other words, (⊗m
i=1Ai) is upper triangular.

4. Suppose Bi = PiAiP
−1
i for all i. Then from Problem 2

⊗m
i=1Bi = ⊗m

i=1(PiAiP
−1
i ) = (⊗m

i=1Pi)(⊗m
i=1Ai)(⊗m

i=1P
−1
i )

= (⊗m
i=1Pi)(⊗m

i=1Ai)(⊗m
i=1Pi)−1.

5. (Roy) None of them is the Kronecker product since x⊗ y ∈ Cmn×1.

6. (Roy) Let E = {e1, e2, . . . , en} be a basis of Cn so that [A]EE is upper trian-
gular. Since [I]EE is also upper triangular, both A⊗In and In⊗A are upper
triangular with respect to the basis E ⊗ E in the lexicographic order by
Theorem 3.6.1(a). Therefore, we may assume, without loss of generality,
that A is upper triangular with diagonal entries λ1, . . . , λn in order. The
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diagonal entries of A⊗In are λ1, . . . , λ1, λ2, . . . , λ2, . . . , λn, . . . , λn in order,
and the diagonal entries of In⊗A are λ1, . . . , λn, λ1, . . . , λn, . . . , λ1, . . . , λn

in order. Thus the eigenvalues of A⊗In−In⊗A are λi−λj , i, j = 1, . . . , n.

3.6 Induced operators

We now study some basic properties of the induced map T1 ⊗ · · · ⊗ Tm.

Theorem 3.6.1. Let Ti ∈ EndVi and let Ai = [Ti]Ei

Ei
, where Ei is a basis of Vi,

i = 1, . . . , m.

(a) Suppose that Ai is upper triangular with diagAi = (λi1, . . . , λini
). Then

[⊗m
i=1Ti]

F⊗
E⊗ = ⊗m

i=1Ai is also upper triangular with (γ, γ)-diagonal entry∏m
i=1 λiγ(i), γ ∈ Γ.

(b) If λij , j = 1, . . . , ni, are the eigenvalues of Ti, then the eigenvalues of
⊗m

i=1Ti are
∏m

i=1 λiγ(i), γ ∈ Γ.

(c) If sij , j = 1, . . . , ni, are the singular values of Ti, then the singular values
of ⊗m

i=1Ti are
∏m

i=1 siγ(i), γ ∈ Γ.

(d) tr ⊗m
i=1 Ti =

∏m
i=1 trTi.

(e) det⊗m
i=1Ti =

∏m
i=1(detTi)n/ni , where n :=

∏m
i=1 ni.

Proof. (a) Use Problem 3.4 #3 for matrix approach.
The following is linear operator approach. Since Ai is upper triangular, For

any γ ∈ Γ(n1, . . . , nm), we have

Tieiγ(i) = λiγ(i)eiγ(i) + vi,

where vi ∈ 〈eij : j < γ(i)〉. Then

(⊗m
i=1Ti)e⊗γ = T1e1γ(1) ⊗ · · · ⊗ Tmemγ(m)

= (λ1γ(1)e1γ(1) + v1)⊗ · · · ⊗ (λmγ(m)emγ(m) + vm)

=
m∏

i=1

λiγ(i)e
⊗
γ + w

where w is a linear combination of u1 ⊗ · · · ⊗ um. Each ui is either eiγ(i) or vi

and at least one is vi. But vi is a linear combination of eij , j < γ(i). So u⊗ and
thus w is a linear combination of e⊗α such that α is before γ in lexicographic
order. So [⊗m

i=1Ti]
F⊗
E⊗ is upper triangular.

(b) By Schur’s triangularization theorem we may assume that the matrix
representation of Ai is upper triangular for all i (cf. Theorem 3.4.1 and Problem
3.4 #3). Then use (a).

(c) The singular values of A are the eigenvalue nonnegative square roots of
A∗A. Apply (b) on A∗A.
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(d) tr (⊗m
i=1Ti) =

∑
γ∈Γ

∏m
i=1 λiγ(i) =

∏m
i=1

∑ni

j=1 λij =
∏m

i=1 trTi.
(e) Since determinant is equal to the product of eigenvalues,

det⊗m
i=1Ti =

∏

γ∈Γ

m∏

i=1

λiγ(i) =
m∏

i=1

∏

γ∈Γ

λiγ(i)

Since γ(i) is chosen from 1, . . . , ni and such γ(i) appears in |Γ|/ni times in those
n := |Γ| elements in Γ. So

∏

γ∈Γ

λiγ(i) =
ni∏

j=1

λ
|Γ|/ni

ij =
ni∏

j=1

λ
n/ni

ij

and hence

det(⊗m
i=1Ti) =

m∏

i=1




ni∏

j=1

λij




n/ni

=
m∏

i=1

(detTi)n/ni .

Theorem 3.6.2. Let Ti ∈ EndVi where Vi are inner product spaces, i =
1, . . . , m. If all Ti are (a) normal, (b) Hermitian, (c) psd, (d) pd, and (e)
unitary respectively, so is ⊗m

i=1Ti.

Proof. Recall from Theorem 3.4.1 (⊗m
i=1Si)(⊗m

i=1Ti) = ⊗m
i=1(SiTi) and Theorem

3.4.3 ⊗m
i=1T

∗
i = (⊗m

i=1Ti)∗.
(a) If all Ti are normal, then

(⊗m
i=1Ti)∗(⊗m

i=1Ti) = (⊗m
i=1T

∗
i )(⊗m

i=1Ti) = ⊗m
i=1T

∗
i Ti = ⊗m

i=1TiT
∗
i = (⊗m

i=1Ti)(⊗m
i=1Ti)∗.

So ⊗m
i=1Ti is normal.

(b) If all Ti are Hermitian, then

(⊗m
i=1Ti)∗ = ⊗m

i=1T
∗
i = ⊗m

i=1Ti

i.e., ⊗m
i=1Ti is Hermitian.

(c) and (d) If all Ti are psd (pd), then ⊗m
i=1Ti is Hermitian and by Theorem

3.6.1 all eigenvalues of ⊗m
i=1Ti are nonnegative (positive). So ⊗m

i=1Ti is psd (pd).
(e) If all Ti are unitary, then

(⊗m
i=1Ti)∗(⊗m

i=1Ti) = ⊗m
i=1T

∗
i Ti = ⊗m

i=1IVi
= I⊗m

i=1Vi
.

We now study the converse of Theorem 3.6.2.

Theorem 3.6.3. Let Ti ∈ EndVi where Vi are inner product spaces, i =
1, . . . , m.
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(a) If ⊗m
i=1Ti 6= 0 is normal, then all Ti 6= 0 are normal.

(b) If ⊗m
i=1Ti 6= 0 is Hermitian, then Ti = ciHi where Hi are Hermitan and∏m

i=1 ci ∈ R.

Proof. (a) From Problem 3.4 #1, Ti 6= 0. There is an orthonormal basis Ei =
{ei1, . . . , eini} such that [Ti]Ei

Ei
is upper triangular. Let E⊗ = {e⊗γ : γ ∈ Γ}

which is an orthonormal basis for ⊗m
i=1Vi. From Theorem 3.6.1, [⊗m

i=1Ti]
E⊗
E⊗ is

upper triangular. On the other hand [⊗m
i=1Ti]

E⊗
E⊗ is a normal matrix. By Lemma

1.5.3 [⊗m
i=1Ti]

E⊗
E⊗ must be diagonal. now

[⊗m
i=1Ti]

E⊗
E⊗ = [T1]E1

E1
⊗ · · · ⊗ [Tm]Em

Em
6= 0.

From Problem 3.5 #3, each [Ti]Ei

Ei
is diagonal. Hence Ti is normal for all i.

(b) From (a) each Ti 6= 0 and is normal. So some eigenvalue of Ti is nonzero,
i.e., there exists some α ∈ Γ such that the eigenvalues of Ti are λiα(i) 6= 0 for
all i. Consider any fixed Tk. Since the eigenvalues of the Hermitian ⊗m

i=1Ti are
real, from Theorem 3.6.1(b)

(
m∏

i=1,i 6=k

λiα(i))λkj ∈ R, j = 1, . . . , nk

since they are (not all) eigenvalues of ⊗m
i=1Ti 6= 0 and are nonzero. Let

ak :=
m∏

i 6=k

λiα(i) 6= 0

since λkα(k) 6= 0. Then Hk := akTk is normal with real eigenvalues, i.e., Hk is
Hermitian. Set ck := a−1

k . Then

0 6= ⊗m
i=1Ti = (

m∏

k=1

ck)(⊗m
k=1Hk).

Since ⊗m
i=1Ti and ⊗m

k=1Hk are Hermitian, we have
∏m

k=1 ck ∈ R.

Problems

1. Prove that if ⊗m
i=1Ti 6= 0 is pd (psd), then Ti = ciHi and Hi is pd (psd)

and
∏m

i=1 ci > 0.

2. Prove that ⊗m
i=1Ti 6= 0 is unitary if and only if Ti = ciUi and Ui is unitary

and |∏m
i=1 ci| = 1.
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3. Suppose Si, Ti ∈ EndVi, i = 1, . . . , m, are psd. Show that ⊗m
i=1(Si +Ti) ≥

⊗m
i=1Si +⊗m

i=1Ti.

4. Show that if the eigenvalues of A ∈ Cn×n are λ1, . . . , λn, then the eigen-
values of A⊗ In − In ⊗A are λi − λj , i, j = 1, . . . , n.

5. Let Ti ∈ EndV and vi ∈ V , i = 1, . . . , m where m ≤ dimV . Prove that
(⊗m

i=1Tiv
⊗, v⊗) = 0 for all (vi, vj) = δij if and only if some Ti = 0.

Solutions to Problems 3.6

1. By Theorem 3.6.2 and Theorem 3.6.3(b).

2. Suppose that ⊗m
i=1Ti 6= 0 is unitary. By Theorem 3.6.2, all Ti are normal

and by Problem 3.4 #3, all Ti are invertible. The converse is easy by
Theorem 3.4.1 and Theorem 3.4.3.

3.

4. By Schur’s triangularization theorem, there is unitary matrix U such that
U∗AU = T is upper triangular with diagT = (λ1, . . . , λn). The matrix
U ⊗ I is unitary by Problem 2. So

(U∗ ⊗ I)(A⊗ In − In ⊗A)(U ⊗ I)
= (U ⊗ I)∗(A⊗ In − In ⊗A)(U ⊗ I)
= T ⊗ I − I ⊗ T

whose spectrum is the spectrum of A⊗In−In⊗A counting multiplicities.
From Theorem 3.6.1(a), the eigenvalues of T ⊗ I − I ⊗ T are λi − λj for
all i, j. In particular, A⊗ In − In ⊗A is not invertible.

5.

3.7 Tensor product of linear maps

Given Ti ∈ Hom(Vi,Wi), i = 1, . . . , m, we studied basic properties of the in-
duced map⊗m

i=1Ti ∈ Hom(⊗m
i=1Vi,⊗m

i=1Wi). Not every member of Hom (⊗m
i=1Vi,⊗m

i=1Wi)
is of the form ⊗m

i=1Ti (see Problem 1), but the span of all the induced maps is
Hom (⊗m

i=1Vi,⊗m
i=1Wi).

Theorem 3.7.1. Hom(⊗m
i=1Vi,⊗m

i=1Wi) = 〈⊗m
i=1Ti : Ti ∈ Hom(Vi,Wi)〉.

Proof. Let Ei = {ei1, . . . , eini} be a basis of Vi and Fi = {fi1, . . . , fiki} be a
basis of Wi, i = 1, . . . , m. Then

E⊗ = {e⊗β : β ∈ Γ(n1, . . . , nm)}, F⊗ = {f⊗α : α ∈ Γ(k1, . . . , km)}
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are bases for ⊗m
i=1Vi and ⊗m

i=1Wi respectively. Set

Γ1 := Γ(n1, . . . , nm), Γ2 := Γ(k1, . . . , km)

and both are in lexicographic ordering. Let S ∈ Hom(⊗m
i=1Vi,⊗m

i=1Wi) be
arbitrary. For any β ∈ Γ1,

Se⊗β =
∑

α∈Γ2

cαβf⊗α .

Define T i
jq ∈ Hom(Vi,Wi) such that

T i
jqeip = δpqfij ,

where p, q = 1, . . . , ni, j = 1, . . . ki, i = 1, . . . , m. For any α ∈ Γ2, γ ∈ Γ1, set

T⊗αγ := T 1
α(1)γ(1) ⊗ · · · ⊗ Tm

α(m)γ(m).

Then

T⊗αγe⊗β = T 1
α(1)γ(1)e1β(1) ⊗ · · · ⊗ Tm

α(m)γ(m)emβ(m)

= δβ(1)γ(1)f1α(1) ⊗ · · · ⊗ δβ(m)γ(m)fmα(m)

= δβγf⊗α .

So

 ∑

α∈Γ2

∑

γ∈Γ1

cαγT⊗αγ


 e⊗β =

∑

α∈Γ2

∑

γ∈Γ1

cαγδβγf⊗α =
∑

α∈Γ2

cαβf⊗α = Se⊗β .

Since {e⊗β : β ∈ Γ1} is a basis of ⊗m
i=1Vi we have

S =
∑

α∈Γ2

∑

γ∈Γ1

cαγT⊗αγ .

In other words, S is a linear combination of induced maps T⊗αγ (α ∈ Γ2, γ ∈
Γ1).

We now see that T1 ⊗ · · · ⊗ Tm can be viewed as a (decomposable) tensor
when each Ti ∈ Hom(Vi,Wi) is viewed as a vector, i.e., we have the following
result.

Theorem 3.7.2. There exist a unique tensor map £ such that Hom (⊗m
i=1Vi,⊗m

i=1Wi)
is the tensor space of Hom (V1,W1), . . . ,Hom(Vm,Wm), i.e.,

Hom (⊗m
i=1Vi,⊗m

i=1Wi) = Hom (V1,W1) £ · · ·£ Hom(Vm,Wm).

In other words, T1 ⊗ · · · ⊗ Tm = £(T1, . . . , Tm).
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Proof. From Problem 3.4 #4, the map £(T1, . . . , Tm) = T1 ⊗ · · · ⊗ Tm ∈
Hom(⊗m

i=1Vi,⊗m
i=1Wi) is multilinear and is unique.

From Theorem 3.7.1, Hom (⊗m
i=1Vi,⊗m

i=1Wi) is spanned by the induced maps
⊗m

i=1Ti, Ti ∈ Hom(Vi,Wi), i.e.,

〈Im £〉 = 〈⊗m
i=1Ti : Ti ∈ Hom(Vi,Wi)〉 = Hom (⊗m

i=1Vi,⊗m
i=1Wi).

Moreover

dim〈Im £〉 = dimHom (⊗m
i=1Vi,⊗m

i=1Wi)
= (dim⊗m

i=1Vi)(dim⊗m
i=1Wi)

=
m∏

i=1

dimVi dimWi

=
m∏

i=1

dimHom (Vi,Wi).

So £ is a tensor map and

Hom (V1,W1) £ · · ·£ Hom(Vm,Wm) = Hom (⊗m
i=1Vi,⊗m

i=1Wi),

i.e., Hom (⊗m
i=1Vi,⊗m

i=1Wi) is a tensor product of Hom (V1,W1), . . . ,Hom(Vm,Wm).

Similarly we can view C∏m
i=1 ki×

∏m
i=1 nm

as the tensor product of Ck1×n1 , . . . ,Ckm×nm

such that the Kronecker products A1 ⊗ · · · ⊗Am are the decomposable tensors.

Problems

1. Define the bilinear map ϕ : V × V → V ⊗ V by ϕ(v1, v2) = v2 ⊗ v1 so
that there is T ∈ End (V ⊗V ) such that T⊗ = ϕ, i.e., T (v1, v2) = v2⊗ v1.
Prove that when dimV = 1, T is not an induced map, i.e., there are no
T1, T2 ∈ End (V ) such that T = T1 ⊗ T2.

2. Let {e1, . . . , en} be a basis for V . Define Tij ∈ EndV such that Tijek =
δkjei. Let T =

∑n
i=1

∑n
j=1 Tij ⊗ Tji. Show that T (v1 ⊗ v2) = v2 ⊗ v1 for

all v1, v2 ∈ V (cf. Theorem 3.7.1 and notice that the T in Problem 1 is a
linear combination of induced maps).

3. Prove that in the proof of Theorem 3.7.1

(a) (Daniel) {T i
jp : j = 1, . . . , ki, q = 1, . . . , ni} is a basis of Hom (Vi,Wi).

(b) {T⊗αγ : α ∈ Γ2, γ ∈ Γ1} is a basis of Hom (⊗m
i=1Vi,⊗m

i=1Wi).

4. Let Vi be an inner product space, i = 1, . . . , m. Equip ⊗m
i=1Vi with the

inner product. Let T ∈ End (⊗m
i=1Vi). Prove that (Tv⊗, v⊗) = 0 for all

v⊗ ∈ ⊗m
i=1Vi if and only if T = 0. (Hint: Show that (Tu⊗, v⊗) = 0).



3.8. SOME MODELS OF TENSOR PRODUCTS 75

Solutions to Problems 3.7

1.

2.

3.

4.

3.8 Some models of tensor products

Let M(V, . . . , V ;C) denote the space of all m-multilinear maps f : ×mV → C.
Let E = {e1, . . . , en} be a basis of V and let E∗ = {f1, . . . , fn} be the dual basis
of V ∗, i.e.,

fi(ej) = δij , i, j = 1, . . . , n.

Theorem 3.8.1. 1. {∏m
i=1 fα(i) : α ∈ Γm,n} is a basis of M(V, . . . , V ;C).

2. M(V, . . . , V ;C) = ⊗mV ∗, i.e., there is tensor map ⊗ : V ∗ × · · · × V ∗ →
M(V, . . . , V ;C) and dimM(V, . . . , V ;C) = nm.

3. M(V ∗, . . . , V ∗;C) = ⊗mV , i.e., there is tensor map ⊗ : V × · · · × V →
M(V ∗, . . . , V ∗;C) and dimM(V ∗, . . . , V ∗;C) = nm.

Proof. (1) We first show that S := {∏m
i=1 fα(i) : α ∈ Γm,n} spans M(V, . . . , V ;C).

First observe that for each eβ = (eβ(1), . . . , eβ(m)) ∈ V × · · · × V and β ∈ Γm,n,

(
m∏

i=1

fα(i))eβ =
m∏

i=1

fα(i)(eβ(i)) = δαβ . (3.8)

Let f ∈ M(V, . . . , V ;C). Then we claim

f =
∑

α∈Γm,n

f(eα)
m∏

i=1

fα(i)

where eα = (eα(1), . . . , eα(m)). It is because from (3.8)


 ∑

α∈Γm,n

f(eα)
m∏

i=1

fα(i)


 eβ =

∑

α∈Γm,n

f(eα)δαβ = f(eβ), β ∈ Γm,n.

We now show that S is a linearly independent set. Set

∑

α∈Γm,n

cα

m∏

i=1

fα(i) = 0.
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Then

0 =


 ∑

α∈Γm,n

cα

m∏

i=1

fα(i)


 (eβ) = cβ , β ∈ Γm,n.

(2) It is easy to see that the map ⊗ : ×mV ∗ → M(V, . . . , V ;C) defined by

⊗(g1, . . . , gm) =
m∏

i=1

gi

is multilinear. From (1) {∏m
i=1 fα(i) : α ∈ Γm,n} is a basis of M(V, . . . , V ;C).

So
dimM(V, . . . , V ;C) = |Γm,n| = nm = (dim V )m = (dim V ∗)m.

So ⊗ is a tensor map and 〈Im⊗〉 = M(V, . . . , V ;C), i.e., M(V, . . . , V ;C) =
⊗mV ∗.

(3) Similar to (2). Indeed we can define ⊗ : ×mV → M(V ∗, . . . , V ∗;C) by
⊗(v1, . . . , vm) =

∏m
i=1 vi (a notation) where

(
m∏

i=1

vi)(g1, . . . , gm) :=
m∏

i=1

gi(vi)

So M(V, . . . , V ;C) is a model for ⊗mV ∗ and M(V ∗, . . . , V ∗;C) is a model
for ⊗mV .

We have another model for ⊗nV , namely M(V, . . . , V ;C)∗, i.e., the dual
space of M(V, . . . , V ;C).

Theorem 3.8.2. M(V, . . . , V ;C)∗ is a model for ⊗mV , i.e., there is tensor map
⊗ : V × · · · × V → M(V, . . . , V ;C)∗ and dimM(V, . . . , V ;C)∗ = nm.

Proof. For v1, . . . , vm ∈ V define
∏m

i=1 vi ∈ M(V, . . . , V ;C)∗ by

(
m∏

i=1

vi)f = f(v1, . . . , vm), f ∈ M(V, . . . , V ;C).

From Theorem 3.8.1(1), {∏m
i=1 fα(i) : α ∈ Γm,n} is a basis of M(V, . . . , V ;C).

Now from (3.8) {∏m
i=1 eα(i) : α ∈ Γm,n} is the dual basis of {∏m

i=1 fα(i) : α ∈
Γm,n} and thus is a basis of M(V, . . . , V ;C)∗. Then define ⊗ : V × · · · ,×V →
M(V, . . . , V ;C)∗ by ⊗(v1, . . . , vm) =

∏m
i=1 vi.

Elements in M(V, . . . , V ;C) are called contra-variant tensors; elements
in M(V ∗, . . . , V ∗;C) are called covariant tensors. They are useful tools in
differential geometry.

The tensor space

p q

V p
q =

︷ ︸︸ ︷
V ⊗ · · · ⊗ V ⊗

︷ ︸︸ ︷
V ∗ ⊗ · · · ⊗ V ∗
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is called a tensor space of type (p, q) (with covariant type of degree p and
with contra-variant type of degree q). Analogous to the previous treatment,
under some tensor map, M(V ∗, . . . , V ∗, V, . . . , V ;C) (p copies of V and q copies
of V ∗) is a model of V p

q :
Let E = {e1, . . . , en} be a basis of V and let E∗ = {f1, . . . , fn} be the dual

basis of V ∗. Then

{
p∏

i=1

eα(i)

q∏

j=1

fβ(j) : α ∈ Γp,n, β ∈ Γq,n}

is a basis for

M(V ∗, . . . , V ∗, V, . . . , V ;C) (p copy of V, q copy of V ∗)

Define ⊗ : V ∗ × · · · × V ∗ × V × · · · × V → M(V ∗, . . . , V ∗, V, . . . , V ;C) by

⊗(eα(1), . . . , eα(p), fβ(1), . . . , fβ(q)) =
p∏

i=1

eα(i)

q∏

j=1

fβ(j).

{eα(1) ⊗ · · · ⊗ eα(p) ⊗ fβ(1) ⊗ · · · ⊗ fβ(q) : α ∈ Γp,n, β ∈ Γq,n}
= {e⊗α ⊗ f⊗β : α ∈ Γp,n, β ∈ Γq,n}

is a basis of V p
q .

Problems

1. Define a simple tensor map £ : ×mV ∗ → (⊗mV )∗ such that £mV ∗ =
(⊗V )∗.

2. Let M(V1, . . . , Vm;W ) be the set of all multilinear maps from V1×· · ·×Vm

to W . Prove that dimM(V1, . . . , Wm;W ) = dimW ·∏m
i=1 dimVi.

Solutions to Problems 3.8

1. Let f1, . . . , fm ∈ V ∗. Define £(f1, . . . , fm) = f ∈ (⊗mV )∗ by f(v1⊗ · · · ⊗
vm) =

∏m
i=1 fi(vi). Clearly £ is multilinear.

2.
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Chapter 4

Symmetry classes of tensors

4.1 Permutation operators

Let V be an n-dimensional inner product space. Let Sm be the symmetric group
of degree m on the set {1, . . . , m}. Each σ ∈ Sm yields a multilinear map

ϕ(v1, . . . , vm) = vσ−1(1) ⊗ · · · ⊗ vσ−1(m), v1, . . . , vm ∈ V.

By the unique factorization property,

×mV
⊗ //

ϕ
$$HH

HH
HH

HH
H ⊗mV

P (σ)zzvvv
vv

vv
vv

⊗mV

there is unique P (σ) ∈ End (⊗mV ) such that P⊗ = ϕ, i.e.,

P (σ)(v1 ⊗ v2 ⊗ · · · ⊗ vm) := vσ−1(1) ⊗ vσ−1(2) ⊗ · · · ⊗ vσ−1(m),

for all v1, . . . , vm ∈ V . The operator P (σ) called the permutation operator
associated with σ on ⊗mV .

Theorem 4.1.1. For each σ ∈ Sm, ([P (σ)]E⊗E⊗)α,β = δα,βσ−1 , where α, β ∈
Γm,n.

Proof. Let E = {e1, . . . , em} be a basis of V and let E⊗ = {eγ : γ ∈ Γm,n}
which is a basis of ⊗mV . Then

P (σ)e⊗β = P (σ)eβ(1) ⊗ · · · ⊗ eβ(m)

= eβ(σ−1(1)) ⊗ · · · ⊗ eβ(σ−1(m))

= e⊗βσ−1

=
∑

α∈Γm,n

δα,βσ−1e⊗α , β ∈ Γm,n.

79
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So the matrix representation is

([P (σ)]E⊗E⊗)α,β = (δα,βσ−1)α∈Γm,n

β∈Γm,n

From the proof we see that

P (σ)e⊗β = e⊗βσ−1 (4.1)

The permutation operator yields a representation of Sm, i.e., P : Sm → GL(⊗m
i=1Vi).

Theorem 4.1.2. Let σ, π ∈ Sm. Then

(a) P (σπ) = P (σ)P (π).

(b) P (e) = I⊗mV .

(c) P (σ) is invertible and P (σ)−1 = P (σ−1).

(d) P (σ) is unitary, i.e., P (σ)−1 = P (σ)∗ with respect to the induced inner
product of ⊗mV .

(e) If dim V ≥ 2, then P (σ) = P (π) implies σ = π, i.e., P is a faithful
representation.

(f) trP (σ) = nc(σ), where n = dim V and c(σ) is the number of factors in the
disjoint cycle factorization of σ.

Proof. (a) From (4.1)

P (σ)P (π)v⊗ = P (σ)v⊗π−1 = v⊗π−1σ−1 = v⊗(σπ)−1 = P (σπ)v⊗

(b) Clear or from Theorem 4.1.1.

(c) From (a) and (b).

(d) With respect to the inner product

(P (σ)u⊗, v⊗) =
m∏

i=1

(vσ−1(i), vi) =
m∏

i=1

(ui, vσ(i)) = (u⊗, v⊗σ ) = (u⊗, P (σ−1)v⊗).

Since ⊗mV is spanned by the decomposable tensors, P (σ)−1 = P (σ−1) =
P (σ)∗, i.e., P (σ) is unitary for all σ ∈ Sm.

(e) Since dimV ≥ 2, there are linearly independent vectors e1, e2 ∈ V . Set

vk := e1 + ke2, k = 1, . . . , m.

When i 6= j, vi and vj are linearly independent. If P (σ) = P (π), then
v⊗σ−1 = v⊗π−1 6= 0. By Theorem 3.3.3, vσ−1(i) and vπ−1(i) are linearly
dependent for all i. So σ−1(i) = π−1(i) for all i, i.e., σ = π.
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(f) From Theorem 4.1.1

trP (σ) =
∑

Γm,n

δα,ασ−1 =
∑

α∈Γm,n

δασ,α = |{α ∈ Γm,n : ασ = α}|.

In other word, trP (σ) is the number of elements α ∈ Γm,n that is fixed
by σ (α 7→ ασ). Decompose σ into the product of c(σ) disjoint cycles. It
is easy to see that for each cycle all the α-components must be the same
and they can be chosen from 1, . . . , n. So trP (σ) = nc(σ).

We remark that when Sm is replaced by any subgroup G of Sm, it yields a
representation P : G → GL(⊗mV ).

Problems

1. Suppose m > 1. Prove that unless σ = e or dim V = 1, P (σ) is not an
induced operator, i.e., there are no Ti ∈ EndV such that P (σ) = ⊗m

i=1Ti.

2. Suppose that τ ∈ Sm is a transposition. Prove that if P (τ) is a sum of k
induced operators, then k ≥ n2, where n = dim V .

3. If dimV > 1, then σ 7→ P (σ) is a reducible representation of Sm.

Solutions to Problems 4.1

1. Suppose that there were Ti ∈ EndV such that P (σ) = ⊗m
i=1Ti. For all

0 6= v ∈ V we have

T1v ⊗ · · · ⊗ Tmv = (⊗m
i=1Ti)(⊗m

i=1v) = P (σ)(⊗m
i=1v) = v ⊗ · · · ⊗ v.

Thus by Theorem 3.3.2 and Theorem 3.3.3 we have Tiv = civ,
∏m

i=1 ci = 1
for all i = 1, . . . , m. Notice that ci apparently (but really not) depends
on v. choose an orthonormal basis E = {e1, . . . en} of V (after equip V
with an inner product). Each Ti is unitary since P (σ) is unitary (Problem
3.6 #2). Now Tiej = c

(j)
i ej , for all i, j with |c(j)

i | = 1, and T (es + et) =
c(es + et) with |c| = 1 where c depends on Ti. Since n = dim V > 1,

c(es + et) = Ti(es + et) = c
(s)
i es + c

(t)
i et,

for any s 6= j. So cs = ct for all s 6= t, i.e., Ti = cI. Hence ⊗m
i=1Ti is a

scalar multiple of the identity, contradiction.

2.

3. Each P (σ) is a permutation matrix in Cnm×nm . If dimV > 1, then
nm > 1. Notice that the span of

∑
γ∈Γm,n

e⊗γ is an invariant subspace
under P (σ) for all γ ∈ Γm,n. Hence by Theorem 2.2.2, P : G → GL(⊗mV )
is reducible.
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4.2 Symmetric multilinear maps and symmetriz-
ers

A multilinear map ψ : ×mV → W is said to be completely symmetric if

ψ(vσ(1), . . . , vσ(m)) = ψ(v1, . . . , vm), for all σ ∈ Sm. (4.2)

Each multilinear map ϕ : ×mV → W induces a completely symmetric multilin-
ear map:

1ϕ(v1, . . . , vm) =
1
m!

∑

σ∈Sm

ϕ(vσ(1), . . . , vσ(m)).

It is because

1ϕ(vπ(1), . . . , vπ(m))

=
1
m!

∑

σ∈Sm

ϕ(vπσ(1), . . . , vπσ(m))

=
1
m!

∑

τ∈Sm

ϕ(vτ(1), . . . , vτ(m)) (τ = πσ)

= 1ϕ(v1, . . . , vm),

i.e., 1ϕ is a completely symmetric multilinear map according to (4.2).
It is easy to see that (4.2) is equivalent to the following

1
m!

∑

σ∈Sm

ψ(vσ(1), . . . , vσ(m)) = ψ(v1, . . . , vm) for all v1, . . . , vm ∈ V. (4.3)

Similarly, ψ is said to be skew symmetric if

ψ(vσ(1), . . . , vσ(m)) = ε(σ)ψ(v1, . . . , vm) for all σ and v1, . . . , vm ∈ V. (4.4)

Notice that (4.4) is equivalent to the following

1
m!

∑

σ∈Sm

ε(σ−1)ψ(vσ(1), . . . , vσ(m)) = ψ(v1, . . . , vm). (4.5)

Each multilinear ϕ : ×mV → W yields a skew symmetric multilinear εϕ :
×mV → W :

εϕ(v1, . . . , vm) =
1
m!

∑

σ∈Sm

ε(σ−1)ϕ(vσ(1), . . . , vσ(m)).
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It is because

εϕ(vπ(1), . . . , vπ(m))

=
1
m!

∑

σ∈Sm

ε(σ−1)ϕ(vπσ(1), . . . , vπσ(m))

=
1
m!

∑

τ∈Sm

ε(τ−1π)ϕ(vτ(1), . . . , vτ(m)) (τ = πσ)

=
1
m!

∑

τ∈Sm

ε(τ−1)ε(π)ϕ(vτ(1), . . . , vτ(m)) (by ε(τ−1π) = ε(τ−1)ε(π))

= ε(π)εϕ(v1, . . . , vm).

When m = 2, ϕ can be decomposed as

ϕ(v1, v2) =
1
2
[ϕ(v1, v2) + ϕ(v2, v1)] +

1
2
[ϕ(v1, v2)− ϕ(v2, v1)]

= 1ϕ(v1, v2) + εϕ(v1, v2), (4.6)

i.e., ϕ = 1ϕ + εϕ.
When m > 2, the decomposition of ϕ may have more than two summands.

The reason for m = 2 case having two summands is that

I(S2) = {1, ε}
is the set of irreducible characters of S2.

For general subgroup G of Sm, the set of irreducible characters I(G) of G
will come into the picture.

We say that the multilinear map ψ : ×mV → W is symmetric with
respect to G and χ if

χ(e)
|G|

∑

σ∈G

χ(σ−1)ψ(vσ(1), . . . , vσ(m)) = ψ(v1, . . . , vm) (4.7)

for all v1, . . . , vm ∈ V . If χ is linear, then ψ : ×mV → W is symmetric with
respect to G and χ if and only if ψ(vσ(1), . . . , vσ(m)) = χ(σ)ψ(v1, . . . , vm) for all
σ ∈ G (Problem 3). When χ is not linear, they are not equivalent.

Motivated by 1ϕ and εϕ, each multilinear map ϕ : ×mV → W induces a
mulitlinear map χϕ : ×mV → W symmetric with respect to G and χ:

χϕ(v1, . . . , vm) :=
χ(e)
|G|

∑

σ∈G

χ(σ−1)ϕ(vσ(1), . . . , vσ(m))

for all v1, . . . , vm ∈ V . The map χϕ is called the component of ϕ with
respect to G and χ.

Theorem 4.2.1. Let ϕ : ×mV → W be multilinear. Then χϕ is symmetric
with respect to G and χ, i.e., χχϕ

= χϕ.
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Proof. We now show that χϕ satisfies (4.7) by using the irreducible character
orthogonal relation of the first kind:

χχϕ(v1, . . . , vm)

=
χ(e)
|G|

∑

π∈G

χ(π−1)χϕ(vπ(1), . . . , vπ(m))

=
χ(e)
|G|

∑

π∈G

χ(π−1) · χ(e)
|G|

∑

σ∈G

χ(σ−1)ϕ(vπσ(1), . . . , vπσ(m))

=
χ(e)2

|G|2
∑

τ∈G

(∑

π∈G

χ(π−1)χ(τ−1π)

)
ϕ(vτ(1), . . . , vτ(m)) (τ = πσ)

=
χ(e)2

|G|2
∑

τ∈G

( |G|
χ(e)

χ(τ−1)
)

ϕ(vτ(1), . . . , vτ(m)) (by Theorem 2.4.2)

= χϕ(v1, . . . , vm). (4.8)

Clearly if ψ : ×mV → W is symmetric with respect to G and χ, then χψ = ψ,
and vice versa.

Recall I(G) denotes the set of irreducible characters of G. Each ϕ : ×mV →
W induces χϕ for all χ ∈ I(G). The following is an extension of (4.6).

Theorem 4.2.2. Let ϕ : ×mV → W . Then ϕ =
∑

χ∈I(G) χϕ. In particular,
for ⊗ : ×mV → ⊗mV

⊗ =
∑

χ∈I(G)

χ⊗ (4.9)

where χ⊗ : ×mV → ⊗mV .

Proof.
∑

χ∈I(G)

χϕ(v1, . . . , vm)

=
∑

χ∈I(G)

χ(e)
|G|

∑

σ∈G

χ(σ−1)ϕ(vσ(1), . . . , vσ(m))

=
∑

σ∈G


 1
|G|

∑

χ∈I(G)

χ(e)χ(σ−1)


 ϕ(vσ(1), . . . , vσ(m))

=
∑

σ∈G

δe,σ−1ϕ(vσ(1), . . . , vσ(m)) (by Corollary 2.4.15)

= ϕ(v1, . . . , vm). (4.10)

Since ⊗ : ×mV → ⊗mV is multilinear, ⊗ =
∑

χ∈I(G) χ⊗ follows immediately.
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Since χ⊗ : ×mV → ⊗mV is multilinear, by the unique factorization property
of ⊗mV there is a unique T (G,χ) ∈ End (⊗mV ) such that

χ⊗ = T (G,χ)⊗, (4.11)

i.e.,

×mV
⊗ //

χ⊗ $$HH
HH

HH
HH

H ⊗mV

T (G,χ)zzvvv
vv

vv
vv

⊗mV

and thus

χ⊗(v1, . . . , vm) = T (G,χ)v⊗,

To determine T (G,χ) consider

T (G,χ)v⊗ = χ⊗(v1, . . . , vm)

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)⊗ (vσ(1), . . . , vσ(m))

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)v⊗σ

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)P (σ−1)v⊗

=
χ(e)
|G|

∑

σ∈G

χ(σ)P (σ)v⊗.

So

T (G,χ) =
χ(e)
|G|

∑

σ∈G

χ(σ)P (σ) ∈ End (⊗mV ) (4.12)

and is called the symmetrizer associated with G and χ since from (4.11),
it turns ⊗ into χ⊗ which is symmetric to G and χ. We now see some basic
properties of T (G,χ).

Theorem 4.2.3. Let χ, µ ∈ I(G) where G < Sm. Then

(a) T (G,χ) is an orthogonal projection with respect to the induced inner
product on ⊗mV , i.e., T (G,χ)2 = T (G,χ) and T (G,χ)∗ = T (G,χ).

(b)
∑

χ∈I(G) T (G,χ) = I⊗mV .

(c) If χ 6= µ, then T (G,χ)T (G,µ) = 0.
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Proof. (a) From Theorem 4.1.2 P (σπ) = P (σ)P (π) so that

T (G,χ)2 =

(
χ(e)
|G|

∑

σ∈G

χ(σ)P (σ)

)(
χ(e)
|G|

∑

π∈G

χ(π)P (π)

)

=
χ2(e)
|G|2

∑

σ∈G

∑

π∈G

χ(σ)χ(π)P (σ)P (π)

=
χ2(e)
|G|2

∑

τ∈G

(∑

σ∈G

χ(σ)χ(σ−1τ)

)
P (τ) (τ = σπ)

=
χ2(e)
|G|2

∑

τ∈G

( |G|
χ(e)

χ(τ)
)

P (τ) (by Theorem 2.4.2)

= T (G,χ).

So T (G,χ) is a projection. By Theorem 2.4.4 χ(σ) = χ(σ−1) so that

T (G,χ)∗

=
χ(e)
|G|

∑

σ∈G

χ(σ)P (σ)∗

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)P (σ−1) (P (σ)∗ = P (σ)−1 by Theorem 4.1.2(d))

= T (G,χ).

So T (G,χ) is an orthogonal projection.
(b) By Theorem 2.4.15

∑

χ∈I(G)

T (G,χ) =
∑

χ∈I(G)

χ(e)
|G|

∑

σ∈G

χ(σ)P (σ)

=
∑

σ∈G


 1
|G|

∑

χ∈I(G)

χ(e)χ(σ)


 P (σ)

= P (e)
= I⊗mV .

(c) By Theorem 2.4.3,
∑

σ∈G χ(σ)µ(σ−1τ) = 0 if χ 6= µ. So

T (G,χ)T (G,µ)

=
χ(e)µ(e)
|G|2

∑

σ∈G

∑

π∈G

χ(σ)µ(π)P (σπ)

=
χ(e)µ(e)
|G|2

∑

τ∈G

(∑

σ∈G

χ(σ)µ(σ−1τ)

)
P (τ)

= 0.
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The range of T (G,χ)

V m
χ (G) := T (G,χ)(⊗mV )

is called the symmetry class of tensors over V associated with G and χ.
Theorem 4.2.2 implies that

⊗mV =
∑

χ∈I(G)

Vχ(G).

The following asserts that the sum is indeed an orthogonal sum with respect to
the induced inner product on ⊗nV .

Theorem 4.2.4. The tensor space ⊗mV is an orthogonal sum of Vχ(G), χ ∈
I(G), i.e.,

⊗mV =⊥χ∈I(G) Vχ(G).

In other words
⊗mV = Vχ1(G) ⊥ · · · ⊥ Vχk

(G),

where I(G) = {χ1, . . . , χk} is the set of irreducible characters of G.

Proof. From Theorem 4.2.3(a) and (c), T (G,χ) is an orthogonal projection.

The elements in V m
χ (G) of the form

v1 ∗ · · · ∗ vm := T (G,χ)(v1 ⊗ · · · ⊗ vm)

are called decomposable symmetrized tensors. Such notation does not
reflect its dependence on G and χ. From Theorem 4.2.4, v1 ∗ · · · ∗ vm is the
piece of v1 ⊗ · · · ⊗ vm in Vχ(G). So Vχ(G) is spanned by the decomposable
symmetrized tensors v1 ∗ · · · ∗ vm.

As we saw before, when G = S2 we have I(G) = {1, ε}. Then

v1 • v2 = T (S2, 1)(v1 ⊗ v2) =
1
2
(v1 ⊗ v2 + v2 ⊗ v1)

and
v1 ∧ v2 = T (S2, ε)(v1 ⊗ v2) =

1
2
(v1 ⊗ v2 − v2 ⊗ v1).

Clearly
v1 ⊗ v2 = v1 • v2 + v1 ∧ v2.

Moreover

(v1 • v2, v1 ∧ v2)

=
1
4
(v1 ⊗ v2 + v2 ⊗ v1, v1 ⊗ v2 − v2 ⊗ v1)

=
1
4
((v1 ⊗ v2, v1 ⊗ v2)− (v1 ⊗ v2, v2 ⊗ v1) + (v2 ⊗ v1, v1 ⊗ v2)− (v2 ⊗ v1, v2 ⊗ v1))

=
1
4
((v1, v1)(v2, v2)− (v1, v2)(v2, v1) + (v2, v1)(v1, v2)− (v2, v2)(v1, v1))

= 0,
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verifying that
V ⊗ V = V1(S2) ⊥ Vε(S2)

as indicated in Theorem 4.2.4.
The following is the unique factorization property of symmetrizer map ∗ :

×mV → Vχ(G).

Theorem 4.2.5. Let ψ : ×mV → W be a multilinear map symmetric with
respect to G and χ. There exists a unique Tχ ∈ Hom(Vχ(G),W ) such that
ψ = Tχ∗,

×mV
∗ //

ψ ""EEEEEEEE Vχ(G)

Tχ||xxxxxxxx

W

i.e,
ψ(v1, . . . , vm) = Tχv∗.

Proof. Uniqueness follows immediately since the decomposable symmetrized
tensors v∗ span Vχ(G).

For the existence, from the factorization property of ⊗ (Theorem 3.2.3),

×mV
⊗ //

ψ ""FFFFFFFF ⊗mV

T||xxxxxxxx

W

there is T ∈ Hom(⊗mV, W ) such that ψ = T⊗. Then from the symmetry of ψ
with respect to G and χ,

ψ(v1, . . . , vm) = χψ(v1, . . . , vm)

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)ψ(vσ(1), . . . , vσ(m))

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)Tv⊗σ (ψ = T⊗)

= T

(
χ(e)
|G|

∑

σ∈G

χ(σ−1)P (σ−1)

)
v⊗

= T ◦ T (G,χ)v⊗

= Tv∗

Set Tχ := T |Vχ(G) ∈ Hom(Vχ(G),W ). So

ψ(v1, . . . , vm) = Tχv∗.
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Problems

1. Prove that if π ∈ G, then P (π)T (G,χ) = T (G,χ)P (π). In addition, if
χ(e) = 1, then P (π)T (G,χ) = χ(π−1)T (G,χ). (Hint: If χ is linear, then
χ(σπ) = χ(σ)χ(π))

2. Prove P (σ−1)v∗ = v∗σ. In addition, if χ(e) = 1, then v∗σ = χ(σ)v∗.

3. Show that if χ is linear, then ψ : ×mV → W is symmetric with respect
to G and χ if and only if ψ(vσ(1), . . . , vσ(m)) = χ(σ)ψ(v1, . . . , vm) for all
σ ∈ G.

4. Let f1, . . . , fm ∈ V ∗. Prove that ψ : ×mV → C defined by ψ =
∑

π∈G χ(π)
∏m

t=1 fπ(t)

is symmetric with respect to G and χ.

5. Prove that the multilinear map ψ : ×mV → C is skew symmetric with re-
spect to Sm if and only if vi = vj implies that ψ(v1, . . . , vm) = 0 whenever
i 6= j. (Hint: σ is a product of transpositions).

Solutions to Problems 4.2

1. Essentially from the proof of Theorem 4.2.3

P (π)T (G,χ) = P (π)

(
χ(e)
|G|

∑

σ∈G

χ(σ)P (σ)

)

=
χ(e)
|G|

∑

σ∈G

χ(σ)P (πσ) (4.13)

=
χ(e)
|G|

∑

τ∈G

χ(π−1τπ)P (τπ) (τπ = πσ)

=

(
χ(e)
|G|

∑

τ∈G

χ(τ)P (τ)

)
P (π) (χ(π−1τπ) = χ(τ))

= T (G,χ)P (π).

In addition, if χ is linear, then from (4.13)

P (π)T (G,χ)

=
χ(e)
|G|

∑

σ∈G

χ(σ)P (πσ)

=
χ(e)
|G|

∑

τ∈G

χ(π−1τ)P (τ)

= χ(π−1)
χ(e)
|G|

∑

τ∈G

χ(τ)P (τ) (χ(σπ) = χ(σ)χ(π) since χ linear )

= χ(π−1)T (G,χ).
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2. By Problem 1,

P (σ−1)v∗ = P (σ−1)T (G,χ)v⊗ = T (G,χ)P (σ−1)v⊗ = T (G,χ)v⊗σ = v∗σ.

In addition, if χ is linear, then again by Problem 1,

v∗σ = P (σ−1)v∗ = P (σ−1)T (G,χ)v⊗ = χ(σ)T (G,χ)v⊗ = χ(σ)v∗.

3. Suppose χ is linear so that it is a representation.

If ψ(vσ(1), . . . , vσ(m)) = χ(σ)ψ(v1, . . . , vm) for all σ ∈ G, then

χ(e)
|G|

∑

σ∈G

χ(σ−1)ψ(vσ(1), . . . , vσ(m))

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)χ(σ)ψ(v1, . . . , vm)

= χ(e)2ψ(v1, . . . , vm) (χ(σ−1)χ(σ) = χ(σ−1σ) = χ(e))
= ψ(v1, . . . , vm) ( since χ(e) = 1)

(Answer to Alex’s question: Indeed for general irreducible character χ, if
ψ(vσ(1), . . . , vσ(m)) = χ(σ)

χ(e) ψ(v1, . . . , vm) for all σ ∈ G, then ψ is symmetric
with respect to G and χ since

∑
σ∈G χ(σ−1)χ(σ) = |G| by Theorem 2.4.2)

If ψ is symmetric with respect to G and χ, then ψ = Tχ∗ for some Tχ ∈
Hom(Vχ(G),W ) by Theorem 4.2.5. Thus

ψ(vσ(1), . . . , vσ(m)) = Tχ ∗ (vσ(1), . . . , vσ(m))
= Tχv∗σ
= Tχ(χ(σ)v∗) (by Problem 2)
= χ(σ)Tχ(v∗)
= χ(σ)ϕ(v1, . . . , vm)
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4. (Roy)

χ(e)
|G|

∑

σ∈G

χ(σ−1)ψ(vσ(1), . . . , vσ(m))

=
χ(e)
|G|

∑

σ∈G

χ(σ−1)

(∑

π∈G

χ(π)
m∏

t=1

fπ(t)(vσ(t))

)

=
χ(e)
|G|

∑

σ,τ∈G

χ(σ−1)χ(τσ)
m∏

t=1

fτσ(t)(vσ(t)) (π = τσ)

=
χ(e)
|G|

∑

τ∈G

(∑

σ∈G

χ(σ−1)χ(στ)

)
m∏

t=1

fτ(t)(vt) (χ(στ) = χ(τσ))

=
χ(e)
|G|

∑

τ∈G

( |G|
χ(e)

χ(τ)
) m∏

t=1

fτ(t)(vt) (Theorem 2.4.3)

=
∑

τ∈G

χ(τ)
m∏

t=1

fτ(t)(vt)

= ψ(v1, . . . , vm)

Therefore ψ is symmetric with respect to G and χ.

5. From Problem 3, ψ is skew symmetric if and only if ψ(vσ(1), . . . , vσ(m)) =
ε(σ)ψ(v1, . . . , vm). Thus, if σ = (ij), then ψ skew symmetric implies
that ψ(v1, . . . , vi, . . . , vj , . . . , vm) = −ψ(v1, . . . , vj , . . . , vi, . . . , vm). So if
vi = vj , then ψ(v1, . . . , vm) = 0. Conversely suppose that vi = vj implies
that ψ(v1, . . . , vm) = 0 whenever i 6= j. Then

0 = ψ(v1, . . . , vi + vj , . . . , vi + vj , . . . , vm)
= ψ(v1, . . . , vi, . . . , vi, . . . , vm) + ψ(v1, . . . , vj , . . . , vj , . . . , vm)

+ψ(v1, . . . , vi, . . . , vj , . . . , vm) + ψ(v1, . . . , vj , . . . , vi, . . . , vm)

So ψ(v1, . . . , vi, . . . , vj , . . . , vm) = −ψ(v1, . . . , vj , . . . , vi, . . . , vm). Each σ ∈
Sm is a product of transpositions, i.e., σ = σ1σ2 · · ·σk. So

ψ(vσ(1), . . . , vσ(m)) = −ψ(vσ2···σk(1), . . . , vσ2···σk(m)) = · · · = ε(σ)ψ(v1, . . . , vm).

4.3 Basic properties of symmetrized tensor

The symmetrized tensors, i.e., the elements in Vχ(G) is a subspace of ⊗mV
but the decomposable symmetrized tensors in Vχ(G) may not be decomposable
elements in ⊗mV . When G = {e}, χ must be trivial and V χ(e) = ⊗mV so
⊗mV can be viewed a special kind of Vχ(G). So basic properties of Vχ(G) apply
to ⊗mV as well.
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Theorem 4.3.1. If u∗+ · · ·+v∗ = 0, then for any multilinear map ψ : ×mV →
W symmetric with respect to G and χ,

ψ(u1, . . . , um) + · · ·+ ψ(v1, . . . , vm) = 0.

Proof. From Theorem 4.2.5, there is Tχ ∈ Hom(Vχ(G),W ) such that

ψ(u1, . . . , um) = Tχu∗, . . . , ψ(v1, . . . , vm) = Tχv∗.

So
ψ(u1, . . . , um) + · · ·+ ψ(v1, . . . , vm) = Tχ(u∗ + · · ·+ v∗) = 0.

Notice that when G = {e}, the symmetric multilinear function ϕ with respect
to {e} and χ ≡ 1 simply means that ϕ is simply multilinear. So Theorem 4.3.1
is a generalization of Theorem 3.3.1.

Theorem 4.3.2. If v1 ∗ · · · ∗ vm = 0, then v1, . . . , vm are linearly dependent.

Proof. Suppose on the contrary that v1∗· · ·∗vm = 0 and v1, . . . , vm were linearly
independent. Extend it to a basis {v1, . . . , vm, vm+1, . . . , vn} of V . So

{vσ(1) ⊗ · · · ⊗ vσ(m) : σ ∈ G} ⊂ {vγ(1) ⊗ · · · ⊗ vγ(m) : γ ∈ Γm,n}
must be linearly independent. Now

0 = v∗ =
χ(e)
|G|

∑

σ∈G

χ(σ−1)vσ(1) ⊗ · · · ⊗ vσ(m).

So all the coefficients are zero, contradicting χ(e) = n 6= 0.

Necessary and sufficient condition for v1 ∗ · · · ∗ vm = 0 is still unknown. See
[16, 17, 6] for some partial results.

The conclusion in Theorem 4.3.2 is weaker than Theorem 3.3.2.
The necessary and sufficient condition for u∗ = v∗(6= 0) is not known for

general G and χ. When G = Sm (and its irreducible characters are called
immanent), necessary and sufficient conditions are given [25]. A necessary
condition for equality of immanantal decomposable tensors, unconstrained by
the families of vectors (u1, . . . , um) and (v1, . . . , vm), was given in [23].

The following is a necessary condition.

Theorem 4.3.3. If u∗ = v∗ 6= 0, then 〈u1, . . . , um〉 = 〈v1, . . . , vm〉.
Proof. Set W := 〈v1, . . . , vm〉. Let {e1, . . . , ek} (k ≤ m) be a basis of W .
Suppose on the contrary, ui 6∈ W for some i. Then extend {e1, . . . , ek} to a
basis E = {e1, . . . , ek, ek+1 = ui, ek+1, . . . , en} of V and let {f1, . . . , fn} be the
dual basis of V ∗, i.e., fi(ej) = δij . So

fr(vj) = 0, if k < r ≤ n and j = 1, . . . , m (4.14)
fs(ui) = 0, if 1 ≤ s ≤ k (4.15)
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Now for each α ∈ Γm,n,
∏m

t=1 fα(t) : ×mV → C is multilinear. So by the unique
factorization property of ⊗, there is Tα ∈ (⊗mV )∗ such that

m∏
t=1

fα(t) = Tα ⊗ .

In particular

Tαe⊗γ = Tα ⊗ eγ = (
m∏

t=1

fα(t))eγ =
m∏

t=1

fα(t)(eγ(t)) = δαγ .

In other words, {Tα : α ∈ Γm,n} is a basis of (⊗mV )∗ dual to E⊗. From v∗ 6= 0,
we claim that there is β ∈ Γm,n such that Tβv∗ 6= 0. Reason: if Tβv∗ = 0 for
all β, then write (since v∗ ∈ ⊗mV )

v∗ =
∑

γ∈Γm,n

aγe⊗γ

so that for all β ∈ Γm,n

0 = Tβv∗ =
∑

γ∈Γm,n

aγTβe⊗γ =
∑

γ∈Γm,n

aγδβγ = aβ ,

contradicting that v∗ 6= 0. Now

0 6= Tβv∗ =
χ(e)
|G|

∑

σ∈G

χ(σ−1)Tβv⊗σ =
χ(e)
|G|

∑

σ∈G

χ(σ−1)
m∏

t=1

fβ(t)(vσ(t)). (4.16)

So β ∈ Γm,k (otherwise some β(t) > k so that fβ(t)(vσ(t)) = 0 from (4.14)).
From (4.15),

0 6= Tβv∗ = Tβu∗ =
χ(e)
|G|

∑

σ∈G

χ(σ−1)
m∏

t=1

fβ(t)(uσ(t)) = 0,

a contradiction. So u1, . . . , um ∈ 〈v1, . . . , vm〉. By symmetry, 〈u1, . . . , um〉 =
〈v1, . . . , vm〉.

The conclusion in Theorem 4.3.3 is weaker than Theorem 3.3.3.
The inner product on V induces an inner product on ⊗mV . Such induced

inner product descends on Vχ(G) via restriction. We now see the explicit form
of the induced inner product on Vχ(G).

Theorem 4.3.4. Let V be an inner product space. Then the induced inner
product on Vχ(G) is given by

(u∗, v∗) = (u⊗, v∗) = (u∗, v⊗) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

(ut, vσ(t)).
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Proof. Since T (G,χ) is an orthogonal projection Theorem 4.2.3(a) and χ(σ−1) =
χ(σ),

(u∗, v∗) = (T (G,χ)u⊗, T (G,χ)v⊗)
= (u⊗, T (G,χ)v⊗) = (u⊗, v∗) = (u∗, v⊗)

=

(
χ(e)
|G|

∑

σ∈G

χ(σ)u⊗σ−1 , v
⊗

)

=
χ(e)
|G|

∑

σ∈G

χ(σ)(u⊗σ−1 , v
⊗)

=
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

(uσ−1(t), vt) (induced inner product)

=
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

(ut, vσ(t)).

Let
Gα := {σ ∈ G : ασ = α} < G

be the stabilizer of α ∈ Γm,n.

Theorem 4.3.5. (a) Let E = {e1, . . . , en} be an orthonormal basis of V .
Then

(e∗α, e∗β) =
χ(e)
|G|

∑

σ∈G

χ(σ)δα,βσ, α, β ∈ Γm,n.

(b)

‖e∗α‖2 =
χ(e)
|G|

∑

σ∈Gα

χ(σ), α ∈ Γm,n.

Proof. (a) From Theorem 4.3.4

(e∗α, e∗β) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

i=1

(eα(t), eβσ(t)) =
χ(e)
|G|

∑

σ∈G

χ(σ)δα,βσ.

(b) It follows from (a) by setting β = α:

‖e∗α‖2 =
χ(e)
|G|

∑

σ∈G

χ(σ)δα,ασ =
χ(e)
|G|

∑

σ∈Gα

χ(σ).

Theorem 4.3.6. Let V be a vector space with dim V = n. Then

dimVχ(G) =
χ(e)
|G|

∑

σ∈G

χ(σ)nc(σ).
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Proof. Since T (G,χ) is an orthogonal projection by Theorem 4.2.3(a),

dimVχ(G) = rankT (G,χ) = trT (G,χ)

=
χ(e)
|G|

∑

σ∈G

χ(σ)trP (σ)

=
χ(e)
|G|

∑

σ∈G

χ(σ)nc(σ). (by Theorem 4.1.2(f))

Since dim⊗mV = nm we have

nm = dim⊗mV =
∑

χ∈I(G)

Vχ(G) =
∑

χ∈I(G)

χ(e)
|G|

∑

σ∈G

χ(σ)nc(σ)

which also follows from Theorem 2.4.15.

Problems

1. Let E = {e1, . . . , en} be an orthonormal basis of V . Prove that if α ∈
Qm,n, then ‖e∗α‖2 = χ(e)2

|G| .

2. Let E = {e1, . . . , en} be an orthonormal basis of V and α ∈ Γm,n, τ ∈ G.
Prove that (e∗α, e∗ατ ) = χ(e)

|G|
∑

σ∈Gα
χ(τ−1σ).

3. Suppose m ≤ n. Prove that Vχ(G) 6= 0.

4. Suppose χ is an irreducible character of G and α ∈ Γm,n. Prove that
1

|Gα|
∑

σ∈Gα
χ(σ) is a nonnegative integer (Hint: consider the restriction

of χ onto Gα).

Solutions to Problem 4.3

1. By Theorem 4.3.5(b) with Gα = e.

2. By Theorem 4.3.5(a),

(e∗α, e∗ατ ) =
χ(e)
|G|

∑

σ∈G

χ(σ)δα,ατσ =
χ(e)
|G|

∑

σ∈G

χ(τ−1σ)δα,ασ =
χ(e)
|G|

∑

σ∈Gα

χ(τ−1σ).

3.

4. which is a nonnegative integer.
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4.4 Bases of symmetry classes of tensors

In the last section we have a formula for the dimension of Vχ(G) and the ex-
pression

dimVχ(G) =
χ(e)
|G|

∑

σ∈G

χ(σ)nc(σ)

is not simple at all. In this section we want to construct a basis of Vχ(G).
It involves two steps: (1) express Vχ(G) as a direct sum of orbital subspaces
(Theorem 4.4.5 and (2) find bases for orbital subspaces. To this end we first
decompose Γm,n via G.

Let G < Sm. Recall

Γm,n = {α = (α(1), . . . , α(m)), 1 ≤ α(j) ≤ n, j = 1, . . . , m}.
Each σ ∈ G acts on Γm,n, i.e., σ̄ : Γm,n → Γm,n defined by

σ̄(α) = ασ−1, α ∈ Γm,n.

Since
σ̄τ̄(α) = σ̄(ατ−1) = ατ−1σ−1 = στ(α), α ∈ Γm,n

the action σ 7→ σ̄ is a a homomorphism (isomorphism if n > 1) from G into the
manifestation of Snm as a group of permutations of Γm,n, i.e.,

Ḡ = {σ̄ : σ ∈ G}
is a group of permutations of Γm,n.

Two sequences α and β in Γm,n are said to be equivalent modulo G (more
precisely, modulo Ḡ), denoted by α ≡ β (mod G), if there exists σ ∈ G such
that β = σ−1(α) = ασ, where ασ := (α(σ(1)), . . . , α(σ(m))). This equivalence
relation partitions Γm,n into equivalence classes.

For each α ∈ Γm,n the equivalence class

Γα = {ασ : σ ∈ G}
is called the orbit containing α. So we have the following disjoint union

Γm,n = ∪α∈∆Γα.

Let ∆ be a system of representatives for the orbits such that each sequence in
∆ is first in its orbit relative to the lexicographic order. Now

H < G ⇒ ∆G ⊂ ∆H

since σ ∈ ∆G implies that σ ≤ σπ for all π ∈ G and thus for all π ∈ H.
Consider the example Γ3,2.

1. If G = S3, then

Γ3,2 = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2)}
has 4 orbits:
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(a) {(1, 1, 1)}.
(b) {(1, 1, 2), (1, 2, 1), (2, 1, 1)}.
(c) {(1, 2, 2), (2, 1, 2), (2, 2, 1)}.
(d) {(2, 2, 2)}.

Then ∆ = {(1, 1, 1), (1, 1, 2), (1, 2, 2), (2, 2, 2)}.
2. If G = {e, (12)}, then Γ3,2 has 6 orbits:

∆ = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (2, 2, 1), (2, 2, 2)}.

We use the notations α ≤ β and α < β with respect to the lexicographical
order. The following theorem is clear.

Theorem 4.4.1. If α ∈ Γm,n, then α ∈ ∆ if and only if α ≤ ασ for all σ ∈ G.

Theorem 4.4.2. (a) Gm,n ⊂ ∆ for all G < Sm.

(b) If G = Sm, then ∆ = Gm,n.

(c) If m ≤ n and ∆ = Gm,n, then G = Sm.

Proof. (a) If α ∈ Gm,n, then clearly α ≤ ασ for all σ ∈ G. So α ∈ ∆.
(b) If α ∈ ∆, then there is σ ∈ Sm such that ασ ∈ Gm,n ⊂ ∆. So α = ασ ∈

Gm,n. Then apply (a).
(c) Suppose G 6= Sm. Then there is a transposition τ 6∈ G. Since m ≤ n, α =

(1, . . . , m) ∈ Qm,n ⊂ Gm,n. Now ατ and α are not in the same orbit (otherwise
there is σ ∈ G such that ατ = ασ; but then τ = σ ∈ G, a contradiction).
In other words, ατπ 6= α for any π ∈ G. Moreover, since τπ 6= e, we have
ατπ 6∈ Gm,n for any π ∈ G. Thus the representative (in ∆) of the orbit Γατ is
not contained in Gm,n, contradicting ∆ = Gm,n.

??? The conclusion in (c) is not valid if m > n, for example, Γ3,2 with
G = {e, (12)}.

We develop some combinatorial machinery in order to discuss the structure
of a basis for Vχ(G).

Recall that the stabilizer Gα < G is a subgroup of G. For any τ ∈ G, recall
the right coset of Gα in G

Gατ := {στ : σ ∈ Gα}

containing τ . Since G is a disjoint union of right cosets, i.e., there are τ1, . . . , τk ∈
G such that

G = Gατ1 ∪ · · · ∪Gατk.

Moreover |Gατi| = |Gα| so that k|Gα| = |G|. Clearly Γα = {ατ1, . . . , ατk}
(τ1, . . . , τk depend on α).

The following is a combinatorial formula involving ∆ and Γm,n that we will
need in the construction of a basis for Vχ(G).
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Theorem 4.4.3. Let ϕ : Γm,n → W be a map. Then

∑

γ∈Γm,n

ϕ(γ) =
∑

α∈∆

1
|Gα|

∑

σ∈G

ϕ(ασ).

Proof. Recall Γm,n = ∪α∈∆Γα so that

∑

γ∈Γm,n

ϕ(γ) =
∑

α∈∆

∑

γ∈Γα

ϕ(γ).

Write Γα = {ατ1, . . . , ατk}. Notice that

|{σ ∈ G : ασ = ατj}| = |{σ ∈ G : αστ−1
j = α}| = |{π ∈ G : απ = α}| = |Gα|

j = 1, . . . , k, i.e., when σ runs through G, ασ meets ατj with |Gα| occurrences.
So

∑

γ∈Γα

ϕ(γ) =
k∑

j=1

ϕ(ατj) =
1

|Gα|
∑

σ∈G

ϕ(ασ).

Let E = {e1, . . . , en} be a basis of V . Since E⊗ = {e⊗γ : γ ∈ Γm,n} is a basis
of ⊗mV and Γm,n = ∪α∈∆Γα,

Vχ(G) = 〈e∗γ : γ ∈ Γm,n〉 =
∑

α∈∆

〈e∗γ : γ ∈ Γα〉 =
∑

α∈∆

〈e∗ασ : σ ∈ G〉. (4.17)

The subspace
Oα := 〈e∗ασ : σ ∈ G〉 ⊂ Vχ(G)

is called the orbital subspace associated with α ∈ Γm,n. The following gives
some relation between orbital spaces.

Theorem 4.4.4. Let E = {e1, . . . , en} be an orthonormal basis of the inner
product space V . Then

(a) (e∗α, e∗β) = 0 if α 6≡ β (mod G).

(b) ‖e∗α‖ = ‖e∗β‖ if α ≡ β (mod G).

Proof. (a) Notice that (e∗α, e∗β) = 0 if α 6≡ β (mod G) by Theorem 4.3.5(a).
(b) By Theorem 4.3.5(b) it suffices to show that if α = βθ for some θ ∈ G,

then
∑

σ∈Gα
χ(σ) =

∑
τ∈Gβ

χ(τ). Indeed Gα = θ−1Gβθ by Problem 2. So

∑

σ∈Gβ

χ(τ) =
∑

τ∈Gβ

χ(θ−1τθ) =
∑

σ∈θ−1Gβθ

χ(σ) =
∑

σ∈Gα

χ(σ).
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So for any α ∈ Γm,n, e∗α = 0 if and only if e∗ασ = 0 for all σ ∈ G. In other
words, if one element in the orbital space Oα is zero, then all elements in Oα

are zero. By Theorem 4.3.5 e∗α 6= 0 if and only if
∑

σ∈Gα
χ(σ) 6= 0. So we define

∆̄ := {α ∈ ∆ :
∑

σ∈Gα

χ(σ) 6= 0} ⊂ ∆ (4.18)

where Gα = {σ ∈ G : ασ = α} is the stabilizer (a subgroup of G) of α. Notice
that

1
|Gα|

∑

σ∈Gα

χ(σ) = (χ|Gα
, 1), (4.19)

the inner product (see Chapter 2) of the principal character and the character
χ|Gα

(not necessarily irreducible), the restriction of χ onto Gα (it is a character
of Gα because the restriction of the representation A : G → GLn(C) to Gα

is a representation). Notice that (χ|Gα
, 1) is a nonnegative integer since it

denotes the multiplicity of the principal character in χ|Gα
by Theorem 2.4.7

and Theorem 2.4.12.

Theorem 4.4.5. Let E = {e1, . . . , en} be a basis of V . Then

Vχ(G) = ⊕α∈∆̄〈e∗ασ : σ ∈ G〉. (4.20)

Proof. Equip V with an inner product so that E is an orthonormal basis (The-
orem 1.6.3). When α ∈ ∆ \ ∆̄, e∗α = e∗ασ = 0 for all σ ∈ G. So (4.17) becomes
(4.20). By Theorem 4.4.4, the orbital subspaces are orthogonal, i.e., (4.20) is
an orthogonal sum and thus is a direct sum.

Notice that ∆ depends on Γm,n and G alone but ∆̄ depends on χ as well
and is a very important set. We now see some basic properties of ∆̄ (Compare
Theorem 4.4.2).

Theorem 4.4.6. (a) Qm,n ⊂ ∆̄ for all G < Sm (Qm,n = ∅ if m > n).

(b) If G = Sm and χ = ε, then ∆̄ = Qm,n.

(c) If 1 < m ≤ n and ∆̄ = Qm,n, then G = Sm and χ = ε.

Proof. (a) By Theorem 4.4.2(a) Qm,n ⊂ Gm,n ⊂ ∆. If α ∈ Qm,n, then Gα = {e}
so that

∑
σ∈Gα

χ(σ) = χ(e) 6= 0. Thus α ∈ ∆̄ by (4.20).
(b) Since G = Sm, by Theorem 4.4.2(b) ∆ = Gm,n. If γ ∈ ∆ \ Qm,n, then

there are i 6= j such that γ(i) = γ(j). Define the transposition τ = (ij). Then
τ ∈ Gγ . Since ε(τ) = −1,

∑

σ∈Gγ

ε(σ) =
∑

σ∈Gγ

ε(τσ) = −
∑

σ∈Gγ

ε(σ).

So
∑

σ∈Gγ
ε(σ) = 0, i.e., γ 6∈ ∆̄. So ∆̄ ⊂ Qm,n and hence ∆̄ = Qm,n by (a).

(c) From 1 < m ≤ n, α = (1, . . . , i− 1, i, i, i + 2, . . . , m) ∈ Gm,n. Since α 6∈
Qm,n = ∆̄,

∑
σ∈Gα

χ(σ) = 0. Notice that (i, i + 1) ∈ G for all i = 1, . . . , m− 1
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(if the transposition (i, i + 1) 6∈ G, then we would have Gα = {e}, contradicting∑
σ∈Gα

χ(σ) = 0). Then G = Sm by Problem 2.1 #2.
Let τ := (i, i + 1) ∈ G. Then Gα = {e, τ} so that

χ(e) + χ(τ) =
∑

σ∈Gα

χ(σ) = 0.

So χ(τ) = −χ(e) = −k where k is the degree of χ. Then from Problem 1,
A(τ) = −Ik if A is the (unitary) representation for χ. By Problem 2.1 #2 for
any σ ∈ G

σ = τ1 · · · τr

where each τj is a transposition of the form (i, i + 1). So

A(σ) = A(τ1 · · · τr) = A(τ1) · · ·A(τr) = (−1)rIk.

So
χ(σ) = trA(σ) = (−1)rk = ε(τ1) · · · ε(τr)k = kε(σ)

for all σ ∈ G, i.e., χ = kε. Since χ is irreducible, we must have k = 1.

Let
Ω := {α ∈ Γm,n :

∑

α∈Gα

χ(α) 6= 0}.

Note that ∆̄ = ∆ ∩ Ω and

Ω = ∪α∈∆̄Γα = ∪α∈∆̄{ασ : σ ∈ G}. (4.21)

So for α ∈ Γm,n, e∗α 6= 0 if and only if α ∈ Ω. So the set {e∗α : α ∈ Ω} consists
of the nonzero elements of {e∗α : α ∈ Γm,n} (a spanning set of Vχ(G)).

Moreover from (4.20)
Vχ(G) = ⊕α∈∆̄Oα, (4.22)

where Oα = 〈e∗ασ : σ ∈ G〉. In order to find a basis for Vχ(G), it suffices to find
bases of the orbital subspaces Oα, α ∈ ∆̄. Define

sα := dim Oα = dim〈e∗ασ : σ ∈ G〉.

Notice that sα depends on χ.

Theorem 4.4.7. (Freese)

sα =
χ(e)
|Gα|

∑

σ∈Gα

χ(σ) = χ(e)(χ|Gα , 1).

Proof. Since G is a disjoint union of right cosets of Gα in G, i.e., there are
τ1, . . . , τk ∈ G such that

G = Gατ1 ∪ · · · ∪Gατk
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and Γα = {ατ1, . . . , ατk}. Moreover |Gατi| = |Gα| so that k|Gα| = |G|. Notice
that Oα = T (G,χ)Wα, where

Wα := 〈e⊗ασ : σ ∈ G〉 = 〈e⊗β : β ∈ Γα〉.

Then Eα := {e⊗ατ1
, . . . , e⊗ατk

} is a basis of Wα but {e∗ατ1
, . . . , e∗ατk

} may not be
a basis for Oα.

Since Wα is invariant under P (σ) and thus invariant under T (G,χ), the
restriction Tα(G,χ) = T (G,χ)|Wα of T (G,χ) is a linear map on Wα and is a
projection (Problem 1.8 #8).

Let C = (cij) := [Tα(G,χ)]Eα

Eα
∈ Ck×k (C depends on α and sα := dim Oα ≤

k). From

Tα(G,χ)Wα = T (G,χ)〈e⊗ασ : σ ∈ G〉 = 〈e∗ασ : σ ∈ G〉,

we have (by Theorem 1.8.2)

sα = dim〈e∗ασ : σ ∈ G〉 = rankTα(G,χ) = trTα(G,χ) = trC.

We now compute C:

Tα(G,χ)e⊗ατj
= e∗ατj

= T (G,χ)e⊗ατj

=
χ(e)
|G|

∑

σ∈G

χ(σ)e⊗ατjσ−1

=
χ(e)
|G|

∑

π∈G

χ(π−1τj)e⊗απ (π = τjσ
−1)

=
χ(e)
|G|

k∑

i=1

∑

π∈Gατi

χ(π−1τj)e⊗απ (G = ∪k
i=1Gατi)

=
k∑

i=1

χ(e)
|G|

∑

θ∈Gα

χ(τ−1
i θ−1τj)e⊗ατi

(π = θτi)

for j = 1, . . . , k. So

cij =
χ(e)
|G|

∑

σ∈Gα

χ(τ−1
i στj), i, j = 1, . . . , k.

Since χ(τ−1
i στi) = χ(σ) for all i,

sα = tr C =
k∑

i=1

cii =
k∑

i=1

χ(e)
|G|

∑

σ∈Gα

χ(σ) =
χ(e)
|Gα|

∑

σ∈Gα

χ(σ).
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Recall that (χ|Gα , 1) is a nonnegative integer when α ∈ Γm,n. So sα =
χ(e)(χ|Gα , 1) > 1 for each α ∈ ∆̄ if χ is not linear. When χ is linear, sα = 1
(Problem 6).

Let E = {e1, . . . , en} be a basis of V . We now construct a basis of Vχ(G).
For each α ∈ ∆̄, we find a basis of the orbital subspace Oα: choose a lexicograph-
ically ordered set {α1, . . . , αsα} from {ασ : σ ∈ G} such that {e∗α1

, . . . , e∗αsα
}

is a basis of Oα. Execute this procedure for each γ ∈ ∆̄. If {α, β, · · · } is the
lexicographically ordered set ∆̄, take

∆̂ = {α1, . . . , αsα
;β1, . . . , βsβ

; . . . }

to be ordered as indicated (often we pick α1 = α). Then {e∗α : α ∈ ∆̂} is a basis
of Vχ(G) (Clearly ∆̄ = {α1, β1, . . . , } is in lexicographic order but note that the
elements of ∆̂ need not be in lexicographical order, for example, it is possible
that α2 > β1). Such order (not unique) in ∆̂ is called an orbital order. Clearly

∆̄ ⊆ ∆̂ ⊆ Ω.

Although ∆̂ is not unique, it does not depend on the choice of basis E since ∆,
∆̄ and C do not depend on E, i.e., if F = {f1, . . . , fn} is another basis of V ,
then {f∗α : α ∈ ∆̂} is still a basis of Vχ(G).

Example: Consider m = n = 3 and G = S3. Recall that there are three
irreducible characters of S3, namely, the principal character 1, the alternating
character ε and the character with degree 2:

χ(e) = 2, χ(23) = χ(12) = χ(13) = 0, χ(123) = χ(132) = −1.

We now construct ∆, ∆̄ and ∆̂ for this degree two χ. Since G = Sm, ∆ = Gm,n

for Γ3,3 by Theorem 4.4.2 and the orbits (equivalence classes) are

{(1, 1, 1)};
{(1, 1, 2), (1, 2, 1), (2, 1, 1)};
{(1, 1, 3), (1, 3, 1), (3, 1, 1)};
{(1, 2, 2), (2, 1, 2), (2, 1, 1)};
{(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)};
{(1, 3, 3), (3, 1, 3), (3, 3, 1)};
{(2, 2, 2)};
{(2, 2, 3), (2, 3, 2), (3, 2, 2)};
{(2, 3, 3), (3, 2, 3), (3, 3, 2)};
{(3, 3, 3)}.

Then by direct computation

∆̄ = {(1, 1, 2), (1, 1, 3), (1, 2, 2), (1, 2, 3), (1, 3, 3), (2, 2, 3), (2, 3, 3)}.
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For example, if α = (1, 1, 1), then Gα = S3 and

∑

σ∈Gα

χ(σ) =
∑

σ∈G

χ(σ) = χ(e) + χ(123) + χ(132) = 2− 1− 1 = 0.

If α = (1, 1, 2), Gα = {e, (12)} so that

∑

σ∈Gα

χ(σ) = χ(e) + χ(12) = 2 + 0 = 2.

The orbit Γω (ω := (1, 2, 3)) |Γω| = 6 and other orbits are of size 3.
First we consider the “small” orbits. For α = (1, 1, 2), we have Gα =

{e, (12)} so that

sα =
χ(e)
|Gα|

∑

σ∈Gα

χ(σ) = χ(e) + χ((1 2)) = 2.

With τ1 = e, τ2 = (23), τ3 = (13),

Γα = {(1, 1, 2), (1, 2, 1), (2, 1, 1)} = {ατ1, ατ2, ατ3}.

From

cij =
χ(e)
|Gα|

∑

σ∈G

χ(τ−1
i στj) =

1
3
(χ(τ−1

i τj) + χ(τ−1
i (12)τj))

we have

C =




2
3 − 1

3 − 1
3

− 1
3

2
3 − 1

3
− 1

3 − 1
3

2
3




Any two columns of C are linearly independent so that we can take α1 = α =
(1, 1, 2), α2 = (1, 2, 1). The computation for the other five “small orbits” is
similar, i.e.,

(1, 1, 3), (1, 2, 2), (1, 3, 3, ), (2, 2, 3), (2, 3, 3)

Now we consider the larger orbit. For ω = (1, 2, 3), we have Gω = {e} so
that

sω =
χ(e)
|Gω|

∑

σ∈Gω

χ(σ) = 2χ(e) = 4

With τ1 = e, τ2 = (23), τ3 = (12), τ4 = (123), τ5 = (132), τ6 = (13),

Γω = {(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)} = {ατ1, . . . , ατ6}.

From

cij =
χ(e)
|Gα|

∑

σ∈G

χ(τ−1
i στj) =

1
3
χ(τ−1

i τj))
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we have

C =




2
3 0 0 − 1

3 − 1
3 0

0 2
3 − 1

3 0 0 − 1
3

0 − 1
3

2
3 0 0 − 1

3
− 1

3 0 0 2
3 − 1

3 0
− 1

3 0 0 − 1
3

2
3 0

0 − 1
3 − 1

3 0 0 2
3




Notice that rankC = 4 (for example the columns 1, 2, 3, 4 or columns 1, 2, 3, 5
are linearly independent. So we can take ω1 = ω = (1, 2, 3), ω2 = (1, 3, 2),
ω3 = (2, 1, 3) and ω4 = (2, 3, 1). Hence

∆̂ = {(1, 1, 2), (1, 2, 1);
(1, 1, 3), (1, 3, 1);
(1, 2, 2), (2, 1, 2);
(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1);
(1, 3, 3), (3, 1, 3);
(2, 2, 3), (2, 3, 2);
(2, 3, 3), (3, 2, 3)}

in which the order is not lexicographic.
It is known (Problem 6) that ∆̄ = ∆̂ if and only if χ is linear. In such

cases, {e∗α : α ∈ ∆̄} is an orthogonal basis of Vχ(G) if E = {e1, . . . , en} is an
orthogonal basis of V . If χ(e) > 1, can we choose ∆̂ such that {e∗α : α ∈ ∆̄}
is an orthogonal basis for Vχ(G)? When G = Dm (the diheral group) such ∆̂
exists for every χ ∈ I(G) if and only if m is a power of 2 (Wang and Gong
(1991) [34, 35], Holmes and Tam (1992) [4]). On the other hand, every doubly
transitive subgroup G < Sm has an irreducible character for which no such ∆̂
exists (Holmes (1995) [3])

We give several common examples of symmetry classes of tensors and in-
duced operators.

Example 4.4.8. Assume 1 ≤ m ≤ n, G = Sm, and χ = ε. Then Vχ(G) is
the mth exterior space ∧mV , ∆̄ = ∆̂ = Qm,n, the set of strictly increasing
sequences in Γm,n, ∆ = Gm,n, the set of nondecreasing sequences in Γm,n. See
Problem 6 and Theorem 4.4.6(b).

Example 4.4.9. Assume G = Sm and χ ≡ 1, the principal character. Then
V1(G) is the mth completely symmetric space •mV , ∆̄ = ∆̂ = ∆ = Gm,n. See
Problem 7.

Example 4.4.10. Assume G = {e} < Sm (χ ≡ 1). Then Vχ(G) = ⊗mV ,
∆̄ = ∆̂ = ∆ = Γm,n. See Problem 7.

We know that from Theorem 4.3.6

dimVχ(G) = |∆̂| = χ(e)
|G|

∑

σ∈G

χ(σ)nc(σ).
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The following gives another expression for |∆̂| in terms of sα.

Theorem 4.4.11.

dimVχ(G) = |∆̂| =
∑

α∈∆̄

sα =
∑

α∈∆

sα

=
∑

α∈∆

χ(e)
|Gα|

∑

σ∈Gα

χ(σ)

=
χ(e)
|G|

∑

α∈Γm,n

∑

σ∈Gα

χ(σ).

Proof. It suffices to establish the last equality. By the proofs of Theorem 4.4.3
and Theorem 4.4.4

∑

α∈Γm,n

∑

π∈Gα

χ(π) =
∑

α∈∆

1
|Gα|

∑

σ∈G

∑

π∈Gασ

χ(π)

=
∑

α∈∆

1
|Gα|

∑

σ∈G

∑

π∈Gα

χ(π) (Gασ = σ−1Gασ)

= |G|
∑

α∈∆̄

1
|Gα|

∑

π∈Gα

χ(π).

Problems

1. If U ∈ Cn×n is unitary and trU = −n, prove that U = −In.

2. Let θ ∈ G < Sm, β ∈ Γm,n. Prove that Gβθ = θ−1Gβθ.

3. Prove that
∑

α∈∆
|G|
|Gα| = |Γm,n| and |∆| = ∑

α∈Γm,n

|Gα|
|G| .

4. Let {e1, . . . , en} be a basis of V . Prove that {e∗α : α ∈ ∆̄} is linearly
independent.

5. Write sα(χ) = sα =
∑

α∈∆
χ(e)
|Gα|

∑
σ∈Gα

χ(σ) to indicate its dependence
on χ, an irreducible character of G < Sm and α ∈ Γm,n.

(a) sα(χ) divides χ(e) for all χ ∈ I(G).

(b)
∑

χ∈I(G) sα(χ) = |G|
|Gα| .

(c) Unless Gα(χ) = G and χ ≡ 1, we have sα < |G|
|Gα| .

(d) For each τ ∈ Sn and π ∈ G, sταπ(χ) = sα(χ). Here τα = (τ(α(1)), . . . , τ(α(m))) ∈
Γm,n.
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(e) if α ∈ Ω, then χ(e) ≤ sα(χ) ≤ χ(e)2. (Hint: Problem 2.4 #1).

6. Prove that ∆̄ = ∆̂ if and only if χ(e) = 1.

7. Prove that ∆ = ∆̄ (or ∆ = ∆̂) if and only if χ ≡ 1.

8. Let α ∈ Ω. Prove that if χ(e) = 1, then for any σ ∈ Gα, χ(σ) = 1, i.e.,
χ|Gα

≡ 1.

9. Prove the identities:
(

n
m

)
= 1

m!

∑
σ∈Sm

ε(σ)nc(σ),
(
n+m−1

m

)
= 1

m!

∑
σ∈Sm

nc(σ).

10. Suppose Vχ(G) 6= 0. Prove that if G 6= Sm or χ 6= ε, then there is α ∈ ∆̄
such that α(i) = α(j) for some i 6= j.

11. Let C ∈ Ck×k be the matrix in the proof of Theorem 4.4.7, i.e., cij =
χ(e)
|G|

∑
σ∈Gα

χ(τ−1
i στj). Give a direct proof of C2 = C.

Solution to Problems 4.4

1. Since the diagonal entries uii satisfies |uii| ≤ 1 since U ∈ Cn×n is unitary.
So −n = trU implies that n = |trU | =

∑n
i=1 uii ≤

∑n
i=1 |uii| = n. By

the equality case of the triangle inequality, uii = −n and hence U = −In

since U has orthonormal rows (columns).

2. γ ∈ Gβθ ⇔ βθγ = βθ ⇔ βθγθ−1 = β ⇔ θγθ−1 ∈ Gβ , i.e., γ ∈ θ−1Gβθ.

3.

4. By Theorem 4.4.5 Vχ(G) = ⊕α∈∆̄〈e∗ασ : σ ∈ G〉. So {e∗α : α ∈ ∆̄} is
linearly independent.

5.

6. From Theorem 4.4.7 and the definition of ∆̂, ∆̄ = ∆̂ ⇔ 1 = sα(=
χ(e)(χ|Gα

, 1)) for all α ∈ ∆̄. Then notice that (χ|Gα
, 1) is a positive

integer for each α ∈ ∆̄.

7.

8. Suppose χ ≡ 1. For any α ∈ ∆,
∑

σ∈Gα
χ(σ) = |Gα| 6= so that α ∈ ∆̄.

Hence ∆̄ = ∆. Then use Problem 6 to have ∆̄ = ∆̂ since χ(e) = 1.

Conversely suppose ∆̄ = ∆, i.e., 1
|Gα|

∑
σ∈Gα

χ(σ) is a positive integer for
all α ∈ ∆. So

|
∑

σ∈Gα

χ(σ)| ≤
∑

σ∈Gα

|χ(σ)| ≤ |Gα|.

But for all σ ∈ G, |χ(σ)| ≤ χ(e) = 1 by Problem 2.4 #1. So by the
triangle inequality, χ(σ) = 1 for all σ ∈ Gα, i.e., χ|Gα

≡ 1. Pick α =
(1, . . . , 1) ∈ ∆ = ∆̄ to have the desired result since Gα = G.
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9. Since the alternating character ε and the principal character 1 of Sm are
linear, By Problem 6, ∆̄ = ∆̂ for χ = ε, 1. So on one hand

dimVε(Sm) = |∆̄| = |Qm,n| =
(

n

m

)
,

dimV1(Sm) = |∆| = |Gm,n| =
(

n + m− 1
m

)
(by Problem 7).

On the other hand, by Theorem 4.3.6

dimVε(Sm) =
1
m!

∑

σ∈Sm

ε(σ)nc(σ)

and
dimV1(Sm) =

1
m!

∑

σ∈Sm

nc(σ).

10. Suppose Vχ(G) 6= 0 so that ∆̄ is nonempty. Assume that all α ∈ ∆̄ have
distinct entries. Then m ≤ n evidently. Suppose G = Sm and we need
to show that χ 6= ε. Since G = Sm, ∆ = Gm,n (Theorem 4.4.2(b)) we
have ∆̄ ⊂ Qm,n. By Theorem 4.4.6(a) ∆̄ = Qm,n and then by Theorem
4.4.6(c) χ = ε.

11. Remark: In the proof of Theorem 4.4.7 we know that C = (cij) :=
[Tα(G,χ)]Eα

Eα
∈ Ck×k is a projection matrix since Tα(G,χ) ∈ End (Wα)

is a projection.

(C2)ij =
k∑

s=1

ciscsj

=
χ(e)2

|G|2
k∑

s=1

∑

σ∈Gα

χ(τ−1
i στs)

∑

π∈Gα

χ(τ−1
s πτj)

=
χ(e)2

|G|2
k∑

s=1

∑

σ∈Gα

χ(τ−1
i στs)

∑

µ∈Gα

χ(τ−1
s σ−1µτj) (π = σ−1µ)

=
χ(e)2

|G|2
k∑

s=1

∑

σ,µ∈Gα

χ(τ−1
i στs)χ(τ−1

s πτj)

=
χ(e)2

|G|2
∑

µ∈Gα

∑

γ∈G

χ(τ−1
i γ)χ(γ−1µτj) (γ = στs)

=
χ(e)2

|G|2
∑

µ∈Gα

(∑

θ∈G

χ(θ)χ(θ−1τ−1
i µτj)

)

=
χ(e)2

|G|
∑

µ∈Gα

χ(τ−1
i µτj)
χ(e)

by Theorem 2.4.3

= cij .
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So C is a projection matrix.

4.5 Linear operators on Vχ(G)

Let T ∈ EndV . Similar to the induced operator ⊗mT ∈ End (⊗mV ), we want to
study the induced operator on Vχ(G) induced by T . The map ϕ : ×mV → Vχ(G)
defined by

ϕ(v1, . . . , vm) = Tv1 ∗ · · · ∗ Tvm

is multilinear and symmetric with respect to G and χ. By Theorem 4.2.5, there
is a unique K(T ) ∈ End (Vχ(G))

×mV
∗ //

ϕ
##HHHHHHHHH Vχ(G)

K(T )zzvvv
vv

vv
vv

Vχ(G)

satisfying
K(T )v1 ∗ · · · ∗ vm = Tv1 ∗ · · · ∗ Tvm.

Such K(T ) is called the induced operator of T on Vχ(G). Notice that K(T )
depends on G,χ, m, n. We now discuss some basic properties of K(T ).

Theorem 4.5.1. Let T ∈ End (V ). Then Vχ(G) is an invariant subspace of
⊗mT and

K(T ) = ⊗mT |Vχ(G).

So K(T )v∗ = (⊗mT )v∗ for all v∗ ∈ Vχ(G).

Proof. Notice that
(⊗mT )P (σ) = P (σ)(⊗mT )

so that (⊗mT )T (G,χ) = T (G,χ)(⊗mT ) (Problem 1). So Vχ(G) is an invariant
subspace of (⊗mT ). Thus (⊗mT ) induces a linear operator on Vχ(G) which is
K(T ), because

K(T )v∗ = Tv1 ∗ · · · ∗ Tvm = T (G,χ)Tv1 ⊗ · · · ⊗ Tvm

= T (G,χ)(⊗mT )v⊗ = (⊗mT )T (G,χ)v⊗

= (⊗mT )v∗

and the decomposable v∗ span Vχ(G), i.e., K(T ) = ⊗mT |Vχ(G).

Theorem 4.5.2. Let S, T ∈ End (V ). Then

(a) K(IV ) = IVχ(G).

(b) K(ST ) = K(S)K(T ). So T 7→ K(T ) is a representation of GL(V ) in
GL(Vχ(G)).
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(c) rankK(T ) = |∆̂ ∩ Γm,r|, where r = rankT .

Proof. (a) Clear.
(b)

K(ST ) = ⊗m(ST )|Vχ(G)

= (⊗mS ⊗m T )|Vχ(G) by Theorem 3.4.1
= ⊗mS|Vχ(G) ⊗m T |Vχ(G) by Theorem 4.5.1
= K(S)K(T ).

(c) Since r = rankT , there is a basis {v1, . . . , vn} of V such that Tv1, . . . , T vr

are linearly independent and Tvr+1 = · · · = Tvn = 0. Let ei = Tvi, i = 1, . . . , r,
and extend them to a basis E = {e1, . . . , er, er+1, . . . , en} of V . Now

E∗ = {e∗α : α ∈ ∆̂} and {v∗α : α ∈ ∆̂}
are bases of Vχ(G). If α ∈ Γm,r, then

K(T )v∗α = Tvσ(1) ∗ · · · ∗ Tvα(m) = e∗α.

So
{e∗α = K(T )v∗α : α ∈ ∆̂ ∩ Γm,r}

is a subset of the basis E∗ of Vχ(G) so that it is a linearly independent set.
When α 6∈ ∆̂ ∩ Γm,r, there is some i such that α(i) > r. Then Tvα(i) = 0 so
that K(T )v∗α = 0. So rankK(T ) = |∆̂ ∩ Γm,r|.
Theorem 4.5.3. Let V be an inner product space and T ∈ EndV . Equip
Vχ(G) with the induced inner product.

1. K(T )∗ = K(T ∗).

2. If T is normal, Hermitian, positive definite, positive semidefinite, unitary,
so is K(T ).

Proof. (a) From Theorem 4.5.1 Vχ(G) is invariant under ⊗mT and ⊗mT ∗. So

K(T ∗) = (⊗mT ∗)|Vχ(G)

= (⊗mT )∗|Vχ(G) by Theorem 3.4.3
= (⊗mT |Vχ(G))∗ Theorem 1.7.1(a)
= K(T )∗.

(b) Since ⊗mT has the corresponding property by Theorem 3.6.2, by Theo-
rem 1.7.1(b) K(T ) = ⊗nT |Vχ(G) has the corresponding property.

Theorem 4.5.4. Let E = {e1, . . . , en} be a basis of V and T ∈ EndV . Suppose
that A = [T ]EE is upper triangular with diagA = (λ1, . . . , λn). Then B =
[K(T )]E∗E∗ is upper triangular with diagonal entries

∏m
t=1 λβ(t), β ∈ ∆̂, where

E∗ = {e∗α : α ∈ ∆̂} (in the orbital order).
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Proof. Since A = [T ]EE is upper triangular,

Tej = λjej +
∑

i<j

aijei, j = 1, . . . , n,

where λ1, . . . , λn are the eigenvalues of T . For each β ∈ ∆̂, there is π ∈ G such
that βπ = β1 ∈ ∆̄. Then

K(T )e∗β = Teβ(1) ∗ · · · ∗ Teβ(m)

= (λβ(1)eβ(1) +
∑

i<β(1)

aiβ(1)ei) ∗ · · · ∗ (λβ(m)eβ(m) +
∑

i<β(m)

aiβ(m)ei)

= (
m∏

t=1

λβ(t))e∗β +
∑

α∈Sβ

cαe∗α.

where

Sβ := {α ∈ Γm,n : α(i) ≤ β(i), i = 1, . . . , m, with at least one strict inequality}.

We remark that some α ∈ Sβ may not be in ∆̂. Fix α ∈ Sβ and we may
assume that e∗α 6= 0 (note: α ∈ Ω from (4.21) but may not be in ∆̂). Clearly
α1 = αθ ∈ ∆̄ for some θ ∈ G. From the definition of Sβ ,

α1 ≤ απ < βπ = β1.

In other words α1 comes strictly before β1 in lexicographic order.

Case 1. If α ∈ ∆̂, then α < β in the orbital order, according to the construction
of ∆̂.

Case 2. If α 6∈ ∆̂, then e∗α ∈ Oα = 〈e∗ασ : σ ∈ G} is a linear combination of those
e∗γ in the orbital subspace Oα, where γ ∈ Γα ∩ ∆̂. Each γ < β in the
orbital order by Case 1.

So [K(T )]E∗E∗ is upper triangular, where E∗ = {eα : α ∈ ∆̂} in the orbital order.

In Theorem 4.5.5, the eigenvalues of K(T ) are evidently
∏m

i=1 λω(i), ω ∈
∆̂, counting multiplicity. However the order of these eigenvalues apparently
depends on the order of λ1, . . . , λn; but it is merely a deception.

Theorem 4.5.5. Let λ1, . . . , λn and s1, . . . , sn be the eigenvalues and the sin-
gular values of T ∈ EndV , respectively. Then

1. The eigenvalues of K(T ) are
∏m

i=1 λω(i), ω ∈ ∆̂, counting multiplicities.
Moreover for any τ ∈ Sn,

m∏

i=1

λτω(i), ω ∈ ∆̂
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are the eigenvalues of K(T ), counting multiplicity. Hence f(λ1, . . . , λn) :=
trK(T ) is a symmetric function of λ1, . . . , λn, i.e.,

f(λ1, . . . , λn) = f(λτ(1), . . . , λτ(n)), τ ∈ Sn.

2. The singular values of K(T ) are
∏m

i=1 sω(i), ω ∈ ∆̂, counting multiplicities.
Moreover for any τ ∈ Sn,

m∏

i=1

sτω(i), ω ∈ ∆̂

are the singular values of K(T ), counting multiplicities.

Proof. (a) The first part follows from Theorem 4.5.4. Schur’s triangular theorem
or Jordan form allows any prescribed ordering of λ1, . . . , λn. In other words, for
any τ ∈ Sn,

m∏

i=1

λτω(i), ω ∈ ∆̂

are the eigenvalues of K(T ), counting multiplicities.
(b) Apply (a) on A∗A.

In order to compute detK(T ) we rewrite
∏m

i=1 λω(i) as
∏n

t=1 λ
mt(ω)
t , where

mt(ω) denotes the multiplicity of the integer t, i.e., the number of times t
appearing in ω. Clearly for all ω ∈ Γm,n,

m∏

i=1

λω(i) =
n∏

t=1

λ
mt(ω)
t .

Theorem 4.5.6. Let T ∈ EndV . Then

detK(T ) = (det T )
m
n |∆̂| (4.23)

Proof. Since the determinant is the product of eigenvalues, by Theorem 4.5.5

det K(T ) =
∏

ω∈∆̂

n∏
t=1

λ
mt(ω)
t =

n∏
t=1

∏

ω∈∆̂

λ
mt(ω)
t =

n∏
t=1

λqt

t ,

where qt :=
∑

ω∈∆̂ mt(ω) and mt(ω) is the multiplicity of t in ω. In other words,
qt is the total number of times the integer t appearing among all the sequences
in ∆̂. By Theorem 4.5.5(a)

n∏
t=1

λqt

t =
n∏

t=1

λqt

τ(t) =
n∏

t=1

λ
qτ−1(t)
t

which is true for all scalars λ1, . . . , λn (view them as indeterminants). So qt = q,
a constant, for all t = 1, . . . , n. Since

∑n
t=1 mt(ω) = m,
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nq =
n∑

t=1

qt =
n∑

t=1

∑

ω∈∆̂

mt(ω) =
∑

ω∈∆̂

n∑
t=1

mt(ω) = m|∆̂|.

So
q =

m

n
|∆̂|.

Then

det K(T ) =
n∏

t=1

λ
m
n |∆̂|
t =

(
n∏

t=1

λt

)m
n |∆̂|

= (det T )
m
n |∆̂|.

The following is an alternate approach for qt = q for all t:
From Problem 4.4 #2 (Gασ = σ−1Gασ) and #5 for any α ∈ Γm,n, σ ∈ G

we have
|Gασ| = |Gα|, sασ = sσ, mt(ασ) = mt(α).

For any arbitrary τ ∈ Sn,

Gτα = Gα, sτα = sα, mt(τα) = mτ−1(t)(α).

Moreover, as α runs over Γm,n, τα runs over Γm,n as well. Then

qt =
∑

ω∈∆̂

mt(ω) =
∑

α∈∆̄

sαmt(α) =
∑

α∈∆

sαmt(α) (sα = 0 if α 6∈ ∆̄)

=
1
|G|

∑

α∈∆

1
|Gα|

∑

σ∈G

|Gα|sαmt(α)

=
1
|G|

∑

α∈∆

1
|Gα|

∑

σ∈G

|Gασ|sασmt(ασ) (|Gασ| = |Gα|, sασ = sσ,mt(ασ) = mt(α))

=
1
|G|

∑

γ∈Γm,n

|Gγ |sγmt(γ) (Theorem 4.4.3, ϕ(γ) = |Gγ |sγmt(γ))

Then for any τ ∈ Sn

qt =
1
|G|

∑

α∈Γm,n

|Gτα|sταmt(τα) (τΓm,n = Γm,n)

=
1
|G|

∑

α∈Γm,n

|Gα|sαmτ−1(t)(α) (Gτα = Gα, sτα = sα,mt(τα) = mτ−1(t)(α))

= qτ−1(t).

Theorem 4.5.7. Let E = {e1, . . . , en} be an orthonormal basis of the inner
product space V and equip Vχ(G) with the induced inner product. Let T ∈
EndV and A = (aij) = [T ]EE . Then for α, β ∈ Γm,n,

(K(T )e∗β , e∗α) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

aασ(t)β(t). (4.24)
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Proof. Notice that K(T )e∗β = Teβ(1) ∗ · · · ∗ Teβ(1). Since E is an orthonormal
basis,

(Teβ(t), eασ(t)) = aα(σ(t))β(t).

Then use Theorem 4.3.4 with ut = Teβ(t) and vt = eα(t):

(K(T )e∗β , e∗α) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

(Teβ(t), eασ(t)) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

aασ(t)β(t).

We now discuss the matrix representation of K(T ). Let E = {e1, . . . , en} be
an orthonormal basis of the inner product space V and equip Vχ(G) with the
induced inner product. From the construction of the basis E∗ = {e∗α : α ∈ ∆̂},
different orbit subspaces are orthogonal (Theorem 4.3.5). However the vectors
within the same orbit subspace may not be orthogonal. So the right side of
(4.24) is not necessarily the corresponding element of K(T ) with respect to the
basis E∗ of Vχ(G).

When χ(e) = 1, (∆̄ = ∆̂ by Problem 4.4 #6) E∗ = {e∗α : α ∈ ∆̄} is an
orthogonal basis of Vχ(G) (but not necessarily orthonormal). Upon normaliza-
tion,

E′
∗ =

{√
|G|
|Gα|e

∗
α : α ∈ ∆̄

}

is an orthonormal basis of Vχ(G) (Problem 6). Thus if χ(e) = 1, then the matrix
representation of K(T ) with respect to E′

∗ follows from the following theorem.

Theorem 4.5.8. Suppose χ(e) = 1 and E = {e1, . . . , en} is a basis of V (so

E′
∗ = {

√
|G|
Gα|e

∗
α : α ∈ ∆̄} is a basis of Vχ(G) according to the lexicographic

ordering). If T ∈ EndV and A = [T ]EE , then

[K(T )]E
′
∗

E′∗
=

(
1√|Gα||Gβ |

∑

σ∈G

χ(σ)
m∏

t=1

aασ(t)β(t)

)

α,β∈∆̄

(4.25)

Proof. Equip V with an inner product so that E is an orthonormal basis (The-
orem 1.6.3). Then E′

∗ is an orthonormal basis of Vχ(G) with respect to the
induced inner product. Since χ(e) = 1, use (4.24) to have

(K(T )

√
|G|
|Gβ |e

∗
β ,

√
|G|
|Gα|e

∗
α) =

1√|Gα||Gβ |
∑

σ∈G

χ(σ)
m∏

t=1

aασ(t)β(t)

When χ is linear, similar to the Kronecker product of matrices, we define
the induced matrix K(A) using (4.25). Let χ(e) = 1 and let A ∈ Cn×n. The
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matrix K(A) ∈ C|∆̄|×|∆̄| defined by

K(A)α,β =
1√|Gα||Gβ |

∑

σ∈G

χ(σ)
m∏

t=1

aασ(t),β(t), α, β ∈ ∆̄ (4.26)

is called the induced matrix. If T and A are as in Theorem 4.5.8, then

[K(T )]E
′
∗

E′∗
= K(A).

Since the induced matrix K(A) is the matrix representation of K(T ), we have
the following properties.

Theorem 4.5.9. Let A ∈ Cn×n with eigenvalues λ1, . . . , λn and singular values
s1 ≥ · · · ≥ sn ≥ 0. Suppose χ is linear and let K(A) be the induced matrix of
A. Then

(a) K(I) = I|∆̄|, where |∆̄| = 1
|G|

∑
σ∈G χ(σ)nc(σ).

(b) K(AB) = K(A)K(B), where A,B ∈ Cn×n.

(c) K(A−1) = K(A)−1 if A ∈ Cn×n is invertible.

(d) rankK(A) = |∆̂ ∩ Γm,r|, where r = rankA.

(e) If A is upper triangular, then K(A) is also upper triangular.

(f) The eigenvalues of K(A) are
∏m

i=1 λω(i), ω ∈ ∆̄. The singular values of
K(A) are

∏m
i=1 sω(i), ω ∈ ∆̄.

(g) trK(A) =
∑

α∈∆̄

∏m
t=1 λα(t) =

∑
α∈∆̄

1
|Gα|

∑
σ∈G χ(σ)

∏m
t=1 aασ(t),α(t).

(h) det K(A) = (detA)
m
n |∆̂|.

(i) K(A∗) = K(A)∗.

(j) If A is normal, Hermitian, psd, pd, or unitary, so is K(A).

For χ(e) > 1, see [18] for the construction of orthonormal basis of Vχ(G),
the matrix representation of K(T ), where T ∈ EndV , and the induced matrix
K(A).

We now provide an example of K(T ) with nonlinear irreducible character.
Assume that G = S3 and χ is the degree 2 irreducible character. We have

χ(e) = 2, χ(12) = χ(23) = χ(13) = 0, χ(123) = χ(132) = −1.

Assume dim V = n = 2. Then by direct computation,

Γ3,2 = {(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2)}
∆ = {(1, 1, 1), (1, 1, 2), (1, 2, 2), (2, 2, 2)}
∆̄ = {(1, 1, 2), (1, 2, 2)}
∆̂ = {(1, 1, 2), (1, 2, 1), (1, 2, 2), (2, 1, 2)}.
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Let E = {e1, e2} be a basis of V . Then

E∗ = {e∗α : α ∈ ∆̂} = {e∗(1,1,2), e
∗
(1,2,1), e

∗
(1,2,2), e

∗
(2,1,2)}

is a basis of Vχ(G). Observe that E∗ is not an orthogonal basis even if E is an
orthonormal basis, since

(e∗(1,1,2), e
∗
(1,2,1)) = (e∗(1,2,2), e

∗
(2,1,2)) = −1

3
.

For example, by Theorem 4.3.5

(e∗(1,1,2), e
∗
(1,2,1)) =

χ(e)
|S3|

∑

σ∈S3

χ(σ)δ(1,1,2),(1,2,1)σ =
2
6
(χ(23) + χ(123)) = −1

3
.

Moreover (check by working out the C matrices!)

e∗(2,1,1) = −e∗(1,1,2) − e∗(1,2,1), e∗(2,2,1) = −e∗(1,2,2) − e∗(2,1,2). (4.27)

Let T ∈ EndV be defined by

[T ]EE =
(

a b
c d

)
.

By direct computation,

[K(T )]E∗E∗ =




a2d− abc 0 abd− b2c 0
0 a2d− abc abd− b2c b2c− abd

acd− bc2 0 ad2 − bcd 0
acd− bc2 bc2 − acd 0 ad2 − bcd




For example

K(T )e∗(1,1,2) = Te1 ∗ Te1 ∗ Te2

= (ae1 + ce2) ∗ (ae1 + ce2) ∗ (be1 + de2)
= a2be∗(1,1,1) + a2de∗(1,1,2) + acbe∗(1,2,1) + acde∗(1,2,2)

+cabe∗(2,1,1) + cade∗(2,1,2) + c2be∗(2,2,1) + c2be∗(2,2,2)

= a2de∗(1,1,2) + acbe∗(1,2,1) + acde∗(1,2,2)

+cabe∗(2,1,1) + cade∗(2,1,2) + c2be∗(2,2,1) by (4.26)

= (a2d− abc)e∗(1,1,2) + 0e∗(1,2,1) + (acd− bc2)e∗(1,2,2) + (acd− bc2)e∗(2,1,2).

The computations for K(T )e∗(1,2,1),K(T )e∗(1,2,2),K(T )e∗(2,1,2) are similar.
Furthermore, one can define the derivation operator DK(T ) of T by

DK(T ) =
d

dt
K(I + tT )

∣∣
t=0

,
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which acts on Vχ(G) in the following way:

DK(T )v1 ∗ · · · ∗ vm =
m∑

j=1

v1 ∗ · · · ∗ vj−1 ∗ Tvj ∗ vj+1 ∗ · · · ∗ vm.

Clearly T 7→ DK(T ) is linear. With respect to the above example

[DK(T )]E∗E∗ =




2a + d 0 b 0
0 2a + d b −b
c 0 a + 2d 0
c −c 0 a + 2d


 .

Research problem: Given the Jordan structure of T ∈ Cn×n (T ∈ EndV ),
what is the Jordan structure of Cm(T ) (G = Sm and χ = ε) where 1 ≤ m ≤ n?
The answer is given by Atkin [1]; also see Littlewood [13] for some simplified
treatment. Atkin also studied the problem for Kronecker product. In general
the corresponding problem for K(T ) is not known.

Problems

1. Prove that (⊗mT )P (σ) = P (σ)(⊗mT ) and (⊗mT )T (G,χ) = T (G,χ)(⊗mT ).

2. If Vχ(G) 6= 0, prove that K(T ) is invertible if and only if T is invertible.
Moreover, K(T−1) = K(T )−1.

3. Let S, T ∈ EndV are psd. Show that K(S + T ) ≥ K(S) + K(T ), i.e.,
K(S + T ) − K(S) + K(T ) is psd. Hence S ≥ T implies K(S) ≥ K(T ).
(Hint: Use Problem 3.6 #2)

4. Prove that if G = Sm, χ = ε, rankT < m, then K(T ) = 0.

5. Suppose T ∈ EndV is positive semidefinte with eigenvalues λ1 ≥ · · · ≥
λn. Prove that K(T ) on V1(G) has largest eigenvalue λm

1 and smallest
eigenvalues λm

n .

6. Suppose that χ(e) = 1 and E = {e1, . . . , en} is an orthonormal basis of the

inner product V . Prove that E′
∗ = {

√
|G|
|Gα|e

∗
α : α ∈ ∆̄} is an orthonormal

basis for Vχ(G).

7. Suppose that χ(e) = 1 and E = {e1, . . . , en} is a basis of V . Let T ∈ EndV
and [T ]EE = A = (aij). Prove that

([K(T )]E∗E∗)α,β =
1

|Gα|
∑

σ∈G

χ(σ)
m∏

i=1

aασ(t)β(t), α, β ∈ ∆̄.

8. Let α ∈ Γm,n and χ be linear. Prove that if
∑

σ∈Gα
χ(σ) = 0, i.e., α 6∈ Ω,

then
∑

σ∈G χ(σ)ϕ(ασ) = 0, where ϕ : Γm,n → W is any map.
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9. Suppose that χ is linear. If A,B ∈ Cn×n, deduce directly from (4.26) that
K(AB) = K(A)K(B) (Hint: Compare Theorem 1.10.1).

10. Show that trK(A) = χ(e)
∑

α∈∆(χ|Gα
, 1)

∏m
t=1 λα(t).

Solution to Problems 4.5

1. (⊗mT )P (σ)v⊗ = (⊗mT )v⊗σ−1 = Tvσ−1(1)⊗· · ·⊗Tvσ−1(m) = P (σ)(⊗mT )v⊗.
Then (⊗mT )T (G,χ) = T (G,χ)(⊗mT ) follows since T (G,χ) = χ(e)

|G|
∑

σ∈G χ(σ)P (σ)
is a linear combination of P (σ), σ ∈ G.

2. Suppose Vχ(G) 6= 0, i.e., |∆̂| 6= 0. Then use Theorem 4.5.6 since a matrix
is invertible if and only if its determinant is nonzero.

3. By Problem 3.6 #4, ⊗m(S + T ) ≥ ⊗mS +⊗mT So

K(S + T ) = ⊗m(S + T )|Vχ(G) ≥ (⊗mS +⊗mT )|Vχ(G)

= ⊗mS|Vχ(G) +⊗mT |Vχ(G) = K(S) + K(T ).

So if S ≥ T , then S = T + R where R ≥ 0. Then K(R) ≥ 0 by Theorem
4.5.3 and hence

K(S) = K(T + R) ≥ K(T ) + K(R) ≥ K(T ).

4. Let r = rankT .

rankK(T ) = |Γm,r ∩ ∆̂| (Theorem 4.5.2)
= |Γm,r ∩Qm,n| (Theorem 4.4.6 since G = Sm, χ = ε)
= 0

since all elements of Γm,r has some repeated entries as r < m so that
Γm,r ∩Qm,n = ∅.

5. By Theorem 4.5.5, since ∆̂ = Γm,n, the eigenvalues are
∏m

i=1 λω(i), ω ∈
Γm,n. Since λ1 ≥ · · · ≥ λn ≥ 0, the largest eigenvalue of K(T ) is λm

1 and
the smallest eigenvalue is λm

n .

6. By Theorem 4.3.5(a), E′
∗ is an orthogonal basis. It remains to show that

each vector in E′
∗ has unit length. By Theorem 4.3.5(b)

∥∥∥∥∥

√
|G|
|Gα|e

∗
α

∥∥∥∥∥

2

=
|G|
|Gα| ‖e

∗
α‖2 =

χ(e)
|Gα|

∑

σ∈Gα

χ(σ) =
1

|Gα|
∑

σ∈Gα

χ(σ) = (χ|Gα , 1)

which is a positive integer since α ∈ ∆. Notice that

1
|Gα|

∑

σ∈Gα

χ(σ) ≤ 1
|Gα|

∑

σ∈Gα

|χ(σ)| ≤ 1

since each |χ(σ)| ≤ 1 (χ is linear). So (χ|Gα
, 1) = 1.
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7.

8.

9.

10. Notice that
∏m

t=1 λα(t) =
∏m

t=1 λασ(t) for all σ ∈ G, sα = χ(e)(χ|Gα
, 1)

and Gαθ = θ−1Gαθ, for all α ∈ Γm,n and θ ∈ G. So

trK(T ) =
∑

α∈∆̂

m∏
t=1

λα(t) = χ(e)
∑

α∈∆̄

(χ|Gα
, 1)

m∏
t=1

λα(t)

= χ(e)
∑

α∈∆

(χ|Gα
, 1)

m∏
t=1

λα(t).

4.6 Generalized matrix functions

Let G < Sm, χ ∈ I(G) and let A ∈ Cm×m. The function

dχ
G(A) =

∑

σ∈G

χ(σ)
m∏

t=1

atσ(t) (4.28)

is called the generalized matrix function association with G and χ.
Example:

(a) When G = Sm and χ = ε,

dχ
G(A) = det A :=

∑

σ∈Sm

ε(σ)
m∏

t=1

atσ(t).

(b) When G = Sm and χ ≡ 1,

dχ
G(A) = perA :=

∑

σ∈Sm

m∏
t=1

atσ(t)

is called the permanent of A.

(c) When G = {e} < Sm, then

dχ
G(A) = h(A) :=

m∏
t=1

att

which is the product of the diagonal entries.

Theorem 4.6.1. Let A ∈ Cm×m. Then

(a) dχ
G(Im) = χ(e).
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(b) If A is upper triangular, then

dχ
G(A) = χ(e) det A = χ(e)per A = χ(e)h(A).

(c) dχ
G(AT ) = dχ̄

G(A) (χ̄(σ) := χ(σ) for all σ ∈ G).

(d) dχ
G(A∗) = dχ

G(A). So if A is Hermitian, then dχ
G(A) is real.

Proof. (a) and (b) are trivial.
(c)

dχ
G(AT ) =

∑

σ∈G

χ(σ)
m∏

t=1

aσ(t)t =
∑

σ∈G

χ(σ)
m∏

t=1

atσ(t) = dχ̄
G(A).

(d) dχ
G(A∗) = dχ

G((Ā)T ) = dχ̄
G(Ā) = dχ

G(A).

Theorem 4.3.4 and Theorem 4.5.7 can be restated respectively using gener-
alized matrix function as in the next two theorems.

Theorem 4.6.2. Let v1, . . . , vm, u1, . . . , um ∈ V and let A ∈ Cm×m where
aij := (ui, vj). Then for each α, β ∈ Γm,n,

(u∗, v∗) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

(ut, vσ(t)) (Theorem 4.3.4)

=
χ(e)
|G| dχ

G(A) =
χ(e)
|G| dχ

G((ui, vj))

Theorem 4.6.3. Let E = {e1, . . . , en} be an orthonormal basis of V and let
T ∈ EndV . Let A = (aij) = [T ]EE . Then for each α, β ∈ Γm,n,

(K(T )e∗β , e∗α) =
χ(e)
|G|

∑

σ∈G

χ(σ)
m∏

t=1

aσ(t)βσ(t) (Theorem 4.5.7)

=
χ(e)
|G| dχ̄

G(A[α|β])

=
χ(e)
|G| dχ

G(AT [β|α]) (Theorem 4.6.1(c))

where A[α|β] = (aα(i)β(j)) ∈ Cm×m. In particular when m = n,

(K(T )e1 ∗ · · · ∗ en, e1 ∗ · · · ∗ en) =
χ(e)
|G| dχ̄

G(A) =
χ(e)
|G| dχ

G(AT ).

We will use the above two theorems to establish some inequalities and iden-
tities. Notice that χ is irreducible if and only if χ̄ is irreducible. Clearly
χ(e) = χ̄(e). So statements about dχ

G(A) apply to dχ̄
G(A).
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Theorem 4.6.4. Let A,B ∈ Cm×n. Then

|dχ
G(AB∗)|2 ≤ dχ

G(AA∗) dχ
G(BB∗). (4.29)

Proof. Let ui = A(i) and vj = B(j), where A(i) denotes the ith row of A. Then

(u∗, v∗) =
χ(e)
|G| dχ

G((ui, vj)) (Theorem 4.6.2)

=
χ(e)
|G| dχ

G(AB∗) ((u, v) := v∗u)

Then apply Cauchy-Schwarz inequality

|(u∗, v∗)| ≤ (u∗, u∗)(v∗, v∗)

to have (4.29).

Theorem 4.6.5. Let A,B ∈ Cm×m. Then

|dχ
G(A)|2 ≤ χ(e) dχ

G(AA∗). (4.30)

Proof. In (4.29) pick B = Im and apply Theorem 4.6.1 to have (4.30).

Theorem 4.6.6. (Schur) If A ∈ Cm×m is psd, then

χ(e) det A ≤ dχ
G(A). (4.31)

Proof. Since A is psd, there is an upper triangular matrix L such that A = LL∗

(Problem 1.5 #9). By Theorem 4.6.1(b),

|dχ
G(L)|2 = χ(e)2|detL|2 = χ(e)2 detA.

Applying (4.30),

|dχ
G(L)|2 ≤ χ(e)dχ

G(LL∗) = χ(e)dχ
G(A).

From Theorem 4.6.6, if A ≥ 0, then

dχ
G(A) ≥ 0, detA ≤ per A, det A ≤ h(A).

Theorem 4.6.7. (Fischer) If A ∈ Cm×m is psd, then

detA ≤ det A[1, . . . p|1, . . . , p] det A[p + 1, . . . , m|p + 1, . . . , m]. (4.32)

Proof. This is indeed a special case of Theorem 4.6.4. Let G < Sm be the group
consisting of σπ, where σ is a permutation on {1, . . . , p}, and π is a permutation
on {p+1, . . . , m}. Let χ(σπ) = ε(σ)ε(π). Then χ is a linear irreducible character
of G (check!) and dχ

G(A) is the right side of (4.32).
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See Horn and Johnson’s Matrix Analysis p.478 for a matrix proof of Theorem
4.6.7.

Theorem 4.6.8. Let A ∈ Cm×m. Then

h(A) =
1
|G|

∑

χ∈I(G)

χ(e)dχ
G(A).

In particular, if A ≥ 0, then

h(A) ≥ χ(e)
|G| dχ

G(A), h(A) ≥ 1
m!

per A

Proof. Since A ∈ Cm×m, there are u1, . . . , um; v1, . . . , vm ∈ V where dim V = m
such that aij = (ui, vj) (Problem 1.6 #3). Then

1
|G|

∑

χ∈I(G)

χ(e)dχ
G(A) =

∑

χ∈I(G)

(u∗, v∗) (by Theorem 4.6.2)

=
∑

χ∈I(G)

(T (G,χ)u⊗, T (G,χ)v⊗)

= (
∑

χ∈I(G)

T (G,χ)u⊗, v⊗) (by Theorem 4.2.3)

=
m∏

i=1

(ui, vi) (by Theorem 4.2.3(b))

= h(A).

When A ≥ 0, by Theorem 4.6.6 each summand dχ
G(A) in 1

|G|
∑

χ∈I(G) χ(e)dχ
G(A)

is nonnegative so we have

h(A) ≥ χ(e)
|G| dχ

G(A)

for all χ ∈ I(G). In particular with G = Sm and χ ≡ 1, we have h(A) ≥ 1
m!per A.

We can express u∗ = v∗ in terms of the generalized matrix function when
u1, . . . , um are linearly independent (so m ≤ dimV ).

Theorem 4.6.9. Let u1, . . . , um ∈ V be linearly independent. Then u∗ = v∗ if
and only if vi =

∑m
j=1 aijuj , j = 1, . . . , m and dχ

G(AA∗) = dχ
G(A) = χ(e).

Proof. Since u1, . . . , um are linearly independent, by Theorem 4.3.2, u∗ 6= 0.
(⇒) Suppose u∗ = v∗(6= 0). From Theorem 4.3.3,

〈u1, . . . , um〉 = 〈v1, . . . , vm〉.
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So there is A ∈ Cm×m such that vi =
∑m

j=1 aijuj , i = 1, . . . , m. Equip an inner
product on V so that {u1, . . . , um} is an orthonormal set. Then

(ui, uj) = δij , (vi, uj) = aij , (vi, vj) = (AA∗)ij .

Apply Theorem 4.6.2 we have

(v∗, u∗) =
χ(e)
|G| dχ

G((vi, uj)) =
χ(e)
|G| dχ

G(A)

(u∗, u∗) =
χ(e)
|G| dχ

G(Im) =
χ2(e)
|G|

(v∗, v∗) =
χ(e)
|G| dχ

G((vi, vj)) =
χ(e)
|G| dχ

G(AA∗)

Then from u∗ = v∗ we have dχ
G(AA∗) = dχ

G(A) = χ(e).
(⇐) From the assumption and the above argument,

(v∗, u∗) = (u∗, u∗) = (v∗, v∗) (4.33)

so that
|(v∗, u∗)|2 = (u∗, u∗)(v∗, v∗)

with u∗ 6= 0. By the equality case of Cauchy-Schwarz inequality, v∗ = cu∗ for
some constant. Then substitute into (4.33) to have c = 1.

Theorem 4.6.10. For all psd A,B ∈ Cm×m,

dχ
G(A + B) ≥ dχ

G(A) + dχ
G(B).

In particular, if A ≥ B, then dχ
G(A) ≥ dχ

G(B).

Proof. Let E be an orthonormal basis of V with dimV = m. There are psd
S, T ∈ EndV such that [S]EE = A and [T ]EE = B. Notice that K(S + T ) ≥
K(S) + K(T ) (Problem 4.5 #3) and [T + S]EE = A + B. Apply Theorem 4.6.3
(switching χ to χ̄) to have the desired result.

Suppose A ≥ B, i.e., A = B + C where C ≥ 0. The

dχ
G(A) ≥ dχ

G(B + C) ≥ dχ
G(B) + dχ

G(C) ≥ dχ
G(B)

since dχ
G(C) ≥ 0 by Theorem 4.6.5.

We now discuss the generalized Cauchy-Binet Theorem (compare Theorem
1.10.1).

Theorem 4.6.11. (Generalized Cauchy-Binet) Let A,B ∈ Cn×n. For any
α, β ∈ Ω = {ω : Γm,n :

∑
σ∈Gω

χ(σ) 6= 0}

dχ
G((AB)[α|β]) =

χ(e)
|G|

∑

ω∈Ω

dχ
G(A[α|ω])dχ

G(B[ω|β])
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Proof. Let E = {e1, . . . , en} be an orthonormal basis of V . There are S, T ∈
EndV such that [S]EE = A and [T ]EE = B. Notice that E⊗ = {e⊗ω : ω ∈ Γm,n} is
an orthonormal basis of ⊗mV with respect to the induced inner product. We
have

χ(e)
|G| dχ̄

G((AB)[α|β]

= (K(ST )e∗β , e∗α) (by Theorem 4.6.3)
= (K(S)K(T )e∗β , e∗α) (K(ST ) = K(S)K(T ))
= (K(T )e∗β ,K(S∗)e∗α) (K(S)∗ = K(S∗))

=
∑

ω∈Γm,n

(K(T )e∗β , e⊗ω )(e⊗ω ,K(S∗)e∗α) (by Theorem 1.3.3)

=
∑

ω∈Γm,n

(K(T )e∗β , e∗ω)(e∗ω,K(S∗)e∗α) (by Theorem 4.2.4⊗m V =⊥χ∈I(G) Vχ(G))

=
∑

ω∈Ω

(K(S)e∗ω, e∗α)(K(T )e∗β , e∗ω) (e∗ω 6= 0 ⇔ ω ∈ Ω, if ω ∈ Γm,n)

=
χ(e)2

|G|2
∑

ω∈Ω

dχ̄
G(A[α|ω])dχ̄

G(B[ω|β]). (by Theorem 4.6.3)

Then switch back to χ.

When G = Sm and χ = ε it reduces to Theorem 1.10.1.

Theorem 4.6.12. Let H < G < Sm and χ ∈ I(G). Suppose χ|H ∈ I(H).
Then for all psd A ∈ Cm×m,

1
|H|d

χ
H(A) ≥ 1

|G|d
χ
G(A).

Proof.

T (G,χ)T (H, χ) =
χ(e)2

|G||H|
∑

σ∈G

∑

π∈H

χ(σ)χ(π)P (σπ)

=
χ(e)2

|G||H|
∑

τ∈G

∑

π∈H

χ(τπ−1)χ(π)P (τ) (τ = σπ)

=
χ(e)
|G|

∑

τ∈G

χ(τ)P (τ) (Theorem 2.4.3 since χ(τπ−1) = χ(π−1τ))

= T (G,χ).

With respect to the induced inner product on⊗mV where V is an m-dimensional
inner product space, T (G,χ) is an orthogonal projection by Theorem 4.2.5(a).
So for any z ∈ ⊗mV

‖z‖ ≥ ‖T (G,χ)z‖.
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Since T (G,χ)T (H, χ) = T (G,χ), apply the above inequality on T (H, χ)z,

‖T (H, χ)z‖ ≥ ‖T (G,χ)T (H, χ)z‖ = ‖T (G,χ)z‖.

Since A ∈ Cm×m is psd and dimV = m, there are v1, . . . , vm ∈ V such that
aij = (vi, vj) (Problem 1.5 #10). Set z = v⊗ in the above inequality to have

(T (H, χ)v⊗, T (H, χ)v⊗) ≥ (T (G,χ)v⊗, T (G,χ)v⊗).

Then use Theorem 4.6.2 to have

1
|H|d

χ
H(A) ≥ 1

|G|d
χ
G(A).

The following famous conjecture is still open.

Permanent-on-top conjecture: If A ∈ Cm×m is psd, then

dχ
G(A) ≤ χ(e)per A.

Problems

1. Show that if A,B ∈ Cm×m are psd, then det(A + B) ≥ det A + det B and
per (A + B) ≥ per A + per B.

2. (Hadamard) Prove that if A ∈ Cm×m, then |det A|2 ≤ ∏m
i=1

∑m
j=1 |aij |2.

Hint: det(AA∗) ≤ h(AA∗).

3. Prove that when χ is linear, Cauchy-Binet formula takes the form: for any
α, β ∈ ∆̄,

dχ
G((AB)[α|β]) =

∑

ω∈∆̄

1
|Gω|d

χ
G(A[α|ω])dχ

G(B[ω|β]).

4. Suppose that H < G and assume that χ|H is also irreducible, where χ is
an irreducible character of G. Show that Vχ(G) ⊂ Vχ(H).

5. If A ∈ Cm×m is psd, then

per A ≥ per A[1, . . . , p|1, . . . , p] perA[p + 1, . . . , m|p + 1, . . . , m].

Solution to Problems 4.5

1. Follows from Theorem 4.6.10 with V = Cm, G = Sm, χ = ε; V = Cm,
G = Sm, χ ≡ 1.
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2. By Theorem 4.6.6, |detA|2 = det(AA∗) ≤ h(AA∗) since AA∗ is psd. But
h(AA∗) =

∏m
i=1

∑m
j=1 |aij |2.

3. From Theorem 4.6.11, since χ(e) = 1,

dχ
G((AB)[α|β]) =

1
|G|

∑

ω∈Ω

dχ
G(A[α|ω])dχ

G(B[ω|β])

=
1
|G|

∑

ω∈∆̄

∑

σ∈G

dχ
G(A[α|ωσ])dχ

G(B[ωσ|β]) (Ω = ∆̄G)

Let A = (aij) ∈ Cm×m and let u1, . . . , um; v1, . . . , vm ∈ V such that aij =
(ui, vj). If σ 6∈ Gω, then ωσ 6∈ ∆̄ so that v∗ωσ = vωσ(1) ∗ · · · ∗ vωσ(m) = 0.

By Theorem 4.6.2, if σ 6∈ Gω, then

1
|G|d

χ
G(A[α|ωσ]) = (u∗α(i), v

∗
ωσ(j)) = 0.

So we have the desired result.

4.

5.
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Chapter 5

Exterior spaces and
completely symmetric
spaces

5.1 Exterior spaces

Let dim V = n. When G = Sm with m ≤ n, and χ = ε, Vε(Sm), denoted by
∧mV is called the mth exterior space or Grassmannian space. Denote by

v∧ = v1 ∧ · · · ∧ vm

the decomposable element v∗. The induced operator K(T ) is denoted by Cm(T ).
Since the alternating character is linear, the induced matrix K(A) is defined by
(4.25) and is denoted by Cm(A). It is called the mth compound of A.

Theorem 5.1.1. Let dim V = n ≥ m. For ∧mV ,

(a) ∆ = Gm,n, ∆̄ = ∆̂ = Qm,n, dim∧mV =
(

n
m

)
.

(b) Let E = {e1, . . . , en} be a basis of V . Then E∧ := {e∧α : α ∈ Qm,n} is a
basis of ∧mV . If E is an orthonormal basis of V , then E′

∧ :=
√

m!E∧ is
an orthonormal basis of ∧mV .

(c) For each σ ∈ Sm, v∧σ = ε(σ)v∧. When i 6= j and vi = vj , v∧ = 0.

(d) v1 ∧ · · · ∧ vm = 0 if and only if v1, . . . , vm are linearly dependent.

(e) If ui =
∑m

j=1 aijvj , i = 1, . . . , m, then u∧ = det(aij)v∧.

(f) If u∧ = v∧ 6= 0, then ui =
∑m

j=1 aijvj i = 1, . . . , m and det(aij) = 1.

(g) If vi =
∑n

j=1 aijej , i = 1, . . . , m, then v∧ =
∑

α∈Qm,n
detA[1, . . . , m|α]e∧α.

127
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Proof. The proofs of (a), (b), (c) are obtained in Chapter 4. Notice that ε(e) = 1
and α ∈ Qm,n, Gα = {e}.

(d) By Theorem 4.3.2 it suffices to show the sufficiency. Let v1, . . . , vm be
linearly dependent. Then for some j, vj =

∑
t6=j ctvt. So by (c)

v1 ∧ · · · ∧ vm =
∑

t6=j

ctv1 ∧ · · · ∧ vj−1 ∧ vt ∧ vj+1 ∧ · · · ∧ vm = 0

because each summand has repeated v’s.

(e) Direct computation yields

u∧ = (
m∑

j=1

a1jvj) ∧ · · · ∧ (
m∑

j=1

amjvj)

=
∑

α∈Γm,m

(
m∏

i=1

aiα(i))v∧α

=
∑

α∈Dm,m

(
m∏

i=1

aiα(i))v∧α ((d) and Dm,m = {(1, . . . , m)σ : σ ∈ Sm})

=
∑

σ∈Sm

(
m∏

i=1

aiσ(i)

)
v∧σ

=

( ∑

σ∈Sm

ε(σ)
m∏

i=1

aiσ(i)

)
v∧

= det(aij)v∧ (Problem 1)

(f) By Theorem 4.3.3

〈u1, . . . , um〉 = 〈v1, . . . , vm〉.

Then ui =
∑m

j=1 aijvj , i = 1, . . . , m. Use (e) to have det(aij) = 1 (a special
case of Theorem 4.6.9)
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(g) Similar to (e)

v∧ = (
n∑

j=1

a1jej) ∧ · · · ∧ (
n∑

j=1

amjej)

=
∑

α∈Γm,n

m∏

i=1

aiω(i)e
∧
ω

=
∑

α∈Dm,n

m∏

i=1

aiω(i)e
∧
ω ((d) and Dm,n = {ασ : α ∈ Qm,n, σ ∈ Sm})

=
∑

α∈Qm,n

∑

σ∈Sm

(
m∏

i=1

aiασ(i))e∧ασ

=
∑

α∈Qm,n

( ∑

σ∈Sm

ε(σ)
m∏

i=1

aiασ(i)

)
e∧α

=
∑

α∈Qm,n

det A[1, . . . , m|α]e∧α

We now study the induced matrix Cm(A). From (4.26),

K(A)α,β =
1√|Gα||Gβ |

∑

σ∈G

χ(σ)
m∏

t=1

aασ(t),β(t) =
1√|Gα||Gβ |

dχ̄
G(A[α|β]), (5.1)

for all α, β ∈ ∆̄. Hence
Cm(A)α,β = det A[α|β],

for all α, β ∈ Qm,n.
For example, if n = 3 and k = 2, then

C2(A) =




det A[1, 2|1, 2] detA[1, 2|1, 3] detA[1, 2|2, 3]
det A[1, 3|1, 2] detA[1, 3|1, 3] det A[1, 3|2, 3]
det A[2, 3|1, 2] detA[2, 3|1, 3] det A[2, 3|2, 3]


 .

In general C1(A) = A and Cn(A) = det A.
From Theorem 4.5.8 we have the following result.

Theorem 5.1.2. Let E = {e1, . . . , en} be a basis of V and E∧ := {e∧α : α ∈
Qm,n} and E′

∧ =
√

m!E∧, a basis of ∧mV (in lexicographic order). Let T ∈
EndV and [T ]EE = A. For any α, β ∈ Qm,n,

([Cm(T ))]E∧E∧)α,β = ([Cm(T ))]F
∧

F∧)α,β = Cm(A)α,β = det A[α|β].

The induced matrix Cm(A) is called the mth compound of A. Clearly

Cm(AB) = Cm(A)Cm(B).
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Indeed it is the Cauchy-Binet determinant identity (Theorem 1.10.1) since

Cm(AB)α,β =
∑

ω∈Qm,n

Cm(A)α,ωCm(B)ω,β , α, β ∈ Qm,n.

By Theorem 5.1.2

det(AB)[α|β] =
∑

ω∈Qm,n

detA[α|ω] det B[ω|β].

We now list some basic properties of Cm(A).

Theorem 5.1.3. Let m ≤ n and A ∈ Cn×n with eigenvalues λ1, . . . , λn and
singular values s1, . . . , sn. Then

(a) Cm(A∗) = Cm(A)∗, Cm(A−1) = Cm(A)−1 if A is invertible.

(b) If rankA = r ≥ m, then rankCm(A) =
(

r
m

)
. If r < m, then Cm(A) = 0.

(c) If A is upper triangular, so is Cm(A).

(d)
∏m

t=1 λσ(t) are the eigenvalues and
∏m

t=1 sσ(t) (σ ∈ Qm,n) are the singular
values of Cm(A).

(e) trCm(A) =
∑

α∈Qm,n

∏m
t=1 λσ(t) =

∑
α∈Qm,n

det A[α|α].

(f) (Sylvester-Franke) detCm(A) = (detA)(
n−1
m−1).

(g) If A is normal, Hermitian, pd, psd or unitary, so is Cm(A).

Compound matrix is a very powerful tool and the following results are two
applications.

Theorem 5.1.4. Let A ∈ Cn×n with eigenvalues |λ1| ≥ · · · ≥ |λn|. Denote by
Ri =

∑n
j=1 |aij |, i = 1, . . . , n, and let R[1] ≥ · · · ≥ R[n] be an rearrangement of

R1, . . . , Rn in nonincreasing order. Then

m∏
t=1

|λi| ≤
m∏

t=1

R[i], 1 ≤ m ≤ n. (5.2)

Proof. Let Ax = λ1x where x is an eigenvector of A. Then

n∑

j=1

aijxj = λ1xi, i = 1, . . . , n.

Let 1 ≤ s ≤ n be an integer such that

|xs| = max
i=1

|xi| > 0.
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Then

|λ1| =
∣∣∣∣∣∣

n∑

j=1

asj
xj

xs

∣∣∣∣∣∣
≤

n∑

j=1

∣∣∣∣asj
xj

xs

∣∣∣∣ ≤
n∑

j=1

|asj | = Rs ≤ R[1].

Use Theorem 5.1.3(d) and apply the inequality on Cm(A) to have

m∏

i=1

|λi(A)| = |λ1(Cm(A))| ≤ R[1](Cm(A)).

For any α ∈ Qm,n, use Theorem 5.1.2

Rα(Cm(A)) =
∑

β∈Qm,n

|detA[α|β]|

=
∑

β∈Qm,n

∣∣∣∣∣
∑

σ∈Sm

ε(σ)
m∏

i=1

aα(i)βσ(i)

∣∣∣∣∣

≤
∑

ω∈Dm,n

m∏

i=1

|aα(i)ω(i)| (Dm,n = {ασ : α ∈ Qm,n, σ ∈ Sm})

≤
∑

γ∈Γm,n

m∏

i=1

|aα(i)γ(i)|

=
m∏

i=1

n∑

j=1

|aα(i)j | =
m∏

i=1

Rα(i) ≤
m∏

i=1

R[i]

We can use (5.8) to have

|λn| ≥ |detA|∏n−1
i=1 R[i]

(5.3)

since

det A =
n∏

i=1

λi.

Theorem 5.1.5. Suppose that A ∈ Cn×n is invertible with singular values
s1 ≥ · · · ≥ sn > 0. Let A = QR be the unique QR decomposition where
positive diagonal entries of R. Let diagR = (a1, . . . , an). Let a[1] ≥ · · · ≥ a[n]

be the rearrangement of a1, . . . , an. Then

m∏
t=1

a[t] ≤
m∏

t=1

st, m = 1, . . . , n− 1,
n∏

t=1

a[t] =
n∏

t=1

st. (5.4)
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Proof. We first establish a[1] ≤ s1. Let A = QR be the QR decomposition of
A. Recall that s1 is the square root of the largest eigenvalue of the psd

A∗A = R∗Q∗QR = R∗R.

It is known that any diagonal entry of a Hermitian B is less than or equal to
the largest eigenvalue of B (by using Spectral Theorem for Hermitian matrices).
Suppose a[1] = ar for some 1 ≤ r ≤ n. Then

a2
[1] = |ar|2 ≤ (R∗R)rr ≤ s2

1. (5.5)

Hence a[1] ≤ s1. and use Theorem 5.1.3 (c) and (g),

Cm(A) = Cm(Q)Cm(R)

is the QR decomposition of Cm(A). Now the diagonal entries of Cm(R) are∏m
i=1 aα(i) α ∈ Qm,n and the largest is

∏m
i=1 a[i] By Theorem 5.1.3(d), the

largest singular value of Cm(A) is
∏m

i=1 si. So by (5.5) we have

m∏

i=1

a[i] ≤
m∏

i=1

si, i = 1, . . . , n− 1.

The equality is obtained via the determinant equation

det A = det QdetR

so that
n∏

i=1

si = |detA| = |detR| =
n∏

i=1

a[i].

Remark: The converse of Theorem 5.1.5 is true, i.e., given positive numbers
a1, . . . , an and s1 ≥ · · · ≥ sn > 0, if (5.4) is true, then there exists A ∈ Cn×n

with singular values s’s and diagR = (a1, . . . , an) where A = QR is the QR
decomposition of A. This result is known as Kostant’s convexity theorem [11].
Indeed Kostant’s result is in a broader context known as real semisimple Lie
groups.

For A ∈ Cn×n, t ∈ C, we write

Cm(In + tA) = I(n
m) + tD(1)

m (A) + t2D(2)
m (A) + · · ·+ tmD(m)

m (A).

The matrix D
(r)
m (A) is called the rth derivative of Cm(A). In particular

D
(1)
m (A) is the directional derivative of Cm(·) at the identity In in the direc-

tion A. It is viewed as the linearization of Cm(A)

Theorem 5.1.6. If A ∈ Cn×n is upper triangular, then D
(r)
m (A) is upper tri-

angular.
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Proof. If A is upper triangular, so is In + tA. Thus Cm(In + tA) is upper
triangular.

Theorem 5.1.7. (a) D
(r)
m (SAS−1) = Cm(S)D(r)

m (A)Cm(S)−1 for all 1 ≤ r ≤
m. So, if A and B are similar, then Cm(A) and Cm(B) are similar.

(b) Let A ∈ Cn×n with eigenvalues λ1, . . . , λn. Then the eigenvalues of
D

(r)
m (A) are

∑

ω∈Qr,m

r∏

i=1

λαω(i), α ∈ Qm,n.

In particular λα(1) + · · ·+λα(m), α ∈ Qm,n, are the eigenvalues of D
(1)
m (A).

(c) D
(r)
m (A∗) = D

(r)
m (A)∗.

Proof. (a)

Cm(In + tSAS−1)
= Cm(S(In + tA)S−1)
= Cm(S)Cm(In + tA)Cm(S−1)
= Cm(S)Cm(In + tA)Cm(S)−1

= Cm(S)(I(n
m) + tD(1)

m (A) + t2D(2)
m (A) + · · ·+ tmD(m)

m (A))Cm(S)−1

= I(n
m) + tCm(S)D(1)

m (A)Cm(S)−1 + t2Cm(S)D(2)
m (A)Cm(S)−1

+ · · ·+ tmCm(S)D(m)
m (A)Cm(S)−1

On the other hand

Cm(In+tSAS−1) = I(n
m)+tD(1)

m (SAS−1)+t2D(2)
m (SAS−1)+· · ·+tmD(m)

m (SAS−1).

Comparing coefficients of tr of both equations yields the desired result.
(b) By Schur triangularization theorem, there is U ∈ U(n) such that UAU∗ =

T where T is upper triangular and diagT = (λ1, . . . , λn). By (a)

D(r)
m (A) = Cm(U∗)D(r)

m (T )Cm(U)

and hence D
(r)
m (A)) and D

(r)
m (T )) have the same eigenvalues. From Theorem

5.1.6 D
(r)
m (T ) is upper triangular so the diagonal entries are the eigenvalues of
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A. Now

Cm(I + tT )α,α

= det(In + tT )[α|α]

=
m∏

i=1

(1 + tλα(i))

= 1 + t(λα(1) + · · ·+ λα(m)) + t2
∑

ω∈Q2,m

2∏

i=1

λαω(i)

+ · · ·+ tr
∑

ω∈Qr,m

r∏

i=1

λαω(i) + · · ·

for all α ∈ Qm,n. So the eigenvalues of D
(r)
m (A) are

∑
ω∈Qr,m

∏r
i=1 λαω(i),

α ∈ Qm,n.
(c) For any t ∈ R,

I(n
m) + tD(1)

m (A∗) + t2D(2)
m (A∗) + · · ·+ tmD(m)

m (A∗)

= Cm(I + tA∗)
= Cm(I + tA)∗

= I(n
m) + tD(1)

m (A)∗ + t2D(2)
m (A)∗ + · · ·+ tmD(m)

m (A)∗

Hence D
(r)
m (A∗) = D

(r)
m (A)∗ for all r as desired.

Let A ∈ Cn×n and set ∆m(A) := D
(1)
m (A). It is called the mth additive

compound of A.

Theorem 5.1.8. ∆m : Cn×n → C(n
m)×(n

m) is linear, i.e., ∆m(A+B) = ∆m(A)+
∆m(B) for all A,B ∈ Cn×n and ∆m(cA) = c∆m(A).

Proof. By Theorem 5.1.3(a)

Cm((In + tA)(I + tB)) = Cm(In + tA)Cm(In + tB).

Now

Cm(In + tA)Cm(In + tB) = (I(n
m) + t∆m(A) + o(t2))(I(n

m) + t∆m(B) + o(t2))

= I(n
m) + t(∆m(A) + ∆m(B)) + o(t2),

and

Cm((In+tA)(In+tB)) = Cm(In+t(A+B)+t2AB) = I(n
m)+t(∆m(A+B))+o(t2).

Then compare coefficients of t on both sides. The equality ∆m(cA) = c∆m(A)
is easily deduced as well.
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The following problem is still open

Marcus–de Oliveira Conjecture
Let A,B ∈ Cn×n be normal matrices with eigenvalues α1, . . . , αn and β1, . . . , βn.
The Marcus–de Oliveira Conjecture claims that

{det(V AV −1 + UBU−1) : V, U ∈ U(n)} ⊂ conv {
n∏

i=1

(αi + βσ(i)) : σ ∈ Sn},

where convS denotes the convex hull of the set S ⊂ C.
Since

det(V AV −1 + UBU−1) = det(V (A + V −1UBU−1V )V −1)
= detV det(A + V −1UBU−1V ) det V ∗

= det(A + V −1UBU−1V ),

by using spectral theorem for normal matrices, Marcus–de Oliveira Conjecture
can be restated as

{det(diag (α1, . . . , αn) + Udiag (β1, . . . , βn)U−1) : U ∈ U(n)}

⊂ conv {
n∏

i=1

(αi + βσ(i)) : σ ∈ Sn},

where convS denotes the convex hull of the set S ⊂ C.
When A and B are Hermitian, the inclusion becomes an equality, a result

of Fielder [2]. See the generalization of Fielder’s result in the context of real
semisimple Lie algebras [28, 29, 30].

For A,B ∈ Cn×n, the Cauchy-Binet formula yields [21]

det(A + B) = det((A In)
(

In

B

)
) = Cn(A In)Cn

(
In

B

)
.

Thus

det(A+UBU−1) = Cn(A In)Cn

(
In

UBU−1

)
= Cn(A In)Cn((U⊕U)

(
In

B

)
U−1).

Problems

1. Show that for ∧mV (m ≤ n = dim V ), Ω = Dm,n.

2. Let T ∈ EndV and dimV = n. Prove that for all v1, . . . , vn ∈ V ,
Cn(T )v1 ∧ · · · ∧ vn = (det T )v1 ∧ · · · ∧ vn.

3. Suppose Vχ(G) 6= 0 and v1 ∗ · · · ∗ vm = 0 whenever v1, . . . , vm are linearly
dependent. Prove that Vχ(G) = ∧mV , i.e., G = Sm and χ = ε.
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4. (Cartan Lemma) Let e1, . . . , ek be linear independent and
∑k

i=1 ei ∧ vi =
0. Prove that there is a symmetric matrix A ∈ Ck×k such that vi =∑k

i=1 aijej , i = 1, . . . , k. Hint: Extend e1, . . . , ek to a basis e1, . . . , en

of V . Notice that {ei ∧ ej : 1 ≤ i < j ≤ n} is a basis of ∧2V and∑n
i,j=1 aijei ∧ ej =

∑
i<j(aij − aji)ei ∧ ej .

5. Let A ∈ Cn×n and Ei =
√∑n

j=1 |aij |2 and use similar notations as in
Theorem 5.1.4. Prove that

m∏

i=1

|λi| ≤
(

n

m

) m∏

i=1

E[i], m = 1, . . . , n

and

|λn| ≥ |detA|
n

∏n−1
i=1 E[i]

.

Hint: Use Problem 4.6 #2.

6. (Weyl) Let A ∈ Cn×n. Let λ1, . . . , λn with the ordering |λ1| ≥ · · · | ≥ λn|
and s1 ≥ · · · ≥ sn be the singular values of A, respectively. Prove that

m∏
t=1

|λt| ≤
m∏

t=1

st, m = 1, . . . , n− 1,
n∏

t=1

|λt| =
n∏

t=1

st. (5.6)

(Hint: Establish |λ1| ≤ s1 and use Theorem 5.1.3(d). Remark: The
converse is true, i.e., given λ1, . . . , λn in nonincreasing moduli and s1 ≥
· · · ≥ sn ≥ 0, if (5.6) is true, then there exists A ∈ Cn×n with eigenvalues
λ’s and singular values s’s. It is due to A. Horn [7] and see a different
proof of T.Y. Tam [27]).

7. Let A ∈ Cn×n with distinct eigenvalues λ1, . . . , λn. Define

Sep(A) = min
i 6=j

|λi − λj |.

Set L := A⊗ In − In ⊗A. Prove

Sep(A) ≥
(

|trCn2−n(L)|∏n2−n−2
i=1 R[i](L)

)1/2

.

Hint: The eigenvalues of L are λi − λj i, j = 1, . . . , n, in which n2 − n are
nonzero so Cn2−n(L) has only one nonzero eigenvalue

∏

i 6=j

(λi − λj) = (−1)
n2−n

2

∏

i<j

(λi − λj)2 = tr Cn2−n(L).

Then apply (5.3).
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8. Let A ∈ Cn×n be Hermitian with distinct eigenvalues and set L := A ⊗
In − In ⊗A. Prove

Sep(A) ≥
(

|det L[ω|ω]|∏n2−n−2
i=1 R[i](L)

)1/2

,

where ω ∈ Qn2−n,n2 . Hint: |λ1| ≥ maxi=1,...,n |aii|.
9. Let λ1, . . . , λn be the eigenvalue of A ∈ Cn×n. Prove that (λi − λj)2,

1 ≤ i < j ≤ n, are the eigenvalues of M := D
(1)
2 (A2) − 2C2(A). When

the eigenvalues of A are distinct, use M to give a nonzero lower bound of
Sep(A).

Solutions

1.

2.

3.

4.

5.

6.

7.

5.2 Decomposable elements in the exterior spaces

We will give some characterization of decomposable elements in the exterior
space ∧mV . We know from Theorem 5.1.1(d) that v∧ = v1∧ · · ·∧vm is nonzero
if and only if v1, . . . , vm are linearly independent. Moreover from Theorem
5.1.1(f) if v∧ 6= 0, then u∧ = v∧ if and only if ui =

∑m
j=1 cijvj , i = 1, . . . , m and

det(cij) = 1. So the two m-dimensional subspaces 〈u1, . . . , um〉 and 〈v1, . . . , vm〉
of V are the same if and only if u∧ = cv∧ 6= 0. Thus nonzero decomposable
v∧ are in one-one correspondence (up to a nonzero scalar multiple) with m-
dimensional subspaces of V . The space of m-dimensional subspaces of V is
called the mth Grassmannian of V .

Suppose that E = {e1, . . . , en} is a basis of V and {v1, . . . , vm} is a basis for
the m-dimensional subspace W of V . Since v’s are linear combinations of e’s,
from Theorem 5.1.1(g)

v∧ =
∑

ω∈Qm,n

aωe∧ω .
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So up to a nonzero scalar multiple, those
(

n
m

)
scalars aω are uniquely determined

by W . In other words, if we choose another basis {u1, . . . , um} of W so that

u∧ =
∑

ω∈Qm,n

bωe∧ω ,

then
aω = cbω, for all ω ∈ Qm,n

for some constant c 6= 0. The
(

n
m

)
scalars aω are called the Plücker coordi-

nates of v∧. The concept was introduced by Julius Plücker in the 19th century
for studying geometry. Clearly not all

(
n
m

)
scalars are Plücker coordinates for

some v∧ since not all vectors in ∧mV are decomposable. We are going to give
a necessary and sufficient condition for Plücker coordinates.

By see Theorem 5.1.1(c),
∑

ω∈Qm,n

aωσe∧ω = v∧σ = ε(σ)v∧ =
∑

ω∈Qm,n

ε(σ)aωe∧ω

so that
aωσ = ε(σ)aω.

So it is a necessary condition and motivates the following definition.
Let p : Γm,n → C be a function satisfying

p(ωσ) = ε(σ)p(ω), σ ∈ Sm, ω ∈ Γm,n. (5.7)

For any element z =
∑

ω∈Qm,n
cωe∧ω ∈ ∧mV , the coordinates cω can be viewed as

a function c(ω). This function can be extended to Γm,n such that (5.7) remains
true. Conversely, any p satisfying (5.7) gives a one-one correspondence between
elements of ∧mV and

∑
ω∈Qm,n

p(ω)e∧ω .
For any α, β ∈ Γm,n and p satisfying (5.7), define P (α, β) ∈ Cm×m such that

P (α, β)i,j = p(α[i, j : β]), 1 ≤ i, j ≤ m,

where α[i, j : β] ∈ Γm,n is obtained from α by replacing α(i) by β(j), i.e.,

α[i, j : β] = (α(1), . . . , α(i− 1), β(j), α(i + 1), . . . , α(m)) ∈ Γm,n.

The following result gives the relationship between decomposability and subde-
terminants.

Theorem 5.2.1. Let 1 ≤ m ≤ n. If p satisfies (5.7) and is not identically zero,
then the following are equivalent.

1. z =
∑

ω∈Qm,n
p(ω)e∧ω is decomposable.

2. There is A ∈ Cm×n such that p(ω) = det A[1, . . . , m|ω], ω ∈ Qm,n.

3. det P (α, β) = p(α)m−1p(β), α, β ∈ Qm,n.
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Proof.

(a) ⇒ (b). Suppose z =
∑

ω∈Qm,n
p(ω)e∧ω is decomposable, i.e., z = v1 ∧

· · ·∧ vm. Write vi =
∑n

j=1 aijej , i = 1, . . . , m, where E = {e1, . . . , en} is a basis
of V . By Theorem 5.1.1(g),

z = v∧ =
∑

ω∈Qm,n

detA[1, . . . , m|ω]e∧ω

Comparing coefficients yields p(ω) = det A[1, . . . , m|ω], ω ∈ Qm,n.
(b) ⇒ (a). Suppose that (b) is true. Use A to define vi =

∑n
j=1 aijej ,

i = 1, . . . , m. So

z =
∑

ω∈Qm,n

p(ω)e∧ω =
∑

ω∈Qm,n

detA[1, . . . , m|ω]e∧ω = v1 ∧ · · · ∧ vm

is decomposable.
(b) ⇒ (c). For any A ∈ Cm×n and α, β ∈ Qm,n, let

S := A[1, . . . , m|α] = (Aα(1) . . . Aα(m)) ∈ Cm×m

where Aα(i) denotes the ith column of S, i = 1, . . . , m. Similarly let

T := A[1, . . . , m|β] = (Aβ(1) . . . Aβ(m)) ∈ Cm×m.

If we define X ∈ Cm×m by

xij = det(Aα(1) . . . Aα(i−1) Aβ(j) Aα(i+1) . . . Aα(m)), 1 ≤ i, j ≤ m,

then by Cramer rule
SX = (det S)T.

Taking determinants on both sides

det S det X = det T (detS)m.

If S is invertible, then

detX = det T (detS)m−1. (5.8)

If S is not invertible, then replace S by S + tIm. Since det B is a polynomial
function of its entries bij , we have (5.8) by continuity argument.

Suppose that (b) is true. Then

detS = detA[1, . . . , m|α] = p(α),
det T = detA[1, . . . , m|β] = p(β)

and

xij = det(Aα(1) . . . Aα(i−1) Aβ(j) Aα(i+1) . . . Aα(m))
= det A[1, . . . , m|α(1), . . . , α(i− 1), β(j), α(i + 1), . . . , α(m)]
= p(α(1), . . . , α(i− 1), β(j), α(i + 1), . . . , α(m))
= p(α[i, j : β]).
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Then X = (xij) = P (α, β) and (5.8) becomes

detP (α, β) = p(α)m−1p(β).

Suppose (c) is true. Since p is not a zero polynomial, there is some α ∈ Qm,n

such that p(α) 6= 0. Define A ∈ Cm×n where

aij = p(α)
1
m−1p(α(1), . . . , α(i−1), β(j), α(i+1), . . . , α(m)), 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Then for any ω ∈ Qm,n,

detA[1, . . . , m|ω]
= det(aiω(j))

= det(p(α)
1
m−1p(α(1), . . . , α(i− 1), ω(j), α(i + 1), . . . , α(m))

= ((p(α)
1
m−1)m det(p(α[i, j : ω])1≤i,j≤m

= p(α)1−m det P (α, ω)
= (p(α)1−mp(α)m−1p(ω) by (c)
= p(ω).

There are many equivalent conditions for decomposability, for example

P (α, β)P (β, γ) = p(β)P (α, γ), α, β, γ ∈ Γm,n

is also necessary and sufficient condition (but we will not discuss it in detail).
We now use Theorem 5.2.1 to deduce some results.
Let α ∈ Dm,n. Denote by Imα denotes the set of the components of α. We

say that α, β ∈ Dm,n differ by k components if |Im α ∩ Im β| = m − k. For
example α = (1, 3, 5) and β = (3, 5, 6) differ by one component. We say that
α1, . . . , αk ∈ Qm,n form a chain if all consecutive sequences differ by one com-
ponent. The following is an important necessary condition for decomposability.

Theorem 5.2.2. Let z =
∑

ω∈Qm,n
p(ω)e∧ω ∈ ∧kV (with dimV = n) be de-

composable. If p(α) 6= 0, p(β) 6= 0 and α and β differ by k components, then
there are k − 1 different sequences α1, . . . , αk−1 ∈ Qm,n such that p(αi) 6= 0,
i = 1, . . . , k − 1, and α, α1, . . . , αk−1, β form a chain. In other words, any two
nonzero coordinates of a decomposable v∧ are connected by a nonzero chain.

Proof. When k = 1, the result is trivial. Suppose k > 1. Use (5.7) to extend
the domain of p to Γm,n. By Theorem 5.2.1

det P (α, β) = p(α)m−1p(β) 6= 0

so one term in the expansion of the left side must be nonzero, i.e., there is
σ ∈ Sm such that

m∏

i=1

p(α[i, σ(i) : β]) 6= 0.
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Since α and β differ by k > 1 components, there is i0(1 ≤ i0 ≤ m) such that
α(i0) 6∈ Im β. From p(α[i0, σ(i0) : β]) 6= 0 we know that β(σ(i0)) 6∈ Im α and
α[i0, σ(i0) : β] ∈ Dm,n. So there is θ ∈ Sm such that α[i0, σ(i0) : β]θ = α1 ∈
Qm,n. By (5.7),

p(α1) = ε(θ)p(α[i0, σ(i0) : β]) 6= 0.

Clearly α and α1 differ by one component and α1 and β differ by k− 1 compo-
nents. Repeat this process for α1 and β to have α2, . . . , αk−1.

Example: Theorem 5.2.2 can be used to determine indecomposable elements,
i.e., if z =

∑
ω∈Qm,n

p(ω)e∧ω has two nonzero unchained coordinates, then z is
indecomposable. For example z = e1 ∧ e2 + e3 ∧ e4 is indecomposable since
p(1, 2) and p(3, 4) are nonzero but not chained.

Theorem 5.2.3. Let dim V = n and 1 ≤ m ≤ n. Then all elements in ∧mV is
decomposable if and only if m = 1, m = n− 1 or m = n.

Proof. ⇐ Clearly if m = 1 or m = n, all elements of ∧mV are decomposable.
So we only need to consider m = n− 1. Suppose z =

∑
ω∈Qm,n

e∧ω ∈ ∧mV . By
(5.7) extend the domain of p to Γm,n and we are going to show that p satisfies
Theorem 5.2.1(c).

For any α, β ∈ Qm,n, if α = β, then P (α, α) = p(α)Im. Hence (c) is valid.
If α 6= β, then from m = n − 1, α and β differ by one component. So α has
a unique component α(t) 6∈ Im β and there is σ ∈ Sm such that α(j) = βσ(j)
unless j = t. So

p([t, t : βσ]) = p(α(1), . . . , α(t− 1), βσ(t), α(t + 1), . . . , α(m))
= p(βα(1), . . . , βα(t− 1), βσ(t), βα(t + 1), . . . , βα(m))
= p(βσ).

When j 6= t,
p(α[i, j : βσ]) = p(α[i, j : α]) = p(α)δij .

So the (m−1)×(m−1) principal submatrix P (α, βσ)(t|t) of P (α, βσ) is p(α)Im−1

and the tth diagonal entry of P (α, βσ) is p(βσ). So

detP (α, βσ) = p(α)m−1p(βσ) = ε(σ)p(α)m−1p(β).

By the property of determinant,

detP (α, βσ) = det p(α[i, σ(j) : β]) = ε(σ) det p(α[i, j : β]) = ε(σ) det P (α, β).

Hence det P (α, β) = p(α)m−1p(β), i.e., Theorem 5.2.1(c) is satisfied. Hence all
elements of ∧n−1V are decomposable.

Conversely if 2 ≤ m ≤ n− 2, let

α = (1, . . . , m), β = (1, . . . , m− 2,m + 1,m + 2).

Then consider z = e∧α + e∧β . Notice that α and β differ by two components and
are linked by a nonzero chain. By Theorem 5.2.2, z is indecomposable. So not
all elements of ∧mV are decomposable.
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Theorem 5.2.4. Let v1 ∧ · · · ∧ vm =
∑

ω∈Qm,n
p(ω)e∧ω 6= 0. If p(α) 6= 0, let

ui =
∑n

j=1 p(α[i, j])ej , i = 1, . . . , m. Then u1∧· · ·∧um = p(α)m−1v1∧· · ·∧vm.
Thus 〈u1, . . . , vm〉 = 〈v1, . . . , vm〉. Here

α[i, j] := (α(1), . . . , α(i− 1), j, α(i + 1), . . . , α(m)) ∈ Γm,n.

Proof. Let aij := p(α[i, j]) = p(α(1), . . . , α(i − 1), j, α(i + 1), . . . , α(m)). By
Theorem 5.1.1,

u∧ =
∑

ω∈Qm,n

det A[1, . . . , m|ω]e∧ω .

By Theorem 5.2.1

det A[1, . . . , m|ω] = det(aiω(j) = det(p(α[i, j : ω]) = p(α)m−1p(ω).

So u∧ = p(α)m−1v∧. Then by p(α) 6= 0, v∧ 6= 0 to have 〈u1, . . . , , um〉 =
〈v1, . . . , vm〉.

By Theorem 5.2.4, it is easy to find a basis of the subspace that corresponds
to a given decomposable element. For example, from Theorem 5.2.3,

z = e1 ∧ e2 ∧ e3 + 2e1 ∧ e2 ∧ e4 − e1 ∧ e3 ∧ e4 − 3e2 ∧ e3 ∧ e4 ∈ ∧3V

is decomposable with dim V = 4. It is not hard to find u1, u2, u3 ∈ V such that
z = u1 ∧ u2 ∧ u3: by Theorem 5.2.4, let α = (1, 2, 3) so that p(α) = 1. Then

u1 = p(1, 2, 3)e1 + p(2, 2, 3)e2 + p(3, 2, 3)e3 + p(4, 2, 3)e4 = e1 − 3e4

because p(2, 2, 3) = p(3, 2, 3) = 0 and p(4, 2, 3) = p(2, 3, 4) by (5.7). Similarly
u2 = e2 + e4, u3 = e3 + 2e4. So

z = (e1 − 3e4) ∧ (e2 + e4) ∧ (e3 + 2e4) = −3.

Problems

1. Let v1 ∧ · · · ∧ vm =
∑

ω∈Wm,n
p(ω)e∧ω 6= 0. Prove that for any α ∈ Γm,n,

ui =
n∑

j=1

p(α[i, j])ej ∈ 〈v1, . . . , vm〉, i = 1, . . . , m.

2. It is known that z = 3e1∧e2+5e1∧e3+5e1∧e4+e2∧e3−2e2∧e4+5e3∧e4

is decomposable, find u1, u2 ∈ V such that z = u1 ∧ u2.

3. Let p : Γm,n → C not identically zero. Suppose that p satisfies (5.7).
Prove that the following are equivalent.

(a) P (α, β)P (β, γ) = p(β)P (α, γ), α, β, γ ∈ Γm,n.
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(b) P (α, β)P (β, α) = p(α)p(β)Im, α, β ∈ Gmn.

(c)
∑m

t=1 p(α[s, t : β])p(β[t, s : α]) = p(α)p(β), α, β ∈ Γm,n, s = 1, . . . , m.

(d)
∑m+1

k=1 (−1)k−1p(α(̂i) : δ(k))p(δ(k)) = 0, α ∈ Γm,n, δ ∈ Γm+1,n,
where

α(̂i) : δ(k) = (α(1), . . . , α(i− 1), α(i + 1), . . . , α(m), δ(k)) ∈ Γm,n

δ(k̂) = (δ(1), . . . , δ(k − 1), δ(k + 1), . . . , δ(m + 1)) ∈ Γm,n.

5.3 Completely symmetric spaces

We denote Vχ(G) by V1(Sm) = •mV when G = Sm and χ ≡ 1. The space •mV
is called a completely symmetric spaces. The decomposable element v∗ is
written as v• = v1 • · · · • vm.

Let A ∈ Cm×m, the permanent

per A =
∑

σ∈Sm

m∑
t=1

atσ(t)

plays an important role for the completely symmetric space as the determinant
to the exterior space.

Theorem 5.3.1. Let dim V = n ≥ m. Denote by ν(α) = |Gα| (G = Sm). For
•mV ,

(a) ∆ = ∆̄ = ∆̂ = Gm,n and dim •mV =
(
n+m−1

m

)
.

(b) If E = {e1, . . . , en} is a basis of V , then E• := {e•α : α ∈ Gm,n} is a basis of

•mV . If E is an orthonormal basis of V , then E′
• := {

√
m!

ν(α)e
•
α : α ∈ Gm,n}

is an orthonormal basis of •mV .

(c) For each σ ∈ Sm, v•σ = v•.

(d) v1 • · · · • vm = 0 if and only if some vi = 0.

(e) If u• = v• 6= 0, then there is σ ∈ Sm and di 6= 0 such that ui = divσ(i),
i = 1, . . . , m and

∏m
i=1 di = 1.

(f) If vi =
∑n

j=1 aijej , i = 1, . . . , m, then

v• =
∑

α∈Gm,n

1
ν(α)

per A[1, . . . , m|α]e•α.

Proof. (a), (b), (c) are clear from Chapter 4.
(d) It suffices to prove the necessary part and we use contrapositive. Equip

V with an inner product. Suppose vt 6= 0 for all t = 1, . . . , m. The union
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∪m
i=1v

⊥
i of the finite hyperplanes v⊥i is not dense in V . So there is w ∈ W such

that
m∏

t=1

(w, vt) 6= 0.

On the other hand, for any w ∈ V

(w⊗· · ·⊗w, v•) = (T (G, 1)w⊗· · ·⊗w, v⊗) = (w⊗· · ·⊗w, v1⊗· · ·⊗vm) =
m∏

t=1

(w, vt).

So v• = 0 would imply
∏m

t=1(w, vt) = 0 for all w ∈ V . Thus v• 6= 0.
(e) If u• = v• 6= 0, then for any w ∈ V ,

m∏
t=1

(w, ut) = (w ⊗ · · · ⊗ w, u•) = (w ⊗ · · · ⊗ w, v•) =
m∏

t=1

(w, vt). (5.9)

Decompose ut = xt + yt such that xt ∈ 〈v1〉, yt ∈ v⊥1 , t = 1, . . . , m. For any
z ∈ v⊥1 , we have

∏m
t=1(z, vt) = 0. By (5.9)

0 =
m∏

t=1

(z, vt) =
m∏

t=1

(z, ut) =
m∏

t=1

(z, yt), for all z ∈ v⊥1 .

Applying the claim in the proof of (d) on the space v⊥1 to have yi = 0 for some
i, i.e., ui = xi ∈ 〈v1〉. So there is di 6= 0 such that ui = div1. Substitute it into
(5.9)

0 = (w, v1)(
m∏

i=2

(w, vt)− di

∏

t6=i

(w, ut)). (5.10)

Since v1 6= 0 and w ∈ V is arbitrary, we have
m∏

i=2

(w, vt) = di

∏

t6=i

(w, ut), for all w ∈ v⊥1

Then apply continuity argument, so that the above equality is valid for w ∈ V .
Then use induction.

(f)

v• = (
n∑

j=1

a1jej) · · · (
n∑

j=1

amjej)

=
∑

α∈Γm,n

m∏

i=1

aiα(i)e
•
α

=
∑

α∈Gm,n

1
ν(α)

∑

σ∈Sm

m∏

i=1

aiασ(i)e
•
ασ (Theorem 4.4.3)

=
∑

α∈Gm,n

1
ν(α)

per A[1, . . . , m|α]e•α.
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We denoted by Pm(T ) for K(T ) if T ∈ EndV and Pm(A) for K(A) if
A ∈ Cn×n.

Theorem 5.3.2. Let T ∈ EndV with dimV = n. Let λ1, . . . , λn be the
eigenvalues and s1, . . . , sn be the singular values of A. Let A = [T ]EE ∈ Cn×n

where E is a basis of V . Then

(a) Let E′
• be the basis as in Theorem 5.3.1. Then

(
[Pm(T )]E

′
•

E′•

)
α,β

= Pm(A)α,β =
per A[α|β]√

ν(α)ν(β)
.

(b) Pm(A∗) = Pm(A)∗, Pm(A−1) = Pm(A)−1 if A is invertible, Pm(AB) =
Pm(A)Pm(B).

(c) If rankA = r, then rankPm(A) =
(
r+m−1

m

)
.

(d) If A is upper triangular, so is Pm(A).

(e)
∏m

t=1 λα(t) are the eigenvalues and
∏m

t=1 sα(t) are the singular values, α ∈
Gm,n, of Pm(A)

(f) trPm(A) =
∑

α∈Gm,n

∏m
t=1 λσ(t) =

∑
α∈Gm,n

1
ν(α)per A[α|α].

(g) detPm(A) = (detA)(
n+m−1

n ).

(h) If A is normal, Hermitian, pd, psd or unitary, so is Pm(A).

Problems

1. Prove the Cauchy-Binet formula for the permanent: Let A,B ∈ Cn×n.
For any α, β ∈ Gm,n,

per ((AB)[α|β]) =
∑

ω∈Gm,n

1
ν(ω)

per (A[α|ω])per (B[ω|β]).

2. Prove Laplace expansion for permanent: for any A ∈ Cn×n, α ∈ Qm,n,

per A =
∑

β∈Qm,n

per A[α|β]per A(α|β).

3. Let G < Sm. Check which properties of Theorem 5.3.1 remain true for
V1(G).

4. Prove that the set {v ⊗ · · · ⊗ v : v ∈ V } generates V •m = V1(Sm).
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5. Let A(t) ∈ Cn×n be a differentiable matrix function. Prove that

d

dt
per A(t) =

n∑

i,j=1

per A(i|j)daij(t)
dt

.



Chapter 6

Research topics

6.1 Orthonormal decomposable basis

The material in this section is from Holmes [3].
Let V be a finite-dimensional complex inner product space and assume n :=

dimV ≥ 2 (to avoid trivialities). Let G < Sm. Fix an orthonormal basis
{e1, . . . , en} of V . Given γ ∈ Γm,n and χ ∈ I(G), the inner product on V
induces an inner product on ⊗mV . If the subspace W of ⊗mV has a basis
consisting of mutually orthogonal standard symmetrized tensors, we will say
that W has an o-basis.

Given γ ∈ Γ, set Gγ := {σ ∈ G | γσ = γ} ≤ G. We have

(eχ
γµ, eχ

γτ ) =
χ(1)
|G|

∑

σ∈Gγτ

χ(στ−1µ) =
χ(1)
|G|

∑

σ∈Gγ

χ(σµτ−1),

the first equality from [1, p. 339] and the second from the observations that
τGγτ τ−1 = Gγ and χ(στ−1µ) = χ(τστ−1µτ−1).

We have dim V χ
γ = χ(1)(χ, 1)Gγ

.
The group G is 2-transitive if, with respect to the componentwise action,

it is transitive on the set of pairs (i, j), with i, j = 1, . . . , m, i 6= j. Note that if
G is 2-transitive, then for any i = 1, . . . , m, the subgroup {σ ∈ G |σ(i) = i} of
G is transitive on the set {1, . . . , î, . . . , m}.
Theorem 6.1.1. Assume m ≥ 3. If G is 2-transitive, then ⊗mV does not have
an o-basis.

Proof. By the remarks above, it is enough to show that V χ
γ does not have an

o-basis of some χ ∈ I(G), γ ∈ Γ.
Let H = {σ ∈ G |σ(m) = m} < G and denote by ψ the induced character

(1H)G, so that ψ(σ) = |{i |σ(i) = i}| for σ ∈ G (see [4, p. 68]).
Let ρ ∈ G −H and for i = 1, . . . , m, set Ri = {σ ∈ H |σρ(i) = i}. Clearly,

Ri = ∅ if i ∈ {m, ρ−1(m)}. Assume i /∈ {m, ρ−1(m)}. Since H acts transitively
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on 1, . . . , m − 1, there exists some τ ∈ Ri. Then Ri = Hiτ , where Hi := {σ ∈
H |σ(i) = i}. Now [H : Hi] equals the number of elements in the orbit of i
under the action of H, so [H : Hi] = m − 1. Therefore, |Ri| = |Hiτ | = |Hi| =
|H|/[H : Hi] = |H|/(m− 1). We obtain the formula

∑

σ∈H

ψ(σρ) =
n∑

i=1

|Ri| =
∑

i 6=m,ρ−1(m)

|Ri| = m− 2
m− 1

|H|.

Since (ψ, 1)G = (1, 1)H = 1 by Frobenius reciprocity, 1 is a constituent of ψ,
whence χ := ψ−1 is a character of G. Moreover, the 2-transitivity of G implies
that (ψ, ψ)G = 2 (see [4, p. 68]). Hence, (χ, χ)G = 1, so that χ is irreducible.

Let γ = (1, . . . , 1, 2) ∈ Γ and note that Gγ = H. Let µ and τ be represen-
tatives of distinct right cosets of H in G. Then ρ := µτ−1 ∈ G − H, so the
discussion above shows that

(eχ
γµ, eχ

γτ ) =
χ(1)
|G|

∑

σ∈H

χ(σµτ−1) =
χ(1)
|G|

[
n− 2
m− 1

|H| − |H|
]

< 0.

It follows that distinct standard symmetrized tensors in V χ
γ are not orthogonal.

On the other hand,

dimV χ
γ = χ(1)(χ, 1)H = (m− 1)[(ψ, 1)H − 1],

and since (ψ, 1)H = (ψ, ψ)G = 2 by Frobenius reciprocity, dimV χ
γ = n− 1 > 1.

Therefore, V χ
γ does not have an o-basis. This completes the proof.

Corollary 6.1.2. If G = Sm (m ≥ 3) or G = Am (m ≥ 4), then ⊗mV does not
have an o-basis.

2-transitive groups have been studied extensively (see [3, Chapter XII], for
example).

Problems

1. Show that if G is abelian, then ⊗mV has an o-basis.

2. Give a proof of Corollary 6.1.2 by showing that (i) Sm is 2-transitive for
all m and (ii) the alternating group Am is 2-transitive if m ≥ 4.

3. Show that if G is the dihedral group Dm ≤ Sn, then ⊗mV has an o-basis
if and only if m is a power of 2.
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