AN IMPLICIT ALGORITHM OF SOLVING NONLINEAR FILTERING
PROBLEMS
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Abstract. Nonlinear filter problems arise in many applications such as communications and signal processing.
Commonly used numerical simulation methods include Kalman filter method, particle filter method, etc. In this
paper anovel numerical algorithm is constructed based on samples of the current state obtained by solving the state
equation implicitly. Numerical experiments demonstrate that our algorithm is more accurate than the Kalman filter
and more stable than the particle filter.
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1. Introduction. The main purpose of numerical simulations of afiltering processisto
obtain, recursively in time, a good estimate for the probability density function (pdf) of the
state of a dynamical system based on noisy observations. The first major breakthrough in
this classical problem of signal analysisisthe landmark work of Kalman and Bucy (Kalman
filter) [16] on linear filtering (Also see [9, 19, 20, 22]), under the assumption of linearity of
the system and Gaussianity of the noise, and the conditional distribution of the state, given
the observations, is Gaussian. This conditional distribution gives the best estimate of the
statistical description of the state of the system based on al the available observation infor-
mation up to the current time. Largely because of the success of Kalman filters, linear and
nonlinear filters have been applied in the various engineering and scientific areas, including
communications such as positioning in wireless networks, signal processing such as tracking
and navigation, economics and business, and many others.

In most of the practical application problems, however, linearity assumption is not valid
because of the nonlinearity in the model specification process as well as the observation pro-
cess. Two of the widely used methods for nonlinear filtering problems are extended Kalman
filter (EKF) [2, 8, 13, 14, 15] and particlefilter method (PFM) [3, 4, 5, 11, 21, 25]. In EFK the
estimation problem is linearized around the predicted state so that the standard Kalman filter
can be applied. The central idea of the particle filter method is to represent the desired pdf
of the system state with a set of random samples. As the number of samples becomes very
large, PFM provides a representation of the pdf. Since the seminal work of Gordon, Salmond
and Smith [11], there have been significant development in both practical applications and
theoretical analysis on PFM. Other efforts of solving nonlinear filtering problemsinclude the
Gaussian sum filter [1, 17, 24], moment methods based on approximations of the first two
moments of the density [18] and Zakai filter which represents the pdf as the solution of a
parabolic type stochastic partial differential equation (Zakai equation) [6, 10, 12, 23, 26, 27].

While the aforementioned methods have been remarkably successful in attacking the
nonlinear filtering problem, each of them has its drawbacks and limitations. For instance,
when the state equation describing the signal process and the observation equation are highly
non-linear, the extended Kaman filter can give particularly poor performance. PFM has a
number of advantages over EFK, including its ability to represent arbitrary densities, adap-
tively focus on the most probable regions of state-space. However, it also has a number of
disadvantages, including high computational complexity, degeneracy for long period simula-
tion and its difficulty of determining optimal number of particles.
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Thegoal isthis paper isto construct anew algorithm for numerical simulations of nonlin-
ear filtering problems. The general framework of our algorithm is adopted from the Bayesian
filtering theory which constructs the pdf of the state based on all the available information.
We still use the general framework of Kalman filters and particle filters which solve the prob-
lem by two stages: prediction stage and and update stage. For each time recursive step, the
prediction stage givesthe estimation for the prior pdf of the future state based on the currently
available observation information while update stage gives the posterior pdf from the updated
observation information and the the result obtained in the prediction stage. However, instead
of attempting to search for a representation of the pdf asin PFM, we approximate the pdf as
afunction over agrid in state space. Specificaly, at the prediction stage, we attempt to seek
the predicted pdf of the future state variable through a M onte Carlo method by evaluating the
conditional expectation of the future state with respect to the current stage. Since the sample
points for the current state is computed by solving the state equation implicitly, we name our
method as an “implicit filter method” . The following two items summarize the novelty of our
approach.

(i) We proposean accurateimplicit scheme for prediction purpose. Theimplicit scheme
has stabilizing effect on the proposed numerical algorithm. Thisis verified in our
numerical experiments.

(ii) Based onthe Bayesian theory, we apply anovel Monte-Carlo like method to approx-
imate the conditional expectation in the update stage to compute the prior pdf.

The paper is organized as follows. In the next section, we describe our methodology
and the implicit filter algorithm. In Section 3, we provide the convergence analysis of our
algorithm. Finally in Section 4 we demonstrate the accuracy and long time stability of our
algorithm through numerical experiments.

2. Methodology and the implicit filter algorithm. Consider the following state and
observation equations in the dynamic state-space form:

dx
Wt = f(t, X Wy) (2.1)
g

Yi=g(t, Xy; Vi) (22

where X; € R"= denotes the state vector, Y; € R™ denotes the measurement vector, W; €
R™ isarandom vector representing the uncertainties in the model, and V; € R™» denotes
the random measurement error. In many applications, the noise from measurement can be
assumed to be additive, and the problem can be formulated in a discrete manner as

Xiy1 = fo( Xy, W) (23)
Y = g:(Xe) + Vi, (24

where {W; }ren € R™ and {V; }1em g0y € R™ are mutualy independent white noises and
the subscript ¢ indexes the discrete time level at which the functions are evaluated. In data
assimilation, the observation Y; arrives sequentially in time and the goal is to estimate the
state vector X; given the information of {Y, 0 < s < t}. In what follows, we provide a
brief review on the formulation of Bayesian optimal filter.

2.1. Bayesian Optimal Filter. First we introduce some notations that will be used
throughout the rest of the paper. Denote Z,,,.,, as (Z, Zm+t1,- - , Z,) and denote X; ~
p(z¢) if the pdf of arandom variable X, isp(z:). Write

Xi | (Xi—1 = 24-1) ~ p(ae | 21-1) (2.5)
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where X; | X;_1 denotes the conditional expectation. When the context is clear, notations
similar to (2.5) will be introduced without formal explanations.

The dynamical model is Markovian such that any future X', is independent of the past
given the present X;_1:

p(re|@1—1,Y1:0-1) = p(Te]T1—1)

and the measurements are conditionally independent given x ;:

P(yelie, Yie—1) = p(ye|ze)

Denote by Z, = {y1,y2,-- ,v:} the information observed before time ¢. Given a prior
distribution p(z( ), Bayesian optimal filter isto construct the distribution p(x|Z; ) recursively
in two stages: prediction and update.

Assume that the required pdf p(z:—1|Z:—1) of previous step ¢ — 1 is available. The
Chapman-Kolmogorov equation gives the prediction step of

p($t|It—1) = / p($t|$t—1)p($t—1|It—1)d$t—1- (2-6)
R7z

At time ¢, as measurement y; becomes available, the prior distribution from (2.6) can then be
updated via Bayesian's formula

~ pydze)p(ze Ti—1) p(yelze)p(@e|Zi—1)
pledlle) = P(Ye|Zi—1) a fRnw p(yelze)p(e|Zi—1) dry’ @7

The exact computation of (2.6) and (2.7) is generally not possible. Exception exists
where all p(z;|Z;) are Gaussian and the model is linear, in which case the moments can be
obtained using Kalman filter. In practically al other cases, approximate solutions are sought
by numerical methods. Traditional particle filtering methods recursively generate samples
(particles) following p(xz+|Z;) and use these samples to approximate moments of p(x+|Z;). We
propose here an inverse method which generates samples from the white noise and use them
to approximate p(x.|Z;), by utilizing inverse solutions to discretized stochastic differential
equations.

2.2. Aninversealgorithm. Our proposed method is based on the the fact that
parforn) = [ plarleror, wi) - plur-)dw-r = Elplanfoe s, Wi-),
Rnw
and therefore the term p(x|Z;—1) in (2.6) can be written as

p($t|It—1)

/ p($t|$t—1)p($t—1|It—1)d$t—1

= E[p(xtkﬁtflv Wtfl)]P(SthﬂItfl)diUth
Rz

(2.8)

We assume that a compact domain, 5 C R"=, isthe region of interest. Assuming that
the pdf p(x:—1]Z:—1) is given, to achieve the prediction step (2.8) fromtime¢ — 1 to time ¢:
1. Generate M particles/paths {wf@l}j:l...  according to the pdf of W, _; and ap-
proximatep(-|W,_1) by itsempirical pdf, denotedby 7 (-|W,_,) = 47 E;-\il 5.|w£])1,
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where ¢,. denotes the delta-Dirac mass located in z. In fact, according to Bayesian
formula,

P(xtfl; wt71|xt)
p(ﬂ?t—h wt—l)

: p(xt)v

P($t|$t71; wtfl) =

and it follows immediately that p(x,|x;—1, W;_1) isarandom variable and the ran-
domness comes from the white noise W;_1, for each given z; and x;_; € R"=.
Thereforethe term E[p(x¢|z:—1, Wi—1)] in (2.8) can be approximated by

E[p(z¢|zi—1, Wi—1)] = E[r™ (z¢|2i—1, Wi_1)],

inwhich 7™ (2|21, W;_1) has the probability distribution

) 1 -
PT(WM($t|$t—17wt(j_) ) = T 1,..., M.

. Partition region B by using N nodes: {u()},—;...x and approximate 7™ (x;|-) by
M (u(?].). Step 1 together with (2.8) gives

P, 1) ~ / E[r™ (u Dz 1, Wo)lp(@_1|To_1)dar_1. 2.9)
B

. Assumethat f; isinvertible. Let 2\ bethesolutionto theequation f,(z!") w'),)
uforj=1,--- ,Mandi=1,---N. Then

M
ElrM (u® |z, _y, Wiq)] = MZ?TM(u(’)|a:t_1,w§]_)1)
) e (2.10)
= 72 S@wm—a), i=1,.. N
j=1

Hencetheintegral on the right hand side of (2.9) can be simplified and givesthat for
eachi=1,..., N,

Q

puD(Tiy) / Efr™ (u |y, Wi )|p(-1 [T )darry
B

if: (ai(i’j)|I )
szlp t—1 | Lt—1) -

. The last step of prediction is to use interpolation to construct a piecewise approx-
imation p(z¢|Z;—1) of p(z¢|Z;_1), from p(u®|Z,_,) obtained in step 3. Denote
by T'[{-}] the piecewise linear function that connects the points (u (), {-}), then we
obtain the approximation of p(x|Z;—1) via

(2.11)

p@lTi-1) ~ T [{p? (T},
N

M
1 i .
~T {M Zp (wﬁ_jl) |It—1) } = p(mtlIt—l)- (212)
=t i=1
where p (mizjl) |It,1) is the value of the pdf p(x,_1|Z;—1) at the point z;_; =
269
t—1-



Finally in the update step, the approximation of p(x|Z;), denoted by p(x.|Z;), can be
obtained from the Bayes formula
p(ye|ze)p(ze|Ti—1)

p(xe|Ze) = p(z| i) = T pledp(@ Toy)de: (2.13)

3. Weak Convergence. In this section we will study the convergence of the pdf ob-
tained by our algorithm converges to the Bayesian optimal filter on 5. In genera, given a
measure p and afunction ¢, we define

DEFINITION 1. Let {u,}22, be a sequence of probability densities on P(B), where
P(B) isthe space of all probability measures over 5. e say that
e L, convergesto p € P(B) uniformly and write lim,, o0 i, = o if for any e > 0,
there exists Ny, such that |, (z) — u(z)| < e forall 2 € Bandn > No.

e 41, convergesto u € P(B) weakly and write lim,, o jtn, = p if

m (pin, ) = (@), Vo € Cy(B),

n—oQ

where Cy,(B) isthe set of all continuous bounded functionson 5.
We will prove the weak convergence of p(z+|Z;) to p(z¢|Z:), i.e., the convergence of

(p(4]Zt), @) 10 (p(x4|Z), ©).

To guarantee that the Bayes formulain (2.7) is well defined and can be fulfilled in our
algorithm, we make the following standing assumptions:
(A1) For givenZ;, the denominator in (2.7) (normalization constants) satisfies

/p(yt|xt)p(a:t|It_1) dr, > £>0
B

(A2) The conditional kernel densities p(x;|x:—1) and p(y:|x:) are uniformly continuous,
bounded and strictly positive, i.e., given Z,,

0 < platlei—1) <1, 0<plyelae) < 1.
For simplicity we denote K;;_, := E[p(x¢|x;—1, W;_1)], denote the true pdf’s by
Pe1ji—1 = P(@t—1|Tt-1), Peje—1 = p@e|Ze—1),  pee = p(xe]Ty);
and similarly denote the simulated pdf’s by
pi-1ji—1 = p(@e—1|Ze—1),  pri—1 = p(@elZe—1),  pope = p(we| ).

We first define a; : P(B) — P(B) to be the mapping
ac(p) () = / Kool 1) dze s, € P(B). (3.1)
B

Then we have

(ar(p), ) = (s Kyj—10) . Voo € Cy(B), (32
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and it holds that

at(Pt—1|t—1) = Dt|t—1-

It's natural to assume that a; is continuous, since in the context of filtering two realiza-
tions of the signal that start from “close” positions will remain “close” at subsequent times.
In fact, when the transition kernel p(z|z:—1) is Feller, i.e, p(at|x:—1)p is a continuous
bounded function for any continuous bounded function ¢, we have according to [7] that if

limy, 00 fin £ 1 then

Jim (ay(pn), @) = Hm (pim, Kyje-10) = (p Kyjeo10) = {au(p), ), ¥ 0 € Co(B).
(3.3)
Define b, : P(B) — P(B) to be the mapping

_ p(ytle) plae)
b) = T eonteadn: € PB) (34)

Then we have
-1
(be(prje—1)s ) = (Pepe—1,pWele)) - {Peje—1, ep(elze)), Vo € Cy(B),  (35)
and it holds that
bt(pt\tfl) = Pt|t-

It is also natural to assume that b, is continuous, which means that a slight variation in two
distributions will not result in a large variation in the distributions when observations are
taken into account. In fact, assuming that p(y.|-) is a continuous bounded strictly positive

function, we have according to [7] that lim ,, o ptn = 1 then

i (b (1), ) = Hm (g, p(yel@e)) ™" - (s op(yel22))

n— o0 n—oo

=, p(el)) ™ (s epyele)) = (be(p), ), V¥ ¢ € Cy(B).(3.6)

We next define two approximation operators, the sampling operator, and the interpol ation
operator that appear in the prediction step.
1. Denote by ¢ afunction of Wy_1 from P(B) to P(B). At each step ¢, we draw M

samples, wt( Dy wt( 1»which arei.i.d. random variables with common distribu-
tion Wy_;. The Monte Carlo estimate of E[)(W;_1 )] can be obtained to be

wt 1) Zd) w§])1

Define the sampling operator s™ : P(B) — P(B) to be

s"((E[¥], m) = (E[¥], n), Vi€ P(B), (37)

1 .
sMoat(u):/—ZwM(xtmt_l,wg)l) p(xe—1)dxe—y, Ve P(B),
B



2. Giventherectangular spatial partition nodes {u ()} ,. Define TV : P(B) — P(B)
to be the interpolation operator

N
= > N @on
i=1

for each z; € B, where {4}, are basis functions for interpolation operator 7.
Therefore

N _ M
TV os™ o at(ptfl\tfl) = Pt|t—1

where p, |, isthe piecewise linear approximation of p,,_; satisfying

Pefe—1( g p(xt ’])|It 1) foreach i =1,..., N.
: M,N - N M
Denoteby/ﬁlt—bfoaf,/‘ﬁt _thT oS oat,fﬁ;tZﬁto,‘it_lo---omland
R%Nfﬁiv”voniwfv oniWN we have

M,N M,N
"ft(ptfl\tfl) =Dtjt; Ky (pt71|t71) = Pt|ts and /ﬂ:t(po\o) =Dt|ts  F1t (p0|0) = Pt|t-

N

Our goal isto show that x5 £,.,. This can be done by showing x;""¥ % &, for each

step ¢ and induction.

Recalling that P (B) is the set of all probability measures on 3, we denote by P (B) be
the set of al uniformly continuous probability measures on B and P (B) the set of all a.e.
continuous probability measures on 13, for latter use.

LEMMA 1. s™oq, convergesto a, weakly, i.e., for any 7, 11 € P(B) withlim ;o0 fiar =
1, it holds that

lim s o ay(puar) Z ar(p). (3.9

M—o0
Proof. For any ¢ € N, by the Strong Law of Large Numbers,
lim —Zﬂ' (@¢|ai— 1,wt 1) Elp(zt|zi—1, Wi—1)], a.s. (3.9

Therefore, for any ¢ € C,(B) we have

(sM o ar(pnr), ©) — (ar(n), @)
= (sM o ar(unr), ©) — (ar(par), ©) + (ar(par), ) — (ar(p), @)

M
< /B (% ;WM(J?HJ%—Mwt(j;)ﬂMM(J?t—ﬁda?t—l —E[p($t|$t—1,Wt—1)]) MM(J?t—l)SOdJ?t—l
+{ae(par), o) — (ac(p), @) - (3.10)

It then follows directly from equation (3.9) and (3.3) that

lim s o ay(puar) £ ar(p).
M—ro00
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The proof is complete.

LEMMA 2. Assumethat {MMyN}ﬁ7N=1 S PC(B) and,uM € PU(B) withlimpy s o0 HUNL N =M
for each M € N. Then, limx 00 sM 0 a;(punr n) = s o ay(pas) for each M € N. More-
over, if there exists A > 0 such that ||-Z f; || < A, then s™ o a;(un,n) € Pc(B) and

sMoay(un) € Pu(B).
Proof. For any = € B, by the definition of s and a; we have

s™ o ay(par,n)(x Z,UMN (xg;r{))
and
SMoaf(,uM Z,uM (xt ’f )

Sincelim y o0 par, v=pas Tor each M € N, givenany € > 0, there exists Ny, such that for
al z € B, |um,n(2) — ua(z)] < e foreach M e N. Therefore, for al z € B,

o (40) = 22)
1
(o (8) = ()

<[~
e

|8M oar(pn,n)(x) — sMo at(MM)(x)‘ =

<
Il

A
<=
IR

~
Il
-

A\
<[
IR

I

Il
-

J

This provesthat lim x 00 M 0 a;(ar,n) =5 o a;(upr) foral M € N.
We next prove that s o a;(uar,n) € Po(B). Infact, forany e > 0 and z¢ € B, since
pum N € Po(B), thereexistsé > 0 such that when |z — zg| < 4,

I, (2) — v (20)] < e
Fix arbitrary =y € B, forany z € B satisfying |z—z¢| < 6/, using that ff(arﬁ“”{),wt( )1) =
zand (2" w?))) = zo we have

o0 ._
22 = a2 = 11 ) - 5 o)) < ol =l <5
and thus
M
1 0 ar(uarw)(&) — 5™ 0 ar(ar.x) Z ar (25 = pas (w237) | < 2.

It remainsto show that s™ o a;(uar) € Py (B). Infact, givenany z1, 22 € B,

s™ o ay(uar)(21) — s™ o ar(par) (@ = Z (MM (x§ 11’])) — M (x§x21’j))) .
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For any € > 0, from the uniformly continuity of 1 5/, there exists § > 0, such that for any
21,20 € Bwith |21 — 22| < 6, |um(z1) — par(22)] < e. Letd = %, then |z — z2| < ¢
impliesthat

1 j 2,j _ j _ j 0, ,_
2709 a3 = 7 @ w?) = 7 @ )| < } S| ey =l <6
Hence
1 M ) )
|s™ o ay(par) (1) — sM o ar(par) (22)] = i > (MM (xﬁlfj)) — pn (xﬁﬁ’ﬁ)) <e.
j=1

The proof is complete.
LEMMA 3. For {1/1\47]\7}%?71\[:1 € PC(B) and vy, € PU(B) with im0 VM N=VM
for each M € N, it holds that
lim TN(vyrn)=va, VM € M. (3.11)

N —o0

Proof. Forany z; € B,

TN (var,n) (xe) = var ()| < TN (arw ) (@) — TN (var) (o) |+ TN (var) () — var ()| -
(3.12)
Since limy 00 var, n=Vr, fOr any e > 0, there exists Ny = Ny(M) > 0 such that
when N > Ny,

3
lvar, N (ze) — var ()| < 5
Thus because of the linearity of 7 we have
g
|TN(V]\4’N)({E15) — TN(I/]w)((IJt)‘ = |TN(I/M’N - I/M)(l't)| < 5 (313)

For the second term on the right hand side of inequality (3.12), since TV is the linear
interpolation operator and v, is uniformly continuous, for any £ > 0, there exists No =
Ny(M) > 0 such that when N > N, we have

TN (var) () — var ()| < % (3.14)

In summary letting Ny = max{Ny, N2} we have by (3.12), (3.13) and (3.14) that for
any e > 0,

TN (var,v) () — v (a1)| <&, VN >N, Vay€B, VM eN. (3.15)
The proof is complete.

We next prove the weak convergence of the operator ¥ to r,. Letting x"*" and
be the composition operators defined as above, we have the following theorem.

THEOREM 1. (Local convergence) Assumethat thetransitionkernel p(a¢|x:—1) isFeller
and p(y;|x:) isbounded, uniformly continuous, and strictly positive. Alsoassumethat ||-2 £, ||
isbounded. Then, for any{uMW}j\“}’N:l € Pc (B) and YN AS PU(B) withlimpy s o0 WAL N =M

for each M € N and lim /o0 pas = 1, it holds that

lim lim f{iw’N(uMJv) £ k(). (3.16)

M—o00 N—o00
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Proof. Given lim /o0 ptar = p1, by Lemmal,

lim s o a;(puar) £ ar(p). (3.17)

M—o0

Given limy o0 ptar, v=pas for each M € N, by Lemma 2 we have lim x o, s™ o
at(,uMW):sM o a;(ppr) and sM o ai(ua,n) € Po(B), sM o a(uar) € Py(B). Thusby
letting vas v = sM o ay(par,n) and vy = s™ o ay(par) in Lemma 3 we get

lim T o s o ay(par.n)=s™ o ar(par). (3.18)

N —00

Equations (3.17) and (3.18) together give

: : N M ¢
i, i 706 0 uliae ) £ )

Thereforeit follows directly from (3.6) that

lim lim b;oTNosMo a(fa,N) L0 a ().
M—o00 N—o0

The proof is complete.

To prove the global weak convergenceresult, we also need the following Lemmas

LEMMA 4. Assume p(y.|z;) is bounded, uniformly continuous, and strictly positive. For
{ym.N}5 =1 € Po(B) and yar € Py (B) with limy o0 yar,v="ar for each M € N, if
thereexistsa &y > 0 such that pr(yt|xt)'yM(a:t)da:t > &g, then we have

1\}i—r>noo bt(’Y]\{J\f):bt(’)/M) € PU(B), VM € N.

Proof. Since lim x o0 Yar,n=7as fOr each M € N, thenforany 0 < ¢ < %0 there exists
Ny, such that when N > N,

|var, N () — vy (zy)| < e, Vo, € BandVM € N.
It then follows that | [,; p(ye|a:) (var,n (w¢) — yar (w¢))da | < € and

)

/p(yt|$t)7M,N($t)d$t > /p(ytlmt)'yM(a?t)da?t —e> o
B B

Thusforany z; € Bwhen N > N, we have

b (v, N ) (1) — be(yar) (1) ]
YN (@) - [ pWelwe)yar (@e)dae — yar(@e) - [ p(yelwe)yarn (@) dee

=l ‘ T POt ) var @) s - [y plele)var (o)
fB p(yelwe) (Y (we) — v (@) dovy v (o) — var v ()

s p(ytgxt)VM,N(xt)dxt Jpp@ele)ym (@e)dee | | [g p(yelze)yar (@) day

4
< —2+— E.
0 0

A

(3.19)
Therefore lim n o0 be(Yar, 5 )=b¢ (yar). It remains to show that b, (vyar) € Pu(B). Infact,

by the definition of b,, we havefor any 2" 2{* € B,

2
o)) = b)) < 2 [l van(af?) — plarlef?yar ).

10



From the uniformly continuity property and the boundedness of -y ; and p(z|z;—1) that for
any = > 0, thereexists § > 0, such that when z{" z{* € Bwith |2V — 2{?| < §, we have
s (25 = yar (26| < § and [p(g”) — p(af?)] < §. Thus,

be(yar) (@f) — be(yar) (2}2)] < Ce.

This completes the proof.

Note 1 When the standing assumption (A1) holds, it follows immediately by the definition of
sM that thereexistsa&o > 0 such that [, p(y:|x¢)s™ o p(a4|Zy—1)dx, > & for M sufficient
large.

Applying Theorem 1 to the context of filtering problems, we can obtain the weak con-
vergence of our implicit filtering simulation to the Bayesian optimal filter. Our main result of
thiswork is stated in the following theorem. For simplicity, we define two new operators 6
and 6}, to be

HiM:btosMoat and 0f£:9t09t,1o'~'091.

THEOREM 2. (Global convergence) Assume that the transition kernel p(x¢|z;—1) IS
Feller and p(x¢|z;—1) is bounded, uniformly continuous, and strictly positive. Also assume
that ||-Z £, || is bounded. Then

Jim w36 (pojo) = 015 (pojo) VM €N, and - lim 01 (pojo) £ e(popo),
—00 M—o0
which implies that

. . )
lim  lim pgp = peig-
M—>ooN—>oop‘ |

Proof. To prove Theorem 2, we use induction method.
(1) t = 1: choose puar, v = piar = p1 = pojo iN equation (3.16). It is obviously that

. . ©
lim pa, N=pm, lim pp = p,
N —o00 M— o0

and p1ar = pojo is uniformly continuous. By Lemma 2, Lemma 3 and Lemma4 and Note 1,

lim niw’N(pom) = 9{‘/1(p0|0) € Pu(B), VM eN.

N—o00

By Lemma 1 and the continuity of b;, we have

lim 9{”(}70‘0) £ /<61(P0\0) =pin-

M—o0

It then follows from Theorem 1 that

. . M,N
i - lim 517 (pojo) = k1(pojo) = Paj-

(2) Assume that

A}im “%7ivl(po|o) =014 _1(pojo) € Pu(B) VM €N, and  lim 675 (pojo) £ K1:t—1(Pojo)-
500 M —00
11



We choose jiar,ny = /ii\;{t’ivl(}?o\o) and i = K1:t-1(pojo) = Pe—1t—1 iN equation (3.16)
and yun = 60141 (pojo) in Theorem 1. From the assumption,

dim pany=pas ol s £
By Lemma2, Lemma3, Lemma4 and Note 1 that

Jim 15" (pojo) = Jim by o TN 0 5™ o au(k17 (pojo)) =07 (ojo) € Pur(B). (3:20)

By Lemma 1 and the continuity of b, we have
Jim 03 (pojo) = P (3.21)
—00

Thereforeit follows from Theorem 1 that

I i M,N M,N L 1) = K1 = .
Mybo Nosoo "t (K1:4—1(Pojo)) = Kt (Pr—1)t—1) = K1:¢(Pojo) = Peye

The proof is complete.

4. Numerical Examples. Inthissection, we present two numerical examplesto demon-
strate the efficiency of our method. The first exampleinvolves an one dimensional nonlinear
system and measurement equation while the second is a 2-D bearing-only tracking problem.
We shall compare our method with the standard EKF and particlefilter.

Example 1

Consider the following nonlinear model

xp = 40 - tan(zk—1 + 10) + 50wg_1, 41
Ty 4.1

—40 —F

Yk 2000+ 25 Uk

where w, and vy, are two independent zero-mean white noise processes with variance 1.0.
The initial position is taken to be 2y = 2 and Figure 4.1 shows a 50 step realization of the
state equation in model (4.1).

Xk

FIG. 4.1. Original Position

12



Figure 4.2, Figure 4.3 and Figure 4.4 are the simulation results obtained by using EKF
and particlefilter and our implicit particle filter method, respectively. The true state is repre-
sented by blue diamonds while simulation results are given as red “stars’ and connected by
solid lines. The prior pdf p(z¢) isinitialized with the standard normal distribution with the
mean value xy and the variance 1.0.

In particlefilter method, we use 500 particles (sample points) to represent the pdf and the
running time is 1.711293 seconds with an Intel(R) Core(TM)2 Duo CPU P8700@2.53GHZ
2.53Ghz. In our implicit particlefilter, the space partitionis given by dx: = 20 and the number
of Monte-Carlo samplesis M = 10. The running time of the implicit algorithmis 1.130215
seconds.

1500 -

¢ Real State T
—— EKF |
I\

1000 H i

<>

—

500 i

;
‘z o
%
%
F
&
x
4

500} b’

-1000 |

~1500 L L L L L L L L L ,
0 5 10 15 20 25 30 35 40 45 50

FiG. 4.2. Extended Kalman Filter

1000
¢ Real State
—*— Particle Filter
800 -

600 -

<>

400
o [\
i I

: ”‘Wf\ fxf%‘m?@%

—-200

200+

—-400 -

-600

FiG. 4.3. Particle Filter

Form the three figures, one can see that when the variation between two consecutive
points is not very large, all three methods produce very accurate approximations to the true
state. On the other hand, when the true state has very large variations at some time steps, i.e.,
the state variable has a large jump from its previous state, both EKF and particle filter fail
to produce accurate approximations. However, our implicit particle algorithm still produces
accurate estimations at these points.

13
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Fi1G. 4.4. implicit Algorithm

Example 2.

In this example, we consider the following bearing-only tracking problem.

X1(t)

X2 () = —aXe()dt + B s () 2

+ 01 dWl (t)a
dX3(t) = aXa(t)dt + B (t)));j-(t()Xz (1))
+ o2dWs(t) (4.2)

where W, (¢) and W5 (t) are two independent Brownian Motions. This stochastic dynamical
system may serveto model the motion of aship which moveswith a constant radial and angu-
lar velocity, perturbed by awhite noise. The observations are collected by a detector located
at a platform with time intervals of length A = 0.05 and the data are angular measurements
corrupted by noise.

To approximate the state variables X = (X, X2), we discretize the dynamical system
(4.2) in time and obtain a discrete nonlinear filtering problem. Let ), = (zf,23). We have
the discrete system model

x,lc = xi_l — ozAl- x%_l
L 2= !l

A e Y oVA (4.3)

R R |
Tr—1
+BA - GryriT e +ooVA W}l
The mathematical formulafor the measurement equation is given by
l’i - x?)lm‘form
yr = arctan(—4——————) + VA, (4.9

Ty = Tplatform

Where zpiat form = (a1 form» Tatat form) 1S the location of the platform where a detector is
placed.

14
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FIG. 4.5. Target Positions

In the numerical simulations the model parameters are chosenas o = 5, 5 = 2 and
o1 = o9 = 8. Figure 4.5 gives the target path in the x-y plan, with the position of the target
at each time step shown by a diamond. The location of the detector platform is chosen as
Zplatform = (—15, —15), marked by ared box.

The problemisinitialized with abest guess of the target position at theinitial time, which
is (x},22) = (0.5,0.5). Figure 4.6 shows the simulation results of observation angle using
EKF, particle filter and our implicit particle filter method. From this figure, one can see that
both particle filter and the implicit particle filter produce good approximation for the relative
observation angle of the target. Although the EKF provides the trend of the movement of the
target, the estimation is a few steps delayed from the true target observation angle.

100

—20}

-60H — * — Implicit Algorithm
— © — Particle Filter
_gol{ — ¢ —EKF

-100 L L L L L L L ,
0 10 20 30 40 50 60 70 80

FI1G. 4.6. Comparison result for the observation angle
Figure 4.7 shows the results of system state simulations using EKF while Figure 4.8
compares the performance between particle filter and the implicit particlefilter. Clearly both
theparticlefilter and implicit particlefilter outperform EKF. Whilethe accuracy of the particle

filter and theimplicit particlefilter are very closeto each other at theinitial stage, theimplicit
particle filter becomes more accurate at the final stage of timeinterval.
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