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Abstract: In this chapter, we discuss the relationship between Age of Informa-

tion and signal estimation error in real-time signal sampling and reconstruction.

Consider a remote estimation system, where samples of a scalar Gauss-Markov

signal are taken at a source node and forwarded to a remote estimator through

a channel that is modeled as a queue. The estimator reconstructs an estimate of

the real-time signal value from causally received samples. The optimal sampling

policy for minimizing the mean square estimation error is presented, in which a

new sample is taken once the instantaneous estimation error exceeds a prede-

termined threshold. When the sampler has no knowledge of current and history

signal values, the optimal sampling problem reduces to a problem for minimiz-

ing a nonlinear Age of Information metric. In the AoI-optimal sampling policy,

a new sample is taken once the expected estimation error exceeds a threshold.

The threshold can be computed by low-complexity algorithms and the insights

behind these algorithms are provided. These optimal sampling results were es-

tablished (i) for general service time distributions of the queueing server, (ii)

for both stable and unstable scalar Gauss-Markov signals, and (iii) for sampling

problems both with and without a sampling rate constraint. 1

1.1 Introduction

Information is usually of the greatest value when it is fresh. For example, real-

time knowledge about the location, orientation, and speed of motor vehicles

is imperative in autonomous driving, and access to timely information about

the stock price and interest rate movements is essential for developing trading

strategies on the stock market. In recent years, the Age of Information (AoI)

has been adopted as a new metric for quantifying the freshness of information in

real-time systems and networks. Consider a sequence of information packets that

are sent to a receiver. Let Ut be the generation time of the newest packet that

has been delivered to the receiver by time t. AoI, as a function of t, is defined as

∆(t) = t− Ut. (1.1)

1 This work was supported in part by NSF grant CCF-1813050 and ONR grant

N00014-17-1-2417.
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Besides the linear AoI ∆(t), nonlinear functions p(∆(t)) of the AoI has been

recently demonstrated to be useful metrics for information freshness in signal

estimation, control and, wireless communications (e.g., the freshness of channel

state information); see recent surveys [1], [2], and [3] for more details.

In many real-time systems, the information of interest — e.g., the trajectory

of UAV mobility, the measurement of temperature sensors, and the price of

a stock — is represented by the value of a time-varying signal Xt, that may

change slowly at some time and vary more dynamically later. Hence, the time

difference described by the AoI ∆t = t − Ut or its nonlinear functions cannot

fully characterize how much the signal value has varied during the same time

period, i.e., Xt −XUt . Hence, the status-update policy that minimizes the AoI

is insufficient for minimizing the signal estimation error.

In this chapter, we discuss some recent results on real-time signal sampling

and reconstructions. A problem of sampling a scalar Gauss-Markov signal is

considered, where the samples forwarded to a remote estimator through a chan-

nel in a first-come, first-served (FCFS) fashion. The considered Gauss-Markov

signals are Wiener process, stable and stationary Ornstein-Uhlenbeck (OU) pro-

cess, and unstable and non-stationary OU process. A well-known example of

Gauss-Markov process is Wiener process that is a real-valued continuous-time

stochastic process and has independent increments. Another well-known exam-

ple of stationary Gauss-Markov process is OU process. An OU process Xt is the

continuous-time analogue of the well-known first-order autoregressive process,

i.e., AR(1) process. The OU process is defined as the solution to the stochastic

differential equation (SDE) [4], [5]

dXt = θ(µ−Xt)dt+ σdWt, (1.2)

where µ, θ > 0, and σ > 0 are parameters and Wt represents a Wiener process.

It is the only nontrivial continuous-time process that is stationary, Gaussian,

and Markovian [5]. From (1.2), if θ → 0 and σ = 1, the OU process becomes

a Wiener process. Therefore, the Wiener process is a special case of the OU

process. If the parameter of the OU process θ < 0, then the process becomes

unstable and non-stationary. The SDE in (1.2) still holds in such an unstable

scenario. Examples of first-order systems that can be described as the Gauss-

Markov process include interest rates, currency exchange rates, and commodity

prices (with modifications) [6], control systems such as node mobility in the

mobile ad-hoc networks, robotic swarms, and UAV systems [7], [8], and physical

processes such as the transfer of liquids or gases in and out of a tank [9]. Another

application is on federated learning where the progression of clients’ weights is

modeled as an OU process [10].

The samples experience i.i.d. random transmission times over the channel,

which is caused by random sample size, channel fading, interference, conges-

tions, etc. For example, UAVs flying close to WiFi access points may suffer from

long communication delays and instability issues, because they receive strong

interference from the WiFi access points [11]. At any time only one sample can
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be served by the channel. The samples that are waiting to be sent are stored in

a queue at the transmitter. Hence, the channel is modeled as an FCFS queue

with i.i.d. service times. The service time distributions that we consider are quite

general: they are only required to have a finite mean. This queueing model is

helpful to analyze the robustness of remote estimation systems with occasionally

long transmission times.

The estimator utilizes causally received samples to construct an estimate X̂t

of the real-time signal value Xt. The quality of remote estimation is measured

by the time-average mean-squared estimation error, i.e.,

mse = lim sup
T→∞

1

T
E

[∫ T

0

(Xt − X̂t)
2dt

]
. (1.3)

The goal is to find the optimal sampling policy that minimizes mse by causally

choosing the sampling times. Our results show that if the sampler has no knowl-

edge on the value of the Gauss-Markov signal, the optimal sampling strategy is

to minimize the time-average of a nonlinear AoI function; however, by exploiting

causal knowledge of the signal values, it is possible to achieve a smaller estima-

tion error. We have also considered the sampling problem that is subject to a

maximum sampling rate constraint. In practice, the cost (e.g., energy, CPU cy-

cle, storage) for state updates increases with the average sampling rate. Hence,

the optimum tradeoff between estimation error and update cost should be found.

Our main results are summarized as follows:

The optimal sampling problem for minimizing the mse under a sampling rate

constraint is formulated as a constrained continuous-time Markov decision pro-

cess (MDP) with an uncountable state space. Because of the curse of dimension-

ality, such problems are often lack of low-complexity solutions that are arbitrarily

accurate. However, this MDP is solved exactly: The optimal sampling policy is

proven to be a threshold policy on instantaneous estimation error, where the

threshold is a non-linear function v(β) of a parameter β. The value of β is equal

to the summation of the optimal objective value of the MDP and the optimal

Lagrangian dual variable associated with the sampling rate constraint. If there

is no sampling rate constraint, the Lagrangian dual variable is zero and hence β

is exactly the optimal objective value.

By comparing the optimal sampling policies of the Wiener process, stable

and unstable OU processes, we find that the threshold function v(β) changes

according to the signal model, whereas the parameter β is determined in the

same way for all three signal models.

Further, for a class of signal-agnostic sampling policies, the sampling times

are determined without using knowledge of the observed process. The optimal

signal-agnostic sampling problem is equivalent to an MDP for minimizing the

time-average of a nonlinear age function p(∆t). The age-optimal sampling policy

is a threshold policy on expected estimation error, where the threshold function

is simply v(β) = β and the parameter β is determined in the same way as above.

The above results hold for (i) general service time distributions of the queue-
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ing server, (ii) both stable and unstable scalar Gauss-Markov signals, and (ii)

sampling problems both with and without a sampling rate constraint. Numer-

ical results suggest that the optimal sampling policy is better than zero-wait

sampling and classic uniform sampling.

The optimal sampling results for the Wiener process and the OU process were

proven in [12], [13]. The proofs for the unstable OU process will be provided in

a paper that is currently under preparation.

The rest of the chapter is organized as follows: In Section 1.2, we discuss the

related work on the Age of Information and remote estimation. In Section 1.3,

the model of remote estimation systems and the formulation of optimal sam-

pling problems are presented. The solutions to signal-aware and signal-agnostic

sampling problems are provided in Sections 1.3-1.4, which include both the cases

with and without the sampling rate constraint. The numerical results are shown

in Section 1.5 and a summary of the chapter is given in Section 1.6.

1.2 Related Work and Contributions

In this section, we will present a brief survey of the related work in the area of

age of information and remote estimation.

1.2.1 Age of Information

The results presented in this chapter are significantly related to recent studies

on the age of information ∆t, e.g., [1, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23,

24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. In [14], the authors provided a

simple example about a status updating system, where samples of a Wiener pro-

cess Wt are forwarded to a remote estimator. The age of the delivered sample

is ∆t = t − Ut if Ut is the generation time of the latest received sample. Fur-

thermore, the MMSE estimate of Wt is Ŵt = WU(t) and the variance of this

estimator is E[(Wt−Ŵt)
2] = ∆t. In [15], the authors proposed a sampling policy

for a discrete-time source process by incorporating mutual information as a mea-

sure for maximizing the information freshness. The results in [15] were further

extended for both continuous and discrete-time source processes in [1] where

the non-linear functions of the age had been used to measure data freshness.

In [16], sampling and scheduling policy for the multi-source system was studied

by analyzing the peak-age and peak-average-age. In [17], the authors analyzed

status age when the message may take various routes in the network for queue-

ing systems. In [18], the optimal control for information updates traveled from

a source to a remote destination was studied and optimal tradeoff between the

update policy and the age of information was found. The authors also showed

that in many cases, the optimal policy is to wait a certain amount before send-

ing the next update. The average age and average peak age have been analyzed

for various queueing systems in, e.g., [14, 17, 19, 20]. The optimality of the
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Last-Come, First-Served (LCFS) policy, or more generally the Last-Generated,

First-Served (LGFS) policy, was established for various queueing system models

in [23, 24, 25, 29]. Optimal sampling policies for minimizing non-linear age func-

tions were developed in, e.g., [1, 15, 18, 34]. Age-optimal transmission scheduling

of wireless networks were investigated in [21, 22, 26, 27, 28, 30, 31, 36, 37]. In

[35], a game-theoretic perspective of the age was studied and the authors pro-

posed a sampling policy by studying the timeliness of the status update where

an attacker sabotages the system by jamming the channel and maximizing age-

of-information. which does not have a signal model. A broad survey in the area

of Age of Information is presented in [2].

1.2.2 Remote Estimation

The results in this chapter also have a tight connection with the area of remote

estimation, e.g., [9, 38, 39, 40, 41, 42, 43] by adding a queue between the sampler

and estimator. In [9], remote state estimation in first-order linear time-invariant

(LTI) discrete-time systems was considered with a quadratic cost function and

finite time horizon. They showed that a time-dependent threshold-based sampler

and Kalman-like estimator are jointly optimal. In [38], the authors investigated

the joint optimization of paging and registration policies in cellular networks,

which is essentially the same as a joint sampling and estimation optimization

problem with an indicator-type cost function and an infinite time horizon. They

used majorization theory and Riesz’s rearrangement inequality to show that,

if the state process is modeled as a symmetric or Gaussian random walk, a

threshold-based sampler and a nearest distance estimator are jointly optimal.

This is the first study pointing out that the sampler and estimator have differ-

ent information patterns. In [39], The authors considered a remote estimation

problem with an energy-harvesting sensor and a remote estimator, where the

sampling decision at the sensor is constrained by the energy level of the bat-

tery. They proved that an energy- level dependent threshold-based sampler and

a Kalman-like estimator are jointly optimal. In [40], [41], optimal sampling of

Wiener processes was studied, where the transmission time from the sampler to

the estimator is zero. Optimal sampling of OU processes was also considered in

[40], which is solved by discretizing time and using dynamic programming to

solve the discrete-time optimal stopping problems. In [13], optimal sampler of

OU processes is obtained analytically. In the optimal sampling policy, sampling is

suspended when the server is busy and is reactivated once the server becomes idle.

In addition, the threshold precisely was also characterized. The optimal sampling

policy for the Wiener process in [12] is a limiting case. Remote estimation of the

Wiener process with random two-way delay was considered in [44]. Remote esti-

mation over several different channel models was recently studied in, e.g., [42, 43].

In [9, 13, 38, 39, 40, 41, 42, 43], the optimal sampling policies were proven to be

threshold policies. Because of the queueing model, the optimal sampling policy in

[13] has a different structure from those in [9, 38, 39, 40, 41, 42, 43]. Specifically,
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Figure 1.1 System model.

in [45], a jointly optimal sampler, quantizer, and estimator design was found for

a class of continuous-time Markov processes under a bit-rate constraint. In [46],

the quantization and coding schemes on the estimation performance are studied.

A recent survey on remote estimation systems was presented in [47].

1.3 System Model and Problem Formulation

1.3.1 System model

Let us consider the remote estimation system illustrated in Fig. 1.1, where an

observer takes samples from a Gauss-Markov process Xt and forwards the sam-

ples to an estimator through a communication channel. The channel is modeled

as a single-server FCFS queue with i.i.d. service times. The samples experience

random service times in the channel due to fading, interference, congestions, etc.

The service times are i.i.d. and only one sample can be delivered through the

channel at a time.

The system starts to operate at time t = 0. The i-th sample is generated at

time Si and is delivered to the estimator at time Di with a service time Yi, which

satisfy Si ≤ Si+1, Si + Yi ≤ Di, Di + Yi+1 ≤ Di+1, and 0 < E[Yi] < ∞ for all

i. Each sample packet (Si, XSi) contains the sampling time Si and the sample

value XSi . Let Ut = max{Si : Di ≤ t} be the sampling time of the latest received

sample at time t. The age of information or simply age, at time t is defined as

[14], [48]

∆t = t− Ut = t−max{Si : Di ≤ t}, (1.4)

which is shown in Fig. 1.2. Because Di ≤ Di+1, ∆t can be also expressed as

∆t = t− Si, if t ∈ [Di, Di+1), i = 0, 1, 2, . . . (1.5)

The initial state of the system is assumed to satisfy S0 = 0, D0 = Y0, X0 and

∆0 are finite constants. The parameters µ, θ, and σ in (1.2) are known at both

the sampler and estimator.

Let It ∈ {0, 1} represent the idle/busy state of the server at time t. We assume

that whenever a sample is delivered, an acknowledgement is sent back to the

sampler with zero delay. By this, the idle/busy state It of the server is known at
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Figure 1.2 Evolution of the age ∆t over time.

the sampler. Therefore, the information that is available at the sampler at time

t can be expressed as {Xs, Is : 0 ≤ s ≤ t}.

1.3.2 Sampling Policies

In causal sampling policies, each sampling time Si is chosen by using the up-

to-date information available at the sampler. Si is a stopping time with respect

to the filtration {N+
t , t ≥ 0} (a non-decreasing and right-continuous family of

σ-fields) such that

{Si ≤ t} ∈ N+
t , ∀t ≥ 0. (1.6)

Let π = (S1, S2, ...) represent a sampling policy and Π represent the set of causal

sampling policies.

If the inter-sampling times form a regenerative process [49] and (1.6) is satisfied

for each sampling policy π ∈ Π, we can obtain that Si is finite almost surely

for all i. We assume that the OU process {Xt, t ≥ 0} and the service times

{Yi, i = 1, 2, . . . } are mutually independent, and do not change according to the

sampling policy.

A sampling policy π ∈ Π is said to be signal-agnostic (signal-aware), if π is

(not necessarily) independent of {Xt, t ≥ 0}. Let Πsignal-agnostic ⊂ Π denote the

set of signal-agnostic sampling policies, defined as

Πsignal-agnostic ={π∈ Π : π is independent of {Xt, t ≥ 0}}. (1.7)

1.3.3 MMSE Estimator

According to (1.6), Si is a finite stopping time. By using [50, Eq. (3)] and the

strong Markov property of the Gauss-Markov process [51, Eq. (4.3.27)], Xt is

expressed as

Xt =XSie
−θ(t−Si) + µ

[
1− e−θ(t−Si)

]
+

σ√
2θ
e−θ(t−Si)We2θ(t−Si)−1, if t ∈ [Si,∞). (1.8)

At any time t ≥ 0, the estimator uses causally received samples to construct
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an estimate X̂t of the real-time signal value Xt. The information available to

the estimator consists of two parts: (i) Mt = {(Si, XSi , Di) : Di ≤ t}, which

contains the sampling time Si, sample value XSi , and delivery time Di of the

samples that have been delivered by time t and (ii) the fact that no sample

has been received after the last delivery time max{Di : Di ≤ t}. Similar to

[40, 52, 12], we assume that the estimator neglects the second part of information.

This assumption can be removed by considering a joint sampler and estimator

design problem. Specifically, it was shown in [9, 38, 39, 42, 43] that when the

sampler and estimator are jointly optimized in discrete-time systems, the optimal

estimator has the same expression no matter with or without the second part of

the information. As pointed out in [38, p. 619], such a structure property of the

MMSE estimator can be also established for continuous-time systems. Our goal is

to find the closed-form expression of the optimal sampler under this assumption.

The remaining task of finding the jointly optimal sampler and estimator design

can be done by further using the majorization techniques developed in [9, 38,

39, 42, 43]; see [45] for a recent treatment on this task. Then the minimum mean

square error (MMSE) estimator is determined by

X̂t = E[Xt|Mt] =XSie
−θ(t−Si) + µ

[
1− e−θ(t−Si)

]
,

if t ∈ [Di, Di+1), i = 0, 1, 2, . . . (1.9)

1.3.4 Problem Formulation

We study the optimal sampling policy that minimizes the mean-squared estima-

tion error subject to an average sampling-rate constraint, which is formulated as

the following problem:

mseopt = inf
π∈Π

lim sup
T→∞

1

T
E

[∫ T

0

(Xt − X̂t)
2dt

]
(1.10)

s.t. lim inf
n→∞

1

n
E

[
n∑
i=1

(Si+1 − Si)

]
≥ 1

fmax
, (1.11)

where mseopt is the optimum value of (1.10) and fmax is the maximum allowed

sampling rate. When fmax = ∞, this problem becomes an unconstrained prob-

lem.

Problem (1.10) is a constrained continuous-time MDP with a continuous state

space. However, we found an exact solution to this problem.

1.4 Optimal Signal Sampling Policies

The optimal sampling policies for Wiener process, OU process, and unstable OU

process are presented in the following theorems, respectively.
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1.4.1 Signal-Aware Sampling Without A Sampling Rate Constraint

We first consider the unconstrained optimal sampling problem, i.e., fmax = ∞,

such that the sampling rate constraint (1.11) can be removed.

1.4.1.1 Wiener Process
If the signal being sampled, Xt = Wt is a Wiener process, then the optimal

sampling policy is provided in the following theorem.

theorem 1.1 If Xt is a Wiener process with fmax =∞, and the Yi’s are i.i.d.

with 0 < E[Yi] < ∞, then (S1(β), S2(β), . . .) with a parameter β is an optimal

solution to (1.10), where

Si+1(β) = inf
{
t ≥ Di(β) :

∣∣Xt − X̂t

∣∣≥v(β)
}
, (1.12)

Di(β) = Si(β) + Yi, v(β) is defined by

v(β) =
√

3(β − E[Yi]). (1.13)

and β is the unique root of

E

[∫ Di+1(β)

Di(β)

(Xt − X̂t)
2dt

]
−βE[Di+1(β)−Di(β)]=0, (1.14)

The optimal objective value to (1.10) is given by

mseopt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.15)

Furthermore, β is exactly the optimal value to (1.10), i.e., β = mseopt.

The optimal sampling policy in Theorem 1.1 has a nice structure. Specifically,

the (i+ 1)-th sample is taken at the earliest time t satisfying two conditions: (i)

The i-th sample has already been delivered by time t, i.e., t ≥ Di(β), and (ii) the

estimation error |Xt − X̂t| is no smaller than a pre-determined threshold v(β),

where v(·) is a non-linear function defined in (1.13).

1.4.1.2 Ornstein-Uhlenbeck Process (Stable Case, θ > 0)
To present the optimal sampler when Xt is an OU process, we need to introduce

another OU process Ot with the initial state Ot = 0 and parameter µ = 0.

According to (1.8), Ot can be expressed as

Ot =
σ√
2θ
e−θtWe2θt−1. (1.16)

Define

mseYi = E[O2
Yi ] =

σ2

2θ
E[1− e−2θYi ], (1.17)

mse∞ = E[O2
∞] =

σ2

2θ
. (1.18)
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In [13], it is shown that mseYi and mse∞ are the lower and upper bounds of

mseopt, respectively. We will also need to use the following function

G(x) =
ex

2

x

∫ x

0

e−t
2

dt=
ex

2

x

√
π

2
erf(x), x ∈ [0,∞), (1.19)

where if x = 0, G(x) is defined as its right limit G(0) = limx→0+ G(x) = 1, and

erf(·) is the error function [53], defined as

erf(x) =
2√
π

∫ x

0

e−t
2

dt. (1.20)

In this scenario, the optimal sampler is provided in the following theorem.

theorem 1.2 If Xt is a stable and stationary OU process with fmax =∞ and

the Yi’s are i.i.d. with 0 < E[Yi] <∞, then (S1(β), S2(β), . . .) with a parameter

β is an optimal solution to (1.10), where

Si+1(β) = inf
{
t ≥ Di(β) :

∣∣Xt − X̂t

∣∣≥v(β)
}
, (1.21)

Di(β) = Si(β) + Yi, v(β) is defined by

v(β) =
σ√
θ
G−1

(
mse∞ −mseYi
mse∞ − β

)
, (1.22)

G−1(·) is the inverse function of G(·) in (1.19) and β is the unique root of

E

[∫ Di+1(β)

Di(β)

(Xt − X̂t)
2dt

]
−βE[Di+1(β)−Di(β)]=0. (1.23)

The optimal objective value to (1.10) is given by

mseopt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.24)

Similar to Theorem 1.1, v(·) in (1.22) is also a non-linear function. In [13], it

is shown that mseYi ≤ β < mse∞. Further, it is not hard to show that G(x) is

strictly increasing on [0,∞) and G(0) = 1. Hence, its inverse function G−1(·)
and the threshold v(β) are properly defined and v(β) ≥ 0.

1.4.1.3 Ornstein-Uhlenbeck Process (Unstable Case, θ < 0)
Let ρ = −θ, then an unstable OU process with initial state O0, parameters µ = 0,

σ > 0, and θ < 0 can be expressed as

Ot =
σ√
2ρ
eρtW1−e−2ρt . (1.25)

Define

umseYi = E[O2
Yi ] =

σ2

2ρ
E[e2ρYi − 1], (1.26)

umse∞ = E[O2
∞]→∞. (1.27)
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where umseYi and umse∞ are the lower and upper bounds of mseopt, respectively.

We will also need to use the following function

K(x) =
e−x

2

x

∫ x

0

et
2

dt=
e−x

2

x

√
π

2
erfi(x), x ∈ [0,∞), (1.28)

where if x = 0, K(x) is defined as its right limit K(0) = limx→0+ K(x) = 1, and

erfi(·) is the error function [53], defined as

erfi(x) =
2√
π

∫ x

0

et
2

dt. (1.29)

Note that K(x) is a strictly decreasing function on x ∈ [0,∞) and its inverse

K−1(·) is properly defined.

The optimal sampler is then provided in the following theorem.

theorem 1.3 If Xt is an unstable and non-stationary OU process with fmax =

∞ and the Yi’s are i.i.d. with 0 < E[Yi] < ∞, then (S1(β), S2(β), . . .) with a

parameter β is an optimal solution to (1.10), where

Si+1(β) = inf
{
t ≥ Di(β) :

∣∣Xt − X̂t

∣∣≥v(β)
}
, (1.30)

Di(β) = Si(β) + Yi, v(β) is defined by

v(β) =
σ
√
ρ
K−1

(
umseYi + σ2

2ρ

σ2

2ρ + β

)
, (1.31)

K−1(·) is the inverse function of K(·) in (1.28) and β is the unique root of

E

[∫ Di+1(β)

Di(β)

(Xt − X̂t)
2dt

]
−βE[Di+1(β)−Di(β)]=0. (1.32)

The optimal objective value to (1.10) is given by

mseopt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.33)

The results for unstable OU process will be provided in a paper that is cur-

rently under preparation.

1.4.1.4 Low-complexity Algorithms for Computing β
We now present three algorithms, e.g., bisection search, Nweton’s method, and

fixed-point iterations algorithms for computing the root of (1.14), (1.23), and

(1.32). Because the Si(β)’s are stopping times, numerically calculating the ex-

pectations in (1.14), (1.23), and (1.32) appears to be a difficult task. Nonetheless,

this challenge can be solved by resorting to the following lemma, which is ob-

tained by using Dynkin’s formula [54, Theorem 7.4.1] and the optional stopping

theorem.
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lemma 1.4 In Theorems 1.2 and 1.3, it holds that

E[Di+1(β)−Di(β)]

=E[max{R1(v(β))−R1(OYi), 0}] + E[Yi], (1.34)

E

[∫ Di+1(β)

Di(β)

(Xt − X̂t)
2dt

]
=E[max{R2(v(β))−R2(OYi), 0}]

+ mse∞[E(Yi)− γ] + E
[
max{v2(β), O2

Yi}
]
γ, (1.35)

where

γ =
1

2θ
E[1− e−2θYi ], (1.36)

R1(v) =
v2

σ2 2F2

(
1, 1;

3

2
, 2;

θ

σ2
v2

)
, (1.37)

R2(v) = −v
2

2θ
+
v2

2θ
2F2

(
1, 1;

3

2
, 2;

θ

σ2
v2

)
. (1.38)

In (1.37) and (1.38), we have used the generalized hypergeometric function,

which is defined by [55, Eq. 16.2.1]

pFq(a1, a2, · · · , ap; b1, b2, · · · bq; z)

=

∞∑
n=0

(a1)n(a2)n · · · (ap)n
(b1)n(b2)n · · · (bp)n

zn

n!
, (1.39)

where

(a)0 = 1, (1.40)

(a)n = a(a+ 1)(a+ 2)· · ·(a− n+ 1), n ≥ 1. (1.41)

Using Lemma 1.4, the expectations in (1.14), (1.23), and (1.32) can be evalu-

ated by Monte Carlo simulations of one-dimensional random variables OYi and

Yi, which is much simpler than directly simulating the entire random process

{Ot, t ≥ 0}.
For notational simplicity, we rewrite (1.14), (1.23), and (1.32) as

f(β) = f1(β)− βf2(β) = 0, (1.42)

where f1(β) = E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

and f2(β) = E[Di+1(β)−Di(β)]. The

function f(β) has several nice properties, which are asserted in the following

lemma.

lemma 1.5 The function f(β) has the following properties:

(i) f(β) is concave, continuous, and strictly decreasing on β,

(ii) f(mseYi) > 0 and lim
β→mse−∞

f(β) = −∞.

The uniqueness of β follows immediately from Lemma 1.5.

Now we are ready to present the associated algorithms for solving β.
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Algorithm 1 Bisection search method for finding β

given l = mseYi , u = mse∞, tolerance ε > 0.

repeat

β := (l + u)/2.

o := f1(β)− βf2(β).

if o ≥ 0, l := β; else, u := β.

until u− l ≤ ε.
return β.

Algorithm 2 Newton’s method for finding β

given tolerance ε > 0.

Pick initial value β0∈[mseopt,mse∞).

repeat

βk+1 := βk − f(βk)
f ′(βk) .

until | f(βk)
f ′(βk) | ≤ ε.

return βk+1.

Bisection Search

Because f(β) is decreasing and has a unique root, one can use a bisection search

method to solve (1.14), (1.23), and (1.32), which is illustrated in Algorithm 1.

The bisection search method has a global linear convergence speed.

Newton’s method

To achieve an even faster convergence speed, we can use Newton’s method [56]

βk+1 =βk −
f(βk)

f ′(βk)
(1.43)

to solve (1.23), as shown in Algorithm 2. We suggest choosing the initial value

β0 of Newton’s method from the set [mseopt,mse∞), i.e., β0 is larger than the

root mseopt. Such an initial value β0 can be found by taking a few bisection

search iterations. Because f(β) is a concave function, the choice of the initial

value β0 ∈ [mseopt,mse∞) ensures that βk is a decreasing sequence converging

to mseopt [57]. Since Newton’s method is a fixed-point iterative algorithm, it has

a global linear convergence speed. In addition, Newton’s method is known to

have a quadratic convergence speed in the neighborhood of the root mseopt [56,

Chapter 2].

Fixed-point iterations

Newton’s method requires to compute the gradient f ′(βk), which can be solved

by a finite-difference approximation, as in the secant method [56]. In the sequel,

we introduce another approximation approach of Newton’s method, which is of



14

Algorithm 3 Fixed-point iterations for finding β

given tolerance ε > 0.

Pick initial value β0∈[mseopt,mse∞).

repeat

βk+1 := f1(βk)
f2(βk) .

until |βk+1 − f1(βk)
f2(βk) | ≤ ε.

return βk+1.

independent interest. In Theorem 1.2, we have shown that mseopt is the optimal

solution for f1(β)/f2(β). Hence, the gradient of f1(β)/f2(β) is equal to zero at

the optimal solution β = mseopt, which leads to

f ′1(mseopt)f2(mseopt)− f1(mseopt)f
′
2(mseopt) = 0. (1.44)

Therefore,

mseopt =
f1(mseopt)

f2(mseopt)
=
f ′1(mseopt)

f ′2(mseopt)
. (1.45)

Because f1(β) and f2(β) are smooth functions, when βk is in the neighborhood of

mseopt, (1.45) implies that f ′1(βk)−βkf ′2(βk) ≈ f ′1(mseopt)−mseoptf
′
2(mseopt) =

0. Substituting this into (1.43), yields

βk+1 =βk −
f1(βk)− βkf2(βk)

f ′1(βk)− f2(βk)− βkf ′2(βk)

≈βk −
f1(βk)− βkf2(βk)

−f2(βk)

=
f1(βk)

f2(βk)
, (1.46)

which is a fixed-point iterative algorithm that was recently proposed in [58]. Sim-

ilar to Newton’s method, the fixed-point updates in (1.46) converge to mseopt

if the initial value β0∈[mseopt,mse∞). Moreover, (1.46) has a global linear con-

vergence speed and a local quadratic convergence speed. See [58] for a proof of

these results.

A comparison of these three algorithms are shown in [13]. One can observe

that the fixed-point updates and Newton’s method converge faster than bisection

search.

More insights

We note that although (1.14), (1.23), and (1.32), and equivalently (1.42), has a

unique root mseopt, the fixed-point equation

h(β) =
f1(β)

f2(β)
− β =

f1(β)− βf2(β)

f2(β)
= 0 (1.47)
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has two roots mseopt and mse∞ if the signal process Xt is stable and stationary

OU process. This is because the denominator f2(β) in (1.47) increases to ∞
as β→mse∞, which creates an extra root at β = mse∞. See [13, Fig. 6] for

an illustration of the two roots of h(β). It is showed in [13] that the correct

root for computing the optimal threshold is mseopt. Interestingly, Algorithms

1-2 converge to the desired root mseopt, instead of mse∞. Finally, we remark

that these three algorithms can be used to find the optimal threshold in the

age-optimal sampling problem studied in, e.g., [1, 15].

1.4.2 Signal-aware Sampling With A Sampling Rate Constraint

When the sampling rate constraint (1.11) is taken into consideration, a solution

to (1.10) for the three processes discussed above can be expressed in the following

theorems:

1.4.2.1 Wiener Process
theorem 1.6 If Xt is a Wiener process with Yi’s are i.i.d. with 0 < E[Yi] <

∞, then (1.12)-(1.14) is an optimal solution to (1.10). The value of β ≥ 0 is

determined in two cases: β is the unique root of (1.14) if the root of (1.14)

satisfies

E[Di+1(β)−Di(β)] > 1/fmax; (1.48)

otherwise, β is the unique root of

E[Di+1(β)−Di(β)] = 1/fmax. (1.49)

The optimal objective value to (1.10) is given by

mseopt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.50)

One can see that Theorem 1.1 is a special case of Theorem 1.6 when fmax =∞.

1.4.2.2 Ornstein-Uhlenbeck Process (Stable Case, θ > 0)
theorem 1.7 If Xt is a stable and stationary OU process with the Yi’s are

i.i.d. with 0 < E[Yi] < ∞, then (1.21)-(1.23) is an optimal solution to (1.10).

The value of β ≥ 0 is determined in two cases: β is the unique root of (1.23) if

the root of (1.23) satisfies

E[Di+1(β)−Di(β)] > 1/fmax; (1.51)

otherwise, β is the unique root of

E[Di+1(β)−Di(β)] = 1/fmax. (1.52)

The optimal objective value to (1.10) is given by

mseopt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.53)
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Theorem 1.2 is also a special case of Theorem 1.7 when fmax =∞.

1.4.2.3 Ornstein-Uhlenbeck Process (Unstable Case, θ < 0)
theorem 1.8 If Xt is a stable and stationary OU process with the Yi’s are

i.i.d. with 0 < E[Yi] < ∞, then (1.30)-(1.32) is an optimal solution to (1.10).

The value of β ≥ 0 is determined in two cases: β is the unique root of (1.32) if

the root of (1.32) satisfies

E[Di+1(β)−Di(β)] > 1/fmax; (1.54)

otherwise, β is the unique root of

E[Di+1(β)−Di(β)] = 1/fmax. (1.55)

The optimal objective value to (1.10) is given by

mseopt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.56)

Theorem 1.3 is also a special case of Theorem 1.8 when fmax =∞.

In Theorems 1.6, 1.7, and 1.8 the calculation of β falls into two cases: In one

case, β can be computed via Algorithms 1-3.

For this case to occur, the sampling rate constraint (1.11) needs to be inactive

at the root of (1.14), (1.23), and (1.32). Because Di(β) = Si(β) + Yi, we can

obtain E[Di+1(β) − Di(β)] = E[Si+1(β) − Si(β)] and hence (1.48), (1.51), and

(1.54) holds when the sampling rate constraint (1.11) is inactive.

In the other case, β is selected to satisfy the sampling rate constraint (1.11)

with equality, as required in (1.49), (1.52), and (1.55). Before we solve (1.49),

(1.52), and (1.55), let us first use f2(β) to express (1.49), (1.52), and (1.55) as

g(β) =
1

fmax
− f2(β) = 0. (1.57)

lemma 1.9 The function g(β) has the following properties:

(i) g(β) is continuous and strictly decreasing on β,

(ii) g(mseYi)≥0 and lim
β→mse−∞

g(β) = −∞.

According to Lemma 1.9, (1.49), (1.52), and (1.55) has a unique root in

[mseYi ,mse∞), which is denoted as β∗. In addition, the numerical results also

suggest that g(β) should be concave [13].

The root β∗ can be solved by using bisection search and Newton’s method,

which are explained in Algorithms 4-5, respectively. Similar to the discussions in

Section 1.4.1.4, the convergence of Algorithm 4 is ensured by Lemma 1.9. More-

over, if g(β) is concave and β0 ∈ [β∗,mse∞), βk in Algorithm 5 is a decreasing

sequence converging to the root β∗ of (1.49), (1.52), and (1.55) [57].
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Algorithm 4 Bisection search method for finding β with rate constraint

given l = mseYi , u = mse∞, tolerance ε > 0.

repeat

β := (l + u)/2.

o := E[Di+1(β)−Di(β)].

if o ≥ 1/fmax, u := β; else, l := β.

until u− l ≤ ε.
return β.

Algorithm 5 Newton’s method for finding β with rate constraint

given tolerance ε > 0.

Pick initial value β0∈[β∗,mse∞).

repeat

βk+1 := βk − g(βk)
g′(βk) .

until | g(βk)
g′(βk) | ≤ ε.

return βk+1.

1.4.3 Signal-Agnostic Sampling

In signal-agnostic sampling policies, the sampling times Si are determined based

only on the service times Yi, but not on the observed process {Xt, t ≥ 0}, and

the following lemma can be introduced.

lemma 1.10 If π ∈ Πsignal-agnostic, then the mean-squared estimation error of

the Wiener process Xt at time t is

p(∆t) =E
[
(Xt − X̂t)

2
∣∣π, Y1, Y2, . . .

]
= ∆t, (1.58)

where ∆t is the age of information at time t. On the other hand, if Xt is an OU

process, then the mean-squared estimation error at time t is

p(∆t) =E
[
(Xt − X̂t)

2
∣∣π, Y1, Y2, . . .

]
=
σ2

2θ

(
1− e−2θ∆t

)
, (1.59)

which a strictly increasing function of the age ∆t.

According to Lemma 1.10 and Fubini’s theorem, for every policy π ∈ Πsignal-agnostic,

E

[∫ T

0

(Xt − X̂t)
2dt

]
= E

[∫ T

0

p(∆t)dt

]
. (1.60)

Hence, minimizing the mean-squared estimation error among signal-agnostic

sampling policies can be formulated as the following MDP for minimizing the
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expected time-average of the nonlinear age function p(∆t):

mseage-opt = inf
π∈Πsignal-agnostic

lim sup
T→∞

1

T
E

[∫ T

0

p(∆t)dt

]
(1.61)

s.t. lim inf
n→∞

1

n
E

[
n∑
i=1

(Si+1 − Si)

]
≥ 1

fmax
, (1.62)

where mseage-opt is the optimal value of (1.61). By (1.59), p(∆t) and mseage-opt

are bounded. Because Πsignal-agnostic ⊂ Π, it follows immediately that mseopt ≤
mseage-opt.

Problem (1.61) is one instance of the problems recently solved in Corollary 3

of [1] for general strictly increasing functions p(·).

1.4.3.1 Signal-Agnostic Sampling Without A Sampling Rate
Constraint

From this, a solution to (1.61) for signal-agnostic sampling without rate con-

straint is given in the following theorem.

theorem 1.11 If Xt is a Gauss-Markov process with fmax = ∞ and the Yi’s

are i.i.d. with 0 < E[Yi] < ∞, then (S1(β), S2(β), . . .) with a parameter β is an

optimal solution to (1.61), where

Si+1(β) = inf
{
t ≥ Di(β) :E[(Xt+Yi+1

−X̂t+Yi+1
)2]≥β

}
, (1.63)

Di(β) = Si(β) + Yi and the optimal threshold β is the root of

E

[∫ Di+1(β)

Di(β)

(Xt − X̂t)
2dt

]
−βE[Di+1(β)−Di(β)]=0, (1.64)

The optimal objective value to (1.61) is given by

mseage-opt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.65)

1.4.3.2 Signal-Agnostic Sampling With A Sampling Rate
Constraint

On the other hand, a solution to (1.61) when (1.62) is taken into consideration

is given in the following theorem.

theorem 1.12 If Xt is a Gauss-Markov process with the Yi’s are i.i.d. with

0 < E[Yi] <∞, then (1.63)-(1.64) is an optimal solution to (1.61). The value of

threshold β≥0 is determined in two cases: β is the root of (1.64), if the root of

(1.64) satisfies

E[Di+1(β)−Di(β)] >
1

fmax
; (1.66)
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Figure 1.3 MSE vs fmax tradeoff for i.i.d. exponential service time for Wiener process
with E[Yi] = 1.

otherwise, β is the root of

E[Di+1(β)−Di(β)] =
1

fmax
. (1.67)

The optimal objective value to (1.61) is given by

mseage-opt =
E
[∫Di+1(β)

Di(β)
(Xt − X̂t)

2dt
]

E[Di+1(β)−Di(β)]
. (1.68)

Theorem 1.12 follows from Corollary 3 of [1] and Lemma 1.10. Similar to the

case of signal-aware sampling, the roots of (1.64) and (1.67) can be solved by

using Algorithms 1-5. In fact, Algorithms 1-5 can be used for minimizing general

monotonic age penalty functions. [1].

1.5 Numerical Results

In this section, we evaluate the estimation error achieved by the following four

sampling policies: 1. Uniform sampling, 2. Zero-wait sampling [18, 14], 3. Age-

optimal sampling [1], and 4. MSE-optimal sampling.

Let mseuniform, msezero-wait, mseage-opt, and mseopt, be the MSEs of uniform

sampling, zero-wait sampling, age-optimal sampling, MSE-optimal sampling, re-

spectively. We can obtain

mseYi ≤ mseopt ≤ mseage-opt ≤ mseuniform ≤ mse∞,

mseage-opt ≤ msezero-wait ≤ mse∞, (1.69)

whenever zero-wait sampling is feasible, which fit with our numerical results.

The expectations in (1.37) and (1.38) are evaluated by taking the average over
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Figure 1.4 MSE vs fmax tradeoff for i.i.d. exponential service time with E[Yi] = 1,
where the parameters of the OU process are σ = 1 and θ = 0.5.

1 million samples. For OU process, the parameters are given by σ = 1, θ = 0.5,

and µ can be chosen arbitrarily because it does not affect the estimation error.

Figures 1.3 and 1.4 illustrate the tradeoff between the MSE and fmax for

i.i.d. exponential service times with mean E[Yi] = 1. Because E[Yi] = 1, the

maximum throughput of the queue is 1. For Figure 1.4, the lower bound mseYi
is 0.5 and the upper bound mse∞ is 1. In fact, as Yi is an exponential random

variable with mean 1, σ
2

2θ (1− e−2θYi) has a uniform distribution on [0, 1]. Hence,

mseYi = 0.5. For small values of fmax, age-optimal sampling is similar to uniform

sampling, and hence mseage-opt and mseuniform are close to each other in the

regime. However, as fmax grows, mseuniform reaches the upper bound mse∞ and

remains constant for fmax ≥ 1. This is because the queue length of uniform

sampling is large at high sampling frequencies. In particular, when fmax ≥ 1,

the queue length of uniform sampling is infinite. On the other hand, mseage-opt

and mseopt decrease with respect to fmax. The reason behind this is that the

set of feasible sampling policies satisfying the constraint in (1.10) and (1.61)

becomes larger as fmax grows, and hence the optimal values of (1.10) and (1.61)

are decreasing in fmax. As we expected, msezero-wait is larger than mseopt and

mseage-opt. Moreover, all of them are between the lower bound mseYi and upper

bound mse∞.

Figures 1.5 and 1.6 depict the MSE of i.i.d. normalized log-normal service

time for fmax = 0.8. Figures 1.7 and 1.8 depict the MSE of i.i.d. normalized

log-normal service time for fmax = 1.2, where Yi = eαXi/E[eαXi ], α > 0 is the

scale parameter of log-normal distribution, and (X1, X2, . . . ) are i.i.d. Gaussian

random variables with zero mean and unit variance. Because E[Yi] = 1, the

maximum throughput of the queue is 1. In Figures 1.5 and 1.6, since fmax < 1,

zero-wait sampling is not feasible and hence is not plotted. As the scale parameter

α grows, the tail of the log-normal distribution becomes heavier.
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Figure 1.5 MSE vs. the scale parameter α of i.i.d. normalized log-normal service time
distribution for Wiener process with E[Yi] = 1 and fmax = 0.8. Zero-wait sampling is
not feasible here as fmax < 1/E[Yi] and hence is not plotted.
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Figure 1.6 MSE vs. the scale parameter α of i.i.d. normalized log-normal service time
distribution with E[Yi] = 1 and fmax = 0.8, where the parameters of the OU process
are σ = 1 and θ = 0.5. Zero-wait sampling is not feasible here as fmax < 1/E[Yi] and
hence is not plotted.

In Figures 1.5 and 1.7, mseage-opt and mseopt grow quickly in α. But in Fig-

ures 1.6 and 1.8, mseage-opt and mseopt drop with α. This phenomenon may look

surprising at first sight. To understand this phenomenon, let us consider the age

penalty function p(∆t) in (1.59) for the OU process. As the scale parameter α

grows, the service time tends to become either shorter or much longer than the

mean E[Yi], rather than being close to E[Yi]. When ∆t is short, p(∆t) reduces

quickly in ∆t; meanwhile, when ∆t is quite long, p(∆t) cannot increase much

because it is upper bounded by mse∞. Because of these two reasons, the aver-
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Figure 1.7 MSE vs. the scale parameter α of i.i.d. normalized log-normal service time
distribution for Wiener process E[Yi] = 1 and fmax = 1.2. Uniform sampling is not
feasible here and hence is not plotted.
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Figure 1.8 MSE vs. the scale parameter α of i.i.d. normalized log-normal service time
distribution E[Yi] = 1 and fmax = 1.2, where the parameters of the OU process are
σ = 1, θ = 0.5.

age age penalty mseage-opt decreases in α. The dropping of mseopt in α can be

understood in a similar fashion.

On the other hand, the age penalty function of the Wiener process is p(∆t) =

∆t, which is quite different from the case considered here. We also observe that in

all the four figures, the gap between mseopt and mseage-opt increases as α grows.
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1.6 Summary

In this chapter, we have described the optimal sampling policies for minimizing

the estimation error for three scalar Gauss-Markov signal processes. The optimal

sampler design problem is solved with and without a sampling rate constraint.

A smaller estimation error has been achieved by exploiting causal knowledge of

the signal values. On the other hand, when the sampler has no knowledge about

the signal process, the optimal sampling policy is to optimize a non-linear age

function. The problem is formulated as a continuous-time (constrained) MDP

with a continuous state space. The optimal sampling policy is a threshold policy

on instantaneous estimation error and the threshold is found exactly. The optimal

sampling policies can be computed by low-complexity algorithms, and the curse

of dimensionality is circumvented.
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