
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 7, JULY 2009 3091

New Bounds for the Generalized Marcum�-Function
Árpád Baricz and Yin Sun, Student Member, IEEE

Abstract—In this paper, we study the generalized Marcum
�-function ����� ��� where �� � � � and � � �. Our aim is
to extend the results of Corazza and Ferrari (IEEE Trans. Inf.
Theory, vol. 48, pp. 3003–3008, 2002) to the generalized Marcum
�-function in order to deduce some new tight lower and upper
bounds. The key tools in our proofs are some monotonicity
properties of certain functions involving the modified Bessel
function of the first kind and some classical inequalities, i.e., the
Cauchy–Buniakowski–Schwarz and Chebyshev integral inequali-
ties. These bounds are shown to be very tight for large �, i.e., the
relative errors of our bounds converge to zero as � increases. Both
theoretical analysis and numerical results are provided to show
the tightness of our bounds.

Index Terms—Cauchy–Buniakowski–Schwarz and Chebyshev
integral inequalities, generalized Marcum -function, lower and
upper bounds, modified Bessel functions of the first kind.

I. INTRODUCTION

F OR unrestricted real (or complex) number, let be the
modified Bessel function of the first kind of order , de-

fined by the relation [1, pp. 77]

which is of frequent occurrence in problems of electrical en-
gineering, finite elasticity, quantum billiard, wave mechanics,
mathematical physics, and chemistry, to cite a few domains of
applications. Here, as usual

denotes the Euler gamma function, where . Further, let
be the generalized Marcum -function, defined by

(1)

where and . When , the function
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is known in the literature as the Marcum -function. The
Marcum -function and the generalized Marcum -function,
defined above, are widely used in radar communications and
have important applications in error performance analysis of
digital communication problems dealing with partially co-
herent, differentially coherent, and noncoherent detections [2],
[3]. Since, the precise computations of the Marcum -function
and generalized Marcum -function are quite difficult, in the
last few decades several authors worked on precise and stable
numerical calculation algorithms for the functions. Moreover,
many tight lower and upper bounds for the Marcum -function
and generalized Marcum -function were proposed as sim-
pler alternative evaluating methods or intermediate results for
further integrations. See, for example, the papers [4]–[12] and
the references therein. In this field, the order is the number
of independent samples of the output of a square-law detector,
and hence in most of the papers the authors deduce lower and
upper bounds for the generalized Marcum -function with
order integer. However, in our analysis of this paper, is
not necessarily an integer number. During the revision of this
paper, we discovered the work [13], in which similarly to our
work, it is also suggested to study lower and upper bounds for
the generalized Marcum -function of real order and for
all ranges of the parameters .

An important contribution to the subject is the publication
of Corazza and Ferrari [7], which is the starting point of our
present paper. Namely, our main motivation to write this paper
is the work [7], which we wish to complement.

This paper is organized as follows.
In Section II, we present some preliminary results which will

be useful to deduce lower and upper bounds for the generalized
Marcum -function. Our main results of this section are some
monotonicity properties of some functions which involve the
modified Bessel functions of the first kind and the key tools are
some classical results of Boyd [14], Gronwall [15], and Nasell
[16].

In Section III, we show that all results of Corazza and
Ferrari from [7] can be extended to the generalized Marcum

-function with real order. However, the integrals which
appear in our study are also quite difficult to compute, and
consequently, we apply some classical integral inequalities
(Cauchy–Buniakowski–Schwarz and Chebyshev) to have
computable lower and upper bounds for when is
an arbitrary real number greater than or equal to and in
some cases than , respectively. As far as we know, these are
the first bounds for the generalized Marcum -function with
noninteger order. In the case of positive integer, we
deduce computable lower and upper bounds derived from the
general case, and these bounds can be applied without any
difficulty to approximate the generalized Marcum -function
of integer order. Our notation is standard and the basic ideas
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are taken from Corazza and Ferrari’s paper [7]. However, we
found that there is an incompleteness in the above mentioned
paper [7], and in the next section we also clarify this issue in
order to have complete proof. More precisely, equation (8) in
[7] is stated without proof, even if some computer-generated
pictures appear [7, p. 3005], which suggest the validity of that
equation. But, computer generated pictures can be misleading
and rigorous mathematical proof is required. In part (a) of
Lemma 1 below, we point out that in fact [7, eq. (8)] can be
deduced easily from a result of Gronwall [15], which was used
in wave mechanics. For comments see also Remark 1.

In Section IV, we study the tightness of our bounds and we
prove that in the case the relative errors of the
lower and upper bounds tend to zero as approaches infinity.
This completes also the results from [7] where numerical exper-
iments were given for the case . Moreover, we compare
our results with the bounds given in [4], [5], [8]. It is shown nu-
merically that our bounds are tighter than the bounds from [4],
[5] in most of the cases, and for large values of are tighter than
the bounds given in [8]. Here it is important to note that the rel-
ative errors of the bounds given in [8] do not tend to zero as
tends to infinity. For the case , the numerical results
show that our bounds are tighter than the bounds from [4], [5]
in most of the cases. Moreover, for there exists a subinterval
of on which our bounds are tighter than the bounds of Li
and Kam [8].

Finally, in Section V, the conclusions of this paper are given.

II. PRELIMINARY RESULTS

It is worth mentioning that the generalized Marcum -func-
tion has an important interpretation in probability theory,
namely, that (as a function of ) is the complement (with
respect to unity) of the cumulative distribution function of the
noncentral chi-distribution with degrees of freedom. We
note here that in probability theory and in economic theory the
complement (with respect to unity) of a cumulative distribution
function is called a survival (or a reliability) function. More pre-
cisely, the generalized Marcum -function, i.e.,
is exactly the reliability function of the noncentral chi-distri-
bution with degrees of freedom (where is not necessarily
an integer) and noncentrality parameter . For more details,
we refer to the recent paper [17] where a somewhat new view-
point of the generalized Marcum -function is presented, by
showing that it satisfies the new-is-better-than-used property,
which arises in economic theory, and to the paper [18] where it
is shown that the generalized Marcum function with real order
is in fact the tail probability function of a noncentral -dis-
tribution. However, for readers’s convenience, we recall here
some basic facts. First note that when the integrand in
(1) is a probability density function. This is well known when

is an integer. For the sake of completeness, we note that
this is also true when is not necessarily an integer. For this,
consider the Sonine formula [19, eq. 6.631.4]

which holds for all complex numbers such that
and where stands for the Bessel function of

the first kind [1, p. 40]. Taking into account the relation
and changing in the above Sonine formula with

we easily get that

which implies that for each we have

as required. Thus, for all and , the function
can be rewritten as

(2)

and clearly maps into ; moreover, it
is decreasing on .

The following result is one of the crucial facts in the proof
of our main results of the following section. In what follows,
we denote with the natural logarithm of the real number

.

Lemma 1: The following assertions are true:
(a) the function is increasing on

for all
(b) the function is strictly decreasing on

for all
(c) the function is increasing for

all .
Proof: (a) In order to prove the asserted result, we show

that for all and we have .
We note that Gronwall [15, eq. 5] has proved a sharper version
of this, namely, that but just for

. As we will see, in our discussion it will be enough that
holds for all . However, it can be

shown easily that for , the inequality
does not hold for all .

Due to Gronwall [15, eq. 17] it is known that the function
is increasing on for each fixed .

Hence, it is enough to show that holds
for all . On the other hand, Nasell [20, eq. 11] has shown
that

where and . Choosing in the above inequality
and taking into account that we have

for all . Now, using the above result we conclude that
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i.e., the function is increasing on
for all as we required.

(b) In the case , for a proof see Nasell’s work [16,
p. 2]. Nasell actually has proved a much stronger statement.
More precisely, he proved that for all and

the inequality
holds [16, eq. 2], i.e., the function is strictly
completely monotonic on . Moreover, the required mono-
tonicity property of the function for

has been also verified by Laforgia [21], who used only
the Soni inequality . However, for the sake of
completeness, we give here an alternative proof for the complete
monotonicity which does not require Laplace transform and
Bernstein theorem. It is known that the function

defined by

for has the integral representation [22, eq. 3]

where

is a Dirichlet density function on the interval . Here
if and otherwise. First suppose that

. Then from the above integral representation, we easily
get

which implies that

for all and . Now, con-
sider the case when . Since

it is easy to verify that for all
and we have

Thus, choosing we obtain for all
and i.e., the function is

strictly decreasing on for all .
(c) We note that in fact it is enough to show the assertion for

. Namely, to prove that the function
is increasing for all we just need to show that for
all and we have

But, due to Cochran [23] we know that the function
is strictly decreasing on for all fixed and, con-
sequently, holds true for all and

. On the other hand, appealing again on Gronwall’s result
[15, eq. 17], which states that the function
is increasing on for each fixed we have

for all and .
Summarizing the above facts, we obtain that

is increasing on for all fixed and consequently in
particular we have

(3)

Thus, indeed we just need to show that is
increasing on . Note that this was proved implicitly by
Corazza and Ferrari [7]. However, we present here two some-
what different analytical proofs for this. Since and

in view of the monotone form of l’Hospital’s rule [24, Lem-
ma 2.2], to prove that is increasing on
it is enough to show that is
increasing on . But, this is true due to Boyd [14]. More-
over, the function is in fact strictly increasing.
More precisely, since , the above result is in fact
equivalent to the strict log-convexity of the function . This re-
sult appears in Neuman’s paper [22, Corollary 2], where it is
stated that the function is strictly log-convex on for
all . From this,
is strictly increasing, and indeed the right-hand side of (3) is
positive. With this the proof is complete.

We note that there in another proof for the monotonicity of
the function which does not require explic-
itly the monotone form of l’Hospital’s rule. Using the definition
of convexity, it is easy to verify [25, p. 12] that if

is convex and then the function
is increasing on . Now, Boyd’s result stated above implies
that is convex on i.e., is log-convex.
On the other hand, thus using the above result
for the function is indeed in-
creasing on .

Finally, we would like to note that in fact from the monotone
form of l’Hospital rule the above result [25, p. 12] can be de-
duced. Namely, since , to prove that

is increasing, it is enough to show that
is increasing, which is clearly true, be-

cause is convex.

III. LOWER AND UPPER BOUNDS FOR THE GENERALIZED

MARCUM -FUNCTION

In this section, we establish some new tight lower and upper
bounds for the generalized Marcum -function by using the
results of Lemma 1. These bounds are natural extensions of the
bounds stated in [7] and the proofs of Theorem 1 and 2 are
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similar to those given in [7]. In the followings, stands for
the complementary error function, which is defined by

Moreover, for all and real, let

denotes, as usual, the upper incomplete gamma function. Notice
that for all real .

Our first main result reads as follows.

Theorem 1: If and then the following
inequalities hold:

(4)

(5)

Moreover, the inequality (5) holds true for all .
Proof: First let us focus on the lower bound in (4). Since

from part (a) of Lemma 1 the function is
increasing on for all and we have

(6)

Replacing in (6) with with and with from (1)
we obtain

Now, let us concentrate on the upper bound in (5). From part
(b) of Lemma 1, the function is decreasing
on . Thus, for all and we have

(7)

Replacing in (7) with with and with and using
again (1), we get that

It is worth mentioning that the upper bound of (5), even if
it seems to be very tight, is not very useful, because the com-
putation of the integral, which is on the right-hand side of (5),
appears to be difficult. In other words, the upper bound derived
in Theorem 1 cannot be used in its current form, since it re-
quires numerical integration. This stems from the fact that nu-
merical approximations can lie below or above the exact values
of the integral. However, in particular when is an integer,
easy computations yield the following result, which is an imme-
diate consequence of Theorem 1. In the followings, as usual, for

is the binomial coefficient and we use the familiar notations
and .

Corollary 1: If and then the
inequalities

(8)

(9)

hold, where for all

which can be rewritten as follows:

and for all

(10)

(11)

Proof: Choosing in (4) and (5), the lower bound in
(8) is clear, while for the upper bound in (9) we need to evaluate
the integral

Using the Newton binomial formula, we conclude that

as we requested. It remains just to compute the coefficients
. Clearly, we have

and
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On the other hand, partial integration yields

and consequently for all , one has

and

From these relations, it is just straightforward to verify that the
relations (10) and (11) hold.

Remark 1: We note that from (8) and (9) for we
re-obtain the results of Corazza and Ferrari [7]

i.e.,

and

In other words, the lower bound in (8) is a natural extension of
(9) from [7], while the upper bound in (9) is a natural general-
ization of (7) from [7]. It is important to note that Corazza and
Ferrari, in order to deduce the above lower bound [7, eq. 9], have
used, taking into account some numerical experiments, the fact
that the function is increasing on i.e.,
for all the inequality holds.
But the above inequality is stated in [7, eq. 8] without proof.
However, part (a) of Lemma 1 guarantees that indeed the func-
tion is increasing on .

The following theorem completes the results from Theorem
1. In this case, since the integration domains are finite intervals,
in addition we deduce computable lower and upper bounds for
the generalized Marcum -function for real. The key tools in
our proofs are two classical integral inequalities.

Theorem 2: If then the following inequalities hold:

(12)

(13)

where and . Moreover, (13)
holds true for all . Consequently, for all and

we have

(14)

and in addition the inequality

(15)

holds for all .
Proof: In order to prove (12), we use part (c) of Lemma

1 and conclude that for all and we have
. Replacing in this inequality with

with and with one has
which holds for all and . This

implies that
(16)

holds for all and . Using (2) and (16) yields

To prove the inequality (13), we proceed exactly as in the
proof of Theorem 1. Using again the fact that the function

is decreasing on it follows that for all
and we have

(17)

Replacing in (17) with with and with and in
view of (2), we get that

Now, we are going to prove (14). For this, let us recall the
Cauchy–Buniakowski–Schwarz inequality [26, p. 43]

where and are real and integrable functions on . Thus,
using the Cauchy–Buniakowski–Schwarz inequality, we easily
obtain that
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and in view of (12) this in turn implies that (14) holds.
In order to prove (15), we use the well-known Chebyshev

integral inequality [26, p. 40] which reads as follows: if and
are integrable functions defined on , both increasing or

both decreasing and is a positive integrable function defined
on , then

Note that if one of the functions or is decreasing and
the other is increasing, then the above inequality is reversed.
Since the function is increasing on

for all and the function
is increasing too on from Chebyshev’s inequality
we deduce that

where we used for all . Finally, using
(13), the proof is complete.

It is important to note here that since the bounds in (14) and
(15) were deduced from (12) and (13), clearly they are weaker
than the bounds given in (12) and (13). However, the bounds
(14) and (15) can be computed without any difficulty and can
be used to approximate the generalized Marcum -function

for each and , respectively. As far
as we know, no previous lower and upper bounds have been in-
troduced for noninteger or nonrational.

The following result is an immediate consequence of The-
orem 2 and provides a generalization of the results of Corazza
and Ferrari [7, eqs. 12 and 14].

Corollary 2: If and then the
inequalities

(18)

(19)

hold, where and for all

which can be rewritten as

and for all

(20)

(21)

where

for all .
Proof: Choosing in (12) and (13), we just need to

compute the integrals

and

Thus, using again the Newton binomial formula we conclude
that

and

Now, it remains to evaluate the coefficients . Clearly, we
have

and

Authorized licensed use limited to: Tsinghua University Library. Downloaded on June 18, 2009 at 14:56 from IEEE Xplore.  Restrictions apply.



BARICZ AND SUN: NEW BOUNDS FOR THE GENERALIZED MARCUM -FUNCTION 3097

On the other hand, partial integration yields

and, consequently for all , one has

and

From these relations it is just straightforward to verify that the
relations (20) and (21) holds.

Remark 2: It is worth mentioning that, from (19) in particular
for , we get that

which was proved recently by Corazza and Ferrari [7, eq. 12].

On the other hand, from (18) in particular when for all
, we have the following inequality [7, eq. 14]

where .

IV. TIGHTNESS OF THE BOUNDS AND NUMERICAL RESULTS

In this section, we will study the tightness of our proposed
bounds for the generalized Marcum -function, and compare
our bounds with the bounds previously introduced in the litera-
ture.

A. Tightness of the Bounds

First, let us discuss the tightness of the bounds stated in The-
orem 1 and Corollary 1. Let and be fixed. Recall
that the function is a survival function and then
we have as . Moreover, it is easy to see
that the right-hand side of (4) tends also to zero as approaches
infinity. On the other hand, it is known that the asymptotic for-
mula [27, p. 377]

holds for large values of and for fixed . Using this, it
follows that

and then the right-hand side of (5) also tends to zero as tends
to infinity. These show that the lower and upper bounds (4) and
(5) as well as (8) and (9) are tight as tends to infinity.

Now, let us study the relative errors of the lower and upper
bounds (4) and (5), and in particular (8) and (9). For this, let us
consider the expressions

and

Due to Theorem 1 we know that if and
we have . In what follows, we
show that if and are fixed, the relative errors

and

tend to zero as approaches infinity. Observe that to
prove this it is enough to show that and

tend to as tends to infinity. On the other
hand, it is known that for and fixed the asymptotic
formula [3, p. 81]

(22)

is valid for large values of . Thus, we have

where we have used the above asymptotic formula for the modi-
fied Bessel function of the first kind. Moreover, using this result
and the l’Hospital rule we have

Here, we have used that from l’Hospital’s rule

and
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Fig. 1. Numerical results for � ��� �� of integer order � and its upper and lower bounds versus � for the case � � � � � and � � �. x: exact. Dashed line:
previous bounds. Solid line: our proposed bounds, i.e., LB1 and UB1.

With this, actually we have proved that the relative errors of the
bounds of Corazza and Ferrari [7] (see Remark 1) tend also to
zero as approaches infinity. This is in the agreement with [7,
Table IV, p. 3007]. Summarizing, our bounds have preserved
the property that their relative errors tend to zero as tends to
infinity. But the previously introduced bounds and

by Li and Kam do not possess this property. For
example, by using the asymptotic formula (22) it is clear that

as and are fixed.
In other words, the relative error of the upper bound stated in [8]
does not tends to zero as approaches infinity. Similarly, using
(22) we have that as and

are fixed. Thus, the relative error of the lower bound
stated in [8] does not tend to zero as approaches infinity. To the
extent of the authors’ knowledge, our proposed bounds
and are the first bounds of with order
that tend to be equal to the exact value as increases.

Now let us focus on tightness of the bounds (12), (13), (18),
and (19). Let us fix and . Observe first that, since

is a reliability function, if then
. Moreover, it is easy to see that the second terms on the right-

hand sides of (12) and (13) tend also to zero as tends to zero.
These show that the bounds (12), (13), (18), and (19) are sharp
as . A similar, but somewhat more technical, argument to
that presented above for the case yields that the ratio
of the bounds in (13) and (12) tends to as which shows
that the relative errors of the bounds (12), (13), (18), and (19)
tend also to zero as .

B. Numerical Results

First, let us consider the case when . For this case,
we have derived one lower bound for real order , i.e., (4) and (8)
in the integer order form, and also one upper bound for integer

order , i.e., (9). We denote them as LB1 and UB1, respectively.
The previous lower bounds for of integer order in-
clude LB1-AT in [5, the first line in eq. 18],1 in [8,
eqs. 11 and 14]. The previous upper bounds include UB1-SA in
[4, eq. 8], UB1-AT in [5, eq. 17], in [8, eqs. 11 and
14]. Fig. 1 presents numerical results for the case
and in a logarithmic scale. It shows that our proposed
bounds are looser than the bounds proposed in [8] when is
relative small. However, our bounds are tighter than the other
bounds for large when and are fixed, and the tightness
of our bounds improves quickly for increasing . Moreover, in
the previous subsection we have proved that the relative errors
of our bounds converge to zero as tends to infinity, while the
bounds of Li and Kam do not possess this property. While LB1
is also the lower bound of the generalized Marcum -function
with noninteger order, the simulation results are similar with the
integer order case, and therefore are omitted.

For the case , we derived a pair of lower and upper
bounds for integer order generalized Marcum -function, i.e.,
(18) and (19), which are denoted by LB2 and UB2, respectively.
Moreover, we also proposed a pair of lower and upper bounds
for the generalized Marcum -function with noninteger order

, i.e., (14) and (15), which are denoted by LB3 and UB3, re-
spectively.

We first consider the case of integer order . The previous
lower bounds include LB2-SA in [4, eq. 12], LB1-AT in [5, the
first line in eq. 18], LB2-AT in [5, eq. 20], LB3-AT in [5, eq. 21],

in [8, eqs. 11 and 14]. And there is an upper bound
previously introduced in the literature, i.e., in [8,
eqs. 11 and 14]. The numerical results for the case
and are illuminated in Fig. 2. We can see that our bounds

1There is a mistake in the formula of � ��� �� given in [5]. For a correct
version, the readers are referred to [3].
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Fig. 2. Numerical results for � ��� �� of integer order � and its upper and lower bounds versus � for the case � � � � � and � � �. x: exact. Dashed line:
previous bounds. Solid line: our proposed bounds, i.e., LB2 and UB2.

Fig. 3. Numerical results for � ��� �� of noninteger order � and its upper and lower bounds versus � for the case � � � � � and � � ���. x: exact. Solid line:
our proposed bounds, i.e., LB3 and UB3.

are tighter than the other bounds for small region, and looser
than the bounds proposed in [8] when is near to . For dif-
ferent sets of and , our simulation results suggest that we can
always find an interval for in which our pro-
posed bounds are tighter than the bounds proposed in [8]. Our
proposed bounds LB3 and UB3 can be also used for of
integer order . But LB3 and UB3 are clearly weaker than the
bounds LB2 and UB2. Therefore, the numerical results of LB3

and UB3 for integer order are not shown here. For the
case of noninteger order , we provide the numerical results of

and bounds LB3 and UB3 in Fig. 3.

V. CONCLUSION

This paper extends the work [7] to the case of the general-
ized Marcum -function by exploring the monotonicity of some
functions that involves the modified Bessel function of the first
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kind. New upper and lower bounds for integer order and non-
integer order generalized Marcum -function are derived via
rigorous proofs. These bounds are shown to be very tight when

approaches infinity, i.e., the relative errors of our bounds con-
verge to zero as increases. As far as we know, no previous
bound introduced in the literature has such tightness for large .
The tightness of our bounds is shown by both theoretical anal-
ysis and numerical results.
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[26] D. S. Mitrinović, Analytic Inequalities. Berlin, Germany: Springer,
1970.

[27] , M. Abramowitz and I. A. Stegun, Eds., Handbook of Mathematical
Functions With Formulas. Graphs and Mathematical Tables. New
York: Dover, 1965.

Árpád Baricz received the B.Sc., M.Sc., and Ph.D. degrees in mathematics
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