110 CHAPTER 12. VECTORS AND THE GEOMETRY OF SPACE

Calculus 111

In studying Multivariable Calculus, it is critical to visualize the geo-
metric objects (curves, planes, vectors, solids) in 3 dimension space. Use
your pencil and sheets, your computer and keyboard, and your thinking and
imagination to work on them!

Review: Vectors and Geometry of Space

Note: We should know how to compute and interpret the dot products,
cross products, equations of lines and planes.

1. The dot product of two vectors is a scalar:

(w1, 22, 23) - (Y1,Y2,Y3) = T1Y1 + T2y + T3Y3.

The dot product is interpreted by a - b = |a||b| cosf, where 0 is the
angle between a and b.

Ex. (—1,7,4)-(3,1,2) = (-1) x 34+ 7x 1+ 4 x 2 =12,
(i42j—3k) - (2j — k) = 1(0) +2(2) + (-3)(~=1) = 7.

Recall that: i=(1,0,0), j=10,1,0), k =(0,0,1).

e Basic properties (Ex):
a-a=la?>, a-b=b-a, a-(b+c)=a-b+a-c
e 0 can be computed by cosf = |;'|tl’)|.
Ex. Find the angle between a = (2,2, —1) and b = (5, —3,2).

e Schwartz Inequality: |a - b| < |a||b|, with equation hold if and
only if a and b are on the same line.

e Two vectors a and b are orthogonal iff a- b = 0.
Ex. Show that —i+ 2j + bk and 3i + 4j — k are orthogonal.

e The scalar projection and vector projection of b onto a.
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Scalar projection of b onto a:  comp,b = |b|cosf =

Vector projection of b onto a:  proj,b = comp,b x



12.5. EQUATIONS OF LINES AND PLANES 111

2. The cross product of two vectors on R? is a vector:

ik
<$1,.’L'2,ZIZ3> X <y17y27y3> =| X1 X2 I3
Y1 Y2 Y3

Vector a x b is orthogonal to both a and b in R3. The direction of
a X b is determined by right hand rule; The length of a x b equals to
the area of the parallelogram determined by a and b.

e |a x b| = |a||b|siné.

e Basic properties (Ex):

axb=-bxa, (ca) x b=c(ax b) =a x (cb),
ax(b+c)=axb+axc, (a+b)xc=axc+bxc

e Vectors a and b are parallel iff axb = 0. (For example, axa = 0)
Ex. (Ex 3, 4, p.817)

(a) Find a vector perpendicular to the plane that pass through
the points P(1,4,6), Q(—2,5,—1), and R(1,—1,1).
(b) What is the area of the triangle APQR?

e The volume of the parallelepiped determined by a,b,c is the
magnitude of their scalar triple product:

V=la-(bxc).

Ex. Show that a = (1,4,-7), b =(2,—1,4), and ¢ = (0, -9, 18)
are coplanar.

3. Equations of lines and planes.

(a) Equations of lines:
e Vector equation: r=rg+1tv.
e Parametric equations: Supposer = (z,y, z) and v = (a, b, ¢).
Then z=x9+at, y=yo+bt, z=2z2y+ct.
e Symmetric equations: Solve t in the parametric equations:
T—2o _Y—Y _ 2~ %0
a b c
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Ex. Find the equations of the line through the points (1,3,2)
and (—4,3,0).

(b) Equations of planes:

e Vector equation: n-(r—rp) =0.
The vector n is a normal vector of the plane, that is, a
vector orthogonal to the plane.

e Suppose r = (x,y, z), ro = (zg, Yo, 20), and n = (a, b,c). We
get a scalar equation of the plane through Py(xo, yo, z0) with
normal vector n = (a, b, c):

a(x —xo) + by —yo) + c(z — z0) = 0.
e Linear equation: Combining constant terms d := —axg —
by — czo, we have axr +by+cz+d=0.
Ex. Find equations of the plane that passes through the points
P(1,3,2), Q(3,—1,6), and R(5,2,0).

Ex. Show that the distance D from a point Pj(z1,¥1,21) to the
plane ax + by +cz+d=01is

laxy 4+ byr + cz1 +d

D
va? + b2+ c?




