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3.3 Classification of Simple Lie Algebras

3.3.1 Cartan matrices, Coxeter graphs, and Dynkin diagrams

Fix an ordering (ai,---,ay) of the simple roots. The matrix [ (s, ;)] is called the Cartan
matrix of ®, and the entries (o, a;) are called Cartan integers.

Thm 3.19. The Cartan matiz of ® determines ® up to isomorphism. Precisely, if ® C E' is
another root system with a base A" = {a}, -, a}}, such that (o, a;) = (g, ) for 1 <i,j <
¢, then the bijection o; — o) extends to an isomorphism ¢ : E — E' mapping ® to ® and

(d(e), $(B)) = (@, B) for all o, B € .
Proof. For o, 8 € A,

T4()(9(8)) = 0(8) — (0(B), ¢(a))d(a) = ¢(8) — (B, m)d(a) = ¢(8 — (B, a)ar) = d(0a(B)).

S0 O4a) = ¢ 000 ¢~'. The Weyl groups W and W' are generated by simple reflections. So
o — ¢pooog ! gives the isomorphism of W and W'. Every root 3 € ® is conjugate under W to a
simple root, say 8 = o(a) for « € A. Then ¢(8) = (pocod ) (d(a)) € . So ¢ maps ® onto '
Moreover, the formula for a reflection shows that ¢ preserves all Cartan integers. 0

Given the ordered base (a1, - - ,ay) of @, the Coxeter graph of ® is a graph having ¢ vertices,
with the ith joined to the jth (i # j) by (i, a;){(@j, a;) edges. Clearly, (i, a;)(j, a5) € {0,1,2,3},
and it is greater than 1 only if o; and «; have different root lengths.

When a double or triple edge occurs in the Coxeter graph, we may add an arrow pointing the
the shorter of the two roots. The resulting figure is called the Dynkin diagram of .

A root system is irreducible iff its Coxeter graph (resp. Dynkin diagram) is connected.

Ex. The Cartan matriz for rank 1 root system Ap is [2] The Cartan matrices for root systems
of rank 2 are:

2 0 2 -1 2 =2 2 -1
A1><A11|:O 2:|, A21|:_1 2:|, B2:|:_1 2:|, G22|:_3 2:|

Work out the corresponding Coxeter graphs and Dynkin diagrams. (exercise)

3.3.2 Classification of irreducible root systems

Let & = &1 L Py LU --- LU P; be the decomposition of ¢ into irreducible root systems, A = Aj U
Ao U---UA; the corresponding partition of A, and E; the span of A;. Then E has the orthogonal
direct sum E = FE1 ® Es @ - -- @ Ey; each ®; is an irreducible root system in E; with base A; and
Weyl group W; generated by all o, (o € A;). The Coxetor graph (resp. Dynkin diagram) of & is
the disjoint union of those of ®;. Moreover, W = W; X W) X --- X W;; so each E; is VW-invariant.

Thm 3.20. & decomposes uniquely as the union of irreducible root systems ®; in subspaces E; of
E such that E = E1 ® Ey @ --- ® E; (orthogonal direct sum,).

It remains to classify all irreducible root systems.

Thm 3.21. If ® is an irreducible root system of rank £, then its Dynkin diagram is one of the
following (¢ vertices in each case):
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A, (£ = 1):

~
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B, (/> 2):

C, (2 3):

D, (¢ > 4):

02

Q2

Es:

E,:

Es:

G,:

The corresponding Cartan matrices is in Table 1:

Table 1. Cartan matrices
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, g} is an irreducible base, then the angle 6;; between a; and «; has cos 0;; <

{ay,- -

Proof. If A



3.3. CLASSIFICATION OF SIMPLE LIE ALGEBRAS o1

0 and 4cos®0;; = (o, a;){aj, ;) € {0,1,2,3}. Define an admissible set to be a set of linearly
independent unit vectors U = {eq, - ,e,} such that

cosdij = (e, e;) <0 and  4(ej,e;)* € {0,1,2,3} for any i # j.

Here 6;; denotes the angle between e; and e;. We attach a graph I' to U such that e; and e; are
joint by 4(e;, ej)2 edges. Obviously, every Coxeter graph is an admissible set &/ with the graph I.

1. If some of the e; are discarded, the remaining ones still form an admissible set.

2. The number of pairs of vertices in I' connected by at least one edge is strictly less than n.
Let e = ), e;, which is nonzero. Then

0<(e,e)=n-+ ZQ(ei,ej).
i<j
The pair (e;,e;) (i < j) is connected by at least one edge iff 4(e;, e;)? = 1,2, 3, iff 2(e;, e;) <
—1. The number of such pairs cannot exceed n — 1.

3. T contains no cycles. Otherwise, a cycle IV corresponds to an admissible set &’ by (1), which
violates (2) by replacing n with Card/’.

4. No more than three edges can originate at a given vertex of I'. Suppose e € U has edges
connected to 71, ,n, € U. Then 4(e,n;)? € {1,2,3} for all i. By (3), no two n’s can be

connected; so (n;,1;) = 0 for ¢ # j, and {n1,--- , 7} is an orthonormal set. The projection of
k

e into span(ny,--- ,n) is € = Z(e,m)m, which is different from e since {e,n1, -+ ,mx} CU
i=1
is linearly independent. Therefore,

k

4 =4(e,e) > 4(e,e) = Z4(e,77i)2.
=1

Hence k < 4.

5. By (4), the only connected graph of an admissible set which contains a triple edge is the
Coxeter graph of Gbs.

6. If {m1, - ,nk} CU has subgraph o—o---o0—o, let n := Zle 7;, then the set
ul = (Z/{_ {7717"' 777k}) U{n}

is admissible. Clearly U’ is linearly independent. We have
k—1
) =k+> (miniyr) =k —(k—1) =1
i=1
Any v €U — {m,--- ,nr} can be connected to at most one of 1, -+ ,nk by (3); so (¢,n) =0
or (t,m) = (1,n;) for some i; we still have 4(¢,n)? € {0,1,2,3}.
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7. I’ contains no subgraph of’ the form:

Otherwise, a set of the following graphs is admissible by (6):

(@] L D

o iy

which violates (4).

8. Any connected graph I' of an admissible set has one of the following forms:

—-2o0 o———0
o O -0 o _——1O———0 o———0
£ €31 [ Ep Tg Mg-1 T2 m
7=

W
r——— R [ ——— (é?—l
Ep-1 \\_o
Tg-1 i
no:\

9. The only connected I' of the second type in (8) is the Coxeter graph Fy or the Coxeter graph
B, (=Cy).
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10.

Set e = >0 ie; and n =7 | in;. Direct calculation shows that

P p—1 2 2
. » pp+1) q(¢+1) p°q
(=Y -3 ity = PR gy 2 ML e g, 2 = T
i=1 i=1
The Schwartz Inequality implies that
2.2
P’q plp+1) qlg+1)
9 = (6’77)2 < (6,6)(77, 77) = 9 : 9 .

Therefore, (p —1)(¢—1) <2. Wehave p=qg=2 (Fy) orp=1or g=1 (By,).

The only connected I' of the fourth type in (8) is the Coxeter graph D,, or the Coxeter graph
E, (TL =6,7, 8)

o——0 - 040<:2 o—o—iv—o s g

Set € = > ie;, p = > im, ¢ = Y, i¢;. Then €, n, ¢ are mutually orthogonal, linearly inde-
pendent, and v is not in their span. Let 61,609,603 be the angles between vy and €, n, (, resp.
Then (similar to (4) ) the squared length of the projection of ¥ onto span(e,n, () is

cos® 01 + cos? 0y + cos? 05 < 1.

e (€02 (= D1, 0)?
9 €, p—1)%(ep—1, 1 1
cos“ 0 = = = Z(1=2).
' @) (c.0 27y
Similarly for 65, 60,. Adding, we get
1 1 1
S+ >1
p q T

WLOG, assume 1/p < 1/qg < 1/r,orp > q > r. If r = 1, we get A,. Otherwise, it is
impossible that r > 3; so r = 2. Then 2 < ¢ < 4. All possibilities of (p,q,r) are:

(p,2,2) = Dy, (3,3,2) = Es, (4,3,2) = Er, (5,3,2) = Eg.

Finally, from the Coxeter graphs, we easily get the corresponding Dynkin diagrams. O



