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precisions by accurate calculations of the Green’s functions for the layered medium and
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1. Introduction

Electromagnetic scattering by subwavelength metallic structures such as apertures and holes has drawn increasing in-
terest since the seminal paper by T. Ebbessen on the so-called extraordinary optical transmission (EOT) and local field
enhancement (LFE) phenomena [11]. The original EOT experiment has triggered tremendous development of subwavelength
metallic structures due to their important applications in biological and chemical sensing, near-field spectroscopy, and de-
sign of novel optical devices [1,9,12,31].

For a single subwavelength slit and a periodic array of slits perforated in a perfectly electric conducting (PEC) slab, re-
cently we have presented quantitative analysis of the EOT and LFE phenomena in a series of papers [15-19]. This provides a
complete picture for the enhancement mechanisms in perfect conducting slit structures. A closely related problem of scatter-
ing by subwavelength cavities is also investigated in [7,6]. The main field enhancement mechanism for such subwavelength
structures is attributed to the scattering resonances, which are the poles of the resolvent associated with the scattering
operator when continued meromorphically to the whole complex plane. If the frequency of the incident wave is close the
real part of the resonance (resonance frequency), an enhancement of scattering field is expected if the imaginary part of the
resonance is small. The readers are also referred to [3-5] for recent mathematical studies of several other subwavelength
resonators and their resonant scattering phenomena.
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Fig. 1. Geometry of the slit model. The domain above the metallic slab, the domain of the metallic slab and the domain below the metallic slab are denoted
by ©1, Q, and Q3 respectively. The slit S; perforated in the slab €, has a rectangular shape of length d and width §. The remaining part of the metal
consists of two disjoint semi-infinite domains Q5 and Q;. The scaling of the geometry is given by § < d ~ A.

In this paper, we investigate numerically the scattering resonances for the more challenging case of real metallic struc-
tures, where the metallic slab is not perfectly conducting anymore. The theoretical analysis will be presented in the
follow-up series [20,21]. Compared to the PEC case studied previously, optical light can penetrate into real metals with
the order of skin depth. In addition, surface plasmon resonances would occur for real metals. In terms of mathematical
complications, the former leads to the scattering problem in a layered medium, and the latter gives rise to certain essential
scattering poles in the solution formulations. Furthermore, the significant difference in the length scales of the metallic
structure proposes additional computational challenges. The hole apertures are usually much smaller than the thickness of
the slab, which is comparable to the incident wavelength. In this paper, we investigate the two-dimensional slit structure
described in what follows.

The slit is perforated in a metallic slab and the geometry of its cross section is depicted in Fig. 1. The metallic slab
occupies the domain €2, := {(x1,x2) | 0 < xa < d} on the x1x, plane, and the slit, which is invariant along the x3 direction,
has a rectangular cross section Ss:= {(x1,x2) |0 <x1 <8,0 < xy <d}. Let 3Ss be the boundary of the slit and v be the unit
outward normal pointing to the exterior domain. We denote the domain for the remaining part of the metal by s, which
consists of two disjoint semi-infinite domains Q5 and ;. We are interested in the subwavelength structure where the slit
aperture is narrow compared to the thickness of the slab d and the wavelength of the incident field XA. Let us denote by 21,
Q3 the semi-infinite domains above and below the slab respectively. Then the relative permittivity & on the x1x; plane is
given by

g0 Xe€RqUQs3,
e(x)=1 € xe€Ss,
Em Xe€ s,

where &g, €1, and &5 denote the relative permittivity in the vacuum, in the narrow slit, and in the metal respectively. For
simplicity of exposition, we shall assume that €9 = &1 = 1. However, the numerical approach presented in this paper can be
easily modified for the case when the slit is filled with some dielectric material such that €1 # 1 [9]. The permittivity of the
metal ey, = €, +i¢;, is a complex number with negative real part €;,, and it holds that |e/,| > |&/| [27].

We consider the scattering when a polarized time-harmonic electromagnetic wave impinges upon the subwavelength
structure. The transverse magnetic (TM) case is considered here by assuming that the incident magnetic field H' = (0, 0, u),
where ul = etk@ix1—22=d) i5 3 plane wave, k is the wavenumber and d = (dq, —d>) is the direction of incidence with
dy > 0. The total field u after the scattering satisfies the following equations:

e(x)

10u
[u]=0, [——] =0 on 9%,
g v

1
V. (—Vu) +kPu=0 inR*\3Q;s,
(1.1)

where 9$2; is the boundary of 25, and [-] denotes the jump of the quantity when the limit is taken along the positive and
negative unit normal direction v.

Remark. By the scaling invariance of the scattering model, without loss of generality, we shall assume the metal thickness
d =1 throughout the paper.

Due to the smallness of the slit apertures and the presence of the slit corners, the discretization methods based on
finite element or finite difference are typically too expensive when applied to solve for the resonances of the scattering
problem (1.1). Furthermore, when the infinite exterior domain is truncated into a finite one using an absorbing boundary
condition or perfectly matched layer (PML) technique, additional numerical errors will be induced, especially from the
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reflections near the layer interfaces. Recently, efficient vertical mode matching methods have been developed to compute
the optical scattering by subwavelength metallic structures [14,22,23]. However, they can not be directly applied to compute
the resonances, since the condition number for the discretized linear system is usually very large. In this paper, we propose
an efficient and accurate boundary integral-equation method to compute the resonances of the scattering problem (1.1).
The integral equation formulation leads to an eigenvalue problem over the complex plane, which is solved by the Newton's
method [25,30]. The proposed numerical approach consists of two main ingredients:

(i) A new boundary integral formulation is derived, which only consists of Neumann data along the slit boundary as
unknowns. In addition, fast and high-order evaluations of the integral operators are achieved via accurate calculation of
the Green’s functions for the layered medium over the tiny slit apertures and accelerated computation of the Green’s
function for the slit.

(ii) In order to compute the resonances by the Newton’s method in an efficient and robust manner, an effective strategy for
obtaining the initial guesses of the resonances is developed. This is achieved by introducing an approximate model for
the scattering problem (1.1) and deriving the leading orders of the corresponding resonances.

The rest of the paper is organized as follows. We derive the boundary integral equation in Section 2. Its efficient and ac-
curate discretization is elaborated in Section 3. The strategy for obtaining initial guesses of the resonances for the Newton’s
method is presented Section 4, and we demonstrate the performance of the computational approach through various nu-
merical examples in Section 5. Finally, we discuss briefly on the extension of the computational framework to the perfectly
conducting slit in Section 6.

2. Integral equation formulation
2.1. Green'’s functions

Let G¢(x, y) be the Green’s function for the layered medium such that

3
AGex, y) +Ke0Ge(x, y) =5(x—y), xe|JQj,ye, (21)
j=1

10Gi(x,y)

[Ge(x, y)] = [8 5%, ]zo X2=0, xp=1.

Here § denotes the Dirac delta function. It can be shown that (see Appendix A)

i em— 1
-2 (Hé”(klx—y|)+ 8:+1H5”(k|x’—y|>> +gny), xeQ,
Gi(x,y) = iem L (2.2)
_— k|x — X, X € Qo,
T emt 1) Hy ' (klx = y]) + g12(x, ¥), 2
g13(x, ), x € Q3,
and
)
71‘1 Km|X — =+ X, XxXeQ N
2(8m+1) (kmlx —yD + g21(x, ), 1
Gox,y) =1 — ( H (bt — 1) + 2 HD (o’ — Y1)+~ D Gl — y|))+gzz(x, y), xe,
4 \" 1+ &m 1+ &m
)
——H km|x — X, s xeQ ,
Fem 1) 0 (kmlx — y1) + g23(x, ¥) 3

(2.3)

where Hf)]) is the first kind Hankel function of order 0, ' and x” are the reflection of x by x; =1 and x = 0, respec-
tively. That is, X' = (x1,2 — x2) and x” = (x1, —x2). gj(x, y) are continuously differentiable in R2 and are defined via the
Sommerfeld integrals as given in (A.3)-(A.8). On the other hand, the symmetry of the problem geometry implies that

G3(x1,%2; Y1, ¥2) = G1(x1, 1 = x2; y1, 1 = y2). (2.4)
Let G%(x, y) be the Green’s function for the slit domain with the zero Neumann boundary condition such that
AG (%, y) + k2G5 (x,y) =8(x—y), Xx,y€Ss.

G (x, y)

=0 on dSs.
0Vy
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Fig. 2. The boundary of the slit 3Ss consists of I'1 and I', (slit apertures), and I's and I'4 (slit walls).

Then G*(x, y) admits the following eigenfunction expansion if k2 is not an eigenvalue of the Neumann problem:

o0

GCXy) =Y CupbpX)np(), (2.5)
n,p=0
1 a nixq
where ¢ = /3 = (pr)? Pnp(X) = /% cos( )cos(pnxz), and
1 n=p=0,
pp=412 n>1,p=0 or, n=0,p>1,
4 n>1,p>1.

2.2. Integral equation over the slit boundary

We denote by I'y and I'; the upper and lower slit aperture respectively, and I's and I'4 the left and right slit wall
respectively (cf. Fig. 2). Let S;; be the single-layer operator given by

§ij[<p](y)=/65(x, e dsy yeTy, (2.6)
Tj

where G5(x, y) is the Green’s function for the slit geometry given in (2.5). Let the single- and double-layer integral operators
Sfj and Ki‘;. be given by

S,-lj[sﬂl(y) = / S, y)p(X)dsy yeTy, (2.7)
Lj
Kilely) =vj /®z(x, Ve dsy yeTy. 28)
Tj

Here and in what follows, the constant y; is defined by
1 j=12,
=11
TEIL s
Em

Note that for given y € €, G¢(x, y) is a continuous function for x € R? if x # y. We define the kernel ®,(x, y) as the
extension of the Green’s function G (x, y) to the slit boundary by letting

4
Qux,y)=lim Gex,y+hv), x.ye|Jrjx#y.
h—0 h
y+hveQy j=1

The kernel ®O(x, y) is defined by

4

. 0G¢(x,y + hv)

Ocxy) = lim —— xyelJrjx#y.
— X

y+hveQ, j=1
Remark. Here and henceforth, for x € ' UT,, "Gg—‘gi‘) is the quantity when the limit is taken along the negative unit normal
direction v on I'y UT",. From the expressions of the Green'’s function (2.2) and (2.4) and the interface conditions along x, =0
and x; =1, the kernels ®,(x, y) and ©,(x, y) are well-defined for ¢ =1, 2, 3.
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Let u™f be the reference wave field when u’ impinges on the slab structure without the slit (§ = 0). Then it can be
calculated that

ui(x) +R el(Ex1+p0(5)(x2—1)) xe
u'e (x) = { TyelEtom@x) 4 T, piExi—pn® =1 yc 0 (2.9)
T3 el6X1—=P0(E)x2) x € Qs3,

where

E=kdi, po§)=1k?—&%, pm(E)=,/kiem — &2
q(€) = (Po(€)em — Pm(E))? 2P — (po(£)em + pm(E))?.

The reflection and transmission coefficients are given by

_1 2 2 oi2pm 2 2.2

R= a : I:(/OOSm - pm) e + (lom - Pogm)] ’ (2-10)
2 .

T1=—="&mpPo (Pm — PoEm)e'’™, (211)
q
2 )

T2 ==+ &mp0 (om =+ posm) €. (212)
4 )

T3 = 4 - €mPoPme'’™. (213)

Let us:=u — u" be the scattered field induced by the slit. For convenience of notation, we denote the scattered field and
its normal derivative along the slit boundary I'; as

N

ou .
<p,:us\rj and yj=y; o (j=1,2,3,4). (2.14)

We also introduce the vector functions ¢ and ¥ by letting

=[¢1. 02, 903.041" and ¥ = [Y1, ¥2, Y3, Yal’. (2.15)
For y € Q,\Ss, an application of the Green’s second theorem yields (see Appendix B)
u®(x) 9Ge(x,y)
Beu® (J’)—Z/GZ(X y) ()/1 o0y ) (ij> u® (x) dsy. (2.16)

In the above, the coefficient g, is given by

1 £=1,3,
=1 1
Be 1,5
Em
By taking the limit of (2.16) with £ =1 to the slit boundary I'y and using the jump condition for the double layer potential,
it is seen that for y € I'y,

- + o1+ K111+ K [02] + K3[03]1 + Kialpal = ST [¥11 + S1o[¥2l + S13[¥s] + S1alval. (217)

Similarly, for y € I'y, it follows that

- + T2+ K3,[@1]+ K3, [02] + K331031 + K34[0a] = S3,[W2] + S3,[W2] + S33[¥3] 4 S34[val. (2.18)

Taking the limit of (2.16) with ¢ =2 to the slit boundary I's and I'y respectively, we obtain the following two integral
equations

1
S ¥+ K3,[01]+ K3 [02] + K25 [03] 4+ K24 [@a] = S2,[¥3] + S, (V2] + S25[¥3] + S24[al, (2.19)

1
5o 04+ Karlor] + Kipla) + Kislgs) + Kiglpal = Sig[Val + Sip 2] + Sis[¥s] + Saalyal. (220)
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Define the multiplication operator

Em
sl i 0 0 0
D 0 sl ]0 0
0 0 0 LI

where [ : L2(Fj) — LZ(FJ-) are identity operators. Let

Kl Kip Ki3 Kiy St Stz Stz Sia
3 3 3 3 3 3 3 3
e K21 K22 K23 K24 e S21 S22 523 524
K= K2 K2, K2, K2 and §° = §2. s2 sz sz |’
31 32 33 34 31 32 33 34
K% Ky K3 Kl S Sh Sk S

Then we can write the system of the integral equations (2.17)-(2.20) as the following concise form

D +K*)[e] =S°[y1], (2.21)

where the vector functions ¢ and ¢ are Dirichlet and Neumann data on the slit boundary defined in (2.15).
Inside the slit S, using the Green’s function (2.5) with the zero Neumann boundary condition, it follows that the total
field u can be expressed as
au(x)
av

U(J/)Z/GS(X,J/) dsy foryeSs.

dSs

The continuity of the single layer potential yields

4
ou(x
u(y):Z/GS(x, ¥) ai)dsx, yely, i=1,2,3,4. (2.22)
=1y,

Using the relation u = u’ + u™, we express the above integral equation in the operator form as

@0 =—Sy]+f, (2.23)

where the operator
asJ '

By combining (2.21) and (2.23), one may eliminate ¢ and obtain the following integral equation for the scattering
problem (1.1):

?11 §12 513 §14
i S21 S22 S23 Saa ref
St=1| 2 = e - and f=u
531 S32 533 S34
Sa1 Sa2 Sa3 Sas

+ Si |:avuref
3Ss

(S(e) (k) + (D(k) + K@ (k)) S® (k)) ¥ = Dk + KO )f. (2.24)

Here we express explicitly the dependence of the operators on k. Once the Neumann data ¥ is computed, the Dirichlet data
@ can be evaluated via the integral equation (2.23).

A scattering resonance of (1.1) is defined as a complex number k such that there exist nontrivial solutions (so-called
quasi modes) when the incident field is zero. This corresponds to the characteristic values of the operator-valued function
S© + (D +K®)S® with respect to the variable k. Namely, we solve for k over the complex plane such that the following
homogeneous equation attains nontrivial solution:

Tk)y =0, where T(k) :=S® (k) + (D(k) + K k) S (k). (2.25)

We employ the Newton’s method to solve the above eigenvalue problem. The method starts from some initial guess for
the eigenvalue and the eigenvector, and updates the solution iteratively as follows:

TPy 70 = T/ 1) g O,
= (j+1)

KUHD = ) — (w(j), v)/ (¥ , V), visanormalization vector,

; - (j+1 . .
¥+ — cgY"  Cis a normalization constant.
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To reduce the computational complexity arising from the evaluation of hyper-singular integral operators, we approximate
the derivative T’ using a finite difference approximation. We refer the readers to [25,30] for detailed discussions of the
procedures. The eigenvalue solver requires the discretization of the integral operators in (2.25) in an accurate manner and
an effective strategy for choosing initial-guess values, which are discussed in Section 3 and 4 respectively.

3. Numerical computation of the integral operators
3.1. Numerical evaluation of the Green'’s function for layered medium

The evaluation of the kernels ®,(x, y) and ©;(x, y), or equivalently G, and their derivatives, involves the computation
of functions gjj(x, y), which are defined via the Sommerfeld integrals (A.3)-(A.8). We adopt a contour integration approach
together with the smooth-windowing technique as introduced in [28,29]. An improved discretization strategy is proposed
in what follows by treating the slow-varying integral and the oscillatory integral separately. The new strategy leads to a
higher-order accuracy compared to the original version in [28,29], especially for tiny slit apertures with size §. In addition,
the presence of plasmonic resonance poles induced by the metal involves new complexities which need to be addressed
separately.

For clarity we elaborate on the computation of gq1(x, y), and the others are treated similarly. To this end, one needs to
compute the Sommerfeld integrals

7 i i Po()em + pm(§) i _
[:= | h)dE = ipo(x2+y2—2) _ d
/ @) ds O/,00(3;‘)'(Po(€)+Pm($))'Q(¥)e cos(E e —yu))de

0

and

i p(£)ei2? .
= / (&) dg = / e!Po®2tY2=2) cog (£ (xq — y1)) dE,
J p0@) - qE) "

where

po(€) = V k2 — 52, Pm(§) = V k28m - 527
PE) = (Em+ 1) (00265 = m(®)?) = (em — 1) (P0()em — pm(EN?,
Q&) = (p0(&)em — pm(£))? €2PmE) — (0o (&)em + pm(€))? .

Here and henceforth, the function f(z) =+/z is understood as an analytic function defined in the domain C\{—it : t > 0} by

z% = |Z|%e%iargz.
Let us focus on the first integral. Note that p, (&) + pm(€) # 0 and the integrand attains poles for & satisfying

po(6)=0 and q()=0

When k # 0, it is observed that & = £k are branch points for po(§) and removable singularities for 1/09(£). The branch
point for p(§) is & = k,/€m, which lies in the first quadrant with large real part by noting that &, <0 and |g, | > |&/,|. The
roots of q(&) correspond to surface plasmonic resonance frequencies of the metallic slab. More precisely, if one considers
the scattering problem (1.1) without the slit such that § = 0 and no source is present, then from (2.9)-(2.13), we see that
non-trivial solutions exist when q(&£) = 0. The roots, which are called surface plasmonic resonance frequencies, lie in the
vicinity of

Ep = ky/em/(em + 1).

They are essential singularities for 1/q(&). Note that &;, < —1 and |&;,| > |e;|, hence it holds that || > |k|. The relative
positions of k and &, are shown in Fig. 3.
The whole integral I is decomposed into three parts as follows:

&1 & 0
i:il+72+i3:/h(g)dg+fh(g)dg+/h(g)dg.
0 & &

In the above, the real positive number &; is chosen to be larger than Re&s, so that the interval (0, £1) contains all possible
poles of the integrand. We set
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so that the integrand for I, is a slow varying function in the interval (&1, &), and I5 is an oscillatory integral. The compu-
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Fig. 3. The location &;, for given complex-valued k. The curve C is denoted by the dash line in the fourth quadrant.

& =max {§1, 21 /|x1 — y1l}

ke

tation of each part can be accomplished by the following process.

(i) Imk > 0: One chooses a simple curve C in the fourth quadrant that starts at the origin and ends at § =& (see Fig. 3).
By the Cauchy integral theorem,

(ii)

The integrand for I, is non-oscillatory on (&1, &2). Typically, |x; — y1| is very small due to the smallness of the slit

1
H=/h@ws=/hm0ML
C —1

b gsp

For Iy, two different approaches are applied for Imk > 0 and Imk < 0.

Y

where & =r(t) is the parameterization of the curve C. Due to the smoothness of the integrand over the curve C, I; can
be computed with high-oder accuracy by the Clenshaw-Curtis quadrature [8].

Imk < 0: Due to the presence of the branch point £ =k and the plasmonic resonances poles near &,, one can not
find a closed curve consisting of the interval (0, &) such that h(¢) is analytic inside the domain bounded the curve.
Instead, observing that h(&¢) is analytic on the subinterval (0, Rek) and (Rek, &) respectively, I; is computed directly by
evaluating the integral on each subinterval separately. However, when |Imk| is small, the integrand attains large values
near the end point Rek. In order to achieve high-order accuracy, graded meshes are employed to discretize the interval
and the Fourier series representation of h is used [10]. Such techniques are also used to discretize the integral operators
in Section 3.3.

aperture size 8, hence the interval size A = |&, — &| is large. By a change of variable £ = & + AZ, it follows that

Note that h(¢) decays as 1/|£|> when |&| — oo, which implies that the function value h(&; + AE) spans from order 0(1) to
0(|x1 — y1]?) in (0, 1). As such the derivate of h(¢ + A£) is extremely large near the left end point, and the Clenshaw-Curtis
quadrature will not yield high-order accuracy for computing I,. Instead, graded meshes are used again to discretize the

1
b=A/M&+A@&.
0

interval and a Fourier series expansion of h is adopted.

the unity [29]. For a given constant 0 < o < 1, we define a smooth cut-off (window) function

Finally the evaluation of the oscillatory integral I is based on the smooth-windowing technique using the partition of
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Table 1

The accuracy of numerical integration obtained by treating the
slow-varying integral and the oscillatory integral separately, and
by applying the Clenshaw-Curtis quadrature directly on the whole
integral. n denotes the number of grid points used for each subin-
terval. The same number of grid points is used to compute 1.

n T I1—1?|

20 3.43x 1073 6.53 x 1072
40 1.39 x 107> 222 x 1072
80 3.72 x 1079 1.14 x 1073
1 | <aB,
nsE) =1 e, B < i <B, 7= l=uB (31)
) » 4= 1—-a)B’

0 |€] > B.

We approximate the integral by multiplying the integrand with the window function:

00 B
73252/’1(52(1 +§>)déwsz/h<sz(1 1+ E)) - g (@) dE.
0 0

The integrand is smooth and the Clenshaw-Curtis quadrature is applied.

To demonstrate the accuracy of numerical integration, we consider the evaluation of the integral with k = 0.5,
|x; —y1] =0.02 and x, = y; = 1. The permittivity is set as &, = —10+i. The real integral value I = —0.088734021404942 —
0.122293333722895i (up to machine precision). To demonstrate the improved accuracy by treating the slow-varying inte-
gral and the oscillatory integral separately, the second column of Table 1 shows the accuracy of numerical integration by
employing the quadrature rule described above, which we denote as IV, The third column shows the numerical value I
that is obtained by using the same window function but by applying the Clenshaw-Curtis quadrature directly on the whole
integral.

3.2. Accelerated computation of the slit Green’s function

The slit Green’s function G*(x, y) adopts the expansion (2.5). However, the expansion series converges slowly with a rate
of O (ﬁ) and one also needs to take double sum to evaluate. The convergence rate is even slower when the target point
y and the source point x are close. To remedy this issue, we adopt the Kummer’s transformation technique to accelerate
the evaluation of the Green’s function [26]. The idea is to convert the slowly convergent series into two series, where the
slower series can be summed analytically and the faster series can be computed accurately by taking the sum with only a
smaller number of terms.

We express the slit Green’s function as

o0
s _ nwx; nmwy1
G(an)—gwngn(XZJ’Z)COS( ; )COS( - ) (3.2)
where
o — 1 n=0,
"T12/8 n>1,

and gn(x2, y2) is the one-dimensional Green’s function that solves

gl (x2, y2) + (K — (N7 /8)*) gn (X2, y2) = 8(x2 — ¥2),  €4(0,y2) = g4 (1, y2) =0.

By a direct calculation, it follows that

i i . o . . B
gn(xLyz):_z_elan\xZ yz\_ﬁ(ezanlxrryz\_,_ezaan =92l 4 pltnl2=X2+yal | pitnl2HX2 yz\), (3.3)
Qn QanDn

where

an=+/k? — (n7r/8)? and b, =1— %,

It is clear that for n > 1,
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inmw 1/ k8 \? ks \* /s
an:T<l_§<E> +O<E>> and b, =140 (e ””/). (3.4)
Lemma 3.1. Let ¢, (t) = — ﬁeianf, then forn > 1,
5 \3
On(t) = o) + 0 <E) forO<t<4, (3.5)
where
8y
n,0(t) = —2—6 LI (3.6)
nw

Proof. From the asymptotic expansion (3.4), we obtain

8 1/ ks\? ks \*\ o, 1k2s 5\
oty =——\14+=(—| +0|— et (14+——t+0(—
2nmw 2 \nm nmw 2nmw nmw

§ _w, 1(k8\° _umr, 5\
=——=9e s '—=—|— ) te s +0|— ) .
2nmw 4 \ nm nmw

nr

Note that for fixed n> 1, te” 3 ! attains the maximum when t = ->, hence the assertion follows. O

nmw’

We define the singular part of the Green’s function by letting

Gox. ) = Y n [#no(lx2 = y2l) + dnollxa +y2D) + o2 =22 = yah] cos (5 cos (). (37)

n=1

where ¢, ¢ is given by (3.6).

Lemma 3.2. G§(x, y) can be expressed as

6

1 _
S _ _ Zi _ Zi
Gyt ) = 4— ; [ln (1—e%) +1In (1 e ,)] (3.8)
where
T ) T .
z =—§(|X2—YZ|+1(X1 = ¥Y1)), Zzz—g(lxz—ml-i-l(xl +y1)),
T ) g .
23=—§(|Xz+yz|+l(xl - ¥y1), Z4=—3(IXz+yz|+l(X1+y1)),
v . b .
25=_§(|2—X2—Y2|+1(X1 —y1)), 26=—§(|2—Xz—yz|+z(x1 + y1))-
In addition,
o0
G, y) = Gyx, ) =82 ) an(x, y), (39)
n=0
where

~ 1
sup lan (x, y)| ~ O (—3) forn>>1.
X,y n

Remark. To evaluate G°(x, y), we decompose it as Gj(x, ¥) and G*(x, y) — G§(x, y). G is given explicitly in (3.8), and one
only needs a small number of terms to evaluate G* — Gj.

Proof. By substituting (3.3) into the expansion (3.2), and using the asymptotic expansion (3.5) with t = |x; — y2|, |X2 + y2|,
and |2 — xy — y»| respectively, we obtain

G (%)) =G ) =Y an(x, y),

n=0
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where
3 .
an(x,y)=38-0 i __ten (el'an\27X2+Y2| + eian|2+x27y2\) oS (nnxl ) cos <n7TY1)
’ nmw 2ay - by b )
1
=5§%.0 (—3> forn> 1.
n
Hence the assertion (3.9) holds. To show (3.8), by setting t = |x; — y»| we see that
- nmxq nmwyq
Za)n ®n,0(1x2 — y21) cos( 5 ) cos( 5 )
n=1
2 4 1, ; . .
- _ = e—%\xz—hl - (e%(h—h) _|_e—'"T"(X1—Y1) +emT”(X1+Y1) +e—”’T”(x1+y1))
= 8 2nmw 4

— 1
— _ Z m(enzl + e +e?2 eniz)
n=1

1 _ _

=i [ln(l —e)+In (1 —ez‘) +1In(1—e")+1In (1 —eZZ)] )
Similar calculations for t = |x; + y2| and t = |2 — x, — y2| lead to the formula (3.8). O
3.3. Discretization of the integral operators

To discretize the single-layer operators Sfj and Sij and the double-layer integral operators K l‘j in (2.25), we parameterize
the slit boundary so that x; =43t for T € (0,1) over the slit apertures I'y and I';, and x, =t for 7 € (0, 1) over the slit
walls I'; and I'4. We express the integral operators Sfj §,-j and Kf;. in the following generic forms without distinguishing
their expressions on different segments of the slit boundary:

1
/Mg(t,d)rﬁ(f)dt, oe,1), (3.10)
0

1
/M(t,a)ljf(r)dr, o€(0,1), (311)
0

1
/N[(T,G)(p(f)df, o€ (0,1). (312)
0

In the above, My(t,0), M(r,a) and N,(t,0) denote the kernels ®;(x, y), G°(x, y) and O (x, y) in the (t, o)-coordinate,
respectively. ¥ (t) and ¢(7) denote the density functions with the parameterization. Recall that the Green’s function G, (x, y)
are given by (2.2) and (2.3), it is clear that if the source point x and the target point y lies in the same line segment,
M (t, o) attains the logarithm singularity when 7 = o. From (3.8), the kernel M(t, o) also attains the logarithm singularity
when v = o. On the other hand, by noting the fact that 9,, H(()l)(k|x—y|) =0 and BVXH(()l)(I<m|x—y|) =0 if the source point x
and the target point y lie in the same line segment, we deduce that the kernel Ny(t, o) does not contain singularity when
T =o. In what follows, we discuss their numerical discretization in details.

3.3.1. Numerical evaluation of (3.10) and (3.11)

There exist two types of singularities for the integrand of (3.10) and (3.11). One arises from the logarithm singularity of
the kernel My(t,0) and M(t, o) mentioned above, and the other arises from the singularities of the density function v (7)
at the two endpoints of the interval (0, 1). In fact, ¥ (t) € H~1/2(0,1) where H=1/2(0, 1) is the standard fractional Sobolev
space [2]. To evaluate the singular integrals accurately, we employ the Nystrom scheme in combination with graded meshes
techniques following the procedure described in [10,24]. In the following, for brevity we only describe the calculation of
(3.10) and the evaluation of (3.11) is similar.

For fixed target point y € I';, when the source point x € I'j with j =1, the kernel M,(t, o) can be splitted into a singular
part and a smooth part as follows:

M¢(t,0)=M¢1(T,0)In <4sin2 (%)) + My 2(T,0),
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Fig. 4. Graded mesh over the slit boundary.
where
ay ~
Mg1(7,0) = Efo(kazld —T)), Me2(t,0) =Me(t,0) — M a(T,0),

with

Em+17 ’ and @, =

2m_ 1,3, 8, €=1,3;
o
1, {=2. 1, £=2.

It is clear that both M, 1(t,0) and My (7, 0) are smooth functions on (0, 1) x (0, 1).
The graded mesh is realized by introducing a change of variable

v(s)"

T=wWE)= V() +vQRr —s)’

0<s<2m,

where r > 2 and

1 1 7-s\° 1s—m 1
v =| - -5 +- + .
r 2 T r mw 2

The function w(s) is smooth and increasing in (0, 27), and it holds that w® Q) = w®2mr) =0 for i=0,---,r — 1. If the
grid points {SJ}?lo are equally distributed on the interval [0, 2], then {W(Sj)}§11 yields a graded mesh where one half
of the grid points is equally distributed over the whole interval (0, 1), and the other half is accumulated towards the end
points T =0 and T =1 (see Fig. 4).

With the change of variable, the integral

1 2w
f Me(z.0)p (T)dT = / M (w(s). w(O)¥ (2 (s)w'(s) ds.
0 0

Correspondingly, we split the kernel M, as

t—s

My(w(s), w(t)) = M1 (s, t)In (4 sin? (T)) + My 2(s, t),
where

Mg(s,t) = Mg 1(w(s), w(®)) and Mg 2(s,t) = Me(w(s), w(t)) — Mg 1(w(s), w(b)).

We choose an equidistant set of grid points sj = jm /n for j=0,1,---,2n — 1. Using the quadrature rules (cf. [10,24])
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2n—1

2
/m <4sin2 (?)) fords~ 3 Ri0F(s)), (3.13)
0 j=0

where the quadrature weight

2t 1 T
Rj(H)=——~ m2=:1 —cos(m(t — ;) — - cos(n(t —t;)),
and
2n 1
/ fyds~= Z Fs). (3.14)

it follows that

/MZ(W(S), w(O)Y (T(s)W'(s) ds
0

2n—1 2n 1
~ Y RO Mei(sj, O Y (T)) w(sj) + = Z Me2(sj, 0) ¥ (T(5)) W'(s). (315)
j=1 j=1

When the source point x € I'j with j #1i, for sufficiently large p, the integrand M,(w(s), w(t)) ¢(t(s)) w'(s) vanishes at
the end points. Hence a direct application of the quadrature rule (3.14) yields

2n1

/ M¢(z,0)y(v)dTr ~ — Z M (w(sj), w(©) ¢(T(s)) w'(sj). (3.16)

3.3.2. Numerical evaluation of (3.12)

From previous discussions, the kernel N, is not singular when y is away from the slit corners. However, for y near
the slit corners, N, becomes singular. More precisely, in the xy-coordinate, the singular behavior of the kernel is given by
O(x,y) ~ 0(/|x — y|). Hence, a direct application of the trapezoidal rule (3.14) would not lead to a high-oder accuracy
for those target points. A modified version of the integral formulation is introduced to remedy the issue. To this end, we
introduce the integral operator

1 0l
KO[@l(y) = Z/ n|x Yl @pj(x)dsy yeTi.

1
][‘]

Let 1 be the constant function of 1 along the slit boundary, then

1
K[1(y) = > (317)

Let us discuss the evaluation of K¢[¢] for y € I'1. The treatment for y belonging to other boundaries is the same.
Using the relation (3.17), it follows that

1

Koy = — (7 170 +6? P ) (1-2K°1) + K@), yer. (3:18)
m

where ¢V and ¢® denotes the value of the density function at the corners y and y® as shown in Fig. 4. n is a

smooth cut-off function that attains 1 near the corner y and vanishes toward the other corner y®. Similarly, the cut-off

function n® is 1 near the corner y® and 0 near the corner y('. We compute K®¢@(y) via the equivalent formulation

(3.18). When the target point y is near the corner y such that ¥ =1 and n® =0, the formulation (3.18) reduces to

1
——— ™. (1-2K[1]) +K°
o 1? ( [1]) + K@(y),

or more precisely,
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Fig. 5. The approximate scattering model where the top and the bottom of the metal (dash lines) are coated with perfectly conducting layers.

4
1 dln|x —y|
M Or(x, y)9j(x)dsy — o - / dsy.
o 1? +Z/ (N sy — ¢ s L
=1t L)
In the above integral, the portion that contains a singular kernel is
1 aln|x — y| a
X) — dsy, 3.19
n(sm+1)/ Bvs (p(x) — @) dsy (3.19)
I's

and the remaining parts are smooth. However, the whole integrand for (3.19) is not singular, by observing that the smooth-
ness of the function ¢(x) — ¢ cancels the singularity arising from the kernel al"d'—ffx_y‘ as x gets closer to the corner y».
Therefore, we can still apply graded mesh over the slit boundary and the quadrature rule (3.14) to compute (3.18). This
leads to the following discretization formulas

1 2n-1
/ Ne(z, 0)p(r)dr ~ % D Ne(w(s)), wn) o(z(s)) w'(s), (3.20)
0 J=1

1 g 21 .

O/ NO(z,0)dr ~ — ; N (w(sj), wt) w's)), (3.21)

for each integral in (3.18), where N@(t, o) denotes the kernel ‘”"a‘—:;” in the parameterization space.
4. The strategy for effective initial guess

The initial guess is the key to guarantee the convergence of the Newton's method for solving the eigenvalue problem
(2.25) and the robustness of the overall numerical approach. We introduce an approximate model for the original scattering
problem (1.1), for which the leading orders of the resonances can be derived and computed at very low cost. Those values
are used as initial guesses for computing the resonances.

4.1. An approximate model for the scattering problem

We consider an approximate model, where the top and the bottom of the metal (dash lines in Fig. 5) are coated with
perfectly conducting layers. Recall that Q5 = Q;r U Qy, correspondingly this leads to zero Neumann boundary condition
along metal-vacuum interfaces 325\(I's U T'4). In addition, note that |g/,| > || holds the real and imaginary parts of &y,
we neglect the metal loss in the approximate model by setting the metal permittivity as ¢;,. As such, the total field ii after
the scattering satisfies

1
Vo|=—Vi|+ku=0 inR?\3Q;,
£(x)

. 19
[i] =0, [:—u] -0 onT3UT,, (41)

g v
ou
— =0 on 9025\ (I'3 U T'y),
v
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The rationale for proposing the approximate model is as follows. For a given permittivity &, light can penetrate into the
metal with a skin depth §;;. Let us denote the penetration area in the metal by Ss,,, then the slit S5 together with the
penetration area S;, serve as a whole resonator, which attains a countable sequence of resonant frequencies. This resonator
couples with the exterior medium through the slit aperture and the metal-vacuum interfaces, which would lead to shifts of
resonant frequencies. In the case when Re ¢, < —1, one may expect that the coupling through the metal-vacuum interfaces
is weak and hence the corresponding induced resonance shift is small. A detailed rigorous analysis will be presented in
[20]. In the above approximate model, we neglect such coupling and it is expected that corresponding resonances will not
be far from the resonances of the original system (1.1). In the rest of this section, we derive the leading-order terms of the
resonances for the system (4.1). The argument shares some similarity with the asymptotic analysis of the resonances for a
perfectly conducting slit [17]. Thus we skip some technical details but highlight the major differences when the metal is
not a perfect conductor anymore.

4.2. Green’s functions and boundary integral formulation

4.2.1. Green’s functions
Let g°(x, y) be the exterior Green’s function for the PEC slab that satisfies
Ag (X y) + kg (X, y) =3(x—y) X, yeQ, £=1,2

0g° X, y) _

0 on 92y.
dVx

Then
ey vy — L (gD (M) /
g (x.y) == (H" (kix =y + Hy (kix = y'D)

where H((,l) is the first kind Hankel function of order 0, and

;L V1,2 —y2) ifx,yeQq,
1, —y2)  ifx,y e Q.

We also introduce the interior Green’s functions gi(x, y) for the metal-vacuum-metal waveguide that satisfies
1 : ; -
V. (ng’(x, y)) +IPg' (X, y) =0=8(x—y) xe, yeSs,
Igixy)

0 on{x; =1} U {x, =0}.
0Vy

Using eigenfunctions along the x, direction, gi(x, y) can be expressed as

g6 y) = @ngn(x1,y1) COS(ITX2) COS(NT 2), (42)

n=0
where the coefficients
o = 1 n=0,
712 n>1,

and the 1D Green'’s function g,(xq, y1) solves

1 ! 2
Lngn(X1, Y1) := (~—g;(xl,y1)> + <k2 - (fm)
&(x1) £(x1)

It is known that the delta function adopts the following eigenfunction expansion (cf. [17]):

o0
5()(1 —y1) = % + Z:l g cos (mygxl ) cos (mny1> for x1, y1 € (0, §).
m=

)gn(XLy]):S(Xl —y1), —00o<Xx <00, O0<y;<é.

8

Let x(0,5)(x1) be the characteristic function on (0, §), then we can split g,(x1, y1) as

2n(x1, y1) = g0 (1) + g5 (a, y), (43)

where
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1
Lngt) (X1, y1) = 3 X0.6)(X1), (44)
2 & miTx; mm yi
(1)
L X1, =—- cos( )cos( ) X1). 4.5
ngn (X1.¥1) = ¢ > 3 3 X(0,8)(X1) (4.5)
m=1
It follows by a direct calculation that
1
3 - Cppe¥nX1, —00 < X1 <0,
1
(0)(xl) — g . Cnle}/n(mf&), X1 > 6,
1 | cn2 (eianm + eian(éfh)) + 1 0<x; <8
8 kz2 — (nm)? |’ ’
where y, = /(n7)2 — k2¢},, an = k2 — (n7)2, and the coefficients
Vn 1 iand 1
C2p=~— - - - ,C—]+€"C+7
"7 oF (1~ 0o) — (1 ey M V2 (n)?”
Lemma4.1.1f§ < 1and |g,| ~ 0(1/8), then the following holds for x; € (0, 8):
x o
Y angl ) =Bia + 01, D (—D"dngl (x1) =iz + 0(1).
n=0 n=0
Here B; 1 and B; » are constants given by
Bia(k) = 1%@ (1+e)c AR S (46)
8 § — " TR — )2 )’
fial) =+ -i(—l)“d) (R R —— (47)
. 5~ " "R —mm)? ) ’

o0
Proof. We split the sum Zd)n g,ﬂo) (x1) as
n=0

an g (x1) = an g (x1) + Z gy (x1).
n=Ng
where Ng = 0(8~"2). If n ~ 0(§~ ") and 0 < u, < 1/2, the Taylor expansion gives
Xt 4 pln(B=x1) — 1 4 elend 4 o (g1=Hn)  forx; € (0, 5).
On the other hand, it is clear that
cn2~ 0(1/a2) ~ 0(8%#n) for0<n < Np.

Therefore,

No
1 - 1
an g )= an ((1 + e’“"‘s) 2+ i 0(5”“'1)) . (4.8)
n=0 (n7
For n > Ny, in light of |g},| ~ 0(1/8), it follows that

ez~ 0 (1/@}lenD)) ~ 0 (1/@?9)).

We obtain
> 1 & 1
~ O, ~ iotnd
HEN @n &n (X1)—§-HEN @n <(1+e )Cn,ﬁ"m)-ko(l). (4.9)
=INQ =INQ

The assertion holds by combining (4.8) and (4.9). O
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We expand g,(,l)(x1 , ¥1) as the sum of eigenfunctions {vnp}gi] for the operator £, (see Appendix C). For a given small §,
let us assume that |&/,| ~ 0(1/8). Then it follows from Lemma C.1 that

Vip (%1) :@(cos (%) + 0(85)) for x; € (0, §),

where s > 1/2. On the other hand, from Lemma C.1, each eigenfunction v, (x;) decays with a rate of O (e~VIeml/%) outside

the interval (0, 8). Therefore, recall that g\ (x;, y1) satisfies (4.5), we may approximate g\ (x1,y1) by &\ (x1,y1), where
&y (1, y1) satisfies

oo
Lag (%1, y1) =Y Vip () Vp (V).
p=0

Using the fact that £, vy, = (k2 — Anp)Vnp, Where Ay is the eigenvalue for Ly, it follows that

o

- 1

0Ly =) G V)V (). %1.y1 € (0.9). (4.10)
p=0 "

We skip the very technical proof and summarize the above formal analysis in the following lemma.
Lemma 4.2.If § < 1 and |e],| ~ 0(1/3), then for each n, it holds that

gV y) =" 1, y1) + 0% forxi, y1 €(0,5),
where ¢ > 1 and g,ﬁ” is defined in (4.10).
4.2.2. Boundary integral formulation

Let @i" be the reflected field by the perfectly conducting slab in the absence of slit, and @I := i —u! — {i" be the scattered
field induced by opening the slit. From the Green’s identity, one obtains an integral equation for @i%:

- o (x)
u’(y) zfge(x, V)=, s yeQu
I
9 i r
Using the fact that % + 3= 0 on {x2 =1} and the continuity of the single layer potential, it follows that the total field
satisfies
- oti(x) i -
u(y)=/ge(x, V)= st ul () +U'(y), yel.
I
Similarly,
- ot (x)
u(y)=/ge(x, V)= ~dsx, yeTa

Iz

Applying the Green’s identity in the slab domain 2 and using the boundary conditions, the solution inside the slit can be
expressed as

- i at(x
uy)=-— / g'xy) af) )dsx fory e Ss.
ryury
This leads to the equation
ot (x)

dsy forxel{UT,.

i(y) =— f g (xy) -

rury
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Imposing the continuity of the solution along the slit apertures leads to the following system of integral equations:

ol ; ot .
/ge(x,y)a—vdsx+ / g‘(x,y)a—vdsx—i—u’-{-ur:O onTly,

I rur;
ou . ou

/ge(x, V) ds, + / gi(x. y) ds, = 0 onIy.
) av

Iy rur;

(411)

To study the resonances of the scattering problem, it is more convenient to rescale the formulation by introducing the

variables X =x;/§ and Y = y1/8. We also define the following quantities:

p1(X) = ou X, 1); @a(Y) = o (86X, 0);
?1 =T » 1)y @2 =% » V)5

FX) = @' +u")(6X, 1) = 2ekd18X,

G(X,Y):=g%5X,1;8Y,1)=g°(8X,0;8Y,0);
Gi(X,Y) = g'(8X,1:8Y,1) = g'(5X, 0; §Y, 0);
Gi(X.Y):=g'(6X,1;8Y,0) =g'(5X,0;8Y, 1).

Then the boundary integral equations (4.11) can be written as the following in the scaled coordinates.

Te+T T g1 ]_[Fs
T re4T || @2 | O |

where

1

(Tep)(Y) = / G5(X,Y)p(X)dX Y e (0,1);
0
1

(Ti§0)(Y)=/Gfs(X, V)e(X)dX Y € (0,1);
0
1

(Tigo)(Y)=/ GL(X, Y)p(X)dY Y €(0,1).
0

4.3. Asymptotic expansions of the boundary integral operators
We have the following asymptotic expansions for the kernels G!, G¢ and G'.

Lemma4.3. Ifké <« 1, then for X, Y € (0, 1),

GE(X,Y)+ GU(X,Y) =Bk +k(X,Y) +koo(X,Y),
Gi(X,Y) = Bk) + koo (X, Y).

In the above,

1 1 -
Bk) = (;(lnk—i— Y0) + p ln(S) +Bi1k), B=pBi2k),

(4.12)

(413)

(414)

(4.15)

(4.16)
(4.17)

(4.18)

where B 1 and B; , are defined in (4.6) and (4.7), Yo = co — In2 — im /2, and cy is the Euler constant. The kernel |k (X, Y)| ~ 0(1),

koo (X, Y)| ~ 0(85) and |k (X, Y)| ~ O(85) where ¢ > 1.

Proof. First, the asymptotic expansion of H(()]) (cf. [10]) leads to

e _(_ i\, v L - _ 2
G(X,Y)_< 2>H0 (5kIX Y|)_n[ln8+lnk+yo+ln|x Y|+O(8 1n3)].

From the expansion (4.2) and the decomposition (4.3), we have

(4.19)
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o0
Gi(X,Y)= angn(SX 8Y) = ang(o)(ém+Zd)ng,§”(5x,5y).
n=0 n=0 n=0

An application of Lemma 4.1 and 4.2 yields

G'(X.Y)=Bia()+0(1) + Y @n & ($X.8Y) + 0(5%) (4.20)
n=0

for ¢ > 1. By the definition (4.10), it follows that

an 2 ox. 6Y>—ZZ ,2 — v (3X)vp @)

n=0 p=0
_ZZ(kZ k > 5 (cos(pm X) cos(pmY) + 0 (6%)). (4.21)
p=1n=0 np

where we have used the following fact in the second equality

Vip(8X) = \/g(cos((p + D X)+ 0(8%)) fors>1/2.

For each p, from the asymptotic expansion of the Anp (C.2) and the representation of elementary functions by series (cf.
[13]), the constant

o0

20 )
n ~ ; - .
,g) (2 —op) -8 coth <\/((p7T +600)/8)° —k )

5/ (p +00)/8)% — k2

1 k282+0 8
pr p37[3 pS :

By substituting into (4.21), we see that

o0 o0

3 2
> @ gV 6x,8Y) = » p—ncos(per) cos(pmY) + 0(89). (4.22)
n=0 p=1

A combination of (4.19), (4.20), (4.22) leads to the expansion for G¢(X,Y) + Gi(X,Y).
For Gi(X,Y), from Lemma 4.1 and 4.2, we see that

GlX,Y)= ﬂ,z(k)—i—O(l)—i—Z( 1) &y (5X,8Y) + 0(5%). (4.23)
n=0

A similar calculation as above gives the desired expansion, and we omit here for conciseness. 0O

Based on the above decomposition of the Green’s functions, we have the decomposition of the following integral opera-
tors:

Lemma 4.4. Let K, Koo, Koo be the integral operators corresponding to the Schwarz kgrnels K(X,Y), koo(X,Y) and koo (X, Y), and P
be projection operator defined by Po(X) = (¢, 1)1, then the operator T¢ + T' and T' admit the following decomposition:

TE+T'=BP+ K+ Kso, T'=PBP+Kno.
4.4. Scattering resonances of the approximate model and the strategy for initial guess

To obtain the resonances of the approximate model (4.1), we solve for the homogeneous problem when f =0 in (4.12).
By virtue of Lemma 4.4, the integral operators adopt the following expansion:

Te + Tt Ti BP AP Koo Koo
~. |l = ~ KI =P L,
[ Tt Te+T’] [ﬂp BP TR Koo Koo +

where



94 J. Lin, H. Zhang / Journal of Computational Physics 385 (2019) 75-105
BP BP] [Km 1<oo]
P=]"% , K and L=KI+K
[ gp BP C 7| Koo Koo ©

The homogeneous problem (P + L)@ =0 can be rewritten as

L'P@+¢=0. (4.24)

Let e; =[1,0]" and e; = [0, 1]7. By expressing P ¢ explicitly and taking the inner product of (4.24) with e; and e, respec-
tively, the homogeneous problem reduces to (cf. [17])

(p,e1) | _

where

Mo g| L lenen) (Lere) ] 2[00 1][(L7lerer) (L7le; )
Pl L tere) Leren | TPl 0| (L erer) (Lleren)

The eigenvalues for M + 1 are

Ak =1+ (BK) + BK) (L "er,e1) + (L "er, e2)), (4.25)
ha(k) =14 (Bk) — Bk) (L™ "er.e1) — (L7 "er, €2)). (4.26)

The associated eigenvectors are

m 1 and 1 -1". (4.27)

Therefore, the scattering resonances of the problem (4.1), or equivalently, the characteristic values of the operator-valued
function P + L, are the roots of the two analytic functions A; (k) and A, (k). The leading order of the resonances are stated
in the following theorem.

Theorem 4.5. If § < 1, there exist two sets of resonances, {ke,1}2; and {ke 2}72,, for the scattering problem (4.1), and the following
asymptotic expansions hold:

1 1
k,z,lzk;?;—/i(m.smajuowg), k“_l<“+—w-51na+0(5§), c>1
mq; (k£,1> ﬂq2<k )
(0)

for £8 <« 1. The leading-oder terms kyq ()" are the roots of real-valued functions q1 (k) and g2 (k) respectively, where

and k,_,’2
q1(k) =8 (Bi1 (k) + Bi2(k), q2(k) =8 (Bi,1(k) — Bi2(k)).

Proof. From the expression of the eigenvalue in (4.25), and the definition of B(k) and B(k) in (4.18), the roots of Aj(k)
satisfy

T+ [m;l) —la+—(lnk+yo)]((L”el,e1>+<1L”e1,ez>)=0-

CI1()

We investigate the roots for the leading order terms of A{(k), which is given by —— + — ln6 This leads to solving the
following equation:

1
q1(k) + —4Insg =0,
/4

and its roots are given by

1

kea =k} — ————— -5Iné + 0(8In5).
(k©
”ql(%,]

An application of Rouche’s theorem gives the desired expansion for A1(k) = 0. The roots of A,(k) can be obtained by a
parallel argument. O
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Fig. 6. The transmittance T over the frequency band {k|k € [1,10]} computed via the integral equation approach (left) and the difference between the
transmittance T obtained by two methods (right). § =0.1.

0

Denote the initial guesses for computing the resonances of (2.25) as

ke=k,+ik], €=1,2,3,---,L.

When kfzo).s < 1, we use the first two terms in the above expansions, k(oj 1 .

the initial guesses. Otherwise, the real parts of the initial guesses are set as the leading-order values kf} (j=1,2). Let the

8Iné (j=1,2), as the real parts of

real parts, {l~<g}§:1, be those values ordered increasingly. Although explicit asymptotic expansion for the imaginary part of
resonances is not derived explicitly in Lemma 4.5, it is known that true resonances are located in the fourth quadrant of
the complex plane. Using the fact the resonances for the PEC slit has an oder of O(§) if § < 1 (cf. (6.1)), it is expected
that similar asymptotic expansions will hold for real metals. Hence we choose the imaginary part of the first initial guess

as /E;' = —§. For £ > 1, by observing that the field enhancement is weaker as the frequency becomes higher, we set IE;/ =

—Mmaxi<p<¢ |I~<;;|. For the eigenmode (resonant modes) ¥ in (2.25), note that the eigenvectors for M+ I are given by (4.27).

Correspondingly, we choose the initial guesses for the resonant modes {h“ are set as [1,1,0,0] and [1,—1,0,0] for j =1, 2,
respectively.

5. Numerical examples

In this section, we present various numerical examples to demonstrate the accuracy and effectiveness of the compu-
tational approach. We first validate the accuracy of the integral equation method by comparing the computational results
with the ones obtained via the vertical mode matching scheme [14,22,23]. The integral equation approach with the initial
guess strategy is then applied to solve for the resonances of the scattering problem with various slit sizes and permittivity
values. In the rest of this section, ny and n, denotes the number of grid points used to discretize the single and double
layer integrals (3.15), (3.16), (3.20) and (3.21) over the horizontal and vertical slit boundaries, respectively.

Example 1. We validate the accuracy of the integral equation method in this example. Let the permittivity for the metal
be &, = —100 4+ 10i, and consider the metallic structure with the slit size § =0.1 and § = 0.05, respectively. We solve the
scattering problem with a normal incident plane wave u'. To this end, the single and double layer integrals (3.10)-(3.12) are
computed by the quadrature rules (3.15) (3.16), (3.20), and (3.21), using n; = 20 and ny = 120 for the horizontal and vertical
slit boundaries, respectively. Figs. 6 and 7 (left) show the transmittance T over the frequency band {k|k € [1, 10]} for the
slit size § =0.1 and § = 0.05, which are obtained by solving the integral equation (2.24). The transmittance is defined as
T = P/Pjnc, where P is the total power over the bottom gap aperture I'; and Pj is the incident power over the aperture
I',. For comparison we apply the vertical mode matching scheme [14,22,23] to the solve the scattering problem (1.1) with
sufficient number of modes. Figs. 6 and 7 (right) plot the difference between the transmittances obtained by two numerical
approaches, where the quantity er is defined by er = |T — Tym|/|Tvm| and Ty is the transmittance computed from the
vertical mode matching method. It observed that three digits of accuracy are achieved by the integral equation method with
the specified grid points.

Example 2. The permittivity for the metal is set as &; = —100 + 10i. We compute the resonances for the slit size § =0.02,
0.05, 0.1, and 0.2, respectively. To discretize the integrals (3.10) and (3.12), ny = 20 and n = 80 are used for the horizontal
and vertical slit boundaries respectively. The tolerance is set as 10‘4 for the Newton solver of the eigenvalue problem (2.25).

The first column of Tables 2-5 are the initial-guess values {kg}[lle obtained from the strategy discussed in Section 4 for
given & values. The second and the third column of Tables 2-5 show the computed resonances {k(}é:l and the correspond-
ing iteration numbers needed to achieve the desired tolerance. In the tables, the resonances are ordered with increasing
real part. We see that the initial guesses indeed provide good approximations of true resonances, especially for lower fre-
quencies and smaller slit sizes where the leading orders of the asymptotic expansions in Theorem 4.5 are more accurate.
In addition, from the provided initial-guess values, the Newton solver converges with the given tolerance in only a few
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Fig. 7. The transmittance T over the frequency band {k|k € [1,10]} computed via the integral equation approach (left) and the difference between the
transmittance T obtained by two methods (right). § = 0.05.

Table 2
Initial guesses and the computed resonances for § = 0.02.
l~<g ke Iteration numbers
0.7875 — 0.02i 0.7832 — 0.0479i 7
2.7481 — 0.0479i 2.7513 — 0.1642i 8
5.2174 — 0.1642i 5.2983 — 0.1847i 7
7.9051 — 0.1847i 8.0485 — 0.3196i 8
10.6994 — 0.3196i 10.8462 — 0.3399i 8
13.5527 — 0.3399i 13.8351 — 0.4129i 8
Table 3
Initial guesses and the computed resonances for § = 0.05.
I~<@ ke Iteration numbers
1.4590 — 0.05i 1.4524 — 0.0765i 5
4.0096 — 0.0765i 4.0653 — 0.2548i 5
6.7421 — 0.2548i 6.9522 — 0.3069i 6
9.5288 — 0.3069i 9.9177 — 0.4572i 8
12.3391 — 0.4572i 12.8852 — 0.5190i 9
Table 4
Initial guesses and the computed resonances for § =0.1.
I~<K ke Iteration numbers
1.8528 — 0.1i 1.8501 — 0.1311i 5
4.4502 — 0.1311i 4.585 — 0.3882i 5
7.1092 — 0.3882i 7.5187 — 0.5136i 6
11.6860 — 0.5136i 10.4920 — 0.7154i 7
14.7178 — 0.7154i 13.5147 — 0.8486i 7
Table 5
Initial guesses and the computed resonances for § =0.2.
l~<g ke Iteration numbers
2.0462 — 0.2i 2.0139 — 0.2372i 4
4.5367 — 0.2372i 4.7283 — 0.6256i 5
8.9326 — 0.6256i 7.6572 — 0.9200i 8
12.0765 — 0.9200i 10.5837 — 1.3232i 10
15.2274 — 1.3232i 13.522 — 1.5703i 10

iterations (mostly less than 10 iterations). Hence the proposed computational approach is very efficient for obtaining the
resonances of the scattering problem.

In order to demonstrate the accuracy of the computed resonances, in Fig. 8 we plot the transmittance T over the
frequency band {k|k € [0.5, 15]} when a normal incident plane wave u! impinges on the metallic structure with various slit
sizes. When the incident frequency is close to the real part of certain scattering resonance k, such that the corresponding
resonant mode is excited, it is expected that the transmission peaks will occur as long as the magnitude for the imaginary
part of k, is sufficiently small. It is seen from Tables 2-5 that the real parts of resonances correctly reflect the peaks of
transmissions in Fig. 8, which validates the accuracy of computed resonances. On the other hand, the smaller the magnitude
for the imaginary part of resonances, the higher the transmittance peaks are. This is also consistent with the resonant
scattering mechanism.
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Fig. 8. The transmittance T over the frequency band [0.5, 15] for various slit sizes.

Table 6
Computed resonances with refined meshes. § = 0.02.

n =10 ny =40

n1=20 n2=80

n =40 n2:160

nm =60 ny =200

0.7656 — 0.0499i
2.7379 — 0.1755i
5.2698 — 0.1966i
7.9744 — 0.3229i
10.6749 — 0.2643i
13.3940 — 0.3369i

0.7832 — 0.0479i
2.7513 — 0.1642i
5.2983 — 0.1847i
8.0485 — 0.3196i
10.8462 — 0.3399i
13.8351 — 0.4129i

0.7691 — 0.0440i
2.7390 — 0.1648i
5.2933 — 0.1966i
8.0414 — 0.3371i
10.9015 — 0.3215i
13.9003 — 0.4664i

0.7696 — 0.0436i
2.7404 — 0.1638i
5.2932 — 0.1958i
8.0422 — 0.3337i
10.9017 — 0.3234i
13.8975 — 0.4619i

Table 7

Computed resonances with refined meshes. § =0.1.

nm =10 n2:40

l’l1:20 n2:80

n =40 n2:160

nm =60 ny =200

1.8473 — 0.1246i
4.6374 — 0.3645i
7.5726 — 0.6238i
10.5410 — 0.6004i
13.5452 — 0.8596i

1.8501 —0.1311i
4.5851 — 0.3882i
7.5187 — 0.5136i
10.4920 — 0.7154i
13.5147 — 0.8486i

1.8513 — 0.1318i
4.5846 — 0.4188i
7.5114 — 0.4881i
10.5743 — 0.7727i
13.4566 — 0.8557i

1.8513 — 0.1317i
4.5856 — 0.4166i
7.5106 — 0.4896i
10.5698 — 0.7681i
13.4609 — 0.8603i

We would also like to remark on the robustness of the numerical approach by the observation that (i) the iterative
eigen-solver indeed converges with the obtained initial-guess values; (ii) for each &, all resonances in the above frequency
band that lie in the vicinity of the real axis have been successfully solved, since each peak in Fig. 8 corresponds to one
resonance in Tables 2-5.

Finally, we study the convergence behavior of the numerical method with increasing grid points over the slit boundary.
To this end, let us set § =0.02 and 0.1 respectively. Tables 6 and 7 give the computed resonances with various n; and ny
values. We observe the convergence of the computed values when the mesh is refined. Furthermore, two digits of accuracy
are obtained when ni =20 and n,; = 80, and three digits of accuracy are obtained when n; =40 and n, = 160.

Example 3. We set the permittivity for the metal as €, = —20 + 2i in the example. Again, n; = 20 and n,; = 80 are used
for discretizing the integrals over the horizontal and vertical slit boundaries respectively, and the tolerance for the Newton
solver is 1074,

We compute the resonances for the slit size § = 0.02, 0.05, 0.1, and 0.2, respectively. The initial guesses for the
resonances are shown in the first column of Tables 8-11 for various slit sizes. It is seen that they also provide good ap-
proximations of true resonances. Starting from these initial-guess values, the Newton method converges and the computed
resonances are shown in the second column of Tables 8-11. The corresponding iteration numbers are given in the third
columns, which demonstrate the robustness and the efficiency of the proposed computational approach.
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Table 8

Initial guesses and the computed resonances for § = 0.02.

l~<g ke Iteration numbers
1.0514 — 0.02i 0.9064 — 0.3279i
2.701 — 0.3279i 2.6780 — 0.1963i

4.7417 — 0.3279i
7.0393 — 0.4001i
9.5072 — 0.4001i
12.0915 — 0.4966i

4.8147 — 0.4001i
7.1860 — 0.2835i
9.8259 — 0.4966i
12.3633 — 0.3438i

6
6
7
6
9
9

Table 9

Initial guesses and the computed resonances for § = 0.05.

I~<5 ke Iteration numbers
0.7125 — 0.05i 0.5880 — 0.06154i 8

2.6093 — 0.0616i 2.6430 — 0.3223i 12

5.0005 — 0.3222i 5.1897 — 0.1900i 7

7.5861 — 0.3222i 8.0308 — 0.4645i 14

10.2648 — 0.4645i 10.7828 — 0.2818i 14

12.9943 — 0.4645i 13.9094 — 0.5254i 20

Table 10

Initial guesses and the computed resonances for § =0.1.

I~<K ke Iteration numbers
1.1923 — 0.1i 1.1517 — 0.0627i 6

3.504 — 0.0626i 3.7293 — 0.4508i 11

6.0496 — 0.4508i 6.4636 — 0.2497i 7

10.383 — 0.4508i 9.5812 — 0.6125i 11

13.4649 — 0.6125i 12.2692 — 0.4306i 17

Table 11
Initial guesses and the computed resonances for § =0.2.

l~<z ke Iteration numbers
1.5878 — 0.2i 1.5658 — 0.1011i 8

3.9938 — 0.1012i 4.4712 — 0.6928i 9

8.2869 — 0.6928i 7.119 — 0.4686i 7

11.4062 — 0.6928i 10.4770 — 1.0821i 11

14.5419 — 1.0821i 13.343 — 2.0182i 11

For a given §, it is observed from Fig. 9 that the peaks for transmittance T are consistent with the locations of the
computed resonances, which confirms the accuracy of the integral equation method. Finally, for each §, by noting that each
peak in Fig. 9 corresponds to one resonance in Tables 8-11, we see that all resonances in the above frequency band that lie
in the vicinity of the real axis are successfully solved. This again reflects the robustness of the proposed numerical method.

6. Computation of resonances for the PEC slit

In this section, we discuss briefly the computational framework when the permittivity |e,| — oo such that the metallic
slab becomes a perfect conductor. This yields zero Neumann boundary condition along horizontal and vertical the metal-
vacuum interfaces. In particular, the system of integral equations (2.25) is reduced to the ones formulated over the slit
apertures I'y and I'; only, by observing that the contribution from the slit walls I'3 and 'y vanishes as |e,| — oo. Al-
ternatively, the perfect conductor model can be viewed as the limiting case for the approximate scattering model (4.1)
such that 9,1 =0 on I's and I'4. This also leads to the system of integral equations (4.11) defined on the slit apertures,
where the interior Green's function g!(x, y) is now given by the Green's function G%(x, y) for the slit geometry defined
in (2.5). The scattering resonances are computed by solving the homogeneous problem corresponding to (4.11) and with
gi(x, y) = G5(x, y). We apply the Newton’s method to solve the eigenvalue problem, where the asymptotic expansions of
the resonances for the case of § <« 1 are used as initial guesses. Such asymptotic expansions have been derived in [17]. We
state the result in the following and refer to Theorem 4.4 in [17] for details.
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Fig. 9. The transmittance T over the frequency band [0.5, 15] for various slit sizes.

Table 12
Initial guesses and the computed resonances for § = 0.02.
12[ ke Iteration numbers
2.9682 — 0.0628i 2.9745 — 0.0567i 2
5.9702 — 0.0567i 6.000 — 0.1139i 3
8.9553 — 0.1139i 9.0463 — 0.1700i 3
11.9404 — 0.1670i 12.1052 — 0.2246i 4

Theorem 6.1. If § < 1, the resonances of the scattering problem (1.1) when |ey,| = oo are given by

ke =4€m 4+20-8In8+ Cp -8+ 0(8%1n?8)

for €8 <« 1, where C; is a complex constant independent of § and attains negative imaginary part.

We apply the integral equation method to compute the resonances when the slit size § = 0.02, 0.05, 0.1, and 0.2,
respectively. To discretize the single-layer integral operators in (4.11), we set the number of grid points as n; =40, and the
tolerance for the Newton solver as 1074, ~

The strategy for choosing initial guesses {kz}é is similar to that of the real metal case in Section 4, except that the
complex-valued O (8)-term is now given explicitly for the PEC slit. As such we use the first three terms in the asymptotic
expansion for the initial guess k1. The obtained initial- -guess values {k[}l 1» which are good approximations of true reso-
nances, are shown in the first column of Tables 12-15 for various slit sizes. The second columns of Tables 12-15 are the
computed resonances {](@}é:1 obtained by solving the homogeneous equations (4.11) and starting from the initial-guess val-
ues. The corresponding iteration numbers are given in the third columns, which demonstrate the efficiency of the integral
equation method. For fixed 8§, each peak of the transmittance T in Fig. 10 corresponds to one resonance in Tables 12-15,
and the frequencies of the peaks are consistent with the locations of the computed resonances. Therefore, we see that all
resonances in the above frequency band that lie in the vicinity of the real axis are solved accurately.
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Table 13
Initial guesses and the computed resonances for § = 0.05.
l~<g ke Iteration numbers
2.7998 — 0.1571i 2.8203 — 0.1275i 3
5.6840 — 0.1275i 5.7599 — 0.2558i 4
8.5261 — 0.2558i 8.7460 — 0.3769i 4
11.3681 — 0.3769i 11.7601 — 0.4902i 5
14.2101 — 0.4902i 14.7934 — 0.5964i 5
Table 14
Initial guesses and the computed resonances for § =0.1.
l~<g ke Iteration numbers
2.5965 — 0.3142i 2.6378 — 0.2227i 4
5.3622 — 0.2227i 5.4910 — 0.4451i 4
8.0432 — 0.4451i 8.4239 — 0.6463i 5
10.7243 — 0.6463i 11.4005 — 0.8291i 6
13.4054 — 0.8291i 14.4046 — 0.9982i 7
Table 15
Initial guesses and the computed resonances for § =0.2.
l~<g ke Iteration numbers
2.3286 — 0.6283i 2.3838 — 0.3635i 5
4.9956 — 0.3635i 5.1314 — 0.7273i 5
7.4935 — 0.7273i 8.0008 — 1.0477i 6
9.9913 — 1.0477i 10.9308 — 1.3435i 7
12.4891 — 1.3435i 13.9010 — 1.6311i 9

§=0.02 §=0.05
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Fig. 10. The transmittance T over the frequency band [0.5, 15] for various slit sizes.

Appendix A. Green'’s functions in the layered medium

We derive explicitly the Green’s function when y € €. The Fourier transform of a function g(t) is defined by

oo

g8E&) = / g(e Etde.

—00
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Taking the Fourier transform of (2.1) with respect to the variable x; — y1, the Green’s function in the Fourier domain satisfies
Gl (&: X2, y2) + (K*e(x2) —£2)G1(8: X2, ¥2) =8(x2 — y2),  —00 <X <00,

~ 1.
[G1(&;x2,y2)] = [EGQ(S;Xz,}Q)} =0, x=0,x=1.

Po(&) =KX —£2,  pm(&) = \/K2em — &2,
PE) = (em+ 1) (08©)eh — PAE)) = em — 1 (P0()em — pu(E)?,
q(€) = (Po(€)&m — Pm(E))? 2P — (po(£)em + pm(E)? .

Then the solution

Let

ﬁewo\xz—yz\ 4 RelPoXaty2—2) X3 >1,

~ 0

C1(8:%2.¥2) = | 1 gipo2=Diom(14X2) | T, piroW2—Deitm(1=%2) (< xy <1,
T3 elPo2—x2=1) Xy <0,

where the coefficients

: (P(%Erzn - ,Ogn) (eiZ'Om - 1) , Th= é &m(Om — PoEm)

R=—
2ipoq
i 2i ip
Tz=a~€m(pm+poem), T3=E-empme m,

We decompose the Green’s function as the sum of a singular part and a smooth part. To this end, let us slit the coefficient
R as R := Ry + Ry, where

em—1 1 k2em(em — 1 e 1 ei2Pm
0= " -—— and R;= ,m(m ) _PoEmt+ Pm - P . (A1)
em+1 2ipo ilem+1)  po(Po+pm)q 2i(em+1)  poq
For 0 < xz <1, we split @1($;xz, y2) as
Em . Leiﬂo(h—xz) + |:T1 elPo(y2=1) pipm (14x2) 4Ty elPo(ya—1) pipm(1=x2) _ &m . Lei,oo(n—xz)] ) (A2)
em+1 ipo em+1 ipo
Apply the inverse Fourier transform for @1(5; X2, y2) by using the decomposition (A.1), (A.2) and the identity
0 .
1 : 1 elPo@®x2—y2lplE -y ge — —iHél)(ldx —yD,
2 ] 2ipo(®) 4
—00
we obtain
E(p g, Em =1 )10 Q
—7 (Ho (klx — y|) + en p 110 klx'—yD | +g11(x,y), xeQ,
Gi1(x,y) = i&m M
——H; (klx— X, ¥)), X € Q,
em 1) 0 (klx = yI) + g12(%, ¥)) 2
g13(x,y), x € Qa,
where X' is the reflection of x by x, = 1. The functions g1; (j =1, 2, 3) are the Sommerfeld integrals given by
] o0
g11(x, y) = o / R](S)eipo(xz+)’2*2)efé(x1*Y1) dg
—00
5 [0
_ k'gm(gm -1 Po(§)em + pm(§) el @ +Y2-2) 055 (x1 — y1)) dE
im(ém+ 1) J Po(&) (po(§) + pm(§)) q(§)
x
1 ei2on()
b [ P e cos(ea - yu)de: (A3)
2ri(em +1) , 00(6)q (&)
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Em . Leil)o(n—xz)] eléx1—y1) d&

oo
g%, y) = L/ T, elP002-Diipn(1412) 4 T gino(y2—Dgiom(1—x2) _
2 em+1 ipo

—00

o0
_ 1Em [ pm() = PoE)Em ipy(e)(v2-1)giom(@ 1) cos(e(xg — y1))de

T q)
o0
w—m/[pm@)”"@)gm 2P0 (&) (Y2=1) pipm (§)(1—x2)
T q)
0
+ — _elpo(é)(yz—xz)] cos(£(x ) d s
sm+1 Po(é) St —y1ds (A4)
oo
g13(x,y) = L / T3eipO(yz_XZ_l)eig(xl—J’Udé
’ 27
—00
_ 2iem pm(é) ¢1Pm(E)giro® 2221 ok (31 — y1)) dE. s
T , q&)

For y € Q,, by analogous derivations, it can be shown that

i1
S +1Hg”a<m|x—y|)+g21<x,y>, XeQ,

C _ M M M "

2%, y) = 4(H (kmlx—y|)+ T e H (kmlx—yl)-i- T7s H (km|x —Y|))+g22(X ¥), XeQo,
_L H“)(kaX—yI)Jrgzs(x,y), X € Qs,
2em+1 0

where X’ and x” are the reflection of x by x, =1 and x, = 0, respectively. The functions g»; (j =1, 2, 3) are the Sommerfeld
integrals given by

21, y) = - /W elPo(§)(x2— 1)elpm(~§)(1-+—y2)COS(S(X1 —y1))dg

oo
+L/[Pm(5)+/)0(5)8m 10 ()02 —1) gipm (E)1-y2)
T qa)
0
1

1
_|_ _
emt 1 pm®)°

elom(E) (x2— yz)] cos(E(x1 — y1)) dE; (A.6)

emEn =1 [ po@en+om® ( iperoatyn , gim©@-my
y) = i x i X _ d
g2 )= D J on(® (o0& + o €) 4€) (¢ e ) costétxs =y de

[ (p0®)em — pm(§))2ei2en
o ) Pn(&)a(@)

(eipm(é)(xz—)’z) + elPm (E)(Y2—Xz)) cos(E(x1 — y1)) d& (A7)

_ 2';8(2 —J:i) (po(é)ez —(E/;Z((;))zeiz"’” (ei,om(E)(XerJ’z) + eipm<5)<2—><z—yz>) COS(E (%1 — 1)) dE:

223(x, y) = - /Pm(f)q_(# e~ iP0(E)X2 ol pm (§)(2— yZ)COS(S()q y1))dé

L b / [pm(EHpO@)gm o= iP0(E2 i )2
™ q()
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1 1

o B (é)e”'"(é’("2 “)]COS(S(M y1)) d§. (A8)

Appendix B. Derivations of (2.16)

Let I't := {xp =1} and ', := {x, = 0} be the top and bottom of the metallic slab respectively. The unit normal direction
v is pointing to the domains 21 and ;. For y € Q1, we apply the Green’s second identity in the domain €7 and Q3 to
obtain

ous(x) B aG1(x, y)

us(y)=/G1(x, N o u®(x) dsy, (B.1)
It
0=fG1(x, y)au K _0G1x ) u® (x) dsy. (B.2)
dVy 0Vy
I

Applying the Green’s second identity in the domain Q5 and Q;r respectively, we have

3G1(x, us ou? 961 (x,
0= / Mus(x) Gi(x, y) ( )dsx /Gl(x, ne W _ & Y)”S(X)dsx’ (B3)
Ay dvx dIvx
ryury T3
9G1(x, ou’ ) 9Gikx,
0= [ T uwo - oDy Ddscr [Grn T - Sy ds, (B4)
Iy Ay vy vy
ryury T4

In the above, the line segments

Iy ={xelt|x <0}, T} :={xelt|x >3},

={xely|x; <0}, T} :={xeTp|x > 6}

1
Taking the sum (B.1) + (B.2) + — x ((B.3) + (B.4)) and using the continuity conditions for u* and G; along the metal-

vacuum interfaces, it follows that
us(x) 1G1(x,y)
u (y)—Z/ch(x y) (Vj ™ ) (m%) U () dsy.
X

The formula can be obtained similarly for y € ©, ©; and Q; respectively.

Appendix C. Eigenvalues and eigenmodes for the operator £,
The operator £, is defined as

( 1 / )/ ( ’ (nn)2>
Lav == VX)) + — v(x1), —00 <X <00,
&(x1) &(x1)

where the permittivity £(x1) =1 for x; € (0,8) and &(x;) =¢,, for x; # [0, §]. We solve the eigenvalue problem L,v = —21v.
To this end, we express the solution as

crefn x1 <0,
V(X)) = { czelX fcgemin¥1 0 < xq <8,
cpebn@=x1) X1 > 8,

where &;(A) = /(n)2 — A, an(X) = /A — (n)2. Imposing the continuity conditions leads to a linear system for the
coefficients cq, ¢2, ¢3 and c4, and the condition for the existence of non-trivial solution v is given by

s o in0) — i (e
L0 +ion(M)en

We restrict the discussion for A € ((n7)?2, +00). Then the above nonlinear equation leads to

e

{n —ioe),
apd — pmw =arg —————, =0,1,2,3,---
" P g(n‘f‘iangz/n P
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If |e},1 > 1, then the coefficient o, is given by

anpd ~ prw + 6~ (p+ 1), wherefp =2arctany/|ef;| = 7. (C1)

Correspondingly, the eigenvalues

T+60\?
A:Anp%(nﬂ)z-i-(pTH) and g =,/ ()% —ephnp, p=0,1,2,3,---. (C.2)

The eigenmodes are

Cnp (1 + el d)ebupxi x1 <0,

Vip () = 3 Cpp (el X1 =i (X)) 0 < xy <6,
Cnp(1 + eitnpdyplmp (3—x1) X1 > 9,
and
Cnp (1 — el%md)elmpX1 x1 <0,
Vnp(X) = Cnp(eianpxl _ e—iotnp(ﬁ—xﬂ)’ 0<x <8,

—Cnp (‘1 — eianpa)efnp@—xl), X1 > s,

for odd and even p respectively, where the constants cp, are normalization constants such that |[vpp||;2_s o0y = 1. Recall
that oy and ¢yp are given by (C.1) and (C.2). By carrying out standard asymptotic analysis, we have the following lemma:

Lemma C.1. Let § < 1 and |g},| ~ 0(1/3), then the following holds:

Vip (X1) :@(cos <M) + 0(85)> ,s>1/2, forxq €(0,9),

Vap(a1) ~ 0 (e7VIER2)  forxy £ [0, 61,

where r is the distance of x1 from the interval (0, §).
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