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Abstract

This work investigates skin modes in non-Hermitian photonic crystals with broken spectral
reciprocity. In such systems, the spectra of the underlying operators can form closed loops over
the complex plane with nontrivial spectral topology, which gives rise to the so-called skin effect
characterized by eigenmodes localized at interfaces. For discrete lattice models, the skin effect
can be understood through the spectral theory of Toeplitz matrices. However, this mathematical
framework no longer applies to continuous wave models, where finite-dimensional approxima-
tions break down. In this work, we employ a transfer matrix approach to describe wave prop-
agation in one-dimensional periodic media and introduce a new spectral topological invariant
based on the eigenvalues of the transfer matrix. The new topological invariant is equivalent to
the winding number of the non-Hermitian spectrum, and it enables the characterization of skin
modes in one-dimensional non-Hermitian photonic crystals. The mathematical theory provides
the theoretical foundation for the skin effect in continuous wave models.

1 Introduction
1.1 Background
Non-Hermitian topology has attracted significant research interest in recent years, due to its ubiq-
uity in materials and unprecedented physics phenomena induced by the band topology. We refer
the reader to the review articles [4, 5, 8, 13, 16] and the references therein for recent theoretical
developments in non-Hermitian topology, including topological phases in discrete non-Hermitian
systems, anomalous bulk–edge correspondence, and exceptional points.

Compared to Hermitian systems which attain spectrum on the real line, the spectrum of non-
Hermitian systems generally lies on the complex plane. As such, besides topology induced by the
eigenfunctions (eigenvectors) of the operator, the eigenvalues of the non-Hermitian operator may
attain topological invariant that is not present in the Hermitian operator, which could lead to
new physical phenomena. One prominent discovery along this line of research is the so-called skin
effect, which describes a macroscopic accumulation of skin (edge) modes localized on the boundary
of a bulk medium under open boundary condition [16, 18, 21]. Among many new topological
invariants proposed for non-Hermitian operators, the one most relevant to the present work is the
point-gap winding number, which predicts the emergence of the non-Hermitian skin effect and the
accumulation of eigenmodes at the boundary.
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The skin effect could be attributed to the topologically non-trivial features of the spectrum for
the non-Hermitian system [17, 19]. For the tight-binding model, the relation between the spectral
topology of the infinite periodic problem and the spectrum of the semi-infinite bulk medium is
well understood through the spectral theory of the Toeplitz matrices [17]. More precisely, the
infinite periodic operator is a Laurent operator Lp and the corresponding semi-infinite operator is
a Toeplitz operator T . If the spectrum σ(Lp) forms a closed curve on the complex plane with a
nonzero winding number, then the spectrum σ(T ) = σ(Lp) ∪ σwind (cf. [6]), where

σwind := {λ ∈ C\σ(Lp) : wind(σ(Lp)− λ) 6= 0}. (1)

In the above, σwind corresponds to the spectrum of the skin modes, which is the area enclosed by
the dispersion curve σ(Lp). The spectral theory of Toeplitz operators has been further developed to
study the non-Hermitian skin effect for continuous wave models [2, 3]. Therein, the non-Hermitian
system consists of an array of subwavelength resonators with an imaginary gauge potential. When
the material contrast is high, asymptotic analysis shows that the underlying differential-equation
model can be effectively reduced to a finite-dimensional system governed by the so-called capaci-
tance matrix, which possesses a Toeplitz structure. In this work, we study the non-Hermitian skin
effect in continuous wave models, for which finite-dimensional approximations break down, and the
spectral theory of Toeplitz operators no longer applies.

1.2 Main results
We consider non-Hermitian photonic crystals with material loss and broken spectral reciprocity (see
Definition 5). Numerical studies in [10, 22] indicate that the eigenvalues corresponding to the skin
modes of the finite-size photonic crystal accumulate within the region enclosed by the spectrum
σ(Lp) of the infinite periodic operator, thereby manifesting the photonic skin effect. We aim to
develop a rigorous mathematical framework that elucidates the spectral topology of non-Hermitian
photonic crystals and the emergence of skin modes in semi-infinite photonic structures.

Our main results show that the spectrum of skin modes is characterized by σwind, which admits
the representation (1). The analysis rests on a transfer-matrix formulation of wave propagation in
one-dimensional periodic media. Alongside the classical winding number of the spectral curve of the
periodic non-Hermitian operator, we introduce a new spectral topological invariant defined through
the eigenvalues of the transfer matrix. For simple bounded components over the complex plane,
these two invariants coincide. Furthermore, the newly introduced invariant precisely characterizes
the magnitude of the transfer matrix eigenvalues, which allows for the characterization of the edge
modes in terms of the corresponding eigenvectors.

We summarize the problem setting and main results as follows:

Problem setting. We consider electromagnetic wave propagation in layered medium with peri-
odic permittivity and permeability tensors (ε(z),µ(z)) along the z direction. The transverse field
Φ(z) := (Ex(z), Ey(z),Hx(z),Hy(z))

T ∈ C4 is governed by the Maxwell’s system (5).

The topological invariant. The propagation of wave field Φ(z) over one period can be described
by the monodromy matrix M(ω) ∈ C4×4 (or transfer matrix starting on the left of the period; see
(9) for its definition). For a connected component D on the complex plane that does not intersect
with the dispersion curves, we define the topological index

Ind(D) = 1
2

(
#{j : |λj(ω)| < 1} −#{j : |λj(ω)| > 1}

)
, ω ∈ D,
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where the λj(ω) are the eigenvalues of M(ω). It is shown that Ind(D) is well defined and it attains
an integer values 0 or ±1.

Main results. The main results are given in Theorems 10, 11, 13, and 15.

(i) Under a spectral-gap hypothesis for a Hermitian medium, we prove that the complement Γc

of its spectrum in the complex plane has index 0 (cf. Theorem 10). We further show that this
index is invariant under homotopy within the admissible coefficient class (cf. Theorem 11).
Specifically, assuming that the non-Hermitian medium can be continuously deformed from a
Hermitian one possessing a spectral gap, we characterize when a connected component D of
the complement of the dispersion curves in the complex plane is a principal gapped component
for the non-Hermitian medium attaining Ind(D) = 0.

(ii) Let Di
n be the Jordan domain enclosed by all or part of a closed dispersion curve γn, where γn

is the image of a globally defined spectral band ωn : T → C. If Di
n is adjacent to a principal

gapped component D satisfying Ind(D) = 0, then under mild regularity assumptions on
the dispersion curve, we prove that the topological index Ind(Di

n) = ±1, where the sign is
determined by the winding direction of the dispersion curve. (cf. Theorem 13).

(iii) Let Di
n be a Jordan domain bounded by all or part of a closed dispersion curve γn which is

the image of a globally defined spectral band ωn : T → C. Assume that its topological index
Ind(Di

n) = ±1. We prove that each ω ∈ Di
n is an eigenvalue associated with a skin mode (cf.

Theorem 15).

1.3 Mathematical model for the one-dimensional photonic crystals
We consider a periodic layered medium with the permittivity and permeability tensors varying
along the z direction, which are given by

ε(z) =

εxx(z) εxy(z) 0
εyx(z) εyy(z) 0

0 0 εzz(z)

 , µ(z) =

µxx(z) µxy(z) 0
µyx(z) µyy(z) 0

0 0 µzz(z)

 . (2)

Each component of ε(z) and µ(z) is bounded and piecewisely continuous with the period p = 1
such that

ε(z + 1) = ε(z) and µ(z + 1) = µ(z).

Consider a time-harmonic electromagnetic wave {E,H} propagating along the z direction with

E = [Ex(z), Ey(z), 0 ]
T e−iωt and H = [Hx(z),Hy(z), 0 ]

T e−iωt. (3)

The Maxwell’s equations read as

∇×E =
iω

c
µH, ∇×H = − iω

c
εE. (4)

To simply the notation and the analysis, here and henceforth, we normalize the wave speed to c =
1. By a slight abuse of notation, we continue to use {E,H} to denote the transverse field components
of the electromagnetic field by ignoring the z component in (3) unless specified. Similarly, we use
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ε(z) and µ(z) to denote the 2 × 2 transverse blocks corresponding to the xy-components of the
permittivity and permeability tensors. More specifically, we introduce the following notations

Φ(z) :=

(
E(z)
H(z)

)
∈ C4, Q =

(
0 −1
1 0

)
, Q :=

(
Q 0
0 Q

)
, A(z) := i

(
0 µ(z)

−ε(z) 0

)
.

Then the full 6 × 6 Maxwell system in one-dimensional medium can be reduced to the following
4× 4 ODE system

d

dz
Φ(z) = ωQ−1A(z)Φ(z), (5)

where A(z + 1) = A(z).
If the permittivity and permeability tensors are positive definite matrices satisfying ε(z) = ε∗(z),

µ(z) = µ∗(z), where ∗ denotes the conjugate transpose operation, the photonic crystal is said to
be Hermitian. Otherwise, we call the photonic crystal non-Hermitian, which are typically made of
lossy materials. The focus of this work is on non-Hermitian photonic crystals with broken spectral
reciprocity. For such configurations, the dispersion curves may form closed loops over the complex
plane and enclose nontrivial regions.

Remark 1. For clarity, we assume that ε and µ are independent of ω so that the problem (5) is linear
in ω. This assumption is not essential for the mathematical techniques being used in this work, as
the transfer-matrix construction in Section 2, the topological index Ind(D) introduced in Section
3.1 and the homotopy invariance of the topological index are independent of the form of ε and
µ. However, for dispersive media (ε(z;ω),µ(z;ω)), the spectral theory of the nonlinear eigenvalue
problem (5) is much more complicated than the linear one, and additional hypotheses need to be
imposed for the main results to be valid. We do not pursue the study on such configuration here.

1.4 Organization of the paper
The rest of the paper is organized as follows. In Section 2, we study the band structure of the pho-
tonic crystals and relate the eigenvalues of the underlying differential operator with the eigenvalues
of the corresponding transfer matrix. The concepts of spectral reciprocity and point gaps will be
illustrated through detailed discussions. In Section 3, we investigate the skin modes in semi-infinite
photonic crystals when dispersion curves of the corresponding infinite periodic structures attain
point gaps. It is shown that, for regular simple point-gap components, the winding number of
the corresponding dispersion loop is equivalent to the new topological invariant defined via the
eigenvalues of the underlying transfer matrix. Furthermore, we prove that the eigenfrequencies for
the skin modes can be characterized by the winding number of the dispersion curves and the new
topological invariant.

2 Band structure of photonic crystals
2.1 General band theory and transfer matrix
For each k ∈ [−π, π], we consider the following eigenvalue problem for z ∈ R:

d

dz
Φ(k; z) = ωQ−1A(z)Φ(k; z), (6a)

Φ(k; z + 1) = eikΦ(k; z). (6b)
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In the above, the interval B := [−π, π] is called the Brillouin zone, k is called the Bloch wavenumber,
ω is the eigenfrequency, and the corresponding eigenmode Φ(k; z) is called the Bloch mode.

The solution of the ODE system (6a) can be expressed via the transfer matrix. For each fixed
ω ∈ C and z1 ∈ R, let Tω(z, z1) ∈ C4×4 be the transfer matrix associated with (6a) that solves

d

dz
Tω(z, z1) = ωQ−1A(z)Tω(z, z1), Tω(z1, z1) = I. (7)

Then the solution of (6a) at z = z2 is related to the solution at z = z1 by the following relation:

Φ(z2) = Tω(z2, z1)Φ(z1). (8)

Lemma 1. Let Tω(z, 0) be the transfer matrix that is defined by (7) with z1 = 0. Then det(Tω(z, 0)) =
1 for any z ∈ R.

Proof. Using the Liouville’s formula (cf. [7]), we have

det(Tω(z, 0)) = det(Tω(0, 0))
(
exp

∫ z

0
tr(Q−1A(s)) ds

)
= det(Tω(0, 0)) = 1,

where we have used the fact that tr(Q−1A(s)) = 0.

The eigenfrequency ω of (6) can be determined using the transfer matrix and the quasi-periodic
boundary condition (6b). More precisely, let

M(ω) := Tω(1, 0) (9)

be the monodromy matrix. Then for each k ∈ [−π, π], ω is an eigenfrquency of (6) if and only if
eik is an eigenvalue of the matrix M(ω) such that

M(ω)v = eikv,

where v ∈ C4 is the corresponding eigenvector for the matrix M(ω). Meanwhile, the Bloch mode
for (6) with the eigevanfrequency ω at z = 0 takes the value Φ(k; 0) = v. As such the dispersion
relation ω(k) is determined by the following characteristic equation for the momodromy matrix
M(ω):

det(M(ω)− eikI) = 0. (10)

Setting λ = eik, the above characteristic equation reads

P (ω) := λ4 + a3(ω)λ
3 + a2(ω)λ

2 + a1(ω)λ+ 1 = 0 (11)

for some coefficients aj(ω) (j = 1, 2, 3), which are all analytic in ω.

Lemma 2. For each complex-valued ω ∈ C, there exist four roots to the characteristic equation
(11) denoted by λi(ω) (i = 1, 2, 3, 4). Each function λi(ω) is locally analytic except at branch points.
More precisely, for any ω0, λi(ω) is analytic near ω0 if

λi(ω0) 6= λj(ω0), for all j 6= i.

Moreover, λ1λ2λ3λ4 = 1.
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Lemma 2 follows from the analytic dependence of the eigenvalues of an analytic matrix family
on the parameter; see, for instance, [12]. In view of the above discussions, we have the following
proposition that characterizes the eigenfrequencies of (6) using the monodromy matrix.

Proposition 3. For each k ∈ B, the eigenfrequencies of (6) are precisely those ω ∈ C for which
the monodromy matrix M(ω) has an eigenvalue equal to eik. More precisely, Let Ω(k) denote the
set of eigenfrequencies of (6), then

Ω(k) = {ω ∈ C : λj(ω) = eik for some 1 ≤ j ≤ 4}. (12)

2.2 Band structure of the Hermitian photonic crystals
2.2.1 Floquet-Bloch theory and the monodromy matrix

In this section, we introduce the Band structure for one-dimensional Hermitian photonic crystals
and analyze the associated monodromy matrices.

We start from layered Hermitian media in which the permittivity and permeability tensors are
positive-definite matrices satisfying ε(z) = ε∗(z) and µ(z) = µ∗(z). By eliminating the magnetic
field H in the Maxwell’s equations (4), we obtain the following second-order Maxwell system

∇× (µ−1∇×E)− ω2εE = 0. (13)

Using only the transverse electric field E(k; z) = (Ex, Ey)
T ∈ C2 and the transverse 2× 2 blocks of

the tensors ε(z),µ(z), we obtain the following eigenvalue problem that is equivalent to (6):

∂z

(
µ(z)−1Q∂zE

)
+ ω2Qε(z)E = 0, (14a)

E(k; z + 1) = eikE(k; z). (14b)

Introduce the operator L = −Q∂zµ(z)
−1Q∂z. Then the above eigenproblem can be transformed

to the following generalized self-adjoint eigenvalue problem:

LE = ω2ε(z)E, E(k; z + 1) = eikE(k; z),

where ε(z) acts as a positive-definite Hermitian weight matrix. It follows from the standard spectral
theory for the self-adjoint second-order elliptic differential operator that (14) attains a sequence of
real eigenvalues ordered in the following way:

ν1(k) ≤ ν2(k) ≤ · · · ≤ νn(k) ≤ νn+1(k) ≤ · · · .

We focus on the non-negative eigenfrequencies ωn :=
√
νn for (6), which is ordered as

ω1(k) ≤ ω2(k) ≤ · · · ≤ ωn(k) ≤ ωn+1(k) ≤ · · · .

For each n, the dispersion relation ωn(k) is a continuous function for k ∈ B. If maxk∈B ωn(k) <
mink∈B ωn+1(k), we say there is a spectral gap between the band ωn(k) and ωn+1(k). The col-
lection of the countable set of dispersion relations {ωn(k)}∞n=1 for k ∈ B is called the band struc-
ture of the periodic medium. From the Floquet-Bloch theory [14], the spectrum of the Maxwell
operator L defined in (13) is given by σ(L) = ∪k∈B(∪∞

n=1ωn(k)). The spectrum σ(L) is a col-
lection of closed intervals on the real line, which are separated by the spectral gap intervals
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(maxk∈B ωn(k),mink∈B ωn+1(k)) for n = 1, 2, 3, · · · . By virtue of Proposition 3, σ(L) can be equiv-
alently described by the set

Ω := {ω ∈ R : λj(ω) ∈ T for some 1 ≤ j ≤ 4},

where T = {eik; k ∈ (−π, π]} is the unit circle on the complex plane.
For the Hermitian photonic crystals, the eigenvalues λj(ω) (1 ≤ j ≤ 4) of the monodromy

matrix M(ω) obey an additional symmetry when the frequency ω is real. To explore the relation
between these eigevanlues, we introduce the matrix

J =

(
0 Q∗

Q 0

)
∈ C4×4.

Then the quadratic form 1
2 Φ

∗J Φ = Re
(
ExHy −EyHx

)
represents the time-averaged longitudinal

Poynting flux. When the medium coefficient matrices ε(z) and µ(z) are Hermitian, a straightfor-
ward calculation shows that the generator in the ODE system (6a) satisfies

J
(
Q−1A(z)

)
+
(
Q−1A(z)

)∗J = 0 for a.e. z ∈ R, (15)

which implies that d
dz

(
Φ∗JΦ

)
= 0 for the solution of (6a) with real ω.

Lemma 4. Assume ε(z) = ε∗(z) and µ(z) = µ∗(z), and let ω ∈ R. Then the following holds:

(i) The monodromy matrix M(ω) satisfies M(ω)∗ J M(ω) = J .

(ii) If λ is an eigenvalue of M(ω), then 1/λ̄ is also an eigenvalue of M(ω) with the same algebraic
multiplicities.

Proof. Let G(z) := ωQ−1A(z). Then in view of (7), there holds

d

dz
Tω(z, 0) = G(z) Tω(z, 0), Tω(0, 0) = I.

Since ω ∈ R, the identity (15) gives G(z)∗J + JG(z) = 0 for a.e. z. Therefore,

d

dz

(
Tω(z, 0)∗ J Tω(z, 0)

)
= Tω(z, 0)∗

(
G(z)∗J + JG(z)

)
Tω(z, 0) = 0,

as such Tω(z, 0)∗J Tω(z, 0) is constant in z. By evaluating Tω(z, 0)∗J Tω(z, 0) at z = 1 and z = 0,
respectively, we obtain

M(ω)∗J M(ω) = J . (16)
Recall that detM(ω) = 1, the relation (16) may be rewritten as

J M(ω) =
(
M(ω)∗

)−1J . (17)

Let (λ,v) with v ∈ C4 \ {0} be an eigenpair of M(ω) such that M(ω)v = λv. Applying J and
using the relation (17), we obtain(

M(ω)∗
)−1

(J v) = J
(
M(ω)v

)
= λ (J v).

It follows that λ is an eigenvalue of
(
M(ω)∗

)−1, which further implies that 1/λ̄ is also an eigenvalue
of M(ω). Since J is invertible, it maps the eigenspace of λ isomorphically onto that of 1/λ̄. Hence
the eigenvalues λ and 1/λ̄ share the same algebraic multiplicity.
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2.2.2 Hermitian photonic crystals with spectral reciprocity

Definition 5. A photonic crystal is said to attain spectral reciprocity if ωn(k) = ωn(−k) holds
for any k ∈ B and n ∈ N+. Otherwise, the spectrum of the photonic crystal is called non-reciprocal.

We first consider the Hermitian photonic crystal for which the system (6) attains the spectral
reciprocity. In general, the spectral reciprocity holds when the symmetry group of the period
medium attains a certain operation g such that gΦ(k, ·) = Φ(−k, ·).

Example 1. (spatial inversion symmetry): ε(z) = ε(−z), µ(z) = µ(−z): Let k ∈ B and (ω,Φ(k; z))

be an eigenpair of (6), then it can be verified that Φ̃(k; z) :=
(
E(−k;−z),−H(−k;−z)

)T satis-
fies (6a) with the boundary condition Φ̃(k; 1) = eikΦ̃(k; 0). Hence (ω, Φ̃(k; z)) is an eigenpair of (6).

Example 2. (time-reversal symmetry): ε(z) = ε(z) and µ(z) = µ(z). Time-reversal symme-
try says that if {E(z, t),H(z, t)} is a solution of the time-dependent Maxwell’s equations, so is
{E(z,−t),−H(z,−t)}. Note that for the time-harmonic electromagnetic field that satisfies (6),
using the quasi-periodic condition Φ(k; z + 1) = eikΦ(k; z), the Bloch mode can be expressed as
Φ(k; z) = eikzU(k; z), where (

d

dz
+ ik

)
U(k; z) = ωQ−1A(z)U(k; z), (18a)

U(k; 1) = U(k; 0). (18b)

Let (ω,U(k; z)) be an eigenpair of (18), where U(k; z) = [u1(k; z),u2(k; z)]
T . Then the time-

reversal symmetry implies that (ω,V(−k; z)) is an eigenpair of (18) for −k, where V(−k; z) =
[u1(k; z),−u2(k; z)]

T .

2.2.3 Hermitian photonic crystals breaking the spectral reciprocity

From the discussion in the previous subsection, in order to break the spectral reciprocity of the
photonic crystal, one needs to break the spatial inversion symmetry and time-reversal symmetry
of the system. The former can be achieved by using more than two layers with different medium
parameters, and the latter can be achieved by using magnetic photonic crystals [11].

To this end, we introduce the so-called A and F layers as follows. The A layers are made of a
non-magnetic dielectric material with anisotropy over the xy plane:

εA(δ, φ) =

ε0 + δ cos(2φ) δ sin(2φ) 0
δ sin(2φ) ε0 − δ cos(2φ) 0

0 0 εzz

 , µA = I. (19)

The tensor εA is real valued, where the parameter δ describes the magnitude of in-plane anisotropy,
while the angle φ defines the orientation of the principal axes of tensor εA on the xy plane. The F
layers are ferromagnetic with magnetization parallel to the z direction, for which the permittivity
and permeability tensors are given by

εF (α) =

 ε̃0 iα 0
−iα ε̃0 0
0 0 εzz

 , µF (β) =

 1 iβ 0
−iβ 1 0
0 0 µzz

 . (20)
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The real parameters α and β are responsible for the magnetic Faraday rotation. It is clear that
εF (α) 6= εF (α) and µF (β) 6= µF (β).

The spectral asymmetry can be achieved by stacking the A and F layers together. Let us
consider a periodic medium for which each periodic cell consists of one F layer sandwiched by
two A layers with different rotations φ1 and φ2. The corresponding medium parameters for the
primitive cell are given by

ε(z) =


εA(δ, φ1), 0 < z < L;
εF (α), L < z < 1− L;
εA(δ, φ2), 1− L < z < 1.

µ(z) =


µA, 0 < z < L;
µF (β), L < z < 1− L;
µA, 1− L < z < 1.

(21)

It the above, it is assumed that φ1 − φ2 6= 0, π2 , and α, β 6= 0. The periodic medium does not
attain the spatial inversion symmetry by using three layers with different medium parameters. The
time-reversal symmetry is also broken by using the F layer. Hence, the corresponding Maxwell’s
operator may achieve spectral non-reciprocity ωn(k) 6= ωn(−k). To illustrate the spectral asymme-
try, let us set ε0 = 13, ε̃0 = 1 in (19) and (20), and consider the following example.

Example 3. Consider a three-layer periodic medium with the permittivity and permeability tensors
in the form of (21), with the parameters δ = 6, φ1 = 0, φ2 = 0.8, α = β = 0.5. The corresponding
monodromy matrix is expressed as a composition of the transfer matrices for the AFA layer as
M(ω) = TA(ω, φ1;L)TF (ω; 1− 2L)TA(ω, φ2;L), where the explicit expression of the A layer and F
layer are given in Appendix B. Solving the characteristic equation (11) for each k ∈ B yields the
band structure of the periodic medium as shown in Figure 1 (Left).

- 0
0

0.2

0.4

0.6

0 0.2 0.4 0.6
-0.12

-0.08

-0.04

0

Figure 1: Band structures of the three-layer periodic media which attain spectral asymmetry.
The permittivity and permeability are given in the form of (21), with δ = 6, φ1 = 0, φ2 = 0.8,
α = β = 0.5. Left: Hermitian photonic crystal with ε0 = 13, ε̃0 = 1; Right: Non-Hermitian
photonic crystal with ε0 = 13 + 5i, ε̃0 = 1.

.

2.3 Band structure of non-Hermitian photonic crystals
When ε(z) 6= ε∗(z) or µ(z) 6= µ∗(z), as is the case, for instance, when the photonic crystal
is composed of lossy materials, the eigenfrequencies of (6) may become complex-valued for each

9



k ∈ B. By Proposition 3, the spectral set Ω(k) can equivalently be characterized in terms of the
monodromy matrix through (12). With the the family of spectral sets {Ω(k) : k ∈ B}, we define
the spectral bands {ωn(k)}∞n=1 such that the following are satisfied:

(i) Each spectral dispersion relation ωn(k) is a continuous function of k;

(ii) mink∈B Reωn(k) ≤ mink∈B Re ωn+1(k) and maxk∈B Re ωn(k) ≤ maxk∈B Re ωn+1(k).

We consider the photonic crystal (ε(z),µ(z)) for which there is no ambiguity to define the dispersion
curves {ωn(k)}∞n=1 with the above criteria.

Remark 2. The spectral dispersion relation ωn(·) defined above is analytic at k for which ωn(k) is
a simple root of the characteristic equation (10). It should also be noted that the labeling of the
spectral bands {ωn(k)}∞n=1 is not unique. Alternatively, the spectral bands may be defined as the
analytic branches of the dispersion relation (10). We refer to Appendix C for details.

The definition of the spectral gap for Hermitian systems can not be extended to non-Hermitian
ones, as the eigenvalues are distributed over the complex plane. For non-Hermitian systems, one
may introduce two different types of complex-energy gaps, the so-called point gap and line gap
[13]. A non-Hermitian system is said to attain a point gap if its dispersion curve forms a loop that
encircles a reference point ωB ∈ C and the crossing the base point defines a gap closing transition.
A line gap, on the other hand, is defined by a line over the complex plane that does not intersect
with the spectral bands of the system. We refer to Figure 2 for an illustration of these two types
of spectral gaps.

                                         

 

 

Re	𝜔 

Im	𝜔 

Re	𝜔 

Im	𝜔 

𝜔! 

Figure 2: Point gap (left) and line gap (right) for the spectrum of non-Hermitian operators.
.

Similar to Hermitian photonic crystals, we distinguish two types of non-Hermitian photonic
crystals:

(i) The spectral reciprocity holds such that ωn(k) = ωn(−k) for all n.

(ii) The spectral reciprocity is broken with ωn(k) 6= ωn(−k) for some n.

Again the spectral reciprocity holds when the symmetry group of the period medium attain an
operation g such that gΦ(k, ·) = Φ(−k, ·). To break spectral reciprocity, one needs to exclude
such operations in the symmetry group of the periodic media, such as the inversion symmetry and
time-reversal symmetry.
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A point gap occurs for a non-Hermitian photonic crystal when the spectrum is non-reciprocal,
since the spectral symmetry ωn(k) = ωn(−k) implies that the spectral band ωn(k) typically forms
a trivial gap with an empty interior region as illustrated in Figure 3 (left). The spectral non-
reciprocity allows the two segments of the dispersion curve, {ωn(k); k ∈ [−π, 0]} and {ωn(k); k ∈
[0, π]}, to not overlap. Furthermore, when

ωn(−π) = ωn(π), (22)

the whole dispersion curve γn := {ωn(k); k ∈ B} forms a closed loop (cf. Figure 3, right).
To demonstrate the existence of point gaps for non-reciprocal and non-Hermitian photonic crys-

tals, let us revisit the three-layer periodic medium with the permittivity and permeability tensors
in the form of (21). We set all the parameters the same as in Example 3, except for perturbing
ε0 from 13 to 13 + 5i for εA such that the system become non-Hermitian. The corresponding
band structure is shown Figure 1 (Right). It is seen that each of the first five bands forms a
closed loop over the complex plane enclosing a non-trivial interior region. As such, each dispersion
curve encircles a reference base point ωB and the non-Hermitian photonic crystal attains point gaps.

                                         

 

 

Re	𝜔 

Im	𝜔 

Re	𝜔 

Im	𝜔 

𝑘 𝑘 

Figure 3: Spectrum of non-Hermitian operators over the complex plane: a trivial gap when ωn(k) =
ωn(−k) (left) and a non-trivial gap when the spectral symmetry is broken (right).

.

Remark 3. In general, the spectral non-reciprocity for one-dimensional photonic crystals can only
be achieved when the medium parameter ε(z) or µ(z) is anisotropic with nonzero off-diagonal
entries, no matter the system is Hermitian or non-Hermitian. This is because the model for the
electromagnetic wave propagation in a one-dimensional isotropic medium is a scalar second-order
ODE for the electric or magnetic field. The corresponding dispersion relation is determined by the
nonlinear equation tr(M(ω)) = 2 cos(k) (see, for instance, [15]), which implies that ω(k) = ω(−k).

Remark 4. When considering the point gap in this work, we assume throughout that the continuous
spectral band ωn(k) satisfies ωn(−π) = ωn(π) so that the dispersion curve γn := {ωn(k); k ∈ B}
itself forms a closed loop in the complex plane. We don’t consider spectral braiding, where two
dispersion curves γn and γm together form a closed loop in the complex plane [20].
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3 Spectral topology and skin modes in non-Hermitian photonic
crystals

In this section, we investigate the skin modes in semi-infinite photonic crystals for which the
dispersion curves for the quasi-periodic problem (6) attain point gaps. Based on the discussions in
the previous section, we consider non-Hermitian and non-reciprocal photonic crystals such that the
spectrum lies on the complex plane and the dispersion curves enclose nontrivial interior regions. We
show that the eigenfrequencies for the skin modes are closely related to the winding directions of the
dispersion curves. In addition, the winding number of each dispersion curve can be characterized
by a new topological invariant defined in terms of the eigenvalues of the underlying monodromy
matrix.

3.1 Topological index for the spectral gap
Consider a photonic crystal with the medium parameter (ε(z),µ(z)). Let T := {eik; k ∈ (−π, π]}
be the Brillouin zone over the complex plane. For convenience of notation, for each ξ ∈ T, we
rewrite the eigenvalue problem (6) as

d

dz
Φ(ξ; z) = ω(ξ)Q−1A(z)Φ(ξ; z), (23a)

Φ(ξ; z + 1) = ξΦ(ξ; z). (23b)

The union of dispersion curves and their complement are denoted by

Γ =
∞⋃
n=1

γn and Γc = C\Γ.

If the dispersion curve γn is a closed loop in the complex plane, the corresponding dispersion relation
may be viewed as a function from T to C, which, with the abuse of notation, is still denoted by ωn.
In this scenario, we may express the dispersion curve as

γn = ωn(T).

For any ω ∈ C, let λj(ω) (j = 1, 2, 3, , 4) be the eigenvalue branches of the monodromy matrix
M(ω) for the periodic medium that are defined in (41). We introduce an index at ω as

Ind(ω) = 1

2

(
#{i : |λi(ω)| < 1} −#{i : |λi(ω)| > 1}

)
.

Remark 5. In view of Proposition 3, if ω ∈ Γc, there holds |λj(ω)| 6= 1 for j = 1, 2, 3, 4. In addition,
since

∏4
j=1 λj(ω) = 1, at most three eigenvalues lie inside or outside the unit circle. Therefore,

Ind(ω) can only take the value 0 or ±1 for ω ∈ Γc.

The union of dispersion curves Γ divides the complex plane into connected components. Let D
be one connected component in Γc, we first show that Ind(ω) is invariant for ω ∈ D. Before we
prove the statement, we need the following result regarding the perturbation of the eigenvalues for
matrices.
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Let X = {x1, x2, . . . , xm} and Y = {y1, y2, . . . , ym} be two unordered m-tuples of complex
numbers. The optimal matching distance between X and Y is defined as

d(X,Y ) = min
π∈Sm

max
1≤i≤m

|xi − yπ(i)|, (24)

where Sm is the symmetric group of degree m, representing all permutations of {1, 2, · · · ,m}.

Lemma 6. ([9]) For A,B ∈ Cm×m with the eigenvalues ΛA :=
{
λA
1 , λ

A
2 , · · · , λA

m

}
and ΛB :={

λB
1 , λ

B
2 , · · · , λB

m

}
respectively, there holds

d(ΛA,ΛB) ≤ mC1−1/m‖A−B‖1/m, C = 2max{‖A‖, ‖B‖}.

Lemma 7. Let D be a connected component of Γc. The value of Ind(ω) is independent of the
choice of ω ∈ D.

Proof. We only need to show that index Ind(ω) is locally invariant for ω ∈ D. Take an arbitrary
ω0 ∈ D.

Case 1. ω0 is not a branch point of the four eigenvalue functions λj(ω) (j = 1, 2, 3, 4). Then the
values λj(ω0) are pairwise distinct. Note that each eigenvalue λj(ω0) has modulus either strictly
less than 1 or strictly greater than 1. By the standard perturbation theory [12], for ω sufficiently
close to ω0, the four eigenvalue branches λj(ω) can be chosen continuously. Hence the quanti-
ties |λj(ω)| vary continuously in the small neighborhood of ω. As such, since |λj(ω0)| 6= 1, the
function |λj(ω)| − 1 has constant sign for all ω sufficiently close to ω0. Consequently, the counts
#{i : |λi(ω)| < 1} and #{i : |λi(ω)| > 1} is locally constant near ω0, so is the index function Ind(ω).

Case 2. ω0 is a branch point of the four eigenvalue functions λj(ω). Then the monodromy matrix
M(ω) has eigenvalues with algebraic multiplicity strictly greater than one at ω0. Although the
individual eigenvalue branch need not admit continuous parameterizations near ω0, by virtue of
Lemma 6, the eigenvalue set {λ1(ω), λ2(ω), λ3(ω), λ4(ω)} depends continuously on ω with respect
to the optimal matching metric d.

Recall that for ω0 ∈ D ⊂ Γc, the entire eigenvalue multiset stays at a strictly positive distance
from T (cf. Remark 5) and D is a connected component of Γc. We concludes that in a neighborhood
of ω0, no eigenvalue crosses T. As such #{i : |λi(ω)| < 1} and #{i : |λi(ω)| > 1} are locally constant
in ω. This proves the index Ind(ω) is locally invariant.

In view of Lemma 7, for a given connected component D ⊂ Γc, we define a component index
associated with D by

Ind(D) = Ind(ω), ω ∈ D.

It is clear that Ind(D) is well-defined.
Definition 8. We call that a connected component D of Γc is a principal gapped component if

Ind(D) = 0.
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3.2 Homotopy invariance of Ind(D) for the principal gapped component
We view the non-Hermitian photonic crystal (ε(z),µ(z)) as a continuous deformation from a Her-
mitian photonic crystal (εH(z),µH(z)) whose spectrum is real. More precisely, we introduce two
continuous functions

hε, hµ : R× [0, 1] → C2×2,

such that for all z ∈ R,

hε(z; 0) = εH(z), hµ(z; 0) = µH(z), hε(z; 1) = ε(z), hµ(z; 1) = µ(z).

Throughout, we require that (hε(·; t), hµ(·; t)) remains within the same coefficient class. More
precisely, for each t ∈ [0, 1], the tensors hε(·; t) and hµ(·; t) are 1-periodic in z, bounded, piecewise
continuous, retain the transverse block structure, and depend continuously on t in the L∞ norm.
This guarantees that the Floquet–Bloch transform and the monodromy matrix M(ω; t) is well
defined for each t. Moreover, since the transfer matrix Tω(z, 0) solves the Volterra equation

Tω(z, 0) = I +

∫ z

0
ωQ−1A(s; t)Tω(s, 0) ds.

A Gronwall estimate shows that t 7→ M(ω; t) is continuous in (ω, t) over a compact set. Conse-
quently the eigenvalue multiset {λj(ω; t)} is jointly continuous in (ω, t) with respect to the optimal
matching metric (24).

For each t ∈ [0, 1], the t-dependent band diagram and its complement are given by

Γt =

∞⋃
n=1

γn,t and Γc
t = C\Γt. (25)

Let λj(ω; t) (j = 1, 2, 3, 4) be the eigenvalue branches of the monodromy matrix M(ω; t) for
the periodic medium (hε(z; t), hµ(z; t)) that are defined in (41). For each connected component
Dt ⊂ Γc

t , we denote the t-dependent index component by

Ind(Dt; t) :=
1

2

(
#{i : |λi(ω; t)| < 1} −#{i : |λi(ω; t)| > 1}

)
, ω ∈ Dt.

We first show that Γc
0 is a principal gapped component for the Hermitian medium (εH(z),µH(z))

under the following assumption.

Assumption 9. The spectrum of the Hermitian photonic crystal (εH(z),µH(z)) contains a band
gap. As a result, the set Γc

0 is a connected and unbounded domain in the complex plane.

Theorem 10. Under Assumption 9, Γc
0 is principal gapped component, i.e., Ind(Γc

0; 0) = 0.

Proof. By Assumption 9, there exists a real frequency ω∗ lying in a spectral gap of the Hermitian
system. Since Γc

0 is connected and the index is constant on each connected component by Lemma
7, it suffices to compute Ind(ω∗; 0).

From Proposition 3, no eigenvalue of M(ω∗; 0) lies on the unit circle T, i.e., |λj(ω∗; 0)| 6= 1 for
j = 1, 2, 3, 4. Furthermore, by virtue of Lemma 4, the eigenvalues occur in reciprocal-conjugate
pairs {λ, 1/λ̄}. Namely, one of this pair lies inside T and the other lies outside T. Hence, exactly
two eigenvalues of M(ω∗; 0) satisfy |λ(ω∗; 0)| < 1 and exactly two satisfy |λ(ω∗; 0)| > 1. Therefore,
we conclude that Ind(Γc

0; 0) = 0.
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Theorem 11. Consider the periodic media
(
hε(·, t), hµ(·, t)

)
with

(
hε(·, 0), hµ(·, 0)

)
= (εH(z),µH(z))

and
(
hε(·, 1), hµ(·, 1)

)
= (ε(z),µ(z)). Let Γt and Γc

t be the union of the corresponding dispersion
curves and their complement. Given a connected component D ⊂ Γc

1. If Assumption 9 holds for(
hε(·, 0), hµ(·, 0)

)
, and there exists a continuous curve g : [0, 1] → C such that

(i) For each 0 ≤ t ≤ 1, g(t) ∈ Γc
t .

(ii) g(1) ∈ D ⊂ Γc
1;

Then D is a principal gapped component, i.e. Ind(D; 1) = 0.

Proof. For each 0 ≤ t ≤ 1, we define a component index function

G(t) =
1

2

(
#{i : |λi(g(t); t)| < 1} −#{i : |λi(g(t); t)| > 1}

)
.

By Theorem 10, we have G(0) = 0; thus, to show that G vanishes identically, it suffices to establish
that it is locally constant on [0, 1]. To this end, we fix t0 ∈ [0, 1] and show that G(t) is constant for
t sufficiently close to t0.

First, since g(t) ∈ Γc
t , in view of Proposition 3, |λj(g(t0); t0)| < 1 or |λj(g(t0); t0)| > 1 holds for

any j ∈ {1, 2, 3, 4}. Using the perturbation theory in Lemma 6 for the monodromy matrix M(g(t); t)
and the continuous deformation of the medium parameters (hε(·; t), hµ(·; t)), the eigenvalue set
{λj(g(t); t) : j = 1, 2, 3, 4} is continuously in t with respect to the optimal matching metric d
when t is sufficiently close to t0. In particular, when g(t0) is not a branch point of {λj(g(t); t),
each of the four eigenvalue branches λj(g(t); t) is continuous for t near t0. Therefore, the counts
#{i : |λi(g(t); t)| < 1} and #{i : |λi(g(t); t)| > 1} are locally constant in t, so is G(t). This
completes the proof of the lemma.

Remark 6. The function ω := g(t) in the above theorem describes the evolution of the frequency
ω on the complex plane, starting from the initial value g(0) = ω∗. Assumptions (i) and (ii)
require that, throughout the continuous deformation of the medium parameters (hε(·; t), hµ(·; t))
for t ∈ [0, 1], the trajectory ω = g(t) remains in the complement of the dispersion curves Γt.

                                         

𝛾!,# 𝛾$,# 
𝛾%,# 

𝜔 = 𝑔(𝑡) 

𝜔∗ = 𝑔(0) 
𝑡 = 0 

𝑡 > 0 

𝛾!,' 𝛾$,' 𝛾%,' 

Figure 4: The evolution of the frequency ω := g(t) on the complex plane, starting from the initial
value g(0) = ω∗.

.
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3.3 Jump of Ind(D) across the dispersion curve
The dispersion curves Γ1 for the periodic medium (ε(z),µ(z)) divide the whole complex plane into
connected components (cf. Figure 5). Let us consider a closed dispersion curve γn, which is the
image of the n-th continuous dispersion function ωn : T → C. γn partitions the complex plane
into a set of disjoint connected components. Among them, there exists one unique unbounded
connected component De

n and a finite number of bounded components Di
n (i = 1, 2, · · · , i0). We

assume that each Di
n is a Jordan domain bounded by a Jordan curve γin ⊂ γn that is smooth

everywhere except at finitely many corners. In addition, for m 6= n, γim 6= γin as sets. For a given
smooth point ζ ∈ γin, we define the outward unit normal ν(ζ) as the one that points into the
unbounded domain De

n.
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Figure 5: A schematic plot of dispersion curves γ1, γ2, γ3, · · · for the non-Hermitian photonic
crystal. Each dispersion curve γn forms a finite number of bounded components Di

n (i = 1, 2, · · · , i0)
over the complex plane. D ⊂ Γc

1 is a connected component in the complement of the dispersion
curves.

.

For the simple closed curve γin, we say that it is oriented counterclockwise (or positively
oriented) if the mapping ωn preserves the counterclockwise orientation of the unit circle T for
ωn(ξ) ∈ γin. More precisely, let ξ0 = (cos(k0), sin(k0)) ∈ T be such that ωn(ξ0) is a smooth point of
γin. Let τ = (− sin(k0), cos(k0)) be the unit tangent vector to T at ξ0, and ω′

n(ξ0)v be the tangent
vector to the curve γin at the point ζ0 = ωn(ξ0). The curve γin is oriented counterclockwise if the
outward normal ν(ζ0) points in the direction of rotating the tangent vector ω′

n(ξ0)v clockwise by
π/2. Otherwise, the curve γin is said to be oriented clockwise (or negatively oriented).

Let D be a connected component in Γc
1. For instance, one may set D =

∞⋂
n=1

De
n if the intersection

of all De
n is connected. Let the assumptions in Theorem 11 hold, namely, the periodic medium

(ε(z),µ(z)) can be deformed continuously from a Hermitian medium with a spectral gap and there
exists a continuous function g(t) such that the trajectory ω = g(t) remains in the complement of
the dispersion curves Γt and g(1) ∈ D. Then

D is a principal gapped component with Ind(D) = 0. (26)

In this subsection, we study the topological index of a bounded connected component Di
n that

is adjacent to the principal gapped component D. Our main result is that the topological index
attains a jump when crossing the dispersion curve γn from D to Di

n. We first give the winding
number of the dispersion curve γn.
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Theorem 12. Assume that γn = ωn(T) is a closed dispersion curve and does not intersect with
other dispersion curves γm for m 6= n. Further assume that ωn(·) can be extended analytical near
T. Let Di

n be a Jordan domain partitioned by γn, with the boundary given by the simple closed
curve γin. If γin is positively oriented, then the winding number

W (γn;ωB) =
1

2πi

∫
ξ∈T

dωn(ξ)

ωn(ξ)− ωB
= 1

for ωB ∈ Di
n. If γin is negatively oriented, then the winding number W (γn, ωB) = −1 for ωB ∈ Di

n.

Proof. This is the consequence of the standard argument principle together with the additivity of
winding numbers and the orientation convention. We give the proof when γin is positively oriented,
and the proof is similar when γin is negatively oriented. If ωn(ξ) is injective for ξ ∈ T, then γn is a
simple closed curve on the complex plane and there holds γn = γ1n. By the Jordan Curve Theorem,
γ1n divides the complex plane into a bounded component D1

n and an unbounded component C\D1
n.

Since the mapping ωn(z) is orientation preserving, the winding number W (γn;ωB) = W (γ1n;ωB) = 1
for any ωB ∈ Di

n.
If ωn(ξ) is not injective for ξ ∈ T, then γn = ωn(T) can be decomposed as a finite union of

Jordan curves γn = ∪i0
j=1γ

j
n with each Jordan curve γjn enclosing a domain Dj

n. For any ωB in Di
n,

it is clear that the winding number W (γin;ωB) = 1 and W (γjn;ωB) = 0 for j 6= i, since ωB ∈ Di
n

lies in the exterior of the domain enclosed by γjn. Therefore, W (γn, ωB) =
∑i0

j=1W (γjn;ωB) = 1.

Next, we investigate the topological index of the bounded component Di
n.

Theorem 13. Let Di
n be a Jordan domain partitioned by γn as in Theorem (12), with the boundary

given by the simple closed curve γin, and D ⊂ Γc
1 be a principle gapped component that satisfies

(26). Assume that

(i) There exists ξ0 ∈ T such that ζ0 = ωn(ξ0) ∈ γin is a smooth point of γn with a well-defined
outward unit normal vector ν. Additionally, ζ0 + tν ∈ D and ζ0 − tν ∈ Di

n for sufficiently
small t > 0.

(ii) The function ωn(ξ) defined via (23) is analytic at ξ0.

If γin is positively oriented, then

Ind(Di
n; 1) = W (γn;ωB) = 1 for ωB ∈ Di

n.

Otherwise,
Ind(Di

n; 1) = W (γn;ωB) = −1.

Remark 7. A sufficient condition for Assumption (ii) in the theorem above is that (ζ0, ξ0) is a simple
zero of P (ω, ξ) := det(M(ω)− ξI). The corresponding eigenvalue is simple and separated from the
others. The analyticity of ωn(ξ) then follows from the analytic implicit function theorem and the
perturbation theory [12].

Proof. We assume that γin is positively oriented.
Step 1. Since ωn(ξ) is analytic at ξ0, we may expand ωn(ξ) as

ωn(ξ) = ωn(ξ0) +

∞∑
m=1

αn(ξ − ξ0)
m.
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Note that ζ0 = ωn(ξ0) is a smooth point of γn, we deduce that ω′
n(ξ0) 6= 0. As such ωn(ξ) is a

conformal mapping at ξ0 and ωn(ξ) is locally injective at ξ0.
Let τ = (− sin(k0), cos(k0)) and ν = (cos(k0), sin(k0)) be the unit tangent and normal vectors

to T at ξ0 respectively. Then at ζ0 = ωn(ξ0) ∈ γin, the normal vector ω′
n(ξ0) · ν to the curve γn is

obtained by rotating the tangent vector ω′
n(ξ0) · τ clockwise by π/2. Since γin is positively oriented,

or the mapping ωn(ξ) preserves the orientation on T for z near ξ0, we deduce that the normal
vector ω′

n(ξ0) · ν points into the unbounded exterior domain C\Di
n. In view of the assumption (i),

this implies that for sufficiently small t > 0,

ωn(ξ0 + tν) ∈ D and ωn(ξ0 − tν) ∈ Di
n (27)

respectively.
Step 2. Computing Ind(Di

n; 1). Recall that ωn(z) is a conformal mapping at ξ0. There exists
an inverse map near ζ0, which we denote by f : B(ζ0, δ0) → B(ξ0, η0). By virtue of (27), we have

f
(
B(ζ0, δ0) ∩D

)
⊂ B(ξ0, η0) ∩ {ξ : |ξ| > 1} (28)

and
f
(
B(ζ0, δ0) ∩Di

n

)
⊂ B(ξ0, η0) ∩ {ξ : |ξ| < 1}. (29)

Since Ind(D) = 0 implies that there are exactly two eigenvalues of the monodromy matrix M(ω),
say λ1(ω) and λ2(ω), that attain modulus strictly greater than 1 for ω ∈ D. From (28), we see that
the mapping f coincides with one of these two eigenvalue functions. Without loss of generality,
let us assume that f(ω) = λ1(ω) for ω ∈ B(ζ0, δ0). In view of (29), there holds |λ1(ω)| < 1 for
ω ∈ B(ζ0, δ0) ∩ Di

n. On the other hand, due to the uniqueness of the inverse map f in B(ζ0, δ0),
we deduce that

|λ2(ω)| > 1, |λ3(ω)| < 1, |λ4(ω)| < 1 (30)

for ω ∈ B(ζ0, δ0). We conclude that
Ind(Di

n; 1) = 1.

Following the parallel lines, it can be shown that Ind(Di
n; 1) = −1 when γin is negatively

oriented.

The above theorem gives the topological index of a Jordan domain Di
n, which is enclosed by a

single dispersion curve γn and does not intersect with other dispersion curves. This result extends
to the more general setting in which the dispersion curves are allowed to intersect, as stated in the
following corollary.

Corollary 14. Assume that γn = ωn(T) is a closed dispersion curve, and that ωn(·) can be extended
analytically near T. Let Di

n be a Jordan domain partitioned by γn with the simple closed curve
γin ⊂ γn as its boundary. Assume that γn ∩ γm 6= ∅ for some m 6= n. Let

D̃ ⊂ Di
n\

⋃
m ̸=n

Dm

be a connected component adjacent to the principal gapped component D through a regular point of
γin satisfying the assumptions (i)(ii) in Theorem 13. Then

Ind
(
D̃; 1

)
= W (γn;ωB) = 1 for ωB ∈ D̃
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when γin is positively oriented, and

Ind
(
D̃; 1

)
= W (γn;ωB) = −1 for ωB ∈ D̃

when γin is negatively oriented. In the above, Dm =

im0⋃
i=1

Di
m is the set of all bounded domains

partitioned by the dispersive curve γm.

The proof for the corollary is similar to the proof of Theorem 13. It is clear that (28) still holds,
and (29) holds with Di

n replaced by D̃. As such, one can still conclude that only three eigenvalues
attain modulus smaller than 1 in the component D̃ when γin is positively oriented.

Remark 8. In the one-dimensional setting considered in this work, the domain partitioned by γn
cannot have a winding number greater than or equal to two. To illustrate this, let us consider the
positively oriented dispersion curve γn shown in Figure 6, which partitions the complex plane into
the three regions D1

n, D2
n, and De

n. The component D2
n is a higher-winding component with

W (γn;ωB) = 2 for ωB ∈ D2
n.

An extension of the argument in Theorems 13 by using the conformal mapping would show that
Ind(D2

n) = 2, which contradicts with the fact that Ind(D2
n) ∈ {0,±1} (cf. Remark 5).
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Figure 6: The domains enclosed by γn are not Jordan domains.
.

3.4 Skin modes in semi-infinite photonic crystals with non-trivial spectral topol-
ogy

We consider a semi-infinite photonic crystal sitting in the interval I− := (−∞, 0) or I+ := (0,∞).
For z ∈ I±, the medium parameter is given by (ε(z),µ(z)), and the ambient medium outside the
photonic crystal is assumed to be vacuum. The corresponding spectral problem is formulated as
finding (ω,Φ) ∈ C× (L2(I±))

4 such that

d

dz
Φ(z) = ωQ−1A(z)Φ(z), z ∈ I±; (31a)

Φ(0) =

(
E0(0)
H0(0)

)
. (31b)
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In the above, {E0(z),H0(z)} is the outgoing electromagnetic wave in the ambient medium. More
explicitly, {E0(z),H0(z)} can be expressed as(

E0(z)
H0(z)

)
=

(
c1
c2

)
eik0z and

(
E0(z)
H0(z)

)
=

(
c1
c2

)
e−ik0z

for z > 0 and z < 0 respectively. In the above, k0 := ω/c is the wavenumber in the vacuum, and
c1, c2 ∈ C2 are constant vectors that satisfy

c2 = Qc1 and c2 = −Qc1 (32)

when z > 0 and z < 0 respectively.
The corresponding infinite periodic problem is given by (23), which attains the dispersion curves

{γn}n∈N+ over the complex plane. We consider ω ∈ C that is located in one of bounded domains
partitioned by the dispersion curve γn. For clarity of presentation, let us assume that γn ∩ γm = ∅
for m 6= n, and consider ω ∈ Di

n, where Di
n is a Jordan domain for which Theorem 13 applies.

Then the eigenvalues of the semi-infinite problem (31) are described in the following theorem. Note
that the assumption on the non-intersection of the dispersion curves is not essential as long as we
restrict ω to a smaller domain Di

n\
⋃

m ̸=nDm; we refer to Corollary 14 and Remark 11 for the
discussions of this scenario.

Theorem 15. Let Di
n be a Jordan domain partitioned by γn as in Theorem (12).

(i) If
Ind(Di

n; 1) = W (γn;ωB) = 1 for ωB ∈ Di
n, (33)

then each ω ∈ Di
n is an eigenvalue for the semi-infinite problem (31) defined over the interval

I+, as long as ω is not a branch point of λj(ω) (j=1,2,3,4) for the monodromy matrix M(ω).
The corresponding eigenfunction Φ(z) decays exponentially as z → ∞.

(ii) If
Ind(Di

n; 1) = W (γn;ωB) = −1 for ωB ∈ Di
n, (34)

then each ω ∈ Di
n is an eigenvalue for the semi-infinite problem (31) defined over the interval

I−, as long as ω is not a branch point of λj(ω) (j=1,2,3,4) for the monodromy matrix M(ω).
The corresponding eigenfunction Φ(z) decays exponentially as z → −∞.

Remark 9. By virtue of Theorem 12, under suitable assumptions, (33) and (34) hold when γin, the
boundary of the Di

n, is positively and negatively oriented respectively. Hence, the above theorem
relates the existence of the skin modes for the semi-infinite problem (31) with the winding direction
of γin.

Proof. If Ind(Di
n; 1) = 1, there exist three eigenvalues of the monodromy matrix M(ω) with modu-

lus smaller than 1, and one eigenvalue with modulus larger than 1. Furthermore, ω is not a branch
points of λj(ω) (j=1,2,3,4). Therefore, without loss of generality, we have

|λ1(ω)| < |λ2(ω)| < |λ3(ω)| < 1 < |λ4(ω)|.

Let Φj := [Ej ,Hj ]
T be the corresponding eigenvectors of M(ω) for j = 1, 2, 3, 4. We choose the

initial value of Φ(z) at z = 0 as the linear combination:

Φ(0) = α1Φ1 + α2Φ2 + α3Φ3. (35)
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Then the solution of the ODE system (31a) with the above initial value takes the following form
at z = n:

Φ(z) = α1λ
n
1Φ1 + α2λ

n
2Φ2 + α3λ

n
3Φ3, (36)

which decays exponentially as n → ∞. We only need to show that there exists α1, α2, and α3 such
that the initial condition (31b) is satisfied. In view of (32), this boils down to solving the following
linear system of two equations:

Bα = 0, where B = [H1,H2,H3] +Q [E1,E2,E3] ∈ C2×3. (37)

The above linear system attains at least one solution α := [α1, α2, α3]
T ∈ C3. This proves that ω

is an eigenvalue of the problem (31), with the corresponding eigenfunction decaying in the form of
(36).

The argument is similar when Ind(Di
n; 1) = −1. Now three eigenvalues of M(ω) attain modulus

larger than 1, and one eigenvalue has modulus smaller than 1. By ordering them as

|λ4(ω)| < 1 < |λ1(ω)| ≤ |λ2(ω)| ≤ |λ3(ω)|,

we express the solution at z = −n as Φ(−n) =
∑3

j=1 αjλ
−n
j Φj , which decays exponentially as n →

∞. The continuity condition in (32) again yields a linear system Bα = 0 with B = [H1,H2,H3]−
Q[E1,E2,E3] ∈ C2×3, which admits a nontrivial solution. This proves the theorem.

Remark 10. Theorem 15 holds if other bound boundary conditions are imposed. For instance, if
the photonic crystal is terminated with a perfect electric or magnetic conducting wall at z = 0,
which gives

E(0) = 0 and H(0) = 0,

for the initial condition (31b), respectively. Similarly, one can find the initial value in the form of
(35) that satisfies the above boundary condition.

Remark 11. If γn ∩ γm 6= ∅ for some m 6= n, then Theorem 15 holds on any connected component
D̃ ⊂ Di

n\
⋃

m ̸=nDm for which Corollary 14 applies. More specifically, ω is an eigenvalue of (31)
over the interval I+ and I− when

Ind(D̃; 1) = 1 and Ind(D̃; 1) = −1

respectively.

We now state the bulk-edge correspondence, which relates the lower bound and the exact number
of skin modes to the bulk topological invariant.

Proposition 16. (Bulk-edge correspondence) Let Di
n be a Jordan domain partitioned by γn as

in Theorem (12). Set s := Ind(Di
n; 1) and assume that s = ±1. For each non-branch-point ω ∈ Di

n

that is the eigenvalue for (31), the dimension of the eigensapce is at least 1, and this lower bound
is independent of rank(B). If rank(B) = 2, then the dimension of the eigenspace is exactly 1.

Proof. We assume that s = 1. From the proof of Theorem 15, by expressing the skin mode Φ(z)
as (36), the spectral problem (31) reduces to solving the linear system (37). Since B ∈ C2×3, there
holds dimkerB ≥ 1, regardless of the rank of B. If rank(B) = 2, then dimkerB = 1.
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Appendix A Roots of quartic functions
Consider solving a quartic equation

λ4 + a3λ
3 + a2λ

2 + a1λ+ a0 = 0. (38)

Following the Ferrari method and introducing λ = z− a3
4 , the quartic equation (38) can be reduced

to the depressed quartic equation

z4 + b2z
2 + b1z + b0 = 0, (39)

where

b2 = a2 −
3

8
a23; b1 = a1 −

1

2
a2a3 +

1

8
a33; b0 = a0 −

1

4
a1a3 +

1

16
a2a

2
3 −

3

256
a43.

It can be shown that if w solves the cubic polynomial

w3 + 2b2w
2 + (b22 − 4b0)w − b21 = 0, (40)

then the depressed quartic function in (39) can be decomposed as the product of two quadratic
functions: (

z2 +
b2
2

+
w

2
+
√
wz − b1

2
√
w

)
·
(
z2 +

b2
2

+
w

2
−
√
wz +

b1
2
√
w

)
= 0.

Thus one can obtain the solutions of the quartic equation by solving the two quadratic equations
above:

λ1,0 =
a3
4

−
√
w

2
+

√
u+

2
, λ2,0 =

a3
4

−
√
w

2
−

√
u+

2
,

λ3,0 =
a3
4

+

√
w

2
+

√
u−

2
, λ4,0 =

a3
4

+

√
w

2
−

√
u−

2
,

(41)

where
u± := −2b2 − 2w ± 2b1/

√
w.

In the above, w can be expressed explicitly using the cubic formula:

w = −1

3

(
2b1 + v +

∆0

v

)
, v =

1
3
√
2
· 3

√
∆1 +

√
∆1 − 4∆3

0, (42)

where
∆0 = a22 − 3a1a3 + 12a0, ∆1 = 2a32 − 9a1a2a3 + 27a0a

2
3 + 27a21 − 72a0a2.

In particular, w above is chosen to be a real root of (40) when aj are real. The discriminant of the
quartic function is defined as ∆ = −∆1−4∆2

0
27 .
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Appendix B Transfer matrices for the constant media
It can be computed that the transfer matrix for the A layer takes the following form ([11]):

TA(ω;L) =


t2ρ1 + t̃2ρ2 tt̃(ρ1 − ρ2) itt̃

(
ρ̃2n

−1
2 − ρ̃1n

−1
1

)
it2ρ̃1n

−1
1 + it̃2ρ̃2n

−1
2

tt̃(ρ1 − ρ2) t̃2ρ1 + t2ρ2 −
(
it2ρ̃1n

−1
1 + it̃2ρ̃2n

−1
2

)
itt̃

(
ρ̃1n

−1
1 − ρ̃2n

−1
2

)
itt̃ (ρ̃2n2 − ρ̃1n1) −(it2ρ̃1n1 + it̃2ρ̃2n2) t̃2ρ1 + t2ρ2 tt̃(ρ2 − ρ1)
it2ρ̃1n1 + it̃2ρ̃2n2 itt̃ (ρ1n1 − ρ2n2) tt̃(ρ2 − ρ1) t2ρ1 + t̃2ρ2

 ,

where
n1 =

√
ε0 + δ, n2 =

√
ε0 − δ;

ρ1 = cos(n1ωL), ρ2 = cos(n2ωL), t = cos(φ);

ρ̃1 = sin(n1ωL), ρ̃2 = sin(n2ωL), t̃ = sin(φ).

The transfer matrix for the F layer is

TF (ω;L) =
1

2


σ1 + σ2 i(σ1 − σ2) σ̃1m̃

−1
1 − σ̃2m̃

−1
2 iσ̃1m̃

−1
1 + iσ̃2m̃

−1
2

i(σ2 − σ1) σ1 + σ2 −i(σ̃1m̃
−1
1 + σ̃2m̃

−1
2 ) σ̃1m̃

−1
1 − σ̃2m̃

−1
2

m̃2σ2 − m̃1σ1 −i(m̃1σ1 + m̃2σ2) σ1 + σ2 i(σ1 − σ2)
i(m̃1σ1 + m̃2σ2) m̃2σ2 − m̃1σ1 i(σ2 − σ1) σ1 + σ2

 ,

where
m1 =

√
(ε̃0 + α)(1 + β), m2 =

√
(ε̃0 − α)(1− β);

m̃1 =
√

(ε̃0 + α)/(1 + β), m̃2 =
√
(ε̃0 − α)/(1− β);

σ1 = cos(m1ωL), σ2 = cos(m2ωL);

σ̃1 = sin(m1ωL), σ̃2 = sin(m2ωL).

Appendix C Another definition of the spectral bands for non-
Hermitian photonic crystals

Let ξ = eik ∈ T be an eigenvalue of the monodromy matrix M(ω). In view of the characteristic
equation (10) and (11), the eigenfrequencies ω for the spectral problem (6) satisfy

P (ω, ξ) := det
(
M(ω)− ξ I

)
= ξ4 + a3(ω)ξ

3 + a2(ω)ξ
2 + a1(ω)ξ + 1 = 0.

Since M(ω) is entire in ω, the function P , which is a polynomial in ξ, is holomorphic in (ω, ξ) ∈
C × C∗, where C∗ := C\{0}. Define Σ :=

{
(ω, ξ) ∈ C × C∗ : P (ω, ξ) = 0

}
. It is clear that the

spectrum of the differential operator L in (6) is given by

σ(L) :=
{
ω ∈ C : ∃ ξ ∈ T such that (ω, ξ) ∈ Σ

}
.

For each fixed ξ ∈ T, the entire function ω 7→ P (ω, ξ) has a discrete zero set, which in the present
setting is countably infinite; these zeros can be used to label the spectral bands n = 1, 2, . . . . Now
fix (ξ0, ω0) ∈ Σ with ξ0 ∈ T. If ∂ωP (ω0, ξ0) 6= 0, the holomorphic implicit function theorem yields
a unique holomorphic branch ω = φ(ξ) in a complex neighborhood of ξ0, with φ(ξ0) = ω0 and
(ξ, φ(ξ)) ∈ Σ. This gives the local analyticity of the spectral band.

More precisely, let us introduce the exceptional set E :=
{
(ω, ξ) ∈ C × C∗ : ∂ωP (ω, ξ) = 0

}
,

which consists of points at which ω is a multiple zero of P (·, ξ). Points in ET := {(ω, ξ) ∈ E : ξ ∈ T}
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are called exceptional points for the non-Hermitian eigenvalue problem [5]. Near such a point, the
local branches generally admit Puiseux expansions. We assume that the set ET is discrete.

To define the spectral bands {ωn(k)}∞n=1, we can fix one reference point ξ∗ ∈ T such that all zeros
of P (·, ξ∗) are simple. Then the discrete set {ω ∈ C : P (ω, ξ∗) = 0} is enumerated as {ωn(ξ∗)}n≥1 in
any fixed manner. The branch ωn(ξ) is then defined as the holomorphic germ through (ξ∗, ωn(ξ∗))
and extended by analytic continuation along paths in C∗ \ π(E), where

π : Σ → C∗, π(ω, ξ) = ξ,

is the projection onto the ξ-plane. In this way, each ωn(ξ) defines a locally holomorphic branch of
the dispersion relation in C∗ \ π(E).

Finally, we emphasize that even if the analytic continuation of the branch ωn(·) is well defined
along T, it need not return to the original branch after one circuit of T. Indeed, the monodromy of
Σ may permute the branches, giving rise to the familiar non-Hermitian eigenvalue swapping around
exceptional points, a phenomenon commonly referred to as spectral braiding [20]. We refer to [1,
Ch. 8] for the discussion on the analytic continuation.
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