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Abstract. This paper is concerned with the scattering resonances of the Schrodinger operator
—A+Vp, in R2. The real valued potential V7, is a low energy well surrounded by a barrier with finite
thickness proportional to L. We are interested in the resonances that are close to the nondegenerate
bound state frequencies associated with the potential that has infinitely thick barrier. In particular,
it is shown that the difference between a resonance and the associated bound state frequency decays
exponentially as a function of the barrier thickness with a rate of L2e~¢L. The analysis leads to a
perturbative approach for accurately approximating the near bound-state resonances.
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1. Introduction. Consider the Schrodinger operator
PL=—-A+Vg,

where A = 8%25 + 8%25’ and the real valued potential function Vi (x) > 0 consists
1 2

of a low energy well surrounded by a barrier of finite thickness. (See Figure 1 for
a schematic plot.) More precisely, let Br and By, be balls of radii R and L in R?,
respectively, with R < L. The potential Vi, (z) € L>°(R?) is a piecewise continuous
function given by
v(z) < Vb, x€ Bg,
VL(JJ) = Vo, HANSS BL\BR,
0, HAS RZ\BL.

Here, Bpr is the smallest ball enclosing the low energy well wherein the potential
Vi (z) < Vi, and we refer to (L — R) as the thickness of the barrier.

Let the resolvent Ry, (k) := (P, — k?)~! be defined from L?(R?) — L?(R?) with
Imk < 0. Denote G(k; z,y) as the outgoing Green’s function, and then essentially the
resolvent can be expressed with the kernel G(k; x,y) such that

Re(8)0(e) = [ GlE w90ty

The scattering resonances are the poles of the resolvent (Green’s function) continued
meromorphically from the physical half plane to the whole complex plane C [17].
Equivalently, they are solutions of the following eigenvalue problem:

) { —Ap+ Vi (2)p = K in R,

1 is outgoing.
The associated eigenfunctions are called quasi modes (quasi-normal modes).
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Fic. 1. The graph of the potential Vi (x). The potential is constant from R < |z| < L and is
zero for |x| > L. The thickness of the barrier is (L — R). By Voo(z), we mean a potential with
infinitely thick wall.

The scattering resonance problem arises, for example, in the study of transient
phenomena associated with the wave equation:

2
(1.2) % = Au(z,t) — Vi (z)u(z,t), (z,t) € R x RT,
u(x,0) = ug € Hiomp(R2), %(m,O) = € Lgomp(R2).

Let u(z,t) = e ***)(x), and then it is seen that 1 (z) solves (1.1). In fact, the
eigenvalue problem (1.1) attains an infinite sequence of complex resonances k; and
the corresponding quasi modes (), which are locally integrable. Furthermore, the
solution of the wave equation (1.2) can be approximated by the modes e~*ity; ().
This is known as resonance expansion of scattering wave [6, 15, 17].

There has been various work on the study of resonances, particularly their distri-
bution and total number in a bounded region. We refer to [8, 18, 19] and references
therein for detailed discussions in both one and higher dimensions. Here, we are fo-
cused on the resonances that are close to the bound state frequencies associated with
the potential V. that has infinitely thick barrier. For a one-dimensional symmetric
potential, it was shown in [7] that the size of the negative imaginary part of the reso-
nance is exponentially small in the barrier thickness. The one-dimensional boundary
value problem is transformed into an initial value problem where an explicit solution
technique is adopted. A similar result has also been obtained for the related photonic
crystal structure with a defect [13]. Readers are also referred to [9, 14] for the studies
of lower bounds for the imaginary parts of resonances in one-dimensional structure.

In this paper, we consider the potential well in two dimensions. The extension
from one to two dimensions turns out to be nontrivial. Whereas one has initial
conditions that can be exploited in one dimension, no such equivalent conditions are
available in a higher dimension. In order to analyze a near bound state resonance, we
have to devise an entirely different approach. This approach generalizes to dimensions
greater than two and to more complicated partial differential equations.

Let us denote by P,, the operator —A + V., with the potential V,, that has
infinite thickness barrier. It is well known that the operator P., consists of a set
of discrete energy k%, k3, ..., k%, located in (0, V) and continuous spectrum [Vp, 00).
The eigenfunction associated with the discrete spectrum is called bound state, and k;
is referred as bound state frequency. The operator Py, with finitely thick potential, on
the other hand, attains no bound state. Instead, the spectrum (square of scattering
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resonances) of Py, lie on the lower complex plane, and there is an infinite number
of resonances (Lemma 3.2). Our main result is concerned with the resonances that
are close to the nondegenerate bound state frequency of P, (Theorem 3.3). More
precisely, we show that the distance between a nearby resonance and a nondegenerate
bound state frequency decays with a rate L?e~#*L, wherein 3, > 0. Based on this
observation, a simple numerical method is also proposed to calculate the near bound-
state resonance k accurately and efficiently.

The eigenvalue problems for P, and that for P,, are defined over the whole plane.
A key ingredient to obtaining an equivalent nonlinear equation for the resonances (res-
onance condition) is to reformulate both eigenvalue problems in a suitable bounded
domain by introducing the Dirichlet-to-Neumann maps. By examining the associated
equation for the difference between the bound state and quasi mode, the resonance
condition is obtained in an innovative way through the solvability condition in the
elliptic theory. Furthermore, the study of resonances, which are solutions of the res-
onance condition, relies on several key estimates for the Dirichlet-to-Neumann maps
that are given section 4.

The rest of the paper is organized as follows. In section 2, the eigenvalue problems
are recast in the domain Bp that encloses the low energy well. In section 3 we
derive the resonance condition in detail and give the main result for the estimate
of resonances. To prove the theorem, several key estimates are established for the
Dirichlet-to-Neumann map in section 4, and the proof for the main theorem is given
in section 5. Based on the estimate for the resonance, we also propose a simple
perturbation method to approximate the near bound-state resonances in section 6.

2. Bound state and scattering resonance problems.

2.1. Preliminaries. Without loss of generality, from now on we assume that
the radius R = 1 for clarity of exposition. In this section, the bound state and
scattering resonances problems are reformulated in a bounded domain by introducing
the Dirichlet-to-Neumann maps on its boundary. This is a key step in deriving the
resonance condition shown in the next section. We point out that it is also essential
to choose this domain to be the smallest ball enclosing the low energy well, namely,
B, so as to obtain the desired estimates for the near-bound state resonances.

We begin with some standard notation that will be used throughout. Let

HY(By):={u|ueL*B1),0uc L*B)}

be the standard Sobolev space equipped with the inner product

(u,w):/ u(x)w(x)dzx, (Vu,Vw)= Vu(z)Vw(x)de,
B, B:

and the norm [|ul| g g,y = V/ (u,u) + (Vu, Vu). Define

HY?(0B,) := { Y € L*(0B))

SVi+n2 [l <+oo}

n=0

with the norm

oo 1/2
[l 208,y = <Zv1+n2 |¢n|2> :

n=0
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Here, 1, are Fourier coefficients of the function ¢ (6) on the circle given by ,, =
1 27 —in6

2.2. The bound state problem. We only have to consider positive bound
state frequencies. Let k; € (0,/Vp) be a bound state frequency such that

{ — Aty + Vothp = K290y in R?,

with ¢, 20 and Hwb”Lz(RQ) < 00.
We derive the Dirichlet-to-Neumann map on 0B for the bound state case. For
a function ¢ € HY?(0By), consider the exterior problem

—Au+ Veu = k?>u  in R?\ By,
=1 on 0By,
lim| | 00 u(z) = 0.

Since Voo(xz) = Vy for |z| > 1, we may expand the solution w in the form of
>oo2 o un(r)e™ in the polar coordinate. By substituting into the equation, u,, satisfies
0%u ou
2 2 2.2
8r2n +T8—: —(n” + Byr°)u, =0,
where 8, = \/V7 — k7. Equivalently, by letting 7 = S,r, u, is a solution of Bessel’s
differential equation

5 0%u, _Ou .

Pom T — (7 )un =0,

In light of the decay property for the solution at infinity, we choose w,, = ¢, K, () =
en K (Bpr). Here, K, is the modified Bessel’s function of the second kind, and ¢, is
the coefficient which can determined by evaluating u on 0B;. As a result, for r > 1,
u admits the expansion

= Kn(ﬂ ’f’) in 1 o —in
u(r,ﬁ)znzzoﬁﬁbb)wne where ¢n:% ; »(0)e~m0dp.

Taking the normal derivative of u on 0B; gives rise to
du o B Kn(By)  ino
—(1,0) = — e,

We define the Dirichlet-to-Neumann map at the bound state frequency (v, —
Oy /Or) by letting

2T

(22) (%¢b)(9) = nz:% %¢b’neine’ where 'l,/)b.,n — i wb(L G)e—ined@.

2T 0

For each bound state 1, of (2.1), %djf = Tptbp holds on the boundary B;. Hence, the

bounded state 1)y is a solution of the following boundary value problem:

— Ay + Vothy = kgm) in By,
2.
( 3) % = 7?;¢b on 8B1
on
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2.3. The scattering resonance problem. Let us derive the Dirichlet-to-
Neumann map on dB; for the resonance problem. To do this, for any v € H/2(dB;),
consider the exterior problem

—Au+ Vyu = k?>u inR?*\ By,
u =1 on 0By,
u is outgoing.

Expand the solution u as
(2.4) u(r,0) = un(r)e™
n=0

for 1 <r < L and r > L, respectively. By substituting into the differential equation,
u,, satisfies

0%u ou
20 Un OUn o 2 7.2y.2 _ :
92 —I—TaT n*+ (Vg =k )r‘)u, =0 ifl<r<L
and
0%u ou
20 Unp JUn 2 .2 _ .
52 +7‘8T + (k* —=n*)u, =0 ifr > L.
Therefore,
(25) un(T) = alnLIn(ﬁT) + aQ,nKn(ﬁT) ifl<r< La

where § = \/VO2 — k2, I, and K,, are the modified Bessel’s functions of the first and
second kind. In addition, the outgoing solution requires that

(2.6) Uy = ey H Y (kr)/HD(KL) ifr > L,
wherein H,(Ll)(kr) is the Hankel function of the first kind.
The continuity condition for u on r = L reads

Oy o ouy, +
O (1) = On 1),

Un(L7) = un (L),
or more explicitly,
1,015 (BL) + a2 n Kn(BL) = ¢y,
(kL)

By the Wronskian formula (B.5): I,,(8L)K, (8L) — K, (B8L)I(BL) = —1/(BL), we
solve a1, and as y, in terms of c,:

al,nﬁ]—;(ﬂL) + aZnﬂK;z(ﬁL) = an

ain = al,n(k)cna a2,n = (342777,(16)0”,

where
(Hﬁ”)/ kL)
, (5) (k)
(2.8) azn(k) =L | BL,(BL) — kmh(ﬁm
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Consequently, by substituting into (2.4)—(2.6), u admits the expansion

(oo}

u(r,0) = Z cn(a1,n (k)1 (Br) + (1277L(/€)Kn(ﬁ’l"))€in9 for1 <r < L.

n=0

Evaluating u on 8By gives u(1,0) = >0 ¢n(on,n(k)1,(3) + a2 (k) K, (B))e™. We
deduce that the coefficient

al,n(k)jn(ﬁ) + aQ,n(k)Kn(B) 7é 07

due to the nonvanishing Fourier coefficients of u(1, ) by choosing v properly on 0B .
In addition, a direct calculation yields

¥ where 1, = S
(alm(k)-[n(ﬂ) + a2,n(k)Kn(ﬁ)) ’ " 27 Jo

We calculate the normal derivative of u on dB7, which is given explicitly by

27
»(0)e "0dp.

Cp =

= k )+a2n(k)K7/L(ﬂ) in
19 g n(k)1 )+azn<k>Kn(ﬁ)W”ee

Define the Dirichlet-to-Neumann map on 9B (¢p — 0v¢/0r):

(2.9) Bipne™,

- k ‘|’ a2 7L(k)K7/L(ﬁ)

where oy ,, and g, are given by (2.7) and (2.8), respectively. Then for each quasi
mode 7 for the scattering resonance problem (1.1), we obtain the boundary condition
aw = T on 0Bj. In this way, the scattering resonance problem can be formulated
1n the unit disk B; as follows:

{ —AY+Vih = k%) in By,

(2.10) o

A = T¢ on 8B1
on

LEMMA 2.1. The Dirichlet-to-Neumann map T (k) is a bounded operator from
HY2(0By) to its dual space (HY?(0By))" for k € C. Let ky € (0,/Vo) be a bound
state frequency, and then the operator-valued function T (k) is analytic with respect to
k in the neighborhood of ky.

Proof. Let

For any ), w € H'/2(0By),

2r 0 0o
(T, w) = Ty wds=f / > cntne™w df = 278 " cnthpibn.
9B 0 n=o n=0
Here,
Uy = L Zﬂw(ﬁ)e*inedﬁ and w, = L /27T w(f)e~ "0 dp
L 21 0 L 21 0 '
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Decompose ¢,, into three parts as follows:

(2.11)

K7.(8) n 1,0 (k)15 (8) B 1,0 (k) 1n(B) K;,(8)
Kn(ﬁ) Ofl,n(k)ln(ﬁ) + 042-,71(k)Kn(ﬁ) O‘Ln(k)jn (B) + aQ,ﬂ(k)Kn(B) Kn(ﬁ) .

Cp =

From the recurrence relation of Bessel functions (B.3) and the monotonicity property
|Kn—1(8)| < |Kn(B)| in (B.6), it is obtained that

‘an)’_‘ an) =gtk o=t

(2.12)

and

(2.13)

K(I)(ﬁ)‘ _ Kl(ﬁ)‘ <e
Ko(B)| | Ko(B)| =™

Here, ¢y is some constant depending on k. On the other hand, from the asymptotic
behavior of Bessel’s function for large orders given by (A.4) and (B.8), we see that as
n — oo, asymptotically

ef n n—1\""" e n \""Y? 1
o1 (B)n () ~ L <% nin —1) ( nL ) + k% <n — 1) Ln=1 "

2 n nL \"* efs n \"? ntl

Note that L > 1, and it follows that

|O‘1-,n(k)jn(ﬁ)| — 0 and |042.,7L(]€)Kn(ﬁ)| — 00 asn — oQ.

Similarly, it can be shown that |« ,,(k)I},(8)] — 0 as n — co. Therefore, there exists
a constant ¢ independent of n such that

aq n( ) ( ) ~ .

(2.14) a1,n(k)1n(B) + azn(k) K (8 )‘ <¢ and
. aq n( ) (ﬁ) ‘<é > 0
al,n(k)_[n( )+a2n(k) ( ) < > 0.

Thus, by combining (2.11)—(2.14) , we obtain that

(2.15) len] < (14 co)(1 +2¢) < |ﬁ|) eV 1+n?

for some positive constant ¢ independent of n.
Now using (2.15), we have

(T, w)| < 2meB> V14 n? (b,
n=0

00 /2 / « 1/2
< 2mcfB (Z V14 n2 |wn|2> <Z V14n2 |wn|2> :

n=0 n=0
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ie.,
(Tl < 20eBllell 2 0m) 16l

and 7T is bounded from H'/2(0B;) to (H'/?(0By))’.
To show the analyticity of 7 (k) with respect to k, let

T (k) = Z'E(k), where (T (k)1)(0) = Benthne™.

n=0

It is obvious that each term 7, (k) is analytic in the neighborhood of k. From (2.15),
we deduce that the operator-valued series Y ; 7y (k) is absolute convergent, and the
analyticity of 7 (k) follows. O

3. Near bound-sate scattering resonances.

3.1. Resonance condition. In this section, we derive an equivalent formulation
for the scattering resonances of (1.1). Let k, € (0,4/Vp) be a nondegenerate bound
state frequency of (2.1) with an eigenfunction ¢, and (k, ) be a resonance pair of
(1.1) such that k is a scattering resonance and v is the associated quasi mode. Define
the difference £ = 1) — 1. By a direct comparison of the associated boundary value
problems (2.3) and (2.10), and noting that V;, = V. in By, we see that ¢ is a solution
of

(3.1) €

— =T+ 7~'(k)1/1 on 0By,

{ A&+ (Voo — k)E = (K* — k)Y in By,
on

where the operator T (k) = T (k) — T5. The corresponding homogeneous (self-adjoint)
problem is given by

{ —Ap + (Voo — kg)wb =0 in By,
(3.2)

0
ﬂ = 7?;¢b on 8B1
on

This is also the boundary value problem for the bound state ¢, (cf. (2.3)). For a
nondegenerate bound-state, it is clear that the solution space N of the above homo-
geneous problem is span{iy}.

We observe that & solves the variational problem a(§,n) = b(n), where the bilinear
form

a(é,m) = (V& V) + (V= k)& n) — (Toé,m)

and the linear functional

b(n) = (K* — ki) (w,n) + (T, m).

Following the standard argument for the second order elliptic equations, the solvability
condition for (3.1) reads

(3.3) (K = k) (0, 4by) + (T (k)b o) = 0.

For completeness, we present a brief derivation of (3.3) below.
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Let us choose a suitable function p(k) € H?(B;) such that the trace

)

(3.4) -

=Ty (plo,) + T (k)Y

0By

and

ol 281y < CHT(R)Yl 12 (08,)-
By setting ¢ = & — p, (3.1) is reduced into the following boundary value problem:
{ —AC+ (Voo = k)¢ = (B2 = kv + ¢ in By,

s =TC on 0B,
on

wherein q(k) = [A — (Voo — k3)]p(k) and ||q(k)||r2(p,) < C||7'¢||H1/2(Bl). Let us
denote

(3.6) g(k) = (k* = k5)¥ + q(k).

It is known that the variational problem a(¢,n)+~v(¢,n) = (g,7) has a unique solution
in H'(By) for some sufficiently large constant «. Hence, the induced operator L L.
g — ( is bounded from L?(B;) to H'(B;) and compact from L%(B;) to L?(B).
Therefore, ¢ is a weak solution of (3.5) if and only if

(3.5)

(3.7) (—vL;'¢=L;"g.
The solution of the corresponding homogeneous (self-adjoint) problem (3.2) satisfies
(3.8) ey — yL7 "y = 0.

Employing the Fredholm alternative and integrations-by-parts, we arrive at (3.3). We
call (3.3) the resonance condition, which is a nonlinear equation of k.

Remark 3.1. For clarity, we may set p(k) to be the solution of the elliptic equation
—Ap + vop = 0 with the boundary condition (3.4), wherein vy is a sufficiently large
constant. The operator £1 : T (k)Y — p(k) is bounded from H/2(9B;) to H?(B,)
and the operator Ly : T(k)y — q(k) is bounded from H'/2(dBy) to L*(B).

Let L?(B1) = M @WN, and then it is apparent that (3.8) admits only a trivial
solution in M. Accordingly, (3.7) has a unique solution in M. We express such a
solution as

(3.9) Ck) = (I =L Ly g =: Log.

The subscript b denotes that the operator depends only on bound state frequency k.
Define

(3.10) (k) =C(k) + p(k) and 1, = ¢ — &(k)

and substitute into (3.3); then the solvability condition (resonance condition) is recast
as

(3.11) (k2 — k) (1,00 — &(k)) + (T (), v — £(k)) = 0.

Hence, if (k,1) is a resonance pair for (1.1), they satisfy the resonance condition
(3.11). Indeed, those k satisfying (3.11) are scattering resonances of (1.1), and hence
the nonlinear equation (3.11) is a necessary and sufficient condition for the scattering
resonances.
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3.2. Main result. We study near bound-state resonances, namely, those k near
a bound state frequency ky € (0,1/Vp). First, it is a standard argument that all the
resonances lie below the real axis.

LEMMA 3.2. Let k € C be a nonzero scattering resonance of (1.1), and then k
has a negative imaginary part.

Proof. For any Ly > L, by noting that Vi (x) = 0 for |x| > Lo and a straightfor-
ward derivation, the Dirichlet-to-Neumann map on 0By, for outgoing waves is given
by

& R(H (kL))
(TLo¥)(0) = ; T B Dy

w eine

n I

where the Fourier coefficient v, = = OZW (Lo, 0)e~"?df. By using the Dirichlet-
to-Neumann map 7y, the scattering resonance problem (1.1) can be recast in the
domain By, as

(9_’1,/) —'TLolﬁ on 8BL0.

{ —AY + Vi =k*)p  in Bp,,
on

Multiplying the equation by 7/ and applying Green’s formula, we obtain
(3.12) (Vi Vi) + (Vi, v) = (oot ) — K2(1,90) = 0.

We consider two cases as follows:
(i) k € R. The imaginary part of the left-hand side for the above equation is

|2 Jn(kLO)Yri(k'LO) B Yn(kLO)J;’L(kLO)

~Im(Tz, 0, ¢) = —27kL > [, T2(kLo) + Y2(kLo)

n=0

- |9n|?
=4
nz:;) J3(kLo) + Y2 (kLo)’

where the last equality follows by the Wronskian formula (A.3): J,, (kL)Y, (kL)—
Yo (kL)J! (kL) = 2/(wkL). Thus, Im(T7,%,9) = 0 implies that v, = 0 for
each n. This contradicts the fact that the quasi mode ¥ # 0.

(ii) k is complex number with Imk > 0. From the asymptotic expansion of the
Hankel’s functions (A.5) and the expansion for ¢ outside By, it is seen that
1 decays exponentially as Ly — oo. Thus, (Tr,%,¢) — 0 as Ly — oo.
Substituting into (3.12), we deduce that

(3.13) (Vah, Vb)) + (Vpap, o) — k*(¥,4) = 0 as Ly — oo.

(a) Imk® # 0: An inspection of (3.13) shows that (,1) = 0 as Ly — oo,
which leads to ¢ = 0 and is a contradiction.

(b) Imk? = 0: Tt is observed that Imk? = 0 holds only if Rek = 0 (note that
Imk > 0), and thus k2 = —(Imk)? < 0. In this case, (3.12) becomes

(V¢, V) + (Ve, ¥) 4+ (Imk)?(¢,9) = 0 as Lo — oo,

which also leads to v = 0.
The proof is complete by combining the arguments in (i) and (ii). O
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TABLE 1
Near bound-state resonances (first column) and the difference between resonances and the bound
state frequency for different L (second column,).

k k— ky
1.135501965642507 — 0.286732709690725i  1.56191 x 10~ ! — 2.86733 x 10~ 1i
1.023284198719800 — 0.036528738444848i  4.39734 x 10~2 — 3.65287 x 10~ 2;
0.984796308094740 — 0.002858349615355i  5.48554 x 1073 — 2.85835 x 1024
0.979495236549527 — 0.000080174371694i  1.84470 x 10~* — 8.01744 x 10™°4
0.979311056837546 — 0.000000124782683i  2.90041 x 107 — 1.24783 x 1074

W =
RS

Our main result regarding near bound-state resonances is stated the following
theorem.

THEOREM 3.3. Let ky, € (0,v/Vo) be a nondegenerate bound state frequency.
There exists a constant Lo such that for any L > Ly, the following estimate holds for
the scattering resonance k in the neighborhood of ky:

| k— ky| < CL?e=28e(L=1)

where C' is a positive constant independent of L.

Remark 3.4. We have assumed that the low energy well is inside B;. For a
general potential well contained inside Br CC By, the estimate becomes | k — k| <
CL?e 2 (L=F) after a suitable scaling.

We postpone the proof of Theorem 3.3 to the next two sections. To validate the
conclusion of Theorem 3.3, let us consider a step potential

0, [z <1,
(3.14) Vi(@)={ 1, 1<|z| <L,
0, |z|> L.

The bound state and quasi mode can be expressed as

_ Ta(R|z))e™, |z <1,
(3-15) ¢b(f) = { Cb,nKn(Bb|x|)€in9, |JJ| >1

and

T (k|z|)e™?, ‘ x| < 1,
(3.16) (x) = (arnln(Blz]) + agnKn(Blz]) e, 1< |z| <L,

en HY (k|z|)ein?, 2| > L
forn=20,1,2,.... Solving the equations derived from the continuity conditions along

the boundary |z| = 1 by Newton’s method (Appendix C), we obtain the bound
state frequency k, = 0.979310766796298 for n = 0. The near bound-state scattering
resonances can be obtained in a similar way. The disparity between k and k, for
different L is given in the Table 1. From the table and Figure 2, it is seen that the
difference between k and k, decays with an exponential rate with respect to L.

4. Relevant estimates.

4.1. Preliminaries.

LEMMA 4.1. Let ay ,,(ky) be defined by (2.7). If ky € (0,4/Vp), then
lon (k)| < L(By + kp) Kn(BoL), n=>1,

lat,0(kp)| < L (ﬂbfﬁ (BoL) + kpKo(ByL) Z

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/24/15 to 131.204.236.36. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SCATTERING RESONANCES POTENTIAL WELL 1469

0 5 10 15 20 25 30 35
Fi1c. 2. Plot of |k — ky| for different L’s for the step potential well.

Proof. For n > 1, apply the recurrence relations (A.1) and (B.3):
n
Ky 1(BL) = === Kn(BpL) — Kn-1(BsL),
By L
(HD) (ko L) = ——= HD (kL) + HY, (kL)
b

a1, (kp) can be recast as

HY, (kL)
(4.1) Oan(k'b) =L (ﬂbKnl(ﬁbL) + kbmf(n(ﬂb[/)> .

By the monotonicity property |H7(117)1(kbL)| < |H,(Zl)(kbL)| and |K,,—1(kyL)| < | Ky (ko L)]
(cf. (A.7) and (B.6)), it follows that

lot,n (k)| < L (BoKn-1(8pL) + ko Kn(BpL)) < L(Bp + k) Kn(BpL).

If n = 0, the inequality follows from (H{") (kL) = —H" (ky L), K})(BoL) = —K1(ByL)
and the triangle inequality. O
LEMMA 4.2. Let as,(ky) be defined by (2.8). If ky € (0,4/Vp), then
nl, (BpL) < |azn(ky)| < (2n 4+ L(By + kp))In(ByL), n>1,
HY (kL) )
Proof. We first prove the estimate for the upper bound. Similar to Lemma 4.1,
an application of the recurrence relations (A.1) and (B.2) for H,, and I,, yields

Bo LI (BpL) < |og0(kp)| < L <ﬁb11 (ByL) + kpIo(BpL) Hél)(kbL)

Hlezl(kbL)
b
Hy ' (kyL)

Taking into account the recurrence relation (B.1), I,, 1 (ByL)—I11(BpL) = B%)—"Lln (BpL),
we obtain

(42) ag’n(kb) =1L <BbIn—1(ﬁbL) —k In(ﬁbL)> for n Z 1.

H", (kL)

2n
—In(BoL) + Bolny1(BoL) — ko HO (kL)

L
< (2n+ L(By + k) In (B L),

lova (ko) = L L,(ByL)
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where the monotonicity properties (A.7) and (B.6) have been used for the last in-
equality. If n = 0, the inequality follows by (H{") (kL) = —H™M (kyL), T)(B,L) =
—I(ByL) (cf. (A.2) and (B.4)).

To obtain the lower bounds, note that H,(Il) =J,+1Y,, where J, and Y,, are the
first and second kind Bessel functions, respectively, and the modulus of each Hankel
function is a decreasing function (Proposition A.7); we have

)’
Re (H ) (B L) | Ju(kL) T (ke L) + Y (ko L)Y, (o L)
HY (kL) J2(koL) + Y2 (ko L)

(J2) (kL) + (YV2) (ko L)
J2(kyL) + Y2(koL)

1
= — <O~
2

Consequently, by noting that both I (8,L) and I,,(SL) are real and positive,

(Hr(zl))/ (kv L)

(4.3) Re{aon(ky)} = BuLIL(ByL) — ky LI, (BL)Re m

> ByLI (ByL).

Using the recurrence relations (B.2) and (B.4), namely,

I(ByL) = ﬁbLLIn(BbL) +In1(BeL) forn>1 and Ij(BL) = Li(BL),

the inequalities
lagn(ks)| = Re{azn(ke)} > nln(BL)

and

laz,0(ks)| = Re{az,o(ks)} > BoLI1(BpL)

follow. o
LEMMA 4.3. Let ay ,,(ky) be defined by (2.7). If ky € (0,/Vp), then

|a17n(1€b)| <C(n+ L)LK,(BL), n>1.

H® (kL)

|l (k)| < CL {14 L+ (1 + k)L | 222
| HY (kL)

2

+ ky L )
Hy (kL)

(Ko(BpL) + K1(BpL)).
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Proof. If n > 1, an application of the chain rule and the recurrence relation for
(4.1) leads to

HY . (kL

allm(kb) =1L <nﬁlly - LBZ?WJ%) Kn—l(ﬁbL)

/ (1)

44 L&A 1— ”kbﬁb> H,, 2 (kL)

(4.4) + BuBy + ( 3 HO (kL)
HY (L))

ky | =2 Kn(BL) %,

+ b <H7(.Ll)(kbL) (ﬁb )

where

I
HY (kL)
D (kL)

(2n — 1)/ (kLYHS, (ke LY HY (ky L) — (HY | (ky L)) — (HS) (R L))2
(H (ko L))? '

By using the monotonicity property |H7(117)1(kbL)| < |H,(11)(kbL)| (cf.(A.7)) for the
above equation, it is observed that

!
HY (kL
BB o (142 ).
HY (kL) ko L
Substitute into (4.4) and use the monotonicity inequalities for HY and K, (cf. (A7)
and (B.6)); it follows that

|0 (ko) < C(n+ L) LK (B L)

for some positive constant C' depending only on k. The proof for n = 0 follows
similarly by the recurrence relation and the triangle inequality. O
LEMMA 4.4. Let ag,(kp) be defined by (2.8). If ky € (0,00), then

2
abuthl < € (% 40 L) L0GD), nz 1

H®Y (kL)

by o(kp)| < CL {14 L+ (1 + k)L | 22
| HEY (kL)

2

+ ky L )
Hy (kL)

(Io(ByL) + L1 (ByL)).
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Proof. A similar calculation in Lemma 4.3 for (4.2) yields

(1)
H'Y (kL)

o (ky) = L3 | nB) — LApky—1""2 ) I,,_1(ByL

2, ( ) ( b b H,(Zl)(kbL) 1( )

M%_QHQMM)

(4.5) + Lﬁbﬁb+< A B0 )

_ kbL <H7(Ll—)1(kbL)

_—— 1, (By L
Hél)(kbL) ) (ﬁb )

Apply the recurrence relation (B.1), I,—1(8pL) = In+1(BpL) + ﬁzan I,,(BpL), and the

monotonicity inequalities for H,(Ll) and I,, and it follows that
n2
abattn) < € (% 404 ) LL(D)

The case for n = 0 can be shown in a similar fashion. O
LEMMA 4.5. Letn >0, z,y € (0,00); then

Kﬂ(a:) — In(y) .
>eV™ and —=% > eV —

Lemma 4.5 plays an important role in the estimate of resonances. For complete-
ness, we give a sketch of the proof in the following. Readers are referred to [3, 11]
and references therein for a more comprehensive study of the inequalities for modified
Bessel functions.

Proof. For fixed n, let g(z) = e*K,(z). By the integral representation of the
modified Bessel’s function K, (),

if x<uy.

g(z) = / e(1=Cosh )T cosh nt dt.
0

It is apparent that ¢'(x) < 0. Hence, g(z) is decreasing on (0, 0c0), and the inequality
for K, (x) follows.

It is shown in [5] that xI) (x)/I,(x) > = — 1 holds for positive  when n > 0.
For fixed n, define a function h(z) = xze *I,(x); we shall show that h(x) is strictly
increasing on (0, 00). Indeed,

M) L@
A AR

Hence, h/(x) > 0, i.e., h(z) is increasing and the inequality for I,,(x) follows. O

1)
LEMMA 4.6. If x € (0,00), the function F(x) = :Z}l)gwi:
0 xT

with respect to x.
Proof. We show that F?(x) is decreasing. By Nicholson’s integral formula (A.6),

is a decreasing function

(4.6) |HMP (2))? = J2(2) + Y2 (z) = %/ K (2 sinh t) cosh 2nt dt.
™ Jo

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/24/15 to 131.204.236.36. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SCATTERING RESONANCES POTENTIAL WELL 1473
Applying integration by parts, we observe that

d g [
—|H§" ()2 = —2/ K} (22 sinh )2 sinh £ dt
™ Jo

75 [Ho
(4.7) = % (K0(2x sinh t) tanh ¢|5° — / Ko(2x sinh t)sech?t dt)
=X 0
= —%/ Ko(2x sinh t)sech?t dt.
=T Jo

The last equality follows by noting that Ko(z) ~ —1In(z/2) as z — 0, and Ky(z) — 0
as z — o0o. Similarly, it can be shown that

d o0
d—|H1(1)(gc)|2 = %/ K/ (2x sinh t)2 sinh t cosh 2t dt
X s 0

(4.8) = _%/0 Ko(2zsinh t)%(cosh 2t tanh t) dt.
Note that
d d
4 o [Hg @) [ B @) = B @)P B @F v
- x) = - = .
de Y ()2 D(z)

We only need to show that the numerator N(x) < 0. Indeed, a direct calculation and
an application of the formula cosh 2t = cosh? t + sinh? ¢ leads to

d
7 (cosh 2t tanh t) = 2sinh 2¢ tanh ¢ + cosh 2t sech®t = 1 + 4 sinh® ¢ + tanh®¢.

In addition,
cosh2t =1+ 2sinh®¢, sech®t =1 — tanh®¢.

Substitute the above equalities into (4.6)—(4.8) and note that Ky is positive; it follows
that

4 o0 (o)
N(z) = - oL / Ko(22 sinh ) dt / Ko(2esinh #)(1 + 4sinh? ¢ + tanh®t) dt
T Jo 0
64 oo [ee)
+ T/ Ko(2xsinht)(1 4 2sinh? ) dt/ Ko(2zsinht)(1 — tanh®t) dt
™ Jo 0

4 o0 o0
= _GT </ Ko(2xsinht) dt/ Ko(2xsinh t)(2sinh® ¢ + 2 tanh? ) dt
T\ Jo 0

—|—/ Ko(22 sinh t)2sinh® ¢ dt/ Ko(2x sinh t) tanh?® ¢ dt) < 0.
0 0

The proof is complete. O

4.2. Estimate for T (kb). Let T (k) and Ty, be given by (2.9) and (2.2), respec-
tively, and 7(k) = T (k) — Tp. We rewrite the Dirichlet-to-Neumann map 7 (k) as

oo

(49) T(k)’t/](l, 9) = Z [COm(k) + Clm(k) + 627n(k)] ﬂwneinea

n=0
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where
(4.10) con(k) = 2%
_ ara. (k)L (8)
(4.11) cin(k) = VL (B) + ann (EE)
and
(4.12) con(k) = a1, (k)1n (5) K.(B)

B OZl,n(k')In(ﬁ) + aQ,n(k)Kn(ﬁ) Kn(ﬁ) '

In the rest of the paper, C' denotes some generic constant that depends on k; only.
THEOREM 4.7. There exists Lo € (1,00) such that if L > Ly, then

(T (ko) 0)| < CL2e™ 0] 1 2o ol a1 20,

for any 1, w € HY?(0By). ) ) .
Proof. A direct calculation yields T (ky)(1,0) = Ti(ky)(1,0) + T2(ky)(1,0),
where

Ti(ko)(1,0) = > crn(ky)Bone™  and  Ta(ky)tb(1,0) =Y can(ky)Bibne’™

n=0 n=0

and the coefficients ¢y, ca,, are given by (4.11) and (4.12), respectively.
We first estimate (77 (kp), w). To this end, an upper bound for the coefficients
c1,n» needs to be derived. Let us begin with two key inequalities,

By(L—1)
(4.13) Kn(ﬁbL) <€5b(1_L)Kn(ﬂb) and In(ﬁbL)> = I, : In(ﬂb)v

which follow by an application of Lemma 4.5. The inequalities give explicit depen-
dence of Bessel’s functions K, (8,L) and I,,(8,L) on the thickness parameter L.
(i) n>1: By Lemmas 4.1-4.2 and the inequalities (4.13), it is obtained that

Bu(L—1)
(414) o (ko) Kn(Bo)] > nln(BoL)Ko(B1) > “—Ln (B Kn(B0)
and
(4.15)

a1 (ko) (Bo)| < L(Bo+ke) Kn(BoL) 1 (By) < €5 L(By+ky) K (Bo) In (By)-

Hence, if L is sufficiently large, then |ag ., (kp) Ky (Bp)| > |o1,n (ko) I (Bp)]. In
particular, if we choose Ly € [1/8s, +00) such that

(4.16) (By + k) L2e2Po(1=L1) — 1 /9,
then when L > Ly,
vz, (Kp) K (Bp)] — |1, (k) I (B)|

By(L—1)
c (Tl - (ﬁb + kb)LzeZBb(liL)) Kn(ﬁb)ln(ﬁb)

(4.17) >

eBo(L—1) 1
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On the other hand, by Lemma 4.1 and the recurrence relation (B.2),

n

B
< L(By+ k) (% + 1) Ko (B L)L (By),

larn(k)IL(Bs)] < L(By + k) Kn(BuL) ( L (6 + an(ﬁb))

where the last inequality follows by noting the monotonicity property (B.6)
for I,,. Employing the inequality (4.13) one more time, it follows that

(418) o (ko)L (B0)] < (B + ko) (% + 1) Ko (Bo) I (B)e™ 0.

Now in light of (4.17) and (4.18), if L > L4,

|a1,n (k) 15, (B)|
|1, (ko) In (B) + a2,n (k) Ko (Bp)]
- |lov1,n (ko) L7, (Bb)|
T | ezn (o) K (Bo)| — ler,n (ko) In(Bo)] |

L(By + k) (% + 1) Ko (By) I (By) e (=D

Bo(L—1) (n_ 1) Kn(Bo)1n(Bs)

|Cl,n| =

<

L 2

(4.19) < 53(1 + Bo) (Bo + k) LPe =2 (E71),
b

(i) n =0: By Lemmas 4.1-4.2 and the inequalities (4.13), it is seen that
(4.20) 2,0 (k) Ko(Bn)| > Boe™ =~V Ko(By) 11 (By)
and
HY (kL)
1))

(
| 0(k) Io(Bp)| < D)L <5bK1(5b)Io(ﬁb) + ko Ko (Bp) 1o (Bp) i
Hy (kyL)

) |

Note that an application of the inequalities in (B.7) for n = 1 gives rise to

/22
Ki(B) < HT?HKO(&) < 2+BbKo(5b)

By
and
Io(B) < ﬁh(ﬁb) < 2;—bﬁbh(ﬁb)-
Therefore,
lan,0(ko) Lo (By))|
_ o AO-D] <(ﬁb;;2)2 N kb(ﬂg:‘ 2) gg;i:g ) Ko(By) 1 (By).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/24/15 to 131.204.236.36. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1476 JUNSHAN LIN AND FADIL SANTOSA

If we choose Lz such that ks | 1 (kbLz)| <

0 (e o) 2(1 + kp), then from the mono-

tonicity of | | in Lemma 4.6, we see that such an inequality holds for

<”< )
all L > L2. In this way,
(4.21)

asallo(n)| < Dy (L2022 DU LR

By By

Now let Ly € [1/8y, +00) N [La, +00) such that
2
(4.22) Lye2Pr(1-L2) ((ﬁb;@ L 26+ 2}%(1 + kb)> B

Then if L > Lo, from (4.20)—(4.21) we obtain that
(4.23)
|a,0(k) Ko (By)| — |er,o(ke)Lo(Bb)]

> (L= 1>{ﬂb Lye2fo(1=L2) ((ﬂb+2)2

) Ko(Bp)11(Bs)-

5

Bo
2(Bp +2)(1 + ko)
Bo

)}Ko(ﬂb)h (Bb)
> eﬁb(Lfl)%KO(ﬂb)Il (Bs)-

On the other hand, following the same argument as in (4.21), it can be shown
that

(424)  Jago(ke) I5(By)| < Le™ (B + ky + 4) Ko (By) 11 (5y),
provided that L > Ls. Now, combine (4.23) and (4.24), and it is derived that

levo| < lovn,0 (k) L (B)]
BOT= |azo<kb)Ko(ﬂb>| —lar,o0(ks) o (By)]| |

(4.25) < 5—(& + ky + 4)Le 28 (L1
b

By combining (4.19) and (4.25), we see that there exist a positive constant C' depend-
ing on k; such that

(4.26) 127 Bpe1 | < CL2e 25Dy >,

provided that L > max{Ly, L2}. We obtain the desired estimate for T
(4.27)

(Frvyw)| < CL22ED ST [, ] < CL2e D] 2o, [l 205,
n=0

The estimate for (75 (ks )1, w) follows a similar spirit. Indeed, from the recurrence
relation (B.3) and the monotonicity property (B.6), |K,—1(8p)| < |Kn(Bp)l,

—n/By Ky (ﬁb) nfl(ﬂb)
‘ ‘ K.(Bv) E L
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25

——s,(ky) P

201 .
o5,k -

151

101

Fic. 3. Comparison of s1(ky) and s1(ky).

For n > 1, by (4.15) and (4.17) it follows that if L > Lo, then

| (ko) I (Bp)| K5,(Be)
[ lag,n (ko) K (B)| = | ,n (ko) In (Bo) | | | Kn ()

L(By + ks) (% + 1) Kn(By) I (By)ePe(1—L)

By(L—1)
eT (n — %) Kn(ﬂb)fn(ﬂb)

|027n| S

(4.28) < ﬁz(l + By)(By + k) L2e =28 (L=1),
b

The estimate for the case of n = 0 can be shown in a similar fashion. The proof is
omitted for conciseness of exposition. Consequently,

(4.29) ‘<7~5¢aw>‘ < CL2e D)) 2o Wl L2(08,)-

The proof is completed by combining (4.27) and (4.29). O
H{" (kyLa)

Remark 4.8. In fact, in the proof the inequality k| TICITN
0 b2

| < 2(1+ks) holds for
H£1><kb>|
HY (ky)
and sa(ky) = 2(1 + kp). From the plot it is clear that s; < so. Hence, the inequalities
1
g}l)m in Lemma 4.6.
0 x
An observation of the estimates (4.26) and (4.28) for the coefficients also leads to
the following proposition.
PROPOSITION 4.9. There erist Lo € (1,00) such that if L > Lo, the

is a bounded operator on H'/?(0By). In addition, the operator norm ||T
CL?e=25 (=1 for some positive constant C.

4.3. Estimate for 77 (k).

DEFINITION 4.10. An operator A from H'/2(dB;) to H'/2(dBy) is positive if
(Aw,w) >0 for any w € HY/?(OB,).

THEOREM 4.11. Let 7~"(kb) be the derivative of the operator-valued function
T (k) at k = ky; then T'(ky) can be decomposed as T'(ky) = 7;,’(161,) + T (ky), where

any Ly > 1. Figure 3 is a plot for the comparison of two functions s; (kp) = ko]

hold whenever Ly > 1 by the monotonicity of |

n 7~'(/€b)
(k)| <

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/24/15 to 131.204.236.36. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1478 JUNSHAN LIN AND FADIL SANTOSA

the following hold:
(a) The operator 7;’(1%) is independent of L. In addition, 7;’(1%) is positive and
bounded if ky > 0.
(b) T (ky) is bounded such that

<7;/(kb)¢,w>‘ < CL46_2Bb(L_1)||¢||H1/2(8Bl)||w||H1/2(8B1)

for any ¥, w € HY?(0By), provided that L is sufficiently large.
Proof. Let

(4.30) Ty (ko) = > (Beon) (ko) ™
n=0
and
(4.31) T (ko) = Y [(Bern) (ko) + (Bea,n) (k)] dne™,

n=0

where ¢g , €1.n, and ¢z, are given by (4.10)—(4.12). Then from a direct calculation,
it is apparent that 77 (k) = ’7;’(/%) +77(ky) and that 77 (k) is independent of L. The
statements (a) and (b) follow from Theorems 4.12 and 4.13, respectively, which are
given in the following. O

THEOREM 4.12. Let the operator 7:!(/61,) be defined by (4.30); then 7;/(161)) is
positive and bounded if ky > 0.

Proof. Fist, a direct calculation yields

(T (K)o, w)

(4.32) = 2n(Bcon) (ko) dnwn
n=0
R , (K (Bp) K] (By)Kn(By) — (Kil(ﬁbW)
- g 2 (Kn(ﬂb) o K2 (5y) Yniin,

where ﬁll) = —k‘b/ﬁb.
When n > 1, from the recurrence relations K/ (8p) = %Kn(ﬁb) — K, +1(6y) and

K (By) = =3 Kn(B) — Kn—1(Bs), it follows that

K!(By) = —ﬁﬁgwb) + %K;(ﬁb) — K} 1 (B)

n® n ) 1
— (2 2 1) Kn(By) + =K .

(ﬂf 32 (Bs) B +1(Be)
Therefore, by substituting into (4.32), we obtain that

(Ben () = s (B33 — BuEEea (o) + 20 (50 o (5)

_ 61)6{, (1 _ Kn—l(ﬁb)Kn+1(Bb)>

K2(5p)

where the last equality follows by the recurrence relation (B.1). Since £,/ < 0, apply
the Turdn type inequality (B.11), namely, K2(3y) — Kn_1(8p)Kn11(8s) < 0, and we
arrive at

(4.33) (Bcon) (kp) >0, n>1.
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The case for n = 0 can be proved in a similar way. Indeed, apply the recurrence
relation (B.4),

(4.34) (Beoo)' (ky) = Bufy (1 Kf(ﬂb)) >0

- K3(By)
As a result, by substituting (4.33) and (4.34) into (4.32), it follows that
(Ty (ko). ) > 0.

The boundedness of 77(ks) follows again by the Turdn inequalities (B.10). More
precisely, from the Turdn inequalities, it is easily seen that

[(Beon)' (ko) < 28]B3], n>1.

Hence,

|<7;’(kb)z/1,w>| < Clbl g2 om,) 1wl g2 om,)

for some positive constant C. d ~
THEOREM 4.13. Let the operator T!(ky) be defined by (4.31); there exist Ly €
(1,00) such that

(435)  [(T0w)w)] < CLY 2Dl op w172 0,

for any 1, w € HY?(0By) if L > Ly.
Proof. Let T](ky) = T/, (ky) + T/ 5(ks), where

oo

ﬁ/,i(kb)’[r/) = Z(Bci,n)/(kb)¢nein0, =1, 2.

n=0

We only need to establish (4.35) for 7-3/71? the estimate for 7;’72 follows by a parallel
argument.
To begin with, note that

(4.36) (Toa (ko) w) =Y 2m(Bhern (ko) + Boct (ko)) Yntn.

n=0

From (4.19) and (4.25) in Theorem 4.7, we see that

(4.37) Z 27| B e nnwn| < CL2e™ 2D ()| 2 0p) | [w] | £2(88,)-

n=0

Therefore, we only need to establish the estimate (4.35) for the second part in (4.36).
We rewrite ¢} ,, as

! /

;o (01,0 (k). (8)) _arn (k)L (B) (01,0 (k)10 (B) + a2, (k) K ()
L alm(k)-[n(ﬂ) + 042,11( )Kn(ﬁ) (alm(k)-[n(ﬂ) + a?m(k)Kn(ﬁ))Q

Y /
SClp1 T Clnae
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First, let us focus on the case with n > 1. To estimate ¢} , ;, apply the recurrence
relations

mwwzihww+uﬂwm
2
mwwz(%—gz ) 8~ duia ().

From Lemmas 4.1 and 4.3, it follows that for L > max (8, 1),

‘(O‘Ln( ) (ﬁb)

(041 n ) I (Bb) + 51/,04171(]?)[5(&)

(n + L)? LK (ByL) L (B5)

<C
< C(n+1)°LPKn(BoL) In(Bb)-
In light of Lemma 4.5, we arrive at

(1t (3)'| < Cln 4+ 1)2L2P 00 K (8) 1 (By).

On the other hand, from (4.17) in Theorem 4.7,

ePr(L—1) 1
a2 () (3] = o () (3] > S (1= 3 ) KB (50
provided that L > Ly, where L; is given by (4.16) . Therefore,
(4.38) ¢} 1| < C(n+ 1)Lte 2L,

To estimate ¢ ,, 5, by Lemmas 4.1-4.4 and the recurrence relations, it is seen
that, if L is sufficiently large,

(01,0 (B) I (B) + a2, (k) K(B))'
al,n(k)ln(ﬁ) + a27n(k)Kn(6)

C| n -+ 1 LQKn(ﬁbL)In(ﬁ) (n + 1)2L2In(6bL)Kn(ﬁ)‘
|7’LI (65L) ( ) L(ﬁb"'kb) n(ﬁbL)In(Bb”
2 n(ﬁbL) (B) 2712
C‘(n+1)L—() 1,03 L)+( n+1)°L
By

TACATACY
LB+ k) e L, (D)

Now applying Lemma 4.5 again,

Kn(ﬁbL)In (Bb)
Kn (B)In (5bL)

if L is chosen appropriately. Thus,

< (Bp + k) L2e™ 27D < !

L(By + k) 5

!

(a1 (k)1 (B) + asn (k) Kn(B))

a1 0 (k)L (B) + g n(k) KW (B) <C(n+1)L".
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Combining the above inequality with the estimate (4.19) for |c; ,,| in Theorem 4.7, we
obtain that

(@1, ()) 10 (B) + 2,0 (k) Kn(8))'
al,n(k)ln(ﬁ) + a27n(k)Kn(ﬂ)
The case for n = 0 can be shown in a similar fashion, which is given briefly as

follows. An application of the recurrence relation, inequalities (B.7), and Lemmas 4.1—
4.5 gives

(4.39)  |ch ol < et < C(n+ 1)L 2P =1),

‘(al,o(k)lé(ﬁb))/’ < OLe_ﬁb(L—l)M(kb’ L)Ko(B)1(5B)),

where
HY (kL) B (k)|
M(kp, L) =1+ L+ (14 k)L 1(1)7 +koL |5
Hy"'’ (kL) Hy"'’ (kL)
Let L > Lo, where Lo is given by (4.22) in Theorem 4.7 such that kb|WZb§2;| <

2(1+ kp), and then

}(ao,n(k)l,’l(ﬂb))/} < CLgeBb(lfL)KO(ﬂb)Il (By).
On the other hand, if L > Lo, we observe that

|aa.0 () Ko ()| — |ano(ke)To(Bs)| > e+(E— 1B

by (4.23). Therefore,
(4.40) el o] < C(n+1)L2e™2Pr(E1),

5 10 (Be) [1(5b)

In addition, by a similar calculation it can be shown that

(a1,0(k)10(B) + aao(k)Ko(B))
a1,0(k)Io(B) + az,0(k)Ko(B)

provided that L > Ls. As a result, combine this inequality with the estimate (4.25)
in Theorem 4.7,

(4.41) ¢ 00| < CL3e™2Ar(E=D),
Finally, by virtue of (4.38) and (4.41), we obtain

/

< CL?,

Z 27Tﬁb |C/1,n (kb) ¢nwn|
n=0

< Y 2mB,CLYe D (L4 n) [
(442) n=0

< 4B CLYe D (Z V1+n? |1/)n|2> <Z V14 n? |wn|2>
n=0 n=0

= 471 3,C L e 2Pr(L—1) H‘PHHl/z(aBI) ||7/)||H1/2(831) :

The proof is complete by combining (4.36), (4.37), and (4.42). O

1/2
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5. Proof of Theorem 3.3. We rewrite the resonance condition (3.11) as

(5.1)  F(k) = (k* — k) (v, ¥) — (k% — k) (0, &) + (T (k)v, ¥) — (T (k)b €) = 0.

Let k = k — kp. An expansion at the bound state frequency k; gives

(5.2) (T k), ) = (T (k) ) + £(T" (ko )b, ¥) + (Tn (k)ib, )
and
(5.3) (T, €) = (T (k)1h, &) + (T (ko) 0, §) + (Tw (k). £),

where 75, (k) represents the higher order term.
Let p(k) and ¢g(k) be the functions as defined in section 3.1. Similarly, we may
expand p(k) and ¢(k) as

p(k) = po + Kp1 + pn(k),
q(k) = qo + kg1 + qn(k).

It follows from a direction calculation that

po=Lo(T(ke)¥), pr=Ly(T (ks)¥),  pn = La(T ko)),

@ = Lo(T(kp)¥),  qv = Lo(T (ke)),  an = Lo(Tn (ko))

Here, the operators £1 and Ly are bounded from H'/2(9B;) to H?(B;) and from
H'2(9By) to L*(By), respectively (cf. section 3.1). From (3.9)(3.10), we see that ¢
can be written as

(5.4) E(k) = &0 + k&1 + En(k),

wherein éo = Lyq0 + po, él = Eb[2k5¢ + q1] + p1, and éh = Eb[KQ’l,/) + qh(k)] + pn- A
standard energy estimate yields

ol 81y < C (1ol L2y + lpollmr () < CHT (k)| /2 om,),
(5.5  llmmy < (IRl + lallm,) + el i)
< C(lllzaon) + 1T ()0l 2o,y ) -
Substituting the expansions (5.2)—(5.4) into (5.1), it follows that
(5.6) F(ky) + F'(ky)i + Fy(k) = 0.
Here,
F (k) = (T (o), ) = (T (ko). o),
F' (k) = 2kl |17 23, — 2k, €0) + (T (ko ), ) — (T (ko )b, o) — (T (ko ), 1),
(k) = 62111323, — (hon (1 1) + 2k, 1)) — 12(,€) + (Tr ()b, )
— (TG, )+ R2(T (ko) &0) + (T (o), ) + (Tak), 6))
By employing Theorem 4.7, there exist Lo such that when L > Ly,
[F ()| < 1T ko), )] + [T ), o)
< CL2 D (161812 0, + 11220 1ol 17208, ) -
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Applying Proposition 4.9 to the regularity estimate (5.5) and substituting into the
above inequality, we observe that

(k)| < CL2e=2(L=1) (||7/’||H1/2 o L2€—2ﬁb(L_1)||w||§11/2(8B1))
(57) < 2CL2672'817 Lil)HwHHl/z(aBﬂ
if L2e=2A(L~1) <.
From Theorem 4.11, 7'(k;) can be decomposed as T7(ky) = 7;’(/%) + T (ky),
where 7;!(161,) is positive. Therefore,
F'(kp) > 2k[9]|72(5,)
— (2ol (0, €0} + 1T U)o, )+ (T (o), o) + (T (koo 1))
Since for sufficiently large L,
1, €0)] < 11zl Eollz2m) < CL2e2PED[y| 2 5,
(T (k)b )] < CL* e D13 i,
(T (ko). €0)] < ClIY | 1208y l1€oll /208, < CL2e =D [y]30 5.,
(T (k). 1) < CL2672'817(L71)||"/’||H1/2(8B1)||£1||H1/2(8B1)
< OLQ@_wb(L_l)||¢||?{2(Bl)a

we deduce that there exits L; such that when L > L,
(5.8) F'(ky) > kb||¢||%2(31) > 0.

On the other hand, F'(k) is analytic in the neighborhood of k; since 7 (k) is analytic
(Lemma 2.1). By Taylor’s theorem [2], there exists an analytic function F'(k) such
that

(5.9) F(k) = F(ky) + F(k)(k — k)
and
F(ky) = F'(ky).
In addition, from (5.8) it follows that
|F (k)| > —||¢||Lz (B,) I the neighborhood of k.

Therefore, by combining (5.7) and (5.9), the following estimate holds:

4C ||"/’||H1/2(BB1)L2 =28y (L—1)

[k — | < o= OB 0
ko ||1/)||L2(Bl)
Remark 5.1. The existence of solution for the nonlinear equation F(k) = 0
on the complex plane is not given here. In fact, rewriting (5.6) as k = —(F'(kp) +

Fn(k))/F'(ky) =: o(k), the existence of the solution may be argued by showing that
Kk — o(k) is a contraction mapping, and the iteration x,+1 = o(k,) converges to
the solution. Equivalently, one proves that |Fj, (k1) — Fp,(k2)|/F' (k) < c|k1 — ko| for
some constant ¢ < 1. To accomplish this, we need to employ inequalities similar to
Lemma 4.5 for the modified Bessel’s function in the case of a complex variable. More
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precisely,

[ K (21)]
[ Ko (22)]

where 21,29 € C such that Arg 21 = Arg 20 = 6 < w/2. We conjecture that such
inequalities hold. However, its proof remains completely open.

(5.10) and

>le= | i |a] < |zl

6. A perturbation approach to calculate near-bound state resonances.
We propose a simple perturbation approach to calculate the near-bound state reso-
nances based on Theorem 3.3. In fact, since |k — k| ~ O(L?e~2%(=1) for sufficiently
thick L, if one knows the bound state frequency k;, and corresponding eigenfunc-
tion v, the resonance k may be calculated by a linear approximation of the reso-
nance condition (3.3). More precisely, let kK = k — ky; by noting that ||€0||H1(Bl) ~
O(L?e~2P(L=1)) (3.3) can be reduced to

2k (W, o) + (T (K )b, Po) + &(T" (k)b P6) = 0

if the high order terms are neglected. In this way, s is computed via the following
approximation formula:

—<T(kb)7/jb, y)
2k (v, ) + (T (k) p, Up)

To test the accuracy of such an approximation, let us consider the potential

(61) Rapproz =

0, [|z|<1,
Vi(z) =< 10, 1< |z| <L,
0, |z|> L.
The quasi mode takes the form
T (Klz[)e™, el <
¢(ZI’) = (al,njn(ﬁ|x|) + aQnKn(ﬁp’D) ezn97 1 < |J1| < La
en HSY (k|z])eim? |z > L.

In Table 2 we compare the resonance obtained by solving directly the equations arising
from the continuity conditions of ¢ at || = 1 and |z| = L by Newton’s method
(denoted as k) and by the approximation formula (6.1). The modes for n = 0 and

TABLE 2
Comparison of Kk calculated by Newton’s method (second column) and the perturbation approach
(third column) for different L.

n=2~0
L KN Rapprox
2 —1.33312 x 1073 — 3.61219 x 1034 —1.32972 x 1073 — 3.60054 x 103
4 —4.16857 x 1078 — 1.11464 x 10~ 74 —4.16879 x 10~8 — 1.11470 x 10~ 74
6 || —1.27831 x 10~12 — 3.39833 x 10~ 124 | —1.27800 x 10~ 12 — 3.39846 x 10125
n=1
L KN Rapprox
2 1.05615 x 1072 — 2.09036 x 102 1.05988 x 1072 — 1.97834 x 10~ 24
4 2.43365 x 1075 — 3.87015 x 10~%; 2.43426 x 1075 — 3.86849 x 105
6 5.55640 x 10~8 — 8.70365 x 108 5.55656 x 10~8 — 8.70386 x 1084
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n = 1 are shown. It is seen that the resonance is approximated accurately by the
proposed formula.

Appendix A. Bessel’s functions. For completeness, we collect some basic
facts about the Bessel functions. Readers are referred to [1, 4, 10, 12, 16] for a
comprehensive exposition. m, n below denote some nonnegative integers.

Two linear independent solutions of Bessel’s equation

d*wW aw
2 2 2 _
2 +ZE+(Z —n )W =0
are called the Bessel functions of the first kind J,,(2) and second kind Y;,(z) (n > 0).
They can be expressed by power series as follows:

A\ (—22/4)m
Tnlz) = (5) Z m!I'(m + k + 1)

m=0

and

=2 ()" S (F) +2m(5) me
(=2%/4)

ml(n +m)!’

- (g) i(z/}(m-i- 1) +9(n +m+1))
m=0

™

Both J,(z) and Y, (z) are analytic in C\(—o0,0]. The Hankel functions of the first
kind H}(z) and second kind H2(z) are defined by

H?SU (Z) = Jn(x) + Z}/n(fl‘),
HP) (2) = Ju(z) — iy ().

Next, we collect some properties of the Bessel’s functions that are used in the paper.
PROPOSITION A.1 (recurrence relations: [1, sections 9.1.27, 9.1.28]). Let F,

denote J,, Yy, H,(Zl), and H,(ZQ), and then the following recurrence relations hold for
the derivate of the Bessel functions:

(A1) Fi(z) = Faa(x) = Fale)s Fol2) = 2Ful2) = Faa(2), m21,
(A.2)  Fi(z) = —Fi(2).

PROPOSITION A.2 (Wronskian: [1, section 9.1.16]).
(A.3) Jn(2)Y(2) = Yu(2)J,,(2) = % forn > 0.

PROPOSITION A.3 (asymptotic expansions for large order: [1, section 9.3.1]). If
n — +oo with nonzero z fized, then

(A4) SiHW(2) ~ —iHO(2) ~ \/g (%)_"

PROPOSITION A.4 (asymptotic expansions for large argument: [1, section 9.2.3]).
If |z| = oo with n fized, then

(A5) H(l)(z) ~ iei(zfmr/pri/@ and H(Q) (Z) ~ ie*i(27nﬂ'/27pi/4)'
" V 7z " V 7wz
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PROPOSITION A.5 (Nicholson’s integral: [16, section 13.73]). If Rez > 0, then
(A.6) [HY ) = J2(2) + Y2(2) = %/ Ky(2zsinht) cosh2nt dt  forn > 0.
™ Jo

Here, Ko(z) is the modified Bessel’s function of zero order defined in Appendiz B.

A direct consequence of the Nicholson’s integral is the monotonicity of modulus
for the Hankel’s function.

PROPOSITION A.6 (monotonicity). If 0 < m < n, then

(A7) [HS ()] < [H(2)] forz € (0,00), i=1,2.

PROPOSITION A.7 (modulus of Hankel functions). If x € (0,00), then the mod-

ulus of the Hankel function |H,(Zl)(x)| 18 a decreasing function with respect to x.
Proof. From Nicholson’s integral formula, we observe that

d 8 [
d—|H,(11)(;10)|2 = —2/ K{(2x sinh t)2 sinh t cosh 2nt dt
€Z s 0
8 [~ . .
=-—= K1 (2xsinht)2sinh ¢ cosh 2nt dt < 0,
™ Jo
since K7 is positive. Hence, the modulus |H,(11)(x)| is a decreasing function. O

Appendix B. Modified Bessel’s functions. The modified Bessel’s functions
I,(z) and K,(z) (n > 0) are two linearly independent solutions of the modified
Bessel’s equation:

d*w aw
2 2 2\ —
7.2 +ZE_(Z +n5)W =0.
They are related by regular Bessel functions as follows:
In(2) = e ™2 ] (2e/?) (=7 < Argz < m/2),
In(2) = €372 ] (2e73™/2)  (1/2 < Argz < T),

T

K,(z)= Eei””/gH,(ll)(ze”/z) (—m < Argz < m/2),

K,(z)= —%e‘im/szf)(ze_”/z) (r/2 < Argz < ).

I,(z) and K,(z) are analytic in C\(—o00,0]. If z is real and z > 0, I,,(z) and K, (z)
are real and positive. (See Figure 4 for the plots of K¢(z) and Iy(z) on the real line.)

PROPOSITION B.1 (recurrence relations: [1, sections 9.6.26, 9.6.27]). The follow-
ing recurrence relations hold for the modified Bessel’s functions:

2n 2n
B.1)  In1(z) = Iny1(z) = 7In(2)7 Knt1(2) = Kp—1(2) = 7Kn(z) n 2 0.
In addition, for the derivative of Bessel’s functions,
(B2) Iy(z)=Ia(2) = ZIa(2), 1(2) = Z1a(2) + Lo (2), n2 1,

(B.3) K/ (2) = —Kn_1(2) — gKn(z), K'(2) = gKn(z) — Kni(2), n>1,
(B4) Ij(z) = L(z), Kj(z)=—-Ki(2).
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Fic. 4. Graphs of Ko and Iy on the real line.

PROPOSITION B.2 (Wronskian: [1, section 9.6.15]).
1
(B.5) L,(2)K) (z) — Kn(2)I},(2) = —= forn>0.
z

PROPOSITION B.3 (monotonicity: [12, Theorems 1.1 and 1.2]). If z € (0,00),
then

(B.6) 0< Kp(z) < Kp(x) and I (x) > IL,(x) >0 4if 0<m<n.

PROPOSITION B.4 (reverse inequality: [12, Theorems 1.1 and 1.2]). Ifxz € (0, c0),
then

K, (z) - n+ Va2 + n? I,(z) N —n+Va? 4+ n?

(B-7) K, 1(z) x In_1(2) x

if n>0.

PROPOSITION B.5 (asymptotic expansions for large order: [1, sections 9.7.7,
9.7.8]). If n — 400 with nonzero z fized, then

1 ez\" T fez\ "
B.8 I(2) ~ ——— (—) L Kn(2) ~ o = (—) .
B8) B~ o \an B~ 2 (2
PROPOSITION B.6 (Turdn type inequalities: [4, Theorems 2.1 and 3.1]; [10, equa-
tion (1.7)]). If z € (0,00), then

B.9 0< I? I I L@ s
(B.9) <1(@) = I (@) nga (@) < 220 n20,
(B.10) - an};(x) < K2(2) — Kn_1(2)Kps1(z), n>1,
(B.11) K2(z) — K, 1(2)Kpy1(z) <0, n>0.

Appendix C. Calculation of bound state frequencies and resonances by
Newton’s method. For the step potential (3.14) considered in section 3, the bound
state and quasi mode may be expressed explicitly as (3.15) and (3.16), respectively.
To calculate bound state frequencies, we impose continuities conditions for 1, and

% over the circle || = 1 and obtain a nonlinear equation

Gy (kb) = ko J}, (ko) Kn (Bs) — BoJn (ko) K}, (Bs) = 0.
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The iterative formula for Newton’s method to approximate the solution of the above
equation is given by

o) _ o _ Gilha)

b b Gb(kb) ’

The resonances can be obtained in a similar fashion. More precisely, the continuity

of the solution over |z| =1 and |x| = L with the explicit expression (3.16) leads to a
nonlinear equation

G(k) = kJ’I/’L(k) [alm(k)]—n(ﬂ) + a27n(k)Kn(ﬁ)]_ﬁ [al,n(k)‘[;’b(ﬂ) + a27n(k)Krlz(ﬂ)] = 07

wherein a1, and ag, are given in (2.7) and (2.8). The Newton iteration formula is
employed to evaluate the resonances.

m=0,1,2,....
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