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"CTUSBDU
5IJT XPSL QSFTFOUT B SJHPSPVT UIFPSZ GPS UPQPMPHJDBM QIPUPOJD NBUFSJBMT JO
POF EJNFOTJPO� 5IF NBJO GPDVT JT PO UIF FYJTUFODF PG JOUFSGBDF NPEFT UIBU
BSF JOEVDFE CZ UPQPMPHJDBM QSPQFSUJFT PG UIF CVML TUSVDUVSF� 'PS B HFOFSBM �%
QIPUPOJD TUSVDUVSF XJUI UJNF�SFWFSTBM TZNNFUSZ
 XF JOWFTUJHBUF UIF FYJTUFODF PG
BO JOUFSGBDF NPEF UIBU JT JOEVDFE CZ B %JSBD QPJOU VQPO QFSUVSCBUJPO� 4QFDJàD�
BMMZ
 XF FTUBCMJTI DPOEJUJPOT PO UIF QFSUVSCBUJPO XIJDI HVBSBOUFF UIF PQFOJOH
PG B CBOE HBQ BSPVOE UIF %JSBD QPJOU BOE UIF FYJTUFODF PG BO JOUFSGBDF NPEF�
'PS B QFSJPEJD QIPUPOJD TUSVDUVSF XJUI CPUI UJNF�SFWFSTBM BOE JOWFSTJPO TZN�
NFUSZ
 UIF ;BL QIBTF JT RVBOUJ[FE
 UBLJOH POMZ UXP WBMVFT �,π� 8F TIPX UIBU
UIF ;BL QIBTF JT EFUFSNJOFE CZ UIF QBSJUZ 	FWFO PS PEE
 PG UIF #MPDI NPEFT BU
UIF CBOE FEHFT� 'PS B QIPUPOJD TUSVDUVSF DPOTJTUJOH PG UXP TFNJ�JOàOJUF TZTUFNT
PO UIF UXP TJEFT PG BO JOUFSGBDF XJUI EJTUJODU UPQPMPHJDBM JOEJDFT
 XF TIPX UIF
FYJTUFODF PG BO JOUFSGBDF NPEF JOTJEF UIF DPNNPO HBQ� 5IF TUBCJMJUZ PG UIF
NPEF VOEFS QFSUVSCBUJPOT JT BMTP JOWFTUJHBUFE� 'JOBMMZ
 XF TUVEZ SFTPOBODFT
GPS àOJUF UPQPMPHJDBM TUSVDUVSFT� 0VS SFTVMUT BSF CBTFE PO UIF USBOTGFS NBUSJY
NFUIPE BOE UIF PTDJMMBUJPO UIFPSZ GPS 4UVSNm-JPVWJMMF PQFSBUPST� 5IF NFUIPET
BOE SFTVMUT DBO CF FYUFOEFE UP HFOFSBM UPQPMPHJDBM 4UVSNm-JPVWJMMF TZTUFNT JO
POF EJNFOTJPO�

,FZXPSET� UPQPMPHJDBM QIPUPOJDT
 JOUFSGBDF NPEF
 %JSBD QPJOU
 ;BL QIBTF

CVML�FEHF DPSSFTQPOEFODF

	4PNF àHVSFT NBZ BQQFBS JO DPMPVS POMZ JO UIF POMJOF KPVSOBM


∗
"VUIPS UP XIPN BOZ DPSSFTQPOEFODF TIPVME CF BEESFTTFE�
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�� *OUSPEVDUJPO

5PQPMPHJDBM JOTVMBUPST BSF FMFDUSPOJD NBUFSJBMT UIBU DPOEVDU FMFDUSPOT PO UIFJS FEHFT PS TVSGBDFT
XJUIPVU CBDLTDBUUFSJOH� 5IF VOEFSMZJOH QSPUFDUFE FEHF�JOUFSGBDFNPEF JT SPCVTU JO UIF QSFTFODF
PG MBSHF JNQVSJUJFT
 XIJDI QSFWFOUT UIF EFHSBEBUJPO PG EFWJDF QFSGPSNBODF EVF UP GBCSJDBUJPO
JNQFSGFDUJPOT� 5SFNFOEPVT QSPHSFTT IBT CFFO NBEF JO UIF QBTU TFWFSBM EFDBEFT JO UIF TUVEJFT
PG UPQPMPHJDBM JOTVMBUPST BOE RVBOUVN UPQPMPHJDBM NBUFSJBMT JO HFOFSBM JO FMFDUSPO TZTUFNT <�

��>� *O SFDFOU ZFBST
 UIFSF IBT CFFO JODSFBTJOH JOUFSFTU JO FYQMPSJOH UIF BOBMPHVF PG UIF RVBOUVN
UPQPMPHJDBM NBUFSJBMT GPS QFSJPEJD QIPUPOJD�QIPOPOJD CBOE HBQ NBUFSJBMT <��
 ��
 ��m��>�

'SPN UIF NBUIFNBUJDBM QPJOU PG WJFX
 UIFSF BSF TFWFSBM JNQPSUBOU RVFTUJPOT JO UIF TUVEJFT
PG UPQPMPHJDBM NBUFSJBMT�

	B
 5IF àSTU POF DPODFSOT XJUI UIF %JSBD QPJOUT PG UIF CBOE TUSVDUVSF GPS UIF UPQPMPHJDBM NBUFS�
JBM� %JSBD QPJOUT BSF TQFDJBM WFSUJDFT MPDBUFE BU UIF #SJMMPVJO [POF DPSOFST XIFO UXP CBOET JO
UIF TQFDUSVN UPVDI JO B MJOFBS DPOJDBM GBTIJPO BOE EFHFOFSBDJFT PDDVS GPS UIF DPSSFTQPOEJOH
#MPDI NPEFT <��>� 8F SFGFS UP <��> GPS UIF SJHPSPVT NBUIFNBUJDBM TUVEJFT PG %JSBD QPJOUT
JO �% QFSJPEJD 4DISÕEJOHFS PQFSBUPS XJUI EPVCMF�XFMM QPUFOUJBM BOE <��> GPS UIF JOWFTUJH�
BUJPO PG %JSBD QPJOUT GPS 4DISÕEJOHFS PQFSBUPS XJUI UIF )POFZDPNC MBUUJDF QPUFOUJBMT JO
�%� *O HFOFSBM
 B UPQPMPHJDBM QIBTF USBOTJUJPO UBLFT QMBDF OFBS UIF %JSBD QPJOU BOE JOUFSFTU�
JOH QIZTJDT QIFOPNFOB PDDVST BT B SFTVMU� 5IJT JT FYFNQMJàFE JO QIPUPOJD HSBQIFOF BOE
TVCXBWFMFOHUI SFTPOBUPST JO <�
 �
 ��
 ��> BOE SFGFSFODFT UIFSFJO�

	C
 5IF TFDPOE RVFTUJPO JT UIF FYJTUFODF PG JOUFSGBDF NPEFT 	BMTP DBMMFE FEHF NPEFT PS FEHF
TUBUFT
 UIBU BSF TVQQPSUFE BU UIF JOUFSGBDF PG UXP TUSVDUVSFT XJUI EJTUJODU UPQPMPHJDBM JOWBSJ�
BOUT� 5IJT JT UZQJDBMMZ GPSNVMBUFE BT UIF TP�DBMMFE CVML�FEHF DPSSFTQPOEFODF
 XIJDI GPSN�
BMMZ TUBUFT UIBU UIF CVML JOEFY JT FRVBM UP UIF FEHF JOEFY� 5IF GPSNFS JT B UPQPMPHJDBM RVBOU�
JUZ UIBU DBO CF DPNQVUFE GSPN UIF CVML NFEJB
 XIJMF UIF MBUUFS JT SFMBUFE UP UIF OVNCFS
PG FEHF NPEFT TVQQPSUFE CZ UIF TUSVDUVSF� " WBSJFUZ PG UPPMT IBWF CFFO EFWFMPQFE GPS UIF
TUVEZ PG UIF CVML�FEHF DPSSFTQPOEFODF JO EJGGFSFOU TFUUJOHT
 JODMVEJOH ,�UIFPSZ
 GVODUJPOBM
BOBMZTJT
 NJDSPMPDBM BOBMZTJT
 FUD <�
 �
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��>�

	D
 5IF UIJSE POF JT UIF TUBCJMJUZ PG UIF JOUFSGBDF NPEFT TVQQPSUFE CZ UIF UPQPMPHJDBM NBUFSJ�
BMT� 4VDI NPEFT BSF AUPQPMPHJDBMMZ QSPUFDUFE� JO UIF TFOTF UIBU UIFZ BSF TUBCMF BHBJOTU UIF
TZTUFN QFSUVSCBUJPOT UIBU BSF OPU OFDFTTBSJMZ TNBMM� TFF
 GPS JOTUBODF
 <��> BOE <�> GPS UIF
NBUIFNBUJDBM JOWFTUJHBUJPO PG TUBCJMJUZ GPS FEHF NPEF JO �% 4DISÕEJOHFS TZTUFN BOE TVC�
XBWFMFOHUI SFTPOBUPST SFTQFDUJWFMZ�

*O UIJT QBQFS
 XF TUVEZ POF�EJNFOTJPOBM QIPUPOJD TUSVDUVSFT XJUI UJNF�SFWFSTBM TZNNFUSZ�
5IF DPSSFTQPOEJOH QFSJPEJD EJGGFSFOUJBM PQFSBUPS JT HJWFO CZ�

Lψ =− �
ε(Y)

E
EY

(
�

µ(Y)
Eψ
EY

)
GPS Y ∈ 3, 	���


BOE UIF DPFGàDJFOUT TBUJTGZ UIF GPMMPXJOH�

"TTVNQUJPO �� 5IF QFSNJUUJWJUZ ε(Y) BOE UIF QFSNFBCJMJUZ µ(Y) BSF QPTJUJWFMZ WBMVFE BOE BSF
QJFDF�XJTFMZ -JQTDIJU[ DPOUJOVPVT XJUI QFSJPE POF�

ε(Y) = ε(Y+ �), µ(Y) = µ(Y+ �). 	���


8F BJN UP QSPWJEF B SJHPSPVT NBUIFNBUJDBM UIFPSZ GPS UIF POF�EJNFOTJPOBM UPQPMPHJDBM TUSVD�
UVSFT
 FTQFDJBMMZ PO UIF FYJTUFODF BOE TUBCJMJUZ PG UIF JOUFSGBDF NPEFT� #BTFE PO UIF USBOTGFS
NBUSJY NFUIPE
 XF DIBSBDUFSJ[F UIF %JSBD QPJOUT PG UIF TUSVDUVSF QSFDJTFMZ� 8F QSFTFOU FYQMJDJU
DPOEJUJPOT GPS UIF QFSUVSCBUJPO PG UIF TUSVDUVSF TP UIBU B CBOE HBQ DBO CF PQFOFE OFBS UIF %JSBD

�
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QPJOU BOE BO JOUFSGBDF NPEF DBO CF HFOFSBUFE 	DG UIFPSFN ���
� 'PS TUSVDUVSFT XJUI BEEJUJPOBM
JOWFSTJPO TZNNFUSZ
 XF QSPWJEF FYQMJDJU GPSNVMBT GPS UIF #FSSZ QIBTF
 XIJDI JT BMTP DBMMFE UIF
;BL QIBTF GPS POF�EJNFOTJPOBM TUSVDUVSFT� *O UIJT TDFOBSJP
 UIF ;BL QIBTF JT DMPTFMZ SFMBUFE UP
UIF QBSJUZ PG UIF #MPDI NPEFT BU UIF CBOE FEHFT� *U JT RVBOUJ[FE CZ UBLJOH UIF WBMVF PG � PS
π POMZ BOE IFODF CFDPNFT B OBUVSBM CVML UPQPMPHJDBM JOEFY� 8F FTUBCMJTI UIF FYJTUFODF BOE
JOWFTUJHBUF UIF TUBCJMJUZ PG JOUFSGBDF NPEFT XIFO UXP TFNJ�JOàOJUF QFSJPEJD TUSVDUVSFT BUUBJO
EJTUJODU UPQPMPHJDBM JOEJDFT� 5IFTF SFTVMUT BSF GPSNVMBUFE JO UIFPSFNT ���� BOE ����� 'VSUIFS�
NPSF
 XF TUVEZ UIF SFTPOBODFT GPS àOJUF UPQPMPHJDBM TUSVDUVSFT
 GPS XIJDI UIF FJHFOWBMVFT BSF
DPNQMFY�WBMVFE BOE UIFZ DPOWFSHF FYQPOFOUJBMMZ GBTU UP UIF FJHFOWBMVFT PG UIF JOàOJUF UPQPMP�
HJDBM TUSVDUVSF BT UIF TJ[F PG UIF TUSVDUVSF JODSFBTFT 	DG UIFPSFN ���
�

8F NFOUJPO TFWFSBM DMPTFMZ SFMBUFE XPSLT <��
 ��
 ��
 ��>
 XIFSF POF�EJNFOTJPOBM
4DISÕEJOHFS FRVBUJPOT XJUI QFSJPEJD QPUFOUJBMT BSF TUVEJFE VTJOH NVMUJTDBMF BOBMZTJT PS TDBUUFS�
JOH UIFPSZ GPS IJHIMZ PTDJMMBUPSZ PQFSBUPST
 FUD� *U JT TIPXO JO <��> UIBU GPS B DMBTT PG CBDLHSPVOE
QFSJPEJD 4DISÕEJOHFS PQFSBUPST XJUI %JSBD QPJOUT
 MPDBMJ[FE FEHF TUBUFT DBO CF JOEVDFE WJB
TNBMM BOE BEJBCBUJD NPEVMBUJPO PG UIF QFSJPEJD QPUFOUJBMT XJUI B EPNBJO XBMM
 BOE UIF CJGVSDB�
UJPO PG UIFTF TUBUFT BSF BTTPDJBUFE XJUI UIF EJTDSFUF FJHFONPEFT PG BO FGGFDUJWF %JSBD PQFSBUPS�
*O <��>
 UIF BVUIPST TUVEZ B UPQPMPHJDBM TZTUFN XIFSF UIF CBDLHSPVOE QFSJPEJD 4DISÕEJOHFS
PQFSBUPS JT QFSUVSCFE CZ B TNBMM BOE BEJBCBUJD EJTMPDBUJPO� *U JT TIPXO UIBU BMM UIF FEHF TUBUFT
PG UIF EJTMPDBUFE TZTUFN BSF BTTPDJBUFE XJUI UIF FJHFONPEFT PG BO FGGFDUJWF %JSBD PQFSBUPS�
.PSFPWFS
 UIF GVMM BTZNQUPUJD FYQBOTJPOT PG UIF FJHFOQBJST BSF EFSJWFE� *O <��
 ��>
 UIF CVML�
FEHF DPSSFTQPOEFODF JT SJHPSPVTMZ FTUBCMJTIFE GPS B GBNJMZ PG PQFSBUPST
 XIFSFJO FBDI PQFSBUPS
DPSSFTQPOET UP B EJTMPDBUJPO PG UIF CBDLHSPVOE QFSJPEJD 4DISÕEJOHFS PQFSBUPS� *O UIJT XPSL

XF BQQMZ UIF USBOTGFS NBUSJY NFUIPE BOE UIF NBUIFNBUJDBM UIFPSJFT GPS UIF 4UVSNm-JPVWJMMF
PQFSBUPST UP EFSJWF UIF FYJTUFODF PG JOUFSGBDF NPEFT GPS UIF VOEFSMZJOH EJGGFSFOUJBM PQFSBUPS JO
UIF QIPUPOJD TZTUFN� 8F BMTP JOWFTUJHBUF UIF TUBCJMJUZ PG JOUFSGBDF NPEF BOE TUVEZ UIF SFTPO�
BOU àOJUF UPQPMPHJDBM TUSVDUVSF� $PNQBSFE UP <��
 ��
 ��
 ��>
 UIF BQQSPBDI EFWFMPQFE BOE UIF
SFTVMUT PCUBJOFE JO UIJT QBQFS IBWF UIF GPMMPXJOH OFX GFBUVSFT�

• 5IF BOBMZUJDBM BQQSPBDI JT CBTFE PO UIF USBOTGFS NBUSJY NFUIPE BOE DBO CF BQQMJFE UP EJGGFS�
FOUJBM PQFSBUPST XJUI EJTDPOUJOVPVT DPFGàDJFOUT� *O BEEJUJPO
 UIF 1SÛGFS USBOTGPSN JT VTFE UP
TUVEZ UIF TUBCJMJUZ PG JOUFSGBDF NPEFT�

• 5IF DPODFQU PG JNQFEBODF GVODUJPO GPS TFNJ�JOàOJUZ QFSJPEJD TUSVDUVSFT JT JOUSPEVDFE BOE
UIFJS CBTJD QSPQFSUJFT BSF FTUBCMJTIFE� 5IFZ BSF VTFE UP EFSJWF DPOEJUJPOT PO UIF FYJTUFODF PG
JOUFSGBDF NPEFT BU UIF JOUFSGBDF PG UXP EJGGFSFOU QFSJPEJD PQFSBUPST� 5IJT OFX BQQSPBDI DBO
BEESFTT UIF DBTF PG B TIBSQ JOUFSGBDF UIBU TFQBSBUFT UXP EJGGFSFOU NBUFSJBMT�

• " DIBSBDUFSJ[BUJPO PG %JSBD QPJOUT GPS UIF QFSJPEJD PQFSBUPS 	���
 JT HJWFO JO UFSNT PG UIF
EJTDSJNJOBOU PG UIF USBOTGFS NBUSJY�

• " HFOFSBM QFSUVSCBUJPO UIFPSZ GPS PQFOJOH B CBOE HBQ OFBS B %JSBD QPJOU PG UIF QFSJPEJD
PQFSBUPS 	���
 JT FTUBCMJTIFE GPS UIF àSTU UJNF� 4P JT UIF UIFPSZ GPS UIF CJGVSDBUJPO PG JOUFSGBDF
FJHFOWBMVF GSPN B %JSBD QPJOU VOEFS B HFOFSBM QFSUVSCBUJPO�

• 5IF FYJTUFODF PG UIF JOUFSGBDF NPEFT JT QSPWFE GPS UPQPMPHJDBM NBUFSJBMT XJUI JOWFSTJPO TZN�
NFUSZ BOE B CVML�JOUFSGBDF DPSSFTQPOEFODF UZQF SFTVMU JT FTUBCMJTIFE�

'JOBMMZ
 XF BMTP SFGFS UP <�
 �> GPS UIF TUVEJFT PO UPQPMPHJDBMMZ QSPUFDUFE FEHF TUBUFT JO B
POF�EJNFOTJPOBM DIBJO PG TVCXBWFMFOHUI SFTPOBUPST JO UISFF EJNFOTJPOT BOE <��> GPS VTJOH
B DPNCJOBUJPO PG UIF USBOTGFS NBUSJY NFUIPE BOE UIF IPNPHFOJ[BUJPO BQQSPBDI UP TUVEZ 4Vm
4DISJFGGFSm)FFHFS NPEFM�

5IF SFTU PG UIF QBQFS JT PSHBOJ[FE BT GPMMPXT� *O TFDUJPO �
 XF SFDBMM UIF CBOE TUSVDUVSF UIFPSZ
GPS UIF �% QFSJPEJD EJGGFSFOUJBM PQFSBUPST
 BOE JOUSPEVDF UIF %JSBD QPJOU BOE ;BL QIBTF GPS UIF

�



+� 1IZT� "� .BUI� 5IFPS� �� 	����
 ������ + -JO BOE ) ;IBOH

TUSVDUVSF� 5IF DPODFQUT PG JNQFEBODF GVODUJPO BOE JOUFSGBDF NPEF GPS B KPJOU QIPUPOJD TUSVD�
UVSF BSF JOUSPEVDFE JO TFDUJPO �� 4FDUJPO � TUVEJFT UIF QFSUVSCBUJPO PG B UJNF�SFWFSTBM TZNNFUSJD
QIPUPOJD TUSVDUVSF XJUI B %JSBD QPJOU BOE UIF FYJTUFODF PG BO JOUFSGBDF NPEF GPS UIF QFSUVSCFE
TZTUFN� 4FDUJPO � GPDVTFT PO UJNF�SFWFSTBM TZNNFUSJD TUSVDUVSFT UIBU BUUBJO JOWFSTJPO TZN�
NFUSZ� 5IF FYJTUFODF PG BO JOUFSGBDF NPEF UIBU JT QSFEJDUFE CZ UIF CVML UPQPMPHJDBM JOEJDFT
BOE JUT TUBCJMJUZ VOEFS QFSUVSCBUJPOT UIBU BSF OPU OFDFTTBSJMZ TNBMM BSF FTUBCMJTIFE� 'JOBMMZ
 UIF
TUVEJFT PG SFTPOBODFT GPS àOJUF UPQPMPHJDBM TUSVDUVSFT JT QSPWJEFE JO TFDUJPO ��

�� #BOE TUSVDUVSF
 %JSBD QPJOU BOE ;BL QIBTF GPS UIF QFSJPEJD TUSVDUVSF

*O UIJT TFDUJPO
 XF QSFTFOU UIF CBOE TUSVDUVSF UIFPSZ GPS UIF QFSJPEJD EJGGFSFOUJBM PQFSBUPS L
EFàOFE JO 	���
� 8F BMTP JOUSPEVDF %JSBD QPJOUT BU UIF DPSOFST PG UIF SFEVDFE #SJMMPVJO [POF
BOE UIF ;BL QIBTF GPS UIF QFSJPEJD TUSVDUVSF�

���� 5IF USBOTGFS NBUSJY BOE UIF TQFDUSVN PG UIF PQFSBUPS L

5IF TQFDUSVN PG UIF PQFSBUPS L DBO CF DIBSBDUFSJ[FE VTJOH UIF 'MPRVFUm#MPDI UIFPSZ BOE UIF
USBOTGFS NBUSJY� 'PS DPNQMFUFOFTT XF DPMMFDU TFWFSBM LFZ SFTVMUT JO UIJT TFDUJPO� 5IF SFBEFST
BSF SFGFSSFE UP <��> GPS NPSF EFUBJMT BCPVU UIF 'MPRVFUm#MPDI UIFPSZ GPS QFSJPEJD EJGGFSFOUJBM
PQFSBUPST�

5ISPVHIPVU
 XF MFU -�(3) CF UIF )JMCFSU TQBDF FRVJQQFE XJUI UIF JOOFS QSPEVDU�

(ψ,φ) =

ˆ
3
ε(Y)ψ(Y)φ̄(Y)EY.

)FSF BOE UISPVHIPVU UIF OPUBUJPO φ̄(Y) NFBOT UIF DPNQMFY DPOKVHBUF PG UIF OVNCFS φ(Y)� 8F
VTF UIF OPUBUJPO 9 GPS UIF )JMCFSU TQBDF -�[�,�] FRVJQQFE XJUI UIF JOOFS QSPEVDU�

(V,W) =
ˆ �

�
ε(Y)V(Y)W̄(Y)EY. 	���


-FU B = [−π,π] CF UIF #SJMMPVJO [POF BOE [�,π] CF UIF SFEVDFE #SJMMPVJO [POF� 'PS FBDI #MPDI
XBWFOVNCFS L ∈ B
 XF DPOTJEFS UIF GPMMPXJOH POF�QBSBNFUFS GBNJMZ PG 'MPRVFUm#MPDI FJHFO�
WBMVF QSPCMFNT�

Lψ(Y) = &ψ(Y) Y ∈ 3, 	���


JO UIF GVODUJPO TQBDF�

-�L = {V ∈ -�MPD : V(Y+ �) = FJLV(Y)},
XIFSF -�MPD := {V :

´
, ε(Y)|V(Y)|

� EY<∞, ∀ DPNQBDU TFU ,⊂ 3}� 'PS FBDI L ∈ B
 UIF FJHFO�
WBMVF QSPCMFN 	���
 JT TFMG�BEKPJOU XJUI UIF JOOFS QSPEVDU 	���
 BOE BUUBJOT B EJTDSFUF TFU PG SFBM
FJHFOWBMVFT�

&�(L)! &�(L)! · · ·! & K(L)! · · · .
5IF GVODUJPO & K(L) JT DBMMFE UIF EJTQFSTJPO SFMBUJPO PG UIF KUI CBOE BOE UIF FJHFOGVODUJPO

BTTPDJBUFE XJUI & K(L) JT DBMMFE UIF KUI #MPDI NPEF XJUI RVBTJ�NPNFOUVN L� *O FMFDUSPNBH�
OFUJTN
 UIF FJHFOWBMVF & BOE UIF GSFRVFODZ PG UIF QIPUPOJD NPEF ω JT SFMBUFE CZ &= ω� <��>�
'PS DPOWFOJFODF PG OPUBUJPOT
 XF QSFTFOU UIF CBOE UIFPSZ VTJOH UIF FJHFOWBMVF &� 5IF DPSSFT�
QPOEJOH CBOE UIFPSZ VTJOH UIF GSFRVFODZ ω JT TJNJMBS�

'PS FBDI JOUFHFS K
 MFU


&−
K =NJO{& K(L) : L ∈ B}, &+

K =NBY{& K(L) : L ∈ B}.

�
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5IFO UIF FOUJSF TQFDUSVN PG UIF PQFSBUPS L PO -�(3) JT HJWFO CZ�

σ(L) =
⋃

K!�

[&−
K ,&

+
K ],

XIJDI DPSSFTQPOET UP UIF FTTFOUJBM TQFDUSVN PG UIF PQFSBUPS� *G &+
K < &−

K+�
 UIF TQFDUSVN GPSNT
B CBOE HBQ CFUXFFO UIF UXP CBOET & K(L) BOE & K+�(L)�

5IF CBOE TUSVDUVSF PG UIF TQFDUSVN DBO CF DIBSBDUFSJ[FE VTJOH UIF USBOTGFS NBUSJY� 5P UIJT
FOE
 GPS FBDI & ∈ 3
 XF MFU ψ&,� BOE ψ&,� UP CF UIF TPMVUJPOT UP UIF GPMMPXJOH JOJUJBM WBMVF
QSPCMFNT JO 3 SFTQFDUJWFMZ�

(L−&)ψ&,� = �, ψ&,�(�) = �,
�

µ(�)
ψ ′
&,�(�) = �, 	���


(L−&)ψ&,� = �, ψ&,�(�) = �,
�

µ(�)
ψ ′
&,�(�) = �. 	���


'PS Y ∈ 3
 MFU

Ψ&(Y) := (Ψ&,�(Y),Ψ&,�(Y)) =
(

ψ&,�(Y) ψ&,�(Y)
�

µ(Y)ψ
′
&,�(Y)

�
µ(Y)ψ

′
&,�(Y)

)
. 	���


*U JT DMFBS UIBU UIF TFDPOE�PSEFS JOJUJBM WBMVF QSPCMFNT 	���
 BOE 	���
 BSF FRVJWBMFOU UP UIF
GPMMPXJOH àSTU�PSEFS JOJUJBM WBMVF QSPCMFN JO 3�

E
EY

Ψ&(Y) = +(#+&8)Ψ&(Y), Ψ&(�) = *E, 	���


XIFSF

+=
(

� �
−� �

)
, #= #(Y) =

(
� �
� µ(Y)

)
, 8=8(Y) =

(
ε(Y) �
� �

)
. 	���


3FDBMM UIBU UIF DPFGàDJFOUT ε(Y) BOE µ(Y) BSF SFBM�WBMVFE BOE BSF QJFDF�XJTFMZ -JQTDIJU[
DPOUJOVPVT� *U GPMMPXT GSPN UIF UIFPSZ PG àSTU�PSEFS MJOFBS PSEJOBSZ EJGGFSFOUJBM FRVBUJPOT UIBU
UIF TPMVUJPO Ψ&(Y) JT VOJRVFMZ EFàOFE GPS BMM Y JO 3� .PSFPWFS
 JU JT SFBM�WBMVFE BOE BCTP�
MVUFMZ DPOUJOVPVT JO 3
 BOE JU EFQFOET PO & TNPPUIMZ� *O QBSUJDVMBS
 UIF GVODUJPOT ψ′

&, K(Y) BOE
�

µ(Y)ψ
′
&, K(Y) 	 K = �,�
 BSF SFBM�WBMVFE BOE DPOUJOVPVT GPS Y ∈ 3�

3FNBSL �� "U B QPJOU PG EJTDPOUJOVJUZ PG µ
 TBZ Y= Y�
 XF TIPVME JOUFSQSFU UIF WBMVF
�

µ(Y�)
ψ′
&,�(Y�) BT FJUIFS UIF MFGU�TJEFE MJNJU �

µ(Y−� )
ψ′
&,�(Y

−
� ) =: MJNY→Y−�

�
µ(Y)ψ

′
&,�(Y) PS UIF SJHIU�

TJEFE MJNJU �
µ(Y+� )

ψ′
&,�(Y

+
� ) =: MJNY→Y+�

�
µ(Y)ψ

′
&,�(Y)� 5IF UXP�TJEFE MJNJUT BSF FRVBM CZ UIF DPO�

UJOVJUZ PG UIF TPMVUJPOΨ&(Y)� 'PS FBTF PG OPUBUJPO
 XF VTF UIF OPUBUJPO �
µ(Y�)

ψ′
&,�(Y�) GPS FJUIFS

PG UIF UXP�TJEFE MJNJU JO TVCTFRVFOU BOBMZTJT�

5IF TPMVUJPO NBUSJY Ψ&(Y) JT SFGFSSFE UP BT UIF USBOTGFS NBUSJY
 XIJDI DBO CF VTFE UP DIBS�
BDUFSJ[F UIF TPMVUJPOT UP UIF JOJUJBM WBMVF QSPCMFN GPS UIF EJGGFSFOUJBM PQFSBUPS L−&� /FYU XF
TIBMM VTF JU UP DIBSBDUFSJ[F UIF TQFDUSVN PG UIF PQFSBUPS L�

-FU .(&) =Ψ&(�)
 XIJDI JT DBMMFE UIF NPOPESPNZ NBUSJY� 5IF GPMMPXJOH MFNNB TUBUFT
UIF SFMBUJPO CFUXFFO UIF FJHFOWBMVFT PG L JO -�L BOE UIF FJHFOWBMVFT PG UIF �× � NBUSJY�WBMVFE
GVODUJPO .	&
�

-FNNB ���� 	B
 'PS FBDI L ∈ B
 JG (&,ψ) JT BO FJHFOQBJS PG UIF PQFSBUPS L JO -�L 
 UIFO
(ψ(�), �

µ(�)ψ
′(�))5 JT BO FJHFOWFDUPS PG UIF NPOPESPNZ NBUSJY .	&
 XJUI UIF DPSSFTQPOE�

JOH FJHFOWBMVF FJL�

�
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	C
 *G UIF NBUSJY .	&
 BUUBJOT BO FJHFOQBJS (FJL,(D�,D�)5) GPS TPNF L ∈ B
 UIFO ψ(Y) =
D�ψ&,�(Y)+ D�ψ&,�(Y) JT B #MPDI NPEF PG UIF EJGGFSFOUJBM PQFSBUPS L JO -�L XJUI UIF FJHFO�
WBMVF &�

1SPPG� (JWFO L ∈ B
 BTTVNF UIBU (&,ψ) JT BO FJHFOQBJS PG L JO -�L � 8F DBO XSJUF�

ψ(Y) = D�ψ&,�(Y)+ D�ψ&,�(Y), Y ∈ [�,�], 	���


XIFSF D� = ψ(�),D� = �
µ(�)ψ

′(�)� 5PHFUIFS XJUI UIF RVBTJ�QFSJPEJDJUZ PG UIF GVODUJPO JO -�L 
 XF
IBWF�

ψ(�) = D�ψ&,�(�)+ D�ψ&,�(�) = FJLψ(�) = FJLD�, 	���


�
µ(�)

ψ ′(�) =
�

µ(�)

(
D�ψ ′

&,�(�)+ D�ψ ′
&,�(�)

)
= FJL

�
µ(�)

ψ ′(�) = FJLD�, 	����


PS FRVJWBMFOUMZ


.(&)D= FJLD, XIFSF D= (D�,D�)5.

5IVT UIF NPOPESPNZ NBUSJY .	&
 BUUBJOT BO FJHFOWBMVF FJL BOE UIF BTTPDJBUFE FJHFOWFDUPS D�
0O UIF PUIFS IBOE
 BTTVNJOH UIBU.	&
 IBT BO FJHFOQBJS (FJL,D)� 8F DPOTUSVDU ψ CZ 	���
� *U JT
TUSBJHIUGPSXBSE UP TIPX UIBU ψ JT B #MPDI NPEF PG L JO -�L �

-FNNB ���� EFU .	&
 = ��

1SPPG� 'PS FBDI àYFE &
 DPOTJEFS G 	Y
= EFUΨ&(Y)� " EJSFDU DBMDVMBUJPO TIPXT UIBU G ′(Y) = ��
"T B SFTVMU
 EFUΨ&(Y) JT JOEFQFOEFOU PG Y� 5IF QSPPG JT DPNQMFUF CZ OPUJOH UIBUΨ&(�) = *E�

%FàOF

%(&) := 5S.(&) = ψ&,�(�)+
�

µ(�)
ψ′
&,�(�).

%	&
 JT DBMMFE UIF EJTDSJNJOBOU PG UIF.	&
� *U JT DMFBS UIBU% JT SFBM WBMVFE� 5IF UXP FJHFOWBMVFT
PG UIF NBUSJY .	&
 BSF HJWFO CZ�

λ&,� =
%(&)−

√
%(&)� − �
�

, λ&,� =
%(&)+

√
%(&)� − �
�

. 	����


*G |%(&)|! �
 UIFO λ&,� BOE λ&,� BSF DPOKVHBUF QBJST XJUI |λ&,�|= |λ&,�|= �� *U GPMMPXT
GSPN MFNNB ��� UIBU & ∈ σ(L)� 0O UIF PUIFS IBOE
 JG |%(&)|> �
 UIFO CPUI λ&,� BOE λ&,� BSF
SFBM OVNCFST TBUJTGZJOH |λ&,�|< �< |λ&,�| PS |λ&,�|< �< |λ&,�|� *O UIJT DBTF
 & '∈ σ(L) BOE JU
MJFT JO UIF CBOE HBQ� *O TVNNBSZ
 XF IBWF UIF GPMMPXJOH MFNNB DIBSBDUFSJ[JOH UIF TQFDUSVN
PG L VTJOH UIF EJTDSJNJOBOU %	&
�

-FNNB ���� 5IF SFBM OVNCFS & ∈ σ(L) JG BOE POMZ JG |%(&)|! ��

-FU

S = {& ∈ 3 : |%(&)|< �} BOE I = {& ∈ 3 : |%(&)|> �}.

5IFO UIF GPMMPXJOH MFNNB IPMET� 8F SFGFS UP UIFPSFN ����� JO <�> GPS JUT QSPPG�

-FNNB ���� 	B
 5IF GVODUJPO %	&
 JT TUSJDUMZ NPOPUPOJD PO FBDI TVCJOUFSWBM PG S �
	C
 'PS & ∈ 3
 JU IPMET UIBU %(&) = � BOE %′(&) = � JG BOE POMZ JG .(&) = *E� *O UIJT DBTF


%′′(&)< ��
	D
 'PS & ∈ 3
 JU IPMET UIBU %(&) =−� BOE %′(&) = � JG BOE POMZ JG .(&) =−*E� *O UIJT DBTF


%′′(&)> ��

�



+� 1IZT� "� .BUI� 5IFPS� �� 	����
 ������ + -JO BOE ) ;IBOH

6TJOH UIF BCPWF MFNNBT
 B RVBOUJUBUJWF DIBSBDUFSJ[BUJPO PG UIF TQFDUSVN GPS UIF PQFSBUPS L JT
HJWFO JO UIF UIFPSFN CFMPX�

5IFPSFN ���� -FU L CF B QFSJPEJD PQFSBUPS JO UIF GPSN PG 	���
 UIBU BUUBJOT QFSJPEJD DPFGà�
DJFOUT JO UIF TFOTF PG BTTVNQUJPO ��

	B
 5IF GPMMPXJOH JOFRVBMJUJFT IPME GPS UIF TQFDUSVN σ(L) =
⋃
K!�

[&−
K ,&

+
K ]�

�= &−
� < &+

� ! &−
� < &+

� ! &−
� < &+

� · · ·

	C
 5IF EJTQFSTJPO SFMBUJPO & K = & K(L) DBO CF PCUBJOFE CZ TPMWJOH UIF FRVBUJPO�

�DPTL= %(&) 	����


GPS L ∈ B BOE & ∈ [&−
K ,&

+
K ]�

	D
 & K(L) BSF TUSJDUMZ NPOPUPOJD PO FBDI PG UIF IBMG #SJMMPVJO [POF (−π,�) BOE (�,π)�
	E
 'PS FBDI K " �
 XF IBWF FJUIFS�

&+
K =NBY{& K(L) : L ∈ B}= & K(�), &−

K+� =NJO{& K+�(L) : L ∈ B}= & K+�(�),

PS

&+
K =NBY{& K(L) : L ∈ B}= & K(π), &−

K+� =NJO{& K+�(L) : L ∈ B}= & K+�(π).

	F
 *U IPMET UIBU %(&∗) =±� BOE %′(&∗) = � JG BOE POMZ JG &∗ = &+
K = &−

K+� GPS TPNF K" ��
*G UIJT JT UIF DBTF
 UIFO &∗ = & K(�) = & K+�(�) JG %(&∗) = � BOE &∗ = & K(π) = & K+�(π) JG
%(&∗) =−��

1SPPG� 	B
 *U JT DMFBS UIBU σ(L)⊂ [�,∞)� #Z MFNNB ���
 XF TFF UIBU |%(&)|> � GPS &< �
 UIVT
S ⊂ (�,∞)� 8F XSJUF

S =
⋃

K!�

4 K,

XIFSF 4K BSF UIF TVCJOUFSWBMT PG S PSEFSFE JO BO JODSFBTJOH NBOOFS� #Z MFNNB ���
 XF IBWF
4 K = (&−

K ,&
+
K )
 BOE JU GPMMPXT UIBU �= &−

� < &+
� ! &−

� < &+
� ! &−

� < &+
� · · · �

	C
 GPMMPXT GSPN MFNNBT ��� BOE ���� 5IF FJHFOWBMVFT PG .	&
 BSF HJWFO CZ λ&,� = FJL BOE
λ&,� = F−JL�

	D
 GPMMPXT GSPN 	B
 JO MFNNB ����
	E
 'SPN 	D

 FJUIFS &+

K = & K(�) PS &+
K = & K(π) IPMET� 8F DPOTJEFS UIF GPSNFS DBTF BOE TIPX

UIBU &−
K+� = & K+�(�)
 BOE UIF QSPPG GPS UIF MBUUFS DBTF JT TJNJMBS� *OEFFE
 OPUF UIBU |%(&)|>

� PO UIF JOUFSWBM (&+
K ,&

−
K+�)� 4JODF %(&

+
K ) = �
 JU GPMMPXT UIBU %(&−

K+�) = � CZ MFNNB ����
5IBU JT XIFO L= � JO UIF FRVBUJPO 	����
 BOE XF PCUBJO &−

K+� = & K+�(�)�
	F
 *G %(&∗) =±� BOE %′(&∗) = �
 #Z 	C
 BOE 	D
 JO MFNNB ���
 XF TFF UIBU |%(&)|< � GPS &

TVGàDJFOUMZ DMPTF UP CVU OPU FRVBM UP &∗� 5IFSFGPSF
 &∗ TFQBSBUFT UXP TVCJOUFSWBMT JO S BOE
DPOTFRVFOUMZ &∗ = &+

K = &−
K+� GPS TPNF K" �� 0O UIF PUIFS IBOE
 JG &∗ = &+

K = &−
K+� GPS

TPNF K" �
 UIFO 	E
 JNQMJFT UIBU FJUIFS &∗ = & K(�) = & K+�(�) PS &∗ = & K(π) = & K+�(π)�
6TJOH 	C

 XF GVSUIFS EFEVDF UIBU %(&∗) = � JO UIF GPSNFS DBTF BOE %(&∗) =−� JO UIF

�
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MBUUFS DBTF� /PUF UIBU VTJOH MFNNB ���
 |%(&)|! � GPS & OFBS &∗� 5IJT JT POMZ QPTTJCMF
JG %′(&∗) = �� 5IFSFGPSF
 XF IBWF %(&∗) =±� BOE %′(&∗) = �� 5IF MBTU BTTFSUJPO BMTP
GPMMPXT�

'PMMPXJOH UIF UFSNJOPMPHZ JO UIF QIZTJDT MJUFSBUVSF <��>
 JO XIBU GPMMPXT
 XF TIBMM DBMM UIF
QPJOUT (�,& K(�)) BOE (π,& K(π))

(
PS(−π,& K(−π))

)
FEHF QPJOUT PG UIF KUI TQFDUSBM CBOE� 5IFO

UIF BCPWF UIFPSFN JNQMJFT UIBU CPUI UIF NBYJNVN BOE NJOJNVN PG UIF EJTQFSTJPO SFMBUJPO GPS
B HJWFO CBOE & K(L) BSF BDIJFWFE BU UIF CBOE FEHF QPJOUT�

���� %JSBD QPJOU

" QBJS (L∗,&∗) ∈ B×3 PO UIF EJTQFSTJPO DVSWFT JT DBMMFE B %JSBD QPJOU GPS UIF TQFDUSVN PG
UIF EJGGFSFOUJBM PQFSBUPS L JO 	���
 JG�

	B
 5IFSF FYJUT JOUFHFS K" � TVDI UIBU & K(L∗) = & K+�(L∗) = &∗� *O BEEJUJPO
 UIFSF FYJU DPO�
TUBOUT α � � BOE δ � � TVDI UIBU UIF GPMMPXJOH FYQBOTJPOT�

& K(L) = &∗ −α|L− L∗|+0((L− L∗)�),

& K+�(L) = &∗ +α|L− L∗|+0((L− L∗)�),

IPME GPS |L− L∗|< δ�
	C
 5IF NVMUJQMJDJUZ PG UIF #MPDI NPEFT JO -�L∗ GPS UIF FJHFOWBMVF &∗ JT UXP�

5IF GPMMPXJOH QSPQPTJUJPO DIBSBDUFSJ[FT UIF %JSBD QPJOUT VTJOH UIF EJTDSJNJOBOU %	&
�

1SPQPTJUJPO ���� -FU L CF UIF EJGGFSFOUJBM PQFSBUPS JO UIF GPSN PG 	���
 UIBU BUUBJOT QFSJPEJD
DPFGàDJFOUT JO UIF TFOTF PG BTTVNQUJPO �� 5IFO UIF %JSBD QPJOUT GPS JUT TQFDUSVN DBO POMZ
PDDVS BU L∗ = � PS L∗ = π XJUI %(&∗) =±� BOE %′(&∗) = �� 'VSUIFSNPSF
 JG (L∗ = �,&∗) JT B
QBJS PO UIF EJTQFSTJPO DVSWFT XJUI %′(&∗) = �
 %(&∗) = �
 UIFO (L∗ = �,&∗) JT B %JSBD QPJOU�
4JNJMBSMZ
 UIF QBJS (L∗ = π,&∗) JT B %JSBD QPJOU JG %′(&∗) = � BOE %(&∗) =−��

1SPPG� #Z WJSUVF PG 	D
 JO UIFPSFN ���
 %JSBD QPJOUT DBO POMZ PDDVS XIFO L∗ = � PS L∗ = π�
6TJOH 	F
 JO UIFPSFN ���
 XF IBWF %(&∗) =±� BOE %′(&∗) = ��

8F OPX BTTVNF UIBU (L∗ = �,&∗) JT B QBJS PO UIF EJTQFSTJPO DVSWFT TVDI UIBU %′(&∗) = �

%(&∗) = � BOE BJN UP TIPX UIBU (L∗ = �,&∗) JT B %JSBD QPJOU� 'JSTU CZ 	F
 JO UIFPSFN ���

JU GPMMPXT UIBU &∗ = &+

K = &−
K+� GPS TPNF K" �� /PUF UIBU .(&∗) = *E CZ MFNNB ���� 5IF

NVMUJQMJDJUZ PG UIF FJHFOWFDUPS JT �� 8F EFEVDF GSPN MFNNB ��� UIBU UIF NVMUJQMJDJUZ PG UIF
#MPDI NPEFT JT �� 'VSUIFSNPSF
 JO UIF OFJHICPSIPPE PG L∗ = �
 XF IBWF DPTL= �− �

�L
� +

0(L�)� 4PMWJOH UIF FRVBUJPO�

�DPTL= %(&) = �+
�
�
%′′(&∗)(&−&∗)� +0(&−&∗)�,

XF PCUBJO UIF GPMMPXJOH FYQBOTJPOT GPS EJTQFSTJPO DVSWFT & K(L) BOE & K+�(L)�

& K(L) = &∗ − |L− L∗|

√
�

|% ′ ′(&∗)| +0((L− L∗)�), 	����


& K+�(L) = &∗ + |L− L∗|

√
�

|% ′ ′(&∗)| +0((L− L∗)�). 	����


5IJT DPNQMFUFT UIF QSPPG UIBU (L∗ = �,&∗) JT B %JSBD QPJOU�

�
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'SPN UIF BCPWF EJTDVTTJPOT
 B %JSBD QPJOU BQQFBST XIFO UXP OFJHICPSJOH CBOET UPVDI FBDI
PUIFS BOE UIF NVMUJQMJDJUZ PG UIF #MPDI NPEFT BU UIF %JSBD QPJOU JT UXP� *O GBDU
 UIF NVMUJQMJDJUZ
PG UIF #MPDI NPEFT GPS OPO�%JSBD QPJOU JT BMXBZT POF
 BT TUBUFE JO GPMMPXJOH QSPQPTJUJPO�

1SPQPTJUJPO ���� -FU L CF B EJGGFSFOUJBM PQFSBUPS JO UIF GPSN PG 	���
 UIBU BUUBJOT QFSJPEJD
DPFGàDJFOUT JO UIF TFOTF PG BTTVNQUJPO �� 'PS FBDI QBJS PG (L,& K(L)) 	 K" �
 UIBU JT OPU B %JSBD
QPJOU
 UIF NVMUJQMJDJUZ PG UIF BTTPDJBUFE #MPDI NPEFT JT POF�

1SPPG� *O MJHIU PG MFNNB ���
 XF POMZ OFFE UP TIPX UIBU UIF NVMUJQMJDJUZ PG UIF FJHFO�
WFDUPS GPS .	&
 JT �� 5IF DMBJN JT BVUPNBUJDBMMZ USVF XIFO .	&
 BUUBJOT UXP EJGGFSFOU FJHFO�
WBMVFT
 UIVT JU JT TVGàDJFOU UP DPOTJEFS .	&
 BU L= � BOE L= π POMZ XIFO λ&,� = λ&,��
8JUIPVU MPTT PG HFOFSBMJUZ
 XF DPOTJEFS UIF GPSNFS DBTF� -FU &= & K(�)
 UIFO λ&,� = λ&,� = ��
*G EJN,FS(.(&)− *E) = �
 UIFO .(&) = *E
 XIJDI JNQMJFT UIBU &+

K = &−
K+� CZ MFNNB ���

BOE UIFPSFN ���
 BOE DPOTFRVFOUMZ (L= �,&= & K(�)) XPVME CF B %JSBD QPJOU� 5IFSFGPSF

EJN,FS(.(&)− *E) = ��

���� #MPDI NPEFT

"TTVNJOH UIBU UIF KUI TQFDUSBM CBOE PG UIF PQFSBUPS L EPFT OPU JOUFSTFDU XJUI PUIFS CBOET
 XF
DPOTUSVDU JUT #MPDI NPEFT VTJOH UIF USBOTGFS NBUSJY� 'PS FBDI & ∈ [&−

K ,&
+
K ]
 MFU L CF B SFBM

OVNCFS JO [�,π] TVDI UIBU�

FJL = λ&,� =
%(&)+ J

√
�−%(&)�

�
, 	����


UIF àSTU FJHFOWBMVF PG UIF NBUSJY .	&
� 8F DIPPTF UIF DPSSFTQPOEJOH FJHFOWFDUPS�
(
ψ&,�(�),FJL−ψ&,�(�)

)5
.

*U GPMMPXT GSPN MFNNB ��� UIBU�

φ K,L(Y) := ψ&,�(�)ψ&,�(Y)+ (FJL−ψ&,�(�))ψ&,�(Y), Y ∈ [�,�], 	����


JT B #MPDI NPEF BOE JU GPSNT B CBTJT PG UIF POF EJNFOTJPOBM FJHFOTQBDF� 8F EFàOF UIF OPS�
NBMJ[FE #MPDI NPEF CZ MFUUJOH�

ϕ K,L :=
φ K,L

‖φ K,L‖9
.

*U JT DMFBS UIBU UIF BCPWF #MPDINPEF JT XFMM�EFàOFE BT MPOH BT UIF FJHFOWFDUPS BCPWF JT OPO[FSP
BOE UIF GVODUJPO φ K,L '≡ �� 5IF DBTF φ K,L ≡ � JT B EFHFOFSBUF DBTF XIJDI POMZ PDDVST BU UIF
CBOE FEHF XIFSF L= � PS π� 8F OFYU TIPX UIBU UIF #MPDI NPEF ϕ K,L DPOTUSVDUFE BCPWF DBO CF
FYUFOEFE DPOUJOVPVTMZ JO [�,π] XIFO TVDI EFHFOFSBDZ JT QSFTFOU�

-FNNB ���� "TTVNF UIBU UIF KUI TQFDUSBM CBOE PG UIF PQFSBUPS L EPFT OPU JOUFSTFDU XJUI PUIFS
CBOET� *G φ K ,� ≡ � PS φ K ,π ≡ � BU UIF KUI CBOE FEHF
 UIFO UIFSF IPMET�

MJN
L→�+

ϕ K,L =
Jψ&∗,�

‖ψ&∗,�‖9
, &∗ = & K(�),

PS

MJN
L→π−

ϕ K,L =
Jψ&∗,�

‖ψ&∗,�‖9
, &∗ = & K(π),

SFTQFDUJWFMZ� .PSFPWFS
 ψ&∗,� JT B #MPDI NPEF GPS L= � BOE L= π SFTQFDUJWFMZ�

�
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1SPPG� *G φ K ,� ≡ �
 UIFO ψ&∗,�(�) = �−ψ&∗,�(�) = � XJUI &∗ = & K(�)� 'SPN 	����
 XF IBWF�

∂φ K,L(Y)
∂L

=
∂

∂&

(
ψ&,�(�)ψ&,�(Y)−ψ&,�(�)ψ&,�(Y)+ FJLψ&,�(Y)

)
&′
K(L)+ JFJLψ&,�(Y).

/PUF UIBU BU &= &∗ = & K(�)
 XF IBWF &′
K(�) = �� 5IVT

∂φ K,L(Y)
∂L

|L=� = Jψ&,�(Y).

*U GPMMPXT UIBU�

ϕ K,�+ = MJN
L→�+

ϕ K,L =
Jψ&,�

‖ψ&,�‖9
.

8F OPX TIPX UIBU ψ&∗,� JT B #MPDI NPEF� *OEFFE
 TJODF ψ&∗,�(�) = � BOE ψ&∗,�(�) = �

GSPN 	����
 XF IBWF �

µ(�)ψ
′
&∗,�(�) = �= �

µ(�)ψ
′
&∗,�(�)� 5IFSFGPSF
 JU GPMMPXT GSPN MFNNB ���

UIBU ψ&∗,� JT B #MPDI NPEF GPS L= �� 5IF QSPPG GPS UIF PUIFS DBTF JT TJNJMBS�

'SPN UIF BCPWF EJTDVTTJPOT
 XF TFF UIBU UIF #MPDI NPEFT�

ϕ K,L =

{
φ K,L

‖φ K,L‖9 , JG φ K,L '≡ �,
Jψ&,�

‖ψ&,�‖9 , JG φ K,L ≡ �,
	����


BSF DPOUJOVPVT JO UIF SFEVDFE #SJMMPVJO [POF [�,π]� 'PS L XJUI QFSJPEJD DPFGàDJFOUT
 UIF BCPWF
#MPDI NPEFT DBO CF FYUFOEFE GPS L ∈ (−π,�) CZ MFUUJOH�

ϕ K,L = ϕ̄ K,−L =
φ̄ K,−L

‖φ K,−L‖9
.

8F FOE UIJT TVCTFDUJPO CZ EJTDVTTJOH UIF #MPDI NPEFT BU UIF %JSBD QPJOUT�

-FNNB ���� "TTVNF UIBU UIF KUI BOE ( K+ �)UI CBOET UPVDI BU UIF %JSBD QPJOU (�,&∗)
 UIFO�

ϕ K+�,�(Y) =−ϕ K,�(Y). 	����


5IF TBNF SFMBUJPO IPMET BU UIF %JSBD QPJOU (π,&∗)�

1SPPG� -FU φ K,L CF UIF #MPDI NPEFT HJWFO CZ 	����

 XIFSF &= & K(L) BEPQUT UIF FYQBO�
TJPO 	����
� 8F IBWF UIF GPMMPXJOH FYQBOTJPOT GPS L � � BOE &< &∗�

FJL = �+ JL+0(L�) = �− J(&−&∗)

√
−�
�
%′′(&∗)+0(&−&∗)�.

0O UIF PUIFS IBOE


ψ&,�(�) =
∂ψ&,�(�)
∂&

(&∗)(&−&∗)+0(&−&∗)�,

ψ&,�(�) = �+
∂ψ&,�(�)
∂&

(&∗)(&−&∗)+0(&−&∗)�.

%FOPUF

C�(&) :=
∂ψ&,�(�)
∂&

, C�(&) :=
∂ψ&,�(�)
∂&

.

��
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8F TFF UIBU φ K,L BENJUT UIF FYQBOTJPO�

φ K,L(Y) = (&−&∗)

(
C�(&∗)ψ&,�(Y)+

(
−J
√
−�
�
%′′(&∗)− C�(&∗)

)
ψ&,�(Y)

)

+0(&−&∗)�.

*U GPMMPXT UIBU�

ϕ K,�(Y) =−
C�(&∗)ψ&∗,�(Y)+

(
−J
√
− �

�%
′′(&∗)− C�(&∗)

)
ψ&∗,�(Y)

‖C�(&∗)ψ&∗,� +
(
−J
√
− �

�%
′′(&∗)− C�(&∗)

)
ψ&∗,�‖9

.

4JNJMBSMZ
 XF DBO TIPX UIBU�

ϕ K+�,�(Y) =
C�(&∗)ψ&∗,�(Y)+

(
J
√
− �

�%
′′(&∗)− C�(&∗)

)
ψ&∗,�(Y)

‖C�(&∗)ψ&∗,� +
(
J
√
− �

�%
′′(&∗)− C�(&∗)

)
ψ&∗,�‖9

,

XIFODF 	����
 GPMMPXT�

���� ;BL QIBTF

(JWFO B OPSNBMJ[FE #MPDI NPEF ϕ K,L GPS (L,& K(L)) ∈ B×3 PWFS UIF KUI CBOE
 POF DBO FYQSFTT
ϕ K,L JO UIF GPSN PG�

ϕ K,L(Y) = FJLYV K,L(Y),

XIFSF V K,L(Y) JT B QFSJPEJD GVODUJPO TBUJTGZJOH V K,L(Y) = V K,L(Y+ �)� V K,L JT DBMMFE UIF QFSJPEJD
QBSU PG UIF #MPDI NPEF ϕ K,L� 'PS UIF KUI CBOE UIBU JT JTPMBUFE
 JU JT DMFBS UIBU UIF #MPDI NPEFT
ϕ K,L GPSN B DMPTFE MPPQ BT L SVOT PWFS UIF #SJMMPVJO [POF GSPN −π UP π TJODF ϕ K,π BOE ϕ K,−π
POMZ EJGGFST CZ B HMPCBM QIBTF DPOTUBOU� )PXFWFS
 UIJT JT OP MPOHFS UIF DBTF GPS UIF QFSJPEJD
QBSU V K,L TJODF V K,π(Y) = F−J�π YV K,−π(Y) FWFO JG ϕ K,π = ϕ K,−π� 5P UBLF UIJT JOUP BDDPVOU
 XF
EFàOF UIF GPMMPXJOH EJTDSFUF ;BL QIBTF PWFS UIF KUI CBOE 	DG TFDUJPO ��� JO <��>
�

θ(/)K =
/−�∑

O=�

−*NMO
(
V K,LO+� ,V K,LO

)
9− *NMO

(
F−J�π YV K,L� ,V K,L/−�

)
9 NPE �π, 	����


XIFSF LO =−π+ �πO
/

,O= �,�, · · ·/− �.

*G UIF #MPDI NPEF ϕ K,L JT TNPPUI XJUI SFTQFDU UP L PWFS UIF #SJMMPVJO [POF XJUI ϕ K,−π = ϕ K,π

CZ UBLJOH UIF DPOUJOVVN MJNJU PG 	����
 BT /→∞
 XF SFDPWFS UIF XFMM�LOPXO ;BL QIBTF
GPSNVMB 	DG <��
 ��>
�

θ K = J
ˆ π

−π

(
∂V K,L
∂L

,V K,L

)

9
EL NPE �π . 	����


5IF ;BL QIBTF θK JT JOWBSJBOU VOEFS UIF HBVHF USBOTGPSNBUJPO XJUI V K,L CFJOH SFQMBDFE
CZ FJβ(L)V K,L GPS DFSUBJO QIBTF GVODUJPO β(L)� 5IJT DBO CF PCTFSWFE GSPN UIF EJTDSFUF
GPSNVMBUJPO 	����
�

��
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'PS V K,L UIBU JT QJFDFXJTFMZ TNPPUI JO (−π,�)∪ (�,π) XJUI SFTQFDU UP L
 UIF DPOUJOVPVT
GPSNVMB 	����
 DBOOPU CF VTFE EJSFDUMZ�8FNPEJGZ 	����
 CZ UBLJOH JOUP BDDPVOU PG UIF QPTTJCMF
QIBTF KVNQ BU L= �,π
 BOE EFàOF UIF ;BL QIBTF BDDPSEJOHMZ BT�

θ K = J
ˆ �

−π

(
∂V K,L
∂L

,V K,L

)

9
EL+ J

ˆ π

�

(
∂V K,L
∂L

,V K,L

)

9
EL+ θ̂ K NPE �π, 	����


XIFSF θ̂ K JT HJWFO CZ�

θ̂ K =−*NMO(V K,�,V K,�−)9− *NMO(F−J�π YV K,(−π)+ ,V K,π)9.

*O UIF BCPWF
 V K,�− = MJNL→�− V K,L BOE V K,(−π)+ = MJNL→(−π)+ V K,L EFOPUF UIF POF�TJEF
MJNJU�

�� *NQFEBODF GVODUJPO BOE JOUFSGBDF NPEF

���� .PEF EFDPNQPTJUJPO JO UIF CBOE HBQ BOE JNQFEBODF GVODUJPO

*O UIJT TFDUJPO
 XF DPOTJEFS UIF EFDPNQPTJUJPO PG UIF TPMVUJPO UP UIFXBWF FRVBUJPO (L−&)ψ =
� XIFO & /∈ σ(L) MJFT JO B CBOE HBQ PG UIF PQFSBUPS L� 8F BTTVNF UIBU &+

K < &−
K+� BOE & ∈

(&+
K ,&

−
K+�)� )FSF BOE IFODFGPSUI
 XJUIPVU MPTT PG HFOFSBMJUZ XF BTTVNF UIBU UIF USBDF%(&)> �

TP UIBU UIF FJHFOWBMVFT EFàOFE JO 	����
 TBUJTGZ |λ&,�|< � BOE |λ&,�|> � JO UIF CBOE HBQ� *G
%(&)< �
 BMM UIF BSHVNFOUT GPMMPX CZ SFQMBDJOH λ&,� BOE λ&,� XJUI FBDI PUIFS�

-FU ψ CF B TPMVUJPO PG (L−&)ψ = � GPS & ∈ (&+
K ,&

−
K+�)� %FàOF UIF WFDUPS�WBMVFE GVODUJPO


Φ(Y) := (ψ(Y),
�

µ(Y)
ψ′(Y))5.

6TJOH UIF USBOTGFS NBUSJY
 UIFSF IPMET�

Φ(Y+ O) =Ψ&(Y+ O)Φ(�) =Ψ&(Y)Ψ&(O)Φ(�) =Ψ&(Y).(&)OΦ(�), Y ∈ [�,�].

3FDBMM UIBU


.(&) =
(

ψ&,�(�) ψ&,�(�)
�

µ(�)ψ
′
&,�(�)

�
µ(�)ψ

′
&,�(�)

)
.

8F EFOPUF CZ 7&, K ( K = �,�) UIF FJHFOWFDUPS PG UIF NBUSJY.	&
 BTTPDJBUFE XJUI UIF FJHFO�
WBMVF λ&, K� #Z EFDPNQPTJOH Φ(�) BT Φ(�) = U�7&,� + U�7&,�
 JU GPMMPXT UIBU�

.(&)OΦ(�) = U�λO&,�7&,� + U�λO&,�7&,�.

5IFSFGPSF


Φ(Y+ O) = U�λO&,�Ψ&(Y)7&,� + U�λO&,�Ψ&(Y)7&,�,

BOE

ψ(Y+ O) = U�λO&,�(ψ&,�(Y),ψ&,�(Y))7&,� + U�λO&,�(ψ&,�(Y),ψ&,�(Y))7&,�.

/PUF UIBU UIF GVODUJPOT ψ&,�(Y) BOE ψ&,�(Y) BSF DPOUJOVPVT JO Y
 IFODF UIFSF FYJTU DPOTUBOUT
$�,$� > � TVDI UIBU�

$� < ‖(ψ&,�(Y),ψ&,�(Y))7&, K‖-�[�,�] < $�, K= �,�.

6TJOH UIF SFMBUJPOT�

‖ψ(Y)‖�-�[�,∞) =
∑

O!�

‖ψ(Y)‖�-�[O,O+�], ‖ψ(Y)‖�-�[−∞,�) =
∑

O"�

‖ψ(Y)‖�-�[O−�,O],

��
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BOE UIF DPOEJUJPO UIBU |λ&,�|< � BOE |λ&,�|> �
 XF DBO DPODMVEF UIBU�

‖ψ(Y)‖-�[�,∞) <∞,

JG BOE POMZ JG U� = � BOE Φ(�) = U�7&,�
 BOE UIBU

‖ψ(Y)‖-�(−∞,�] <∞,

JG BOE POMZ JG U� = � BOE ψ(�) = U�7&,��
8F OPX DPOTJEFS UXP TDFOBSJPT XIFO ψ&,�(�) = � PS OPU� *G ψ&,�(�) '= �
 XF TFU�

7&,� =
(

ψ&,�(�)
λ&,� −ψ&,�(�)

)
BOE 7&,� =

(
ψ&,�(�)

λ&,� −ψ&,�(�)

)
, 	���


BOE UIF GPMMPXJOH SFTVMUT IPME�

-FNNB ���� -FU & ∈ (&+
K ,&

−
K+�) BOE ψ&,�(�) '= �� -FU ψ CF B OPOUSJWJBM TPMVUJPO UP Lψ = &ψ�

	B
 ‖ψ(Y)‖-�[�,∞) <∞ JG BOE POMZ JG
 VQ UP DFSUBJO DPOTUBOU


ψ(Y) = ψ&,�(�)ψ&,�(Y)+ (λ&,� −ψ&,�(�))ψ&,�(Y).

	C
 ‖ψ(Y)‖-�(−∞,�] <∞ JG BOE POMZ JG
 VQ UP DFSUBJO DPOTUBOU


ψ(Y) = ψ&,�(�)ψ&,�(Y)+ (λ&,� −ψ&,�(�))ψ&,�(Y).

*G ψ&,�(�) = � BU &= &∗
 UIF NPOPESPNZ NBUSJY�

.(&∗) =

(
ψ&∗,�(�) �
�

µ(�)ψ
′
&∗,�(�)

�
µ(�)ψ

′
&∗,�(�)

)
.

8F TFF UIBU FJUIFS ψ&∗,�(�) = λ&∗,� PS ψ&∗,�(�) = λ&∗,� EFQFOEJOH PO XIFUIFS |ψ&∗,�(�)|<
� PS |ψ&∗,�(�)|> �� *G ψ&∗,�(�) = λ&∗,�
 7&∗,� EFàOFE JO 	���
 JT B [FSP WFDUPS BOE IFODF DBO�
OPU CF VTFE BT BO FJHFOWFDUPS GPS UIF FJHFOWBMVF λ&∗,�� *O UIJT EFHFOFSBUF DBTF
 OPUJOH UIBU
UIF NBUSJY .	&
 JT TNPPUI JO &
 TP UIF GBNJMZ PG FJHFOTQBDF BTTPDJBUFE XJUI FJHFOWBMVF λ&,�
EFQFOET PO & DPOUJOVPVTMZ� 5IFSFGPSF
 GPS & OFBS &∗
 XF DIPPTF


7&,� =
�

&−&∗ (ψ&,�(�),λ&,� −ψ&,�(�))5,

GPS & '= &∗ BOE


7&∗,� = MJN
&→&∗

�
&−&∗ (ψ&,�(�),λ&,� −ψ&,�(�))5,

JG UIF MJNJU FYJTUT� 8F DIPPTF 7&,� JO B TJNJMBS XBZ JG ψ&∗,�(�) = λ&∗,��
8F OPX JOUSPEVDF UIF DPODFQU PG JNQFEBODF GVODUJPO
 XIJDI JT VTFE JO UIF QSPPG PG UIF

FYJTUFODF PG JOUFSGBDF NPEFT JO UIF TVCTFRVFOU TFDUJPOT� 'SPN UIF BCPWF EJTDVTTJPOT
 JU JT
LOPXO UIBU GPS FBDI & JO UIF CBOE HBQ
 BMM UIF TPMVUJPOT UP UIF FRVBUJPO (L−&)ψ = � XJUI
àOJUF FOFSHZ PWFS UIF MFGU IBMG�MJOF (−∞,�] TQBOT B POF�EJNFOTJPOBM TQBDF� -FU ψ-,& CF POF PG
TVDI TPMVUJPOT
 BOE EFàOF�

ξ-(&) :=
ψ-,&(�)
�

µ(�)ψ
′
-,&(�)

, JG ψ′
-,&(�) '= �.

)FSF - EFOPUFT UIBU UIF TPMVUJPO ψ-,& BUUBJOT àOJUF FOFSHZ PO UIF MFGU PG UIF SFBM BYJT� *O UIF
DBTF XIFO ψ′

-,&(�) = �
 XF TFU ξ-(&) =∞� /PUF UIBU ψ′
-,&(�) BOE ψ-,&(�) XJMM OPU WBOJTI TJN�

VMUBOFPVTMZ
 PUIFSXJTF ψ-,& ≡ ��

��
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*U JT DMFBS ξ-(&) EFàOFE BCPWF JT JOEFQFOEFOU PG UIF DIPJDF PG UIF TPMVUJPO ψ-,&� 8F DBMM
ξ-(&) UIF JNQFEBODF GVODUJPO GPS UIF PQFSBUPS L EFàOFE PWFS UIF IBMG�MJOF (−∞,�]� 6TJOH
MFNNB ���
 XF IBWF�

ξ-(&) =
ψ&,�(�)

λ&,� −ψ&,�(�)
.

8F SFNBSL UIBU UIF BCPWF EFàOJUJPO DBO CF FYUFOEFE UP UIPTF &∗ JO UIF CBOE HBQ TBUJTGZJOH
ψ&∗,�(�) = λ&∗,� −ψ&∗,�(�) = ��

*O TVDI TDFOBSJP
 XF JOUFSQSFU�

ξ-(&∗) = MJN
&→&∗

ξ-(&),

QSPWJEFE UIBU UIF MJNJU FYJTUT� 6TJOH UIF GBDU UIBU UIF GVODUJPOT λ&,�,ψ&,�(�) BOE ψ&,�(�) BSF
DPOUJOVPVT JO & 	TJODF UIF NBUSJY Ψ&(�) JT TNPPUI JO &

 XF TFF UIBU ξ-(&) EFàOFE BCPWF JT
DPOUJOVPVT JO & JO UIF CBOE HBQ (&+

K ,&
−
K+�) FYDFQU BU UIPTF QPJOUT XIFSF ξ-(&) =∞�

5IF JNQFEBODF GVODUJPO ξ-(&) DBO BMTP CF VTFE UP EFàOF UIF 3PCJO CPVOEBSZ DPOEJUJPO GPS
UIF PQFSBUPSL−& EFàOFE JO (−∞,�]� *OEFFE
 BMM UIF TPMVUJPOT ψ UP (L−&)ψ = � JO (−∞,�]
UIBU EFDBZT BU −∞ TBUJTàFT UIF 3PCJO CPVOEBSZ DPOEJUJPO�

ψ(�)− ξ-(&)
�

µ(�)
ψ′(�) = �.

*O UIF DBTF XIFO ξ-(&) =∞
 UIF BCPWF CPVOEBSZ DPOEJUJPO JT JOUFSQSFUFE BT UIF /FVNBOO
CPVOEBSZ DPOEJUJPO�

*O B TJNJMBS XBZ
 XF EFàOF UIF JNQFEBODF GVODUJPO GPS UIF QFSJPEJD PQFSBUPS L EFàOFE JO
UIF SJHIU IBMG�MJOF [�,∞) CZ�

ξ3(&) :=
ψ3,&(�)
�

µ(�)ψ
′
3,&(�)

=
ψ&,�(�)

λ&,� −ψ&,�(�)
,

XIFSF ψ3,& BUUBJOT àOJUF FOFSHZ PWFS UIF SJHIU IBMG�MJOF [�,∞)�

���� *OUFSGBDF NPEF

8F OPX JOUSPEVDF UIF EFàOJUJPO PG JOUFSGBDF NPEFT�

%FGJOJUJPO �� -FU L− BOE L+ CF UXP QFSJPEJD PQFSBUPST XJUI UIF DPFGàDJFOUT (ε−,µ−) BOE
(ε+,µ+) TBUJTGZJOH BTTVNQUJPO �� -FU L̃ CF UIF AHMVFE� PQFSBUPS PWFS UIF XIPMF SFBM MJOF TVDI
UIBU BT L̃= L− GPS Y< � BOE L̃= L+ GPS Y � �� " GVODUJPO ψ JT DBMMFE BO JOUFSGBDF NPEF PG UIF
TUSVDUVSF BTTPDJBUFE XJUI UIF PQFSBUPS L̃ JG�

ψ ∈ -�(3) BOE (L̃−&)ψ (Y) = � GPS Y ∈ 3,

GPS TPNF SFBM OVNCFS &� & JT DBMMFE UIF FOFSHZ MFWFM PG UIF JOUFSGBDF NPEF ψ�

5IF FYJTUFODF PG JOUFSGBDF NPEFT DBO CF GPSNVMBUFE JO UFSNT PG JNQFEBODF GVODUJPOT�

-FNNB ���� -FU L−
 L+ BOE L̃ CF HJWFO BT JO EFàOJUJPO �� "TTVNF UIBU & MJFT JO B DPNNPO
TQFDUSBM CBOE HBQ PG L− BOE L+
 BOE ξ-,−(&) BOE ξ3,+(&) BSF UIF DPSSFTQPOEJOH JNQFEBODF
GVODUJPOT BU UIF JOUFSGBDF Y= �� 5IFO UIFSF FYJTUT BO JOUFSGBDF NPEF BU FOFSHZ MFWFM & GPS UIF
PQFSBUPS L̃ JG BOE POMZ JG�

ξ-,−(&) = ξ3,+(&).

��



+� 1IZT� "� .BUI� 5IFPS� �� 	����
 ������ + -JO BOE ) ;IBOH

1SPPG� *G ψ JT BO JOUFSGBDF NPEF GPS L̃
 UIFO ‖ψ(Y)‖-�(3) <∞� #Z SFTUSJDUJOH ψ PWFS (−∞,�]
BOE [�,∞) SFTQFDUJWFMZ
 XF PCUBJO�

ψ(�−)
�

µ−(�−)ψ
′(�−)

= ξ-,−(&) BOE
ψ(�+)
�

µ+(�+)ψ
′(�+)

= ξ3,+(&),

XIFSF �± EFOPUFT UIF POF�TJEFE MJNJU BU UIF JOUFSGBDF� 5IF DPOUJOVJUZ PG UIF TPMVUJPO JNQMJFT
UIBU ξ-,−(&) = ξ3,+(&)� 0O UIF PUIFS IBOE
 HJWFO ξ-,−(&) = ξ3,+(&)
 XF DBO DPOTUSVDU ψ- BOE
ψ3 XJUI ‖ψ-‖-�(−∞,�] <∞ BOE ‖ψ3‖-�[�,∞) <∞ SFTQFDUJWFMZ
 BOE UIFZ TBUJTGZ�

(L-−&)ψ- = �, (L3−&)ψ3 = �

XJUI

ψ-(�−) = ψ3(�+),
�

µ−(�−)
ψ′
-(�

−) =
�

µ+(�+)
ψ′
3(�

+).

5IFO ψ(Y) EFàOFE CZ ψ-(Y) GPS Y< � BOE ψ3(Y) GPS Y � � JT B TPMVUJPO UP (L̃−&)ψ = ��
5IJT DPNQMFUFT UIF QSPPG PG UIF MFNNB�

�� *OUFSGBDF NPEFT JOEVDFE CZ %JSBD QPJOUT GPS UJNF�SFWFSTBM TZNNFUSJD
TUSVDUVSFT

*O UIJT TFDUJPO
 XF TUVEZ UIF QFSUVSCBUJPO UP B HFOFSBM UJNF�SFWFSTBM TZNNFUSJD QIPUPOJD TUSVD�
UVSF XJUI B %JSBD QPJOU� 5ISPVHIPVU UIJT TFDUJPO
 XF BTTVNF UIBU UIF GPMMPXJOH IPMET�

"TTVNQUJPO �� 5IF PQFSBUPS L GPS UIF VOQFSUVSCFE QIPUPOJD TUSVDUVSF BT EFàOFE JO 	���

BUUBJOT QFSJPEJD DPFGàDJFOUT JO UIF TFOTF PG BTTVNQUJPO � BOE BUUBJOT B %JSBD QPJOU (L= �,&∗)
BU UIF JOUFSTFDUJPO PG UIF KUI BOE UIF K+ �UI CBOE
 J�F��

&∗ = &+
K = &−

K+� = & K(�) = & K+�(�).

5IF DPOàHVSBUJPO XIFO UIF %JSBD QPJOU JT (L= π,&∗) DBO CF USFBUFE TJNJMBSMZ
 BOE XF PNJU
IFSF GPS DPODJTFOFTT PG UIF QSFTFOUBUJPO� 8F TIBMM EFSJWF DPOEJUJPOT PO UIF QFSUVSCBUJPO PG UIF
QBSBNFUFST TVDI UIBU B CBOE HBQ PQFOT OFBS UIF %JSBD QPJOU BOE BO JOUFSGBDF NPEF FYJTUT GPS
UIF QFSUVSCFE TZTUFN� 5IF NBJO SFTVMU PG UIJT TFDUJPO JT HJWFO JO UIFPSFN ����

���� 1FSUVSCBUJPO PG QFSJPEJD TZTUFN XJUI B %JSBD QPJOU

8F QFSUVSC UIF QFSJPEJD PQFSBUPS L JO UIF GPMMPXJOH XBZ�
{
µ(Y)→ µ(Y)+ δµ̃(Y),
ε(Y)→ ε(Y)+ δε̃(Y),

XIFSF |δ|, �
 µ̃(Y) BOE ε̃(Y) BSF UXP QJFDFXJTFMZ DPOUJOVPVT QFSJPEJD GVODUJPOT 	XJUI QFSJPE
POF
 TBUJTGZJOH ‖µ̃‖-∞ + ‖ε̃‖-∞ = �� 5IF QFSUVSCFE PQFSBUPS JT EFOPUFE CZ�

Lδψ(Y) :=− �
ε(Y)+ δε̃(Y)

(
�

µ(Y)+ δµ̃(Y)
ψ′(Y)

)′
.

��
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8F IBWF L= L�� 'PS FBDI & ∈ 3
 MFU ψ&,�,δ BOE ψ&,�,δ CF UIF VOJRVF TPMVUJPO UP UIF GPMMPX�
JOH FRVBUJPOT SFTQFDUJWFMZ�

(Lδ −&)ψ&,�,δ = �, ψ&,�,δ(�) = �,
�

µ(�)+ δµ̃(�)
ψ′
&,�,δ(�) = �,

(Lδ −&)ψ&,�,δ = �, ψ&,�,δ(�) = �,
�

µ(�)+ δµ̃(�)
ψ′
&,�,δ(�) = �.

-FU Ψ&,δ EFOPUF UIF QFSUVSCFE USBOTGFS NBUSJY XIJDI TPMWFT UIF 0SEJOBSZ %JGGFSFOUJBM
&RVBUJPO 	0%&
 TZTUFN�

E
EY

Ψ&,δ(Y) = +(#+&8+ δ'̃)Ψ&,δ(Y), Ψ&,δ(�) = *E, 	���


XIFSF

'̃=

(
&ε̃(Y) �
� µ̃(Y)

)
. 	���


*U GPMMPXT GSPN UIF UIFPSZ PG àSTU�PSEFS MJOFBS PSEJOBSZ EJGGFSFOUJBM FRVBUJPOT UIBU UIF TPMV�
UJPO NBUSJY Ψ&,δ(Y) EFQFOET PO UIF UXP QBSBNFUFST & BOE δ TNPPUIMZ� -FU .(&,δ) =Ψ&,δ(�)
CF UIF USBOTGFS NBUSJY GPS POF QFSJPE XJUI UXP FJHFOWBMVFT CF λ&,�,δ BOE λ&,�,δ � 5IF USBDF
PG .(&,δ) JT EFOPUFE BT %(&,δ)� 6OEFS BTTVNQUJPO �
 XF TFF GSPN QSPQPTJUJPO ��� UIBU
Ψ&∗,�(�) = *E, %(&∗,�) = �� 'PS FBTF PG OPUBUJPO
 XF XSJUF�

6 :=

(
ψ&∗,�,�(Y)
�

µ(Y)ψ
′
&∗,�,�(Y)

)
, 7 :=

(
ψ&∗,�,�(Y)
�

µ(Y)ψ
′
&∗,�,�(Y)

)
. 	���


-FNNB ���� 5IF GPMMPXJOH JEFOUJUJFT IPME�

∂%
∂&

(&∗,�) = �,
∂%
∂δ

(&∗,�) = �.

�
�
∂�%
∂&� (&

∗,�) =

(ˆ �

�
6587EY

)�

−
(ˆ �

�
7587EY

)
·
(ˆ �

�
6586EY

)

�
�
∂�%
∂δ�

(&∗,�) =

(ˆ �

�
65'̃7EY

)�

−
(ˆ �

�
75'̃7EY

)
·
(ˆ �

�
65'̃6EY

)

�
�
∂�%
∂&∂δ

(&∗,�) =

(ˆ �

�
6587EY

)
·
(ˆ �

�
65'̃7EY

)
− �

�

(ˆ �

�
7587EY

)
·
(ˆ �

�
6586EY

)

− �
�

(ˆ �

�
75'̃7EY

)
·
(ˆ �

�
65'̃6EY

)
.

5IF QSPPG UIF MFNNB JT HJWFO JO UIF BQQFOEJY�

���� #BOE HBQ PQFOJOH GPS UIF QFSUVSCFE TZTUFN

-FU VT EFOPUF


B� :=
∂�%
∂&� (&

∗,�), B� :=
∂�%
∂&∂δ

(&∗,�), B� :=
∂�%
∂δ�

(&∗,�).

��
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-FNNB ���� 5IFSF IPMET B� = ∂�%
∂&� (&∗,�)< �.

1SPPG� /PUF UIBU

ˆ �

�
7587=

ˆ �

�
ψ�
&,�(Y)ε(Y)EY> �,

ˆ �

�
V586=

ˆ �

�
ψ�
&,�(Y)ε(Y)EY> �,

BOE UIBU

ˆ �

�
6587=

ˆ �

�
ψ&,�(Y)ψ&,�(Y)ε(Y)EY.

4JODF ψ&,� BOE ψ&,� BSF MJOFBSMZ JOEFQFOEFOU
 VTJOH $BVDIZ�4DIXBS[ UZQF JOFRVBMJUZ
 XF DBO
EFSJWF UIBU�

∣∣∣∣∣

ˆ �

�
6587EY

∣∣∣∣∣

�

<

ˆ �

�
7587EY ·

ˆ �

�
6586EY,

XIFODF B� < � GPMMPXT�

5IFPSFN ���� -FU UIF VOQFSUVSCFE PQFSBUPS L EFàOFE BT JO 	���
 TBUJTGZ BTTVNQUJPO �� -FU
δ �� CF B TVGàDJFOUMZ TNBMM OVNCFS� "TTVNF UIBU�

B�� − B�B� > �. 	���


5IFO UIFSF FYJTUT B CBOE HBQ (&+
K,δ,&

−
K+�,δ) CFUXFFO UIF KUI BOE UIF ( K+ �)UI CBOE GPS UIF

QFSUVSCFE PQFSBUPS Lδ � .PSFPWFS


&+
K,δ = & K,δ(�) = &∗ + η−δ+0(δ�),

&−
K+�,δ = & K+�,δ(�) = &∗ + η+δ+0(δ�),

XIFSF

η− =
−B� +

√
B�� − B�B�
B�

, η+ =
−B� −

√
B�� − B�B�
B�

. 	���


1SPPG� #Z 5BZMPS FYQBOTJPO
 XF IBWF�

%(&,δ) = �+ B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� + S�(&−&∗,δ),

XIFSF S�(&,δ) = 0(&−&∗)� +0(δ�) JT B TNPPUI GVODUJPO PG & BOE δ GPS |δ|, �� 4PMWJOH
%(&,δ) = � ZJFMET�

(
&−&∗ +

B�
B�
δ

)�

=
B�� − B�B�

B��
δ� − �

B�
S�(&,δ).

#Z TVCTUJUVUJOH U= &−&∗

δ BOE S�(U,δ) =− �
B�δ�

S�(Uδ,δ)
 XF GVSUIFS PCUBJO�

(
U+

B�
B�

)�

=
B�� − B�B�

B��
+ S�(U,δ).

��
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4JODF B�� − B�B� > � BOE S�(U,δ) = 0(δ) GPS U= 0(�)
 XF TFF UIBU B
�
�−B�B�
B��

+ S�(U,δ)> � GPS

U= 0(�) BOE |δ|, �� 5IFSFGPSF UIF TPMVUJPO UP %(&,δ) = � DBO CF TPMWFE GSPN UIF GPMMPXJOH
UXP FRVBUJPOT�

G�(U,δ) : = U+
B�
B�

−

√
B�� − B�B�

B��
+ S�(U,δ) = �,

G�(U,δ) : = U+
B�
B�

+

√
B�� − B�B�

B��
+ S�(U,δ) = �.

6TJOH JNQMJDJU GVODUJPO UIFPSFN
 XF DBO EFEVDF UIBU UIFSF FYJTUT B VOJRVF TPMVUJPO UIBU
EFQFOE PO δ TNPPUIMZ GPS δ, � UP FBDI PG UIF UXP FRVBUJPOT BCPWF� .PSFPWFS
 UIF UXP TPMV�
UJPOT DBO CF FYQSFTTFE BT SFTQFDUJWFMZ BT�

U� =−B�
B�

−

√
B�� − B�B�

B��
+0(δ), U� =−B�

B�
+

√
B�� − B�B�

B��
+0(δ).

*U GPMMPXT UIBU UIF TPMVUJPO UP %(&,δ) = � IBT UIF GPMMPXJOH GPSN�

&= &∗ +
−B� ±

√
B�� − B�B�
B�

δ+0(δ�).

0O UIF PUIFS IBOE
 JU JT DMFBS UIBU %(&,δ)> � IPMET GPS & ∈ (&∗ +
−B�+

√
B��−B�B�
B�

τδ,&∗ +
−B�−

√
B��−B�B�
B�

τδ) GPS TPNF DPOTUBOU �< τ < �� 5IF PQFOJOH PG UIF CBOE HBQ GPMMPXT CZ MFNNB
����

'JOBMMZ
 GPS δ � �
 XF IBWF�

&+
K,δ = & K,δ(�) = &∗ +

−B� +
√
B�� − B�B�
B�

δ+0(δ�) = &∗ + η−δ+0(δ�)

&−
K+�,δ = & K+�,δ(�) = &∗ +

−B� −
√
B�� − B�B�
B�

δ+0(δ�) = &∗ + η+δ+0(δ�).

5IJT DPNQMFUFT UIF QSPPG�

#FGPSF XF FOE UIJT TFDUJPO
 XF QSFTFOU TDFOBSJPT GPS XIJDI UIF BTTVNQUJPO 	���
 IPMET�

1SPQPTJUJPO ���� -FU µ̃, ε̃ CF TVDI UIBU ‖µ̃‖-∞ + ‖ε̃‖-∞ = �� *G µ̃" �, ε̃" �
 UIFO UIFSF IPMET
B�� − B�B� " �.

1SPPG� 4FF UIF BQQFOEJY GPS UIF EFUBJMFE QSPPG�

���� *NQFEBODF GVODUJPO JO UIF CBOE HBQ GPS UIF QFSUVSCFE TZTUFN

8F BTTVNF UIBU 	���
 IPMET BOE B CBOE HBQ CFUXFFO UIF KUI BOE UIF ( K+ �)UI CBOE JT PQFOFE
GPS UIF QFSUVSCFE PQFSBUPS Lδ � 'PMMPXJOH TFDUJPO ���
 GPS FBDI & JO UIF CBOE HBQ
 XF EFàOF
UIF GPMMPXJOH JNQFEBODF GVODUJPOT BU UIF CPVOEBSZ QPJOU Y= � GPS UIF QFSUVSCFE PQFSBUPS Lδ
EFàOFE JO UIF MFGU IBMG�MJOF (−∞,�] BOE SJHIU IBMG�MJOF [�,∞) SFTQFDUJWFMZ�

ξ-,δ(&) :=
ψ&,�,δ(�)

λ&,�,δ −ψ&,�,δ(�)
, ξ3,δ(&) :=

ψ&,�,δ(�)
λ&,�,δ −ψ&,�,δ(�)

.

8F IBWF UIF GPMMPXJOH BTZNQUPUJD FYQBOTJPOT GPS ξ-,δ BOE ξ3,δ �

��
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-FNNB ���� MFU & CF JO UIF CBOE HBQ (&+
K,δ,&

−
K+�,δ)
 TBZ τη

−δ < &−&∗ < τη+δ GPS TPNF
�< τ < �� )FSF η± BSF EFàOFE JO 	���
�
5IFO
 XF IBWF�

ξ-,δ(&) =
β�(&−&∗)+ β̃�δ+0(δ�)√

B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� −β�(&−&∗)− β̃�δ+0(δ�)
;

ξ3,δ(&) =
β�(&−&∗)+ β̃�δ+0(δ�)

−
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� −β�(&−&∗)− β̃�δ+0(δ�)

,

XIFSF

β� =

ˆ �

�
7586EY, β̃� =

ˆ �

�
75'̃6EY,

β� =

ˆ �

�
7587EY, β̃� =

ˆ �

�
75'̃7EY.

1SPPG� 'JSTU OPUF UIBU B� < � 	CZ MFNNB ���
 BOE UIBU


%(&,δ) = �+ B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� +0(&−&∗)� +0(δ�),

XF IBWF


B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� > �.

5IFO UIF UXP FJHFOWBMVFT GPS UIF NBUSJY .(&,δ) BSF HJWFO CZ�

λ&,�,δ =
%(&,δ)−

√
%(&,δ)� − �
�

= �−
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� +0(δ�),

λ&,�,δ =
%(&,δ)+

√
%(&,δ)� − �
�

= �+
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� +0(δ�).

6TJOH 5BZMPS FYQBOTJPO BOE UIF GPSNVMBT 	"��

 	"��
 BOE 	"��

 XF DBO EFSJWF UIBU�

λ&,�,δ = �−
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� +0(δ�),

λ&,�,δ = �+
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� +0(δ�),

BOE UIBU


ψ&,�,δ(�) = �+β�(&−&∗)+ β̃�δ+0(&−&∗)� +0(δ�);

ψ&,�,δ(�) = β�(&−&∗)+ β̃�δ+0(&−&∗)� +0(δ�).

5IFSFGPSF UIF BTZNQUPUJD PG ξ-,δ(&) BOE ξ3,δ(&) GPMMPXT�

���� &YJTUFODF PG BO JOUFSGBDF NPEF GPS UIF QFSUVSCFE TZTUFN

*O UIJT TFDUJPO
 XF FTUBCMJTI UIF FYJTUFODF PG UIF JOUFSGBDF NPEF UIBU JT HFOFSBUFE CZ QFSUVSCJOH
B QFSJPEJD TZTUFN XJUI B %JSBD QPJOU� 8F àY δ � � BOE EFOPUF�

εδ,±(Y) := ε(Y)± δε̃(Y), µδ,±(Y) := µ(Y)± δµ̃(Y),

Lδ,±ψ(Y) :=− �
εδ,±(Y)

E
EY

(
�

µδ,±(Y)
Eψ
EY

)
.

��
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8F BMTP EFàOF�

εδ(Y) :=

{
ε(Y)− δε̃(Y), Y< �,
ε(Y)+ δε̃(Y), Y> �,

µδ(Y) :=

{
µ(Y)− δµ̃(Y), Y< �,
µ(Y)+ δµ̃(Y), Y> �,

BOE UIF BTTPDJBUFE EJGGFSFOUJBM PQFSBUPS�

L̃δψ(Y) :=− �
εδ(Y)

E
EY

(
�

µδ(Y)
Eψ
EY

)
, PS FRVJWBMFOUMZ
 L̃δ :=

{
Lδ,−, Y< �;
Lδ,+, Y> �.

	���


8F TIBMM NBLF UIF GPMMPXJOH BTTVNQUJPO PO UIF QFSUVSCBUJPO XIJDI FOTVSFT UIF FYJTUFODF
PG B DPNNPO CBOE HBQ GPS UIF MFGU BOE SJHIU TFNJ�JOàOJUF QFSUVSCFE QFSJPEJD TZTUFNT�

"TTVNQUJPO �

B�
�

=
�
�
∂�%(&,δ)
∂δ�

(&∗,�) =

(ˆ �

�
65'̃7EY

)�

−
(ˆ �

�
75'̃7EY

)
·
(ˆ �

�
65'̃6EY

)
> �,

XIFSF '̃ JT UIF NBUSJY EFàOFE JO 	���
 BOE 6 BOE 7 BSF EFàOFE JO 	���
�

-FNNB ���� 6OEFS BTTVNQUJPOT � BOE �
 UIF JOUFSTFDUJPO PG UXP CBOE HBQT
(&+

K,δ,+,&
−
K+�,δ,+)∩ (&+

K,δ,−,&
−
K+�,δ,−) GPS UIF UXP PQFSBUPST Lδ,+ BOE Lδ,− JT OPU FNQUZ�

1SPPG� 3FDBMM UIBU B� < � 	CZ MFNNB ���
�8F TFF UIBU UIF JOFRVBMJUZ 	���
 IPMET� *O MJHIU PG UIF�
PSFN ���
 UIF QFSUVSCBUJPO ε̃, µ̃ XJMM DSFBUF B CBOE HBQ (&+

K,δ,±,&
−
K+�,δ,±) BU &

∗ GPS UIF PQFSBUPST
Lδ,±� *O BEEJUJPO


&+
K,δ,± = &∗ ± η∓δ+0(δ�/�),

&−
K+�,δ,± = &∗ ± η±δ+0(δ�/�),

XIFSF η± BSF EFàOFE JO 	���
� 4JODF B� < �,B� > �
 XF IBWF η− < �< η+� *G B� < �
 UIFO
|η−|< |η+|
 BOE DPOTFRVFOUMZ�

(&+
K,δ,+,&

−
K+�,δ,+)∩ (&+

K,δ,−,&
−
K+�,δ,−) = (&∗ − |η−|δ+0(δ�/�),&∗ + |η−|δ+0(δ�/�)).

0O UIF PUIFS IBOE
 JG B� > �
 UIFO |η−|> |η+| BOE UIFSF IPMET


(&+
K,δ,+,&

−
K+�,δ,+)∩ (&+

K,δ,−,&
−
K+�,δ,−) = (&∗ − |η+|δ+0(δ�/�),&∗ + |η+|δ+0(δ�/�)).

8F BSF SFBEZ UP JOWFTUJHBUF UIF FYJTUFODF PG BO JOUFSGBDF NPEF JO UIF CBOE HBQ GPS UIF PQFSBUPS
L̃δ �

5IFPSFN ���� -FU L CF UIF PQFSBUPS EFàOFE JO 	���
 TBUJTGZJOH BTTVNQUJPO � BOE Lδ CF JUT
QFSUVSCBUJPO EFàOFE JO 	���
 TBUJTGZJOH BTTVNQUJPO �
 UIFO UIFSF FYJTUT BO JOUFSGBDF NPEF GPS
L̃δ JG δ JT TVGàDJFOUMZ TNBMM� 5IF TBNF IPMET XIFO UIF %JSBD QPJOU PDDVST BU L∗ = π�

1SPPG� 8JUIPVU MPTT PG HFOFSBMJUZ
 XF POMZ DPOTJEFS UIF DBTF L∗ = � BOE B� < �� 5IF PUIFS
DBTFT DBO CF QSPWFE TJNJMBSMZ� 'PS B� < �
 UIF DPNNPO CBOE HBQ JT HJWFO CZ�

(&+
K,δ,+,&

−
K+�,δ,+)∩ (&+

K,δ,−,&
−
K+�,δ,−) =

(
&∗ − η+δ+0(δ�/�),&∗ + η+δ+0(δ�/�)

)
.

��
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8F GVSUIFS DPOTJEFS UXP DBTFT EFQFOEJOH PO XIFUIFS β̃� =
´ �
� 7

5'̃7EY= � PS OPU� 8F àSTU
DPOTJEFS UIF DBTF β̃� = �� 'PS UIF PQFSBUPS Lδ,+
 XF DPOTJEFS UIF JNQFEBODF GVODUJPO GPS UIF
SJHIU IBMG�MJOF [�,∞) BU UIF CPVOEBSZ Y= ��

ξ3,δ(&) =
ψ&,�,δ(�)

λ&,�,δ −ψ&,�,δ(�)
.

#Z MFNNB ���
 XF IBWF�

ξ3,δ(&) =
β�(&−&∗)+ β̃�δ+0(δ�)

−
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� −β�(&−&∗)− β̃�δ+0(δ�)

.

3FDBMM UIBU


B�
�

=

(ˆ �

�
65'̃7EY

)�

−
(ˆ �

�
75'̃7EY

)
·
(ˆ �

�
65'̃6EY

)
.

*O UIF DBTF β̃� = � XF IBWF�

B� = �β̃�
� .

)FODF XF DBO àOE �< τ� < η+ TVDI UIBU GPS BMM & TBUJTGZJOH |&−&∗|! τ�δ


|
√
B�(&−&∗)� + �B�(&−&∗)δ+ B�δ� +β�(&−&∗)+ β̃�δ|" D�δ

GPS TPNF DPOTUBOU D� > �� 5IFSFGPSF
 ξ3,δ(&) JT XFMM�EFàOFE GPS & TBUJTGZJOH |&−&∗|! τ�δ
BOE GPS δ TVGàDJFOUMZ TNBMM�

'PS UIF PQFSBUPS Lδ,−
 TJNJMBSMZ XF DPOTJEFS UIF JNQFEBODF GVODUJPO GPS UIF MFGU IBMG�MJOF
(−∞,�] BU UIF CPVOEBSZ Y= ��

ξ-,−δ(&) =
ψ&,�,−δ(�)

λ&,�,−δ −ψ&,�,−δ(�)
.

6TJOH MFNNB ��� BHBJO
 XF IBWF


ξ-,−δ(&) =
β�(&−&∗)− β̃�δ+0(δ�)√

B�(&−&∗)� − �B�(&−&∗)δ+ B�δ� −β�(&−&∗)+ β̃�δ+0(δ�)
.

"HBJO ξ-,−δ(&) JT XFMM�EFàOFE GPS & TBUJTGZJOH |&−&∗|! τ�δ�
#Z MFNNB ���
 UIFSF FYJTUT BO JOUFSGBDF NPEF GPS L̃δ BU FOFSHZ MFWFM & JG BOE POMZ JG�

ξ3,δ(&) = ξ-,−δ(&).

-FU U= (&−&∗)/δ� 'PS −τ� ! U! τ�
 XF EFàOF�

ξ(U) = ξ3,δ(&)− ξ-,−δ(&) =
β�U+ β̃� +0(δ)

−
√
B�U� + �B�U+ B� −β�U− β̃� +0(δ)

− β�U− β̃� +0(δ)√
B�U� − �B�U+ B� −β�U+ β̃� +0(δ)

.

*U JT DMFBS UIBU�

ξ(U) = ξ̃(U)+0(δ),

��
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XIFSF

ξ̃(U) =
β�U+ β̃�

−
√
B�U� + �B�U+ B� −β�U− β̃�

+
−β�U+ β̃�√

B�U� − �B�U+ B� −β�U+ β̃�
.

0OF DBO DIFDL EJSFDUMZ UIBU ξ̃(U) JT PEE
 J�F� ξ̃(U)+ ξ̃(−U) = ��
8F OPX DIPPTF �< τ� < � TVDI UIBU |τ�η+|< τ� BOE ξ̃(τ�η+) '= �� *U UIFO GPMMPXT UIBU�

ξ̃(τ�η
+) · ξ̃(−τ�η+)< �.

5IFSFGPSF GPS δ TNBMM FOPVHI
 XF IBWF


ξ(τ�η
+) · ξ(−τ�η+)< �.

)FODF UIFSF FYJTUT B SPPU UP ξ(U) = � JO UIF JOUFSWBM (−τ�η+,τ�η+)� 5IJT SPPU HJWFT UIF FYJTUFODF
PG BO JOUFSGBDF NPEF�

'JOBMMZ
 XF DPOTJEFS UIF DBTF XIFO β̃� '= �� 5IF BCPWF BSHVNFOU NBZ OPU HFU UISPVHI
TJODF UIF MFBEJOH PSEFS UFSN JO UIF EFOPNJOBUPST PG UIF UXP JNQFEBODF GVODUJPOT ξ3,δ(&) BOE
ξ-,−δ(&) NBZ WBOJTI GPS & JO UIF DPNNPO CBOE HBQ� 5P BEESFTT UIJT JTTVF
 XF DPOTJEFS UIF
SFDJQSPDBM PG UIF JNQFEBODF GVODUJPOT JOTUFBE� 5IFO B TJNJMBS BSHVNFOU MFBET UP UIF DPODMVTJPO
UIBU�

�
ξ3,δ(&)

=
�

ξ-,−δ(&)
,

GPS TPNF & JO UIF DPNNPO CBOE HBQ� 5IJT JNQMJFT UIF FYJTUFODF PG BO JOUFSGBDF NPEF�

3FNBSL �� 5IF #VML�JOUFSGBDF DPSSFTQPOEFODF GPS UIF JOUFSGBDF NPEF JT OPU GPSNVMBUFE JO UIF
BCPWF UIFPSFN� "OPUIFS RVFTUJPO JT UIF TUBCJMJUZ PG UIF JOUFSGBDF NPEF VOEFS QFSUVSCBUJPOT UIBU
BSF OPU OFDFTTBSJMZ TNBMM� 0OF GPSNVMBUJPO PG UIF TUBCJMJUZ RVFTUJPO JT UP TIPX UIF QFSTJTUFODF
PG UIF JOUFSGBDF NPEF VOEFS B DPOUJOVPVT GBNJMZ PG QFSUVSCBUJPOT UP UIF PQFSBUPS L̃δ TVDI UIBU
UIF CBOE�HBQ TUSVDUVSF CFMPX UIF HBQ GPS UIF UXP QFSJPEJD PQFSBUPST EFàOFE PWFS UIF UXP TFNJ�
JOàOJUF JOUFSWBMT SFNBJOT VODIBOHFE EVSJOH UIF QFSUVSCBUJPO�8F MFBWF UIFTF BT UIF GVUVSF XPSL�

'JOBMMZ
 XF QSFTFOU UIF TDFOBSJPT GPS XIJDI BTTVNQUJPO � IPMET
 BOE DPOTFRVFOUMZ UIF UIFPSFN
BCPWF DBO CF BQQMJFE� 8F MFBWF UIF QSPPG UP UIF BQQFOEJY�

-FNNB ���� -FU UIF QFSJPEJD PQFSBUPS L JO UIF GPSN PG 	���
 UIBU BUUBJOT QFSJPEJD DPFGàDJFOUT
JO UIF TFOTF PG BTTVNQUJPO �� "TTVNF UIBU µ BOE ε BSF FWFO GVODUJPOT BOE UIBU (L= �,&= &∗)
JT B %JSBD QPJOU� -FU 6,7 CF EFàOFE CZ 	���
� 'VSUIFSNPSF
 XF BTTVNF UIBU µ̃ BOE ε̃ BSF PEE

UIFO�

(ˆ �

�
75'̃7EY

)
·
(ˆ �

�
65'̃6EY

)
= �,

B�
�

=

(ˆ �

�
65'̃7EY

)�

.

.PSFPWFS
 XF DBO DIPPTF µ̃ BOE ε̃ TVDI UIBU�ˆ �

�
65'̃7EY '= �.

�� 1IPUPOJD TUSVDUVSFT XJUI JOWFSTJPO TZNNFUSZ

*O UIJT TFDUJPO
 XF JOWFTUJHBUF UJNF�SFWFSTBM TZNNFUSJD QIPUPOJD TUSVDUVSF XJUI BEEJUJPOBM
JOWFSTJPO TZNNFUSZ� 5IBU JT
 UIF GPMMPXJOH BTTVNQUJPO IPMET GPS UIF QFSJPEJD PQFSBUPS L
JO 	���
�

��
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"TTVNQUJPO �� 5IF PQFSBUPS L BUUBJOT QFSJPEJD DPFGàDJFOUT JO UIF TFOTF PG BTTVNQUJPO ��
.PSFPWFS


PL= LP,

XIFSF P JT UIF QBSJUZ PQFSBUPS EFàOFE CZ�

Pψ(Y) = ψ(−Y),

GPS BOZ GVODUJPO ψ EFàOFE PWFS 3�

6OEFS UIF BCPWF BTTVNQUJPO
 XF TFF UIBU ε(Y) = ε(−Y)
 µ(Y) = µ(−Y)
 PS FRVJWBMFOUMZ
 ε(Y) =
ε(�− Y)
 µ(Y) = µ(�− Y)� 4VDI UPQPMPHJDBM TUSVDUVSFT XFSF JOWFTUJHBUFE JO <��> BOE JU XBT
TIPXO UIBU MPDBMJ[FE NPEF FYJTUT BU UIF JOUFSGBDF PG UIF UXP TFNJ�JOàOJUF QFSJPEJD TUSVDUVSFT
XJUI EJGGFSFOU CVML UPQPMPHJDBM JOEJDFT� *OTQJSFE CZ UIJT XPSL
 XF XPVME MJLF UP QSPWJEF B
SJHPSPVT UIFPSZ GPS UIF FYJTUFODF PG BO JOUFSGBDF NPEF GPS TVDI B TUSVDUVSF BOE JUT DPOOFD�
UJPO UP UIF CVML UPQPMPHJDBM JOEFY
 XIJDI JT EFàOFE WJB UIF RVBOUJ[FE ;BL QIBTF� *O BEEJUJPO

XF JOWFTUJHBUF UIF TUBCJMJUZ PG UIF JOUFSGBDF NPEF VOEFS QFSUVSCBUJPOT UIBU BSF OPU OFDFTTBSJMZ
TNBMM�

���� #MPDI NPEFT BOE QBSJUZ

8F CFHJO XJUI TPNF QSPQFSUJFT PG UIF #MPDI NPEFT XIFO UIF TUSVDUVSF BUUBJOT JOWFSTJPO TZN�
NFUSZ� 5IF GPMMPXJOH SFTVMU JT PCWJPVT�

-FNNB ���� 6OEFS BTTVNQUJPO �
 JG ϕ K,L(Y) JT B #MPDI NPEF PG UIF PQFSBUPS L GPS UIF KUI CBOE
XJUI UIF #MPDI XBWFOVNCFS L
 UIFO Pϕ K,L JT B #MPDI NPEF XJUI UIF #MPDI XBWFOVNCFS −L�

-FNNB ���� 6OEFS BTTVNQUJPO �
 UIF #MPDI NPEFT ϕ K,L BSF FWFO PS PEE XIFO L= � PS π PWFS
BO JTPMBUFE CBOE & K(L)� *O BEEJUJPO
 XIFO L= � PS π
 UIFSF IPMET ϕ K,L = Dψ&,� PS ϕ K,L = Dψ&,�
PWFS UIF QFSJPEJD DFMM [�,�] GPS DFSUBJO DPOTUBOU D EFQFOEJOH PO XIFUIFS ϕ K,L JT FWFO PS PEE

BOE ψ&,� BOE ψ&,� JT UIF TPMVUJPO PG UIF JOJUJBM WBMVF QSPCMFNT 	���
 BOE 	���
 SFTQFDUJWFMZ�

1SPPG� $POTJEFS UIF #MPDI NPEF ϕ K,� GPS L= � XIJDI TPMWFT UIF GPMMPXJOH CPVOEBSZ QSPCMFN�

(L−& K(�))ϕ K,� = �, ϕ K,�(Y+ �) = ϕ K,�(Y).

0OF DBO DIFDL UIBUPϕ K,� JT BMTP B #MPDI NPEF GPS L= �� 4JODF UIF NVMUJQMJDJUZ PG UIF #MPDI
NPEF GPS L= � JT POF 	QSPQPTJUPO ���
 BOE UIBU ϕ K,� JT SFBM�WBMVFE
 JU GPMMPXT UIBU Pϕ K,� =
±ϕ K,�(Y)
 J�F��

ϕ K,�(−Y) =±ϕ K,�(Y).

/PUF UIBU JGϕ K,� JT FWFO
 UIFOϕ′
K,�(�) = � BOEϕ K,� = Dψ&,� GPS TPNF DPOTUBOU D� 4JNJMBSMZ
 JG

ϕ K,� JT PEE
 UIFO ϕ K,� = Dψ&,� GPS TPNF DPOTUBOU D� " QBSBMMFM BSHVNFOU MFBET UP UIF DPODMVTJPO
GPS UIF #MPDI NPEF ϕ K,π�

%FGJOJUJPO �� 8F TBZ UIBU UIF #MPDI NPEF ϕ K,L BUUBJOT BO FWFO�QBSJUZ 	PEE�QBSJUZ
 JG ϕ K,L JT BO
FWFO 	PEE
 GVODUJPO�

/FYU XF JOWFTUJHBUF UIF DIBOHF PG QBSJUZ GPS UIF #MPDI NPEFT BU L= � PS π XIFO UIF FOFSHZ
DSPTTFT B CBOE HBQ� " DSVDJBM UPPM XF VTFE JT UIF PTDJMMBUJPO UIFPSZ GPS 4UVSNm-JPVWJMMF PQFS�

��
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BUPST
 TFF GPS JOTUBODF <��>� 5P CF NPSF QSFDJTF
 MFU VT EFOPUF &1K ,&
4
K,&

%
K ,&

/
K UIF KUI FJHFOWBM�

VFT PG UIF PQFSBUPS L SFTUSJDUFE UP UIF VOJU DFMM [�,�] XJUI UIF GPMMPXJOH CPVOEBSZ DPOEJUJPOT
SFTQFDUJWFMZ�

	B
 1FSJPEJD CPVOEBSZ DPOEJUJPOT� ψ(�) = ψ(�)
 ψ′(�) = ψ′(�)�
	C
 4FNJ�QFSJPEJD CPVOEBSZ DPOEJUJPOT� ψ(�) =−ψ(�)
 ψ′(�) =−ψ′(�)�
	D
 %JSJDIMFU CPVOEBSZ DPOEJUJPOT� ψ(�) = ψ(�) = ��
	E
 /FVNBOO CPVOEBSZ DPOEJUJPOT� ψ′(�) = ψ′(�) = �.

8F IBWF UIF GPMMPXJOH UIFPSFN PO UIF FJHFOWBMVFT BCPWF
 TFF GPS JOTUBODF UIFPSFN �����
JO <��>�

5IFPSFN ���� 5IF FJHFOWBMVFT &1K ,&
4
K,&

%
K ,&

/
K ( K = �,�,�, . . .) EFàOFE BCPWF GPS UIF QFSJPEJD

PQFSBUPS L JO UIF GPSN PG 	���
 BUUBJO UIF GPMMPXJOH JOUFSMBDJOH QSPQFSUZ�

&/� ! &1� < &4� ! {&/� ,&%� }! &4� < &1� ! {&/� ,&%� }! · · ·
! &1�O−� < &4�O−� ! {&/�O,&%�O−�}! &4�O < &1�O ! {&/�O+�,&

%
�O}! &1�O+� < · · · ,

IFSF UIF FYQSFTTJPO &4� ! {&/� ,&%� }! &4� NFBOT UIBU &
4
� !NJO{&/� ,&%� }!NBY{&/� ,&%� }! &4�


BOE UIF TBNF NFBOJOH BQQMJFT UP PUIFST�

#BTFE PO UIF BCPWF UIFPSFN
 XF BSF BCMF UP TIPX UIF DIBOHF PG QBSJUZ GPS #MPDI NPEFT BDSPTT
CBOE HBQT
 XIJDI JT TUBUFE JO UIF UIFPSFN CFMPX�

5IFPSFN ���� -FU L CF B QFSJPEJD PQFSBUPS JO UIF GPSN PG 	���
 UIBU TBUJTàFT BTTVNQUJPO ��
"TTVNF UIBU UIFSF JT B CBOE HBQ CFUXFFO UIF KUI BOE ( K+ �)UI CBOET
 UIFO UIF #MPDI NPEFT BU
(L,&+

K ) BOE (L,&
−
K+�) BUUBJO EJGGFSFOU QBSJUZ
 XIFSF L= � PS π�

1SPPG� 8JUIPVU MPTT PG HFOFSBMJUZ
 XF BTTVNF UIBU L= � TP UIBU &+
K = & K(�)
 &−

K+� = & K+�(�)

BOE UIF #MPDI NPEF ϕ K ,� BU (�,&+

K ) JT FWFO� 5IFO ϕ K ,� TBUJTàFT UIF GPMMPXJOH CPVOEBSZ WBMVF
QSPCMFN�






(L−&+
K )ϕ K ,� = �,

ϕ K ,�(�) = ϕ K ,�(�),
ϕ′
K ,�(�) = ϕ′

K ,�(�) = �.

)FODF &+
K JT B DPNNPO FJHFOWBMVF UP UIF PQFSBUPS L GPS CPUI UIF QFSJPEJD CPVOEBSZ DPOEJUJPO

BOE UIF /FVNBOO CPVOEBSZ DPOEJUJPO� 8F QSPWF CZ DPOUSBEJDUJPO UIBU ϕ K+�,� JT PEE� 0UIFS�
XJTF
 JG ϕ K+�,� JT FWFO
 UIFO &−

K+� JT BMTP B DPNNPO FJHFOWBMVF UP UIF PQFSBUPS L GPS CPUI
UIF QFSJPEJD CPVOEBSZ DPOEJUJPO BOE UIF /FVNBOO CPVOEBSZ DPOEJUJPO� /PUF UIBU &+

K < &−
K+�

BSF UXP OFJHICPSJOH FJHFOWBMVFT UP L XJUI UIF QFSJPEJD CPVOEBSZ DPOEJUJPO� 8F FJUIFS IBWF
&+
K = &1�O−�,&

−
K+� = &1�O PS &

+
K = &1�O,&

−
K+� = &1�O+� GPS TPNF JOUFHFS O� #Z UIFPSFN ���
 UIF

GPSNFS JT JNQPTTJCMF TJODF UIFSF JT OP FJHFOWBMVF UP L XJUI UIF TFNJ�QFSJPEJD CPVOEBSZ DPOEJ�
UJPO JOTJEF UIF CBOE HBQ� 5IF MBUUFS JT BMTP JNQPTTJCMF TJODF CPUI &+

K ,&
−
K+� BSF FJHFOWBMVFT UP

L XJUI UIF /FVNBOO CPVOEBSZ DPOEJUJPO� 5IJT DPOUSBEJDUJPO QSPWFT UIBU ϕ K+�,� TIPVME CF BO
PEE�QBSJUZ NPEF BOE UIJT DPNQMFUFT UIF QSPPG GPS UIF DBTF L= �� 5IF DBTF L= π DBO CF QSPWFE
JO B TJNJMBS NBOOFS�

��
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���� ;BL QIBTF VOEFS JOWFSTJPO TZNNFUSZ

$POTJEFS UIF QFSJPEJD PQFSBUPSL UIBU TBUJTàFT BTTVNQUJPO �� 'PMMPXJOH TFDUJPO ��� BOE JO WJFX
PG MFNNB ���
 XF DPOTUSVDU UIF #MPDI NPEFT GPS UIF KUI CBOE PG L BT GPMMPXT�

ϕ K,L(Y) =






φ K,L(Y)
‖φ K,L‖9 ,�! L! π, φ K,L '≡ �,
Jψ&,�(Y)
‖ψ&,�‖9 , L ∈ {�,π} BOE φ K,L ≡ �,

ϕ K,−L(−Y), −π < L< �.

	���


5IF QFSJPEJD QBSU PG ϕ K,L JT HJWFO CZ V K,L(Y) = ϕ K,L(Y)F−JLY
 BOE JU TBUJTàFT�

V K,L(Y) = V K,−L(−Y), −π < L< �.

8F DBMDVMBUF UIF ;BL QIBTF VTJOH UIF GPSNVMB 	����
� 'JSTU
 UIFSF IPMET

ˆ �

−π

(
∂V K,L
∂L

,V K,L

)

9
EL=−

ˆ π

�

(
∂V K,−L

∂L
,V K,−L

)

9
EL

=−
ˆ π

�

ˆ �

�

∂V K,−L(Y)
∂L

V̄ K,−L(Y)ε(Y)EYEL

=−
ˆ π

�

ˆ �

�

∂V K,L(−Y)
∂L

V̄ K,L(−Y)ε(−Y)EYEL

=−
ˆ π

�

ˆ �

�

∂V K,L(�− Y)
∂L

V̄ K,L(�− Y)ε(�− Y)EYEL

=−
ˆ π

�

ˆ �

�

∂V K,L(Y)
∂L

V̄ K,L(Y)ε(Y)EYEL

=−
ˆ π

�

(
∂V K,L
∂L

,V K,L

)

9
EL.

0O UIF PUIFS IBOE
 OPUF UIBU�

V K,�−(Y) = MJN
L→�−

V K,L(Y) = MJN
L→�+

V K,−L(Y) = MJN
L→�+

V K,L(−Y) = V K,�(−Y);

V K,(−π)+(Y) = MJN
L→(−π)+

V K,L(Y) = MJN
L→π−

V K,−L(Y) = MJN
L→π−

V K,L(−Y) = V K,π(−Y).

*U GPMMPXT UIBU�

(V K,�,V K,�−)9 =
ˆ �/�

�
V K,�(Y)V̄ K,�(−Y)ε(Y)EY+

ˆ �

�/�
V K,�(Y)V̄ K,�(−Y)ε(Y)EY

=

ˆ �/�

�
V K,�(Y)V̄ K,�(−Y)ε(Y)EY+

ˆ �

−�/�
V K,�(Y+ �)V̄ K,�(−Y− �)ε(Y+ �)EY

=

ˆ �/�

�
V K,�(Y)V̄ K,�(−Y)ε(Y)EY+

ˆ �

−�/�
V K,�(Y)V̄ K,�(−Y)ε(Y)EY

=

ˆ �/�

−�/�
V K,�(Y)V̄ K,�(−Y)ε(Y)EY=

ˆ �/�

−�/�
ϕ K,�(Y)ϕ̄ K,�(−Y)ε(Y)EY

=

{
�, JG ϕ K,�(Y) = ϕ K,�(−Y),
−�, JG ϕ K,�(Y) =−ϕ K,�(−Y).

��
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4JNJMBSMZ
 XF IBWF�

(F−J�π YV K,(−π)+ ,V K,π)9 =

{
�, JG ϕ K,π(Y) = ϕ K,π(−Y),
−�, JG ϕ K,π(Y) =−ϕ K,π(−Y).

	���


5IFSFGPSF
 CZ TVCTUJUVUJOH UIF BCPWF JOUP UIF GPSNVMB 	����

 XF PCUBJO UIF GPMMPXJOH UIF�
PSFN�

5IFPSFN ���� -FU L CF B QFSJPEJD PQFSBUPS JO UIF GPSN PG 	���
� "TTVNF UIBU BTTVNQUJPO �
IPMET� 5IFO UIF ;BL QIBTF GPS UIF KUI CBOE JT HJWFO CZ�

θ K =

{
�, JG ϕ K,�(Y) BOE ϕ K,π(Y) BUUBJO UIF TBNF QBSJUZ,
π, JG ϕ K,�(Y) BOE ϕ K,π(Y) BUUBJO EJGGFSFOU QBSJUZ.

*O UIF QSFTFODF PG B %JSBD QPJOU
 XF IBWF UIF GPMMPXJOH SFTVMU PO UIF ;BL QIBTF
 XIJDI JT B
EJSFDU DPOTFRVFODF PG UIF UIFPSFN BCPWF BOE MFNNB ����

5IFPSFN ���� -FU L CF B QFSJPEJD PQFSBUPS JO UIF GPSN PG 	���
� "TTVNF UIBU BTTVNQUJPO �
IPMET BOE UIBU UIF KUI BOE ( K+ �)UI CBOET UPVDI BU UIF %JSBD QPJOU (L= �,&+

K )
 UIFO

θ K+ θ K+� =

{
�, JG ϕ K,π(Y),ϕ K+�,π(Y) BUUBJO UIF TBNF QBSJUZ;
π, JG ϕ K,π(Y),ϕ K+�,π(Y) BUUBJO EJGGFSFOU QBSJUJFT.

	���


4JNJMBS SFTVMU IPMET JG UIF KUI CBOE BOE UIF ( K+ �)UI CBOE DSPTT BU UIF %JSBD QPJOU (L= π,&+
K )�

���� #VML UPQPMPHJDBM JOEJDFT

"TTVNF UIBU UIFSF JT B HBQ CFUXFFO UIF KUI BOE ( K+ �)UI CBOET PG UIF QFSJPEJD PQFSBUPS L XJUI
UIF JOWFSTJPO TZNNFUSZ� 8F EFàOF BO JOEFY GPS UIF KUI CBOE PG UIF TQFDUSVN BT�

γ K := (−�) K+'−�FJ
∑ K

N=� θN , 	���


JO XIJDI θN JT UIF ;BL QIBTF GPS UIF NUI CBOE
 BOE 2 JT UIF OVNCFS PG %JSBD QPJOUT CFMPX UIF
KUI CBOE� 5IF SFMBUJPO CFUXFFO UIF QBSJUZ PG UIF #MPDI NPEF ψL, K BU CBOE FEHF (L,&+

K ) BOE UIF
CVML JOEFY γK JT HJWFO JO UIF GPMMPXJOH UIFPSFN�

5IFPSFN ���� -FU L CF BO PQFSBUPS JO UIF GPSN PG 	���
� "TTVNF UIBU BTTVNQUJPO � IPMET BOE
UIBU UIFSF JT B CBOE HBQ CFUXFFO UIF KUI BOE ( K+ �)UI CBOET� 5IFO UIF CVML UPQPMPHJDBM JOEFY
GPS UIF KUI CBOE γK POMZ UBLFT UIF WBMVFT ±�� *O BEEJUJPO
 γK JT � BOE −� XIFO UIF #MPDI NPEF
BU CBOE FEHF (L,&+

K ) JT FWFO BOE PEE SFTQFDUJWFMZ�

1SPPG� /PUF UIBU GPS UIF àSTU CBOE
 XF IBWF &−
� = &�(�) = � BOE UIF BTTPDJBUFE #MPDI NPEF

JT B DPOTUBOU GVODUJPO� 4JODF &+
� = &�(π)
 CZ WJSUVF PG UIFPSFN ���
 γ� = � BOE −� XIFO UIF

#MPDI NPEF ψπ,� BU (π,&+
� ) JT FWFO BOE PEE SFTQFDUJWFMZ� /PX XF QSPWF CZ JOEVDUJPO BOE

BTTVNF UIBU UIF TUBUFNFOU IPMET GPS UIF CBOE &O(L) XJUI O< K� *G & K−�(L) EPFT OPU DSPTT XJUI
& K(L)
 UIFO BO BQQMJDBUJPO PG UIFPSFNT ��� BOE ��� ZJFMET γ K =−FJθ Kγ K−�
 XIFSF θK JT � PS π�
0UIFSXJTF
 JG & K−�(L) BOE & K(L) DSPTT BU UIF %JSBD QPJOU (L,&−

K )
 BQQMZJOH UIFPSFN ��� HJWFT
γ K =−FJ(θ K−�+θ K)γ K−�
 XIFSF θ K−� + θ K = � PS π� 5IF QSPPG JT DPNQMFUF�

��
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���� *NQFEBODF GVODUJPOT JO UIF CBOE HBQ

*O UIJT TFDUJPO
 XF EFSJWF TFWFSBM QSPQFSUJFT GPS UIF GPMMPXJOH UXP JNQFEBODF GVODUJPOT�

ξ-(&) =
ψ&,�(�)

λ&,� −ψ&,�(�)
, ξ3(&) =

ψ&,�(�)
λ&,� −ψ&,�(�)

,

EFàOFE JO TFDUJPO ��� GPS & JO UIF CBOE HBQ BOE GPS UIF TZTUFN XJUI JOWFSTJPO TZNNFUSZ� 8F
àSTU QSFTFOU B QSFMJNJOBSZ MFNNB�

-FNNB ���� "TTVNF UIBU UIF PQFSBUPS L TBUJTàFT BTTVNQUJPO �� 'VSUIFS BTTVNF UIBU UIF KUI
BOE K+ �UI CBOET BUUBJO B HBQ (&+

K ,&
−
K+�)�

	B
 'PS BMM & ∈ (&+
K ,&

−
K+�)
 XF IBWF ψ&,�(�) '= �
 λ&,� −ψ&,�(�) '= �
 BOE λ&,� −ψ&,�(�) '= ��

	C
 *G ψ&,�(�) = � GPS TPNF & /∈ (&+
K ,&

−
K+�)
 UIFO

ψ′
&,�(�) ·

∂ψ&,�(�)
∂&

> �.

1SPPG� 8F àSTU TIPX UIBU ψ&,�(�) '= �� "TTVNF PUIFSXJTF UIBU ψ&,�(�) = �� 5IFO CPUI GVOD�
UJPOT ψ&,�(�− Y) BOE ψ&,�(Y) BSF TPMVUJPOT UP UIF GPMMPXJOH CPVOEBSZ WBMVF QSPCMFN�

(L−&)ψ = �, ψ(�) = ψ(�) = �.

5IVT ψ&,�(�− Y) BOE ψ&,�(Y) NVTU CF MJOFBSMZ EFQFOEFOU� 4JODF CPUI BSF SFBM�WBMVFE
 XF
TFF UIBU ψ&,�(�− Y) =±ψ&,�(Y)� *U GPMMPXT UIBU ψ′

&,�(�
−) =∓ψ′

&,�(�
+) =∓µ(�+)� 4JODF µ

IBT QFSJPE POF BOE JT JOWFSTJPO TZNNFUSZ
 XF IBWF µ(�+) = µ(�−) = µ(�−)� 5IFSFGPSF

.(&) =
(

ψ&,�(�−) ψ&,�(�−)
�

µ(�−)ψ
′
&,�(�

−) �
µ(�−)ψ

′
&,�(�

−)

)
=

(
ψ&,�(�−) �
�

µ(�−)ψ
′
&,�(�

−) ±�

)
,

8F TFF UIBU ±� ∈ {λ&,�,λ&,�}
 XIJDI JT B DPOUSBEJDUJPO UP UIF GBDU UIBU |λ&,�|< � BOE
|λ&,�|> � JO UIF CBOE HBQ�

8F OFYU QSPWF UIBU λ&,� −ψ&,�(�) '= �� *G λ&,� −ψ&,�(�) = �
 UIFO CZ VTJOH EFU(.(&)−
λ&,�) = �
 XF IBWF�

ψ&,�(�) ·
�

µ(�)
ψ′
&,�(�) = �,

XIJDI ZJFMET ψ′
&,�(�) = �� 5IFO CPUI GVODUJPOT ψ&,�(�− Y) BOE ψ&,� BSF TPMVUJPOT UP UIF GPM�

MPXJOH CPVOEBSZ WBMVF QSPCMFN�

(L−&)ψ = �, ψ′(�) = ψ′(�) = �.

8F DBO UIVT EFSJWF UIBU ψ =±ψ&,�� 5IFO


ψ&,�(�) =±ψ&,�(�) =±�.

)FODF

.(&) =
(

ψ&,�(�) ψ&,�(�)
�

µ(�)ψ
′
&,�(�)

�
µ(�)ψ

′
&,�(�)

)
=

(
±� ψ&,�(�)
� ± �

µ(�)ψ
′
&,�(�)

)
.

"HBJO
 UIJT MFBET UP±� ∈ {λ&,�,λ&,�}
 XIJDI DPOUSBEJDUT UP UIF GBDU UIBU UIF FJHFOWBMVFT BSF
JO UIF CBOE HBQ� 5IF JOFRVBMJUZ λ&,� −ψ&,�(�) '= � DBO CF QSPWFE JO B TJNJMBS NBOOFS� 5IJT
DPNQMFUFT UIF QSPPG PG 	B
�

��
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8F OPX QSPWF 	C
� /PUF UIBU

{
(L−&)ψ&,� = �,
ψ&,�(�) = �, �

µ(�)ψ
′
&,�(�) = �.

-FU ψ (Y) = ∂ψ&,�(Y)
∂& 
 UIFO
{
(L−&)ψ = ψ&,�,

ψ(�) = �,ψ′(�) = �.

.VMUJQMZJOH CPUI TJEFT PG UIF FRVBUJPO (L−&)ψ = ψ&,� CZ ε(Y)ψ&,�(Y)
 XF PCUBJO�ˆ �

�

(
(
�
µ
ψ′)′ +&ε(Y)ψ

)
ψ&,�(Y)EY=−

ˆ �

�
ψ�
&,�(Y)ε(Y)EY.

6TJOH (SFFO�T UIFPSFN BOE UIF CPVOEBSZ DPOEJUJPOT UIBU ψ(�) = �,ψ′(�) = �,ψ&,�(�) = �

XF GVSUIFS EFSJWF UIBU�

�
µ(�)

ψ′
&,�(�)ψ(�) =

ˆ �

�
ψ�
&,�(Y)ε(Y)EY> �,

5IJT HJWFT UIF EFTJSFE JOFRVBMJUZ BOE DPNQMFUFT UIF QSPPG�

-FNNB ���� "TTVNF UIBU UIF PQFSBUPSL TBUJTàFT BTTVNQUJPO �� 'VSUIFS BTTVNF UIBU UIFSF JT B
CBOE HBQ CFUXFFO UIF KUI BOE UIF ( K+ �)UI CBOET� 5IFO UIF GPMMPXJOH IPMET GPS & ∈ (&+

K ,&
−
K+�)�

	B
 *G UIF #MPDI NPEF BU UIF CBOE FEHF (L,&+
K ) BUUBJOT UIF PEE�QBSJUZ GPS L= � PS π
 UIFO

ξ3(&)< �
 BOE ξ3(&)→ � BT &→ &+
K BOE ξ3(&)→−∞ BT &→ &−

K+� SFTQFDUJWFMZ� 0O UIF
PUIFS IBOE
 ξ-(&)> �
 BOE ξ- → � BT &→ &+

K BOE ξ- →+∞ BT &→ &−
K+� SFTQFDUJWFMZ�

	C
 *G UIF #MPDI FEHF NPEF BU (L,&+
K ) BUUBJOT UIF FWFO�QBSJUZ
 UIFO ξ3(&)> �
 BOE ξ3(&)→

+∞ BT &→ &+
K BOE ξ3(&)→ � BT &→ &−

K+� SFTQFDUJWFMZ� 0O UIF PUIFS IBOE
 ξ-(&)< �
BOE ξ-(&)→−∞ BT &→ &+

K BOE ξ-(&)→ � BT &→ &−
K+� SFTQFDUJWFMZ�

1SPPG� 8JUIPVU MPTT PG HFOFSBMJUZ
 XF DPOTJEFS POMZ UIF DBTF L= � BOE UIF #MPDI NPEF ϕ K,�

BU (�,&+
K ) JT PEE� 5IF QSPPG GPS PUIFS DBTFT JT TJNJMBS� *U BMTP TVGàDFT UP QSPWF GPS UIF GVOD�

UJPO ξ3(&) TJODF UIF GVODUJPO ξ-(&) DBO CF USFBUFE TJNJMBSMZ� 'JSTU
 CZ MFNNB ���
 ϕ K,�(Y) =
Dψ&+

K ,�
(Y) GPS TPNF DPOTUBOU D� 5IFSFGPSF ψ&+

K ,�
(�) = ψ&+

K ,�
(�) = � TJODF ϕ K,� JT QFSJPEJD PG

QFSJPE POF� #Z MFNNB ���
 XF IBWF�

∂ψ&,�(�)
∂&

(&+
K ) ·ψ′

&+
K ,�

(�)> �.

4JODF ψ′
&+
K ,�

(�) = ψ′
&+
K ,�

(�)> �
 ∂ψ&,�(�)
∂& (&+

K )> �
 BOE DPOTFRVFOUMZ
 ψ&,�(�)> � GPS & ∈

(&+
K ,&

−
K+�)�

8F OFYU EFàOF

H(&) := λ&,� −ψ&,�(�).

#Z UIFPSFN ���
 ϕ K+�,� JT FWFO� 5IVT ϕ K+�,� = Dψ&−
K+�,�

GPS TPNF DPOTUBOU D BOE XF IBWF

ψ&−
K+�,�

(�) = ψ&−
K+�,�

(�) = � VTJOH UIF QFSJPEJDJUZ PG ϕ K+�,�� *U GPMMPXT UIBU�

H(&−
K+�) = λ&−

K+�,�
−ψ&−

K+�,�
(�) = �− �= �.

��
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0O UIF PUIFS IBOE
 TJODF

λ&,� =
%(&)−

√
%(&)� − �
�

,

XF IBWF

H′(&) =
�
�
%′(&)

(
�− %(&)√

%(&)� − �

)
− ∂ψ&,�(�)

∂&
.

*U JT DMFBS %(&)→ � BOE %′(&)< � BT &→ &−
K+�� 5IFSFGPSF

MJN
&→&−

K+�

H ′(&) =∞, 	���


XIFODF H(&)< � OFBS &−
K+� BOE IFODF PWFS UIF XIPMF JOUFSWBM (&+

K ,&
−
K+�)� 5IJT QSPWFT UIBU

ξ3(&) =
ψ&,�(�)
H(&) < � PWFS (&+

K ,&
−
K+�)�

8F OPX QSPWF UIBU ξ3(&)→ � BT &→ &+
K BOE ξ3(&)→−∞ BT &→ &−

K+�� 3FDBMM UIBU
ψ&+

K ,�
(�) = �� 5IFSF BSF UXP DBTFT� H(&+

K ) '= � PS H(&+
K ) = �� *O UIF GPSNFS DBTF JU JT DMFBS

UIBU ξ3(&)→ � BT &→ &+
K � *O UIF MBUUFS DBTF


MJN
&→&+

K

ξ3(&) = MJN
&→&+

K

ψ&,�(�)
H(&)

= MJN
&→&+

K

∂ψ&,�(�)
∂&

H′(&)
= �,

XIFSF XF VTFE UIF GBDU UIBU MJN&→&+
K
H′(&) =−∞ JG H(&+

K ) = � 	UIF QSPPG JT TJNJMBS UP 	���

�

5IFSFGPSF
 JO CPUI DBTFT XF IBWF ξ3(&)→ � BT &→ &+
K �

'JOBMMZ
 XF TIPX UIBU ξ3(&)→−∞ BT &→ &−
K+�� 4JODF H(&

−
K+�) = �
 XF OFFE POMZ UP

TIPX UIBU ψ&−
K+�,�

(�) '= �� *OEFFE
 BTTVNF PUIFSXJTF ψ&−
K+�,�

(�) = �= ψ&−
K+�,�

(�)� 3FDBMM UIBU

ψ&−
K+�,�

(�) = � BOE UIBU�

EFU.(&−
K+�) = EFU




ψ&−K+�,�

(�) ψ&−K+�,�
(�)

�
µ(�)ψ

′
&−K+�,�

(�) �
µ(�)ψ

′
&−K+�,�

(�)



= EFU

(
� �

�
µ(�)ψ

′
&−K+�,�

(�) �
µ(�)ψ

′
&−K+�,�

(�)

)
.

8F IBWF


�
µ(�)

ψ′
&−
K+�,�

(�) = �=
�

µ(�)
ψ′
&−
K+�,�

(�).

4JODF µ(�) = µ(�)
 ψ′
&−
K+�,�

(�) = ψ′
&−
K+�,�

(�)� 5IFSFGPSF XF DBO EFSJWF UIBU ψ&−
K+�,�

JT B QFSJPEJD

GVODUJPO XJUI QFSJPE POF BOE IFODF ϕ K+�,� = Dψ&−
K+�,�

GPS TPNF DPOTUBOU D� 5IJT DPOUSBEJDUT UP
UIF FTUBCMJTIFE GBDU UIBU ϕ K+�,� = Dψ&−

K+�,�
� 5IJT DPNQMFUFT UIF QSPPG PG UIF MFNNB�

���� *OUFSGBDF NPEFT JOEVDFE CZ CVML UPQPMPHJDBM JOEJDFT

8F DPOTJEFS B QIPUPOJD TZTUFNXIJDI DPOTJTUT PG UXP TFNJ�JOàOJUF QFSJPEJD TUSVDUVSFT GPS Y< �
BOE Y � � SFTQFDUJWFMZ�

5IF DPSSFTQPOEJOH QFSJPEJD EJGGFSFOUJBM PQFSBUPS JT�

L Kψ =− �
ε K(Y)

E
EY

(
�

µ K(Y)
Eψ
EY

)
, K= �,�.

��
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8F BTTVNF UIBU CPUI PQFSBUPST TBUJTGZ BTTVNQUJPO �� 5IF EJGGFSFOUJBM PQFSBUPS GPS UIF KPJOU
TUSVDUVSF JT HJWFO CZ�

L̃ψ (Y) :=

{
L�ψ (Y), Y< �,
L�ψ (Y), Y> �.

	���


8F JOWFTUJHBUF UIF FYJTUFODF PG JOUFSGBDF NPEFT GPS UIF PQFSBUPS L̃� *O XIBU GPMMPXT
 XF
EFOPUF UIF RVBOUJUJFT BTTPDJBUFE XJUI UIF PQFSBUPS L K VTJOH UIF TVQFSTDSJQU K 	 K = �,�

 TVDI BT
UIF FOFSHZ MFWFM &( K)

N 
 UIF #MPDI NPEF ψ( K)
N,L
 FUD�

5IFPSFN ����� "TTVNF UIBU UIF GPMMPXJOH IPMET�

	B
 5IF PQFSBUPST L� BOE L� TBUJTGZ BTTVNQUJPO � BOE BUUBJO B DPNNPO CBOE HBQ�

* := (&(�),+
N�

,&(�),−
N�+�)∩ (&(�),+

N�
,&�,−

N�+�) '= ∅

GPS DFSUBJO QPTJUJWF JOUFHFST N� BOE N��
	C
 5IF CVML UPQPMPHJDBM JOEJDFT γ(�)N� '= γ(�)N� GPS UIF PQFSBUPS L� BOE L��

5IFO UIFSF FYJTUT BO JOUFSGBDF NPEF GPS UIF PQFSBUPS L̃ EFàOFE JO 	���
� *O BEEJUJPO
 UIF
OVNCFS PG JOUFSGBDF NPEFT BSF HJWFO CZ UIF OVNCFS PG SPPUT UP UIF FRVBUJPO�

ξ(&) := ξ(�)- (&)− ξ(�)3 (&) = � GPS & ∈ *. 	���


1SPPG� #Z MFNNB ���
 UIFSF JT BO JOUFSGBDF NPEF PG L̃ BU FOFSHZ MFWFM & JG BOE POMZ JG�

ξ(&) := ξ(�)- (&)− ξ(�)3 (&) = �.

8JUIPVU MPTT PG HFOFSBMJUZ
 XF DPOTJEFS UIF DBTF XIFO UIF DPNNPO CBOE HBQ PG UIF PQFSBU�
PST L� BOE L� JT HJWFO CZ *= (&(�),+

N� ,&(�),−
N�+�)� .PSFPWFS
 γ(�)N� = � BOE γ(�)N� =−� GPS UIF UXP

PQFSBUPST� 5IFO UIF #MPDI NPEF ψ(�)
N�,L BU UIF CBOE FEHF (L,&(�),+

N� ) GPS UIF PQFSBUPS L� JT FWFO

XIJMF UIF #MPDI NPEF ψ(�)
N�,L BU UIF CBOE FEHF (L,&

(�),+
N� ) GPS UIF PQFSBUPS L� JT PEE� #Z MFNNB

���
 ξ(�)- (&)< � BOE ξ(�)- (&)→−∞ BT &→ &(�),+
N� BOE ξ(�)- (&)→ � BT &→ &(�),−

N�+� SFTQFDU�

JWFMZ� 0O UIF PUIFS IBOE
 ξ(�)3 (&)< � BOE ξ(�)3 (&)→ � BT &→ &(�),+
N� BOE ξ(�)3 (&)→−∞ BT

&→ &(�),−
N�+� SFTQFDUJWFMZ� 5IFSFGPSF
 GPS & JO UIF DPNNPO HBQ *
 XF TFF UIBU ξ(&)< � GPS &

OFBS &(�),+
N� BOE ξ(&)> � GPS & OFBS &(�),−

N�+� � *U GPMMPXT UIBU UIFSF FYJTUT B SPPU PWFS UIF JOUFSWBM
* GPS ξ(&) = ��

5P JMMVTUSBUF UIF JOUFSGBDF NPEF PG UIF PQFSBUPS L̃
 XF DPOTJEFS B KPJOU TUSVDUVSF
 XIFSF UIF
QFSJPEJD NFEJVN PO UIF MFGU DPOTJTUT PG UXP MBZFST JO FBDI QFSJPE
 XJUI B UIJDLOFTT PG 2(�)B =

�.�� BOE 2(�)C = �.�� SFTQFDUJWFMZ� 5IF QFSNJUUJWJUZ WBMVFT PG UIF UXP MBZFST BSF ε(�)B = �.� BOE
ε(�)C = �
 BOE UIF QFSNFBCJMJUZ WBMVFT BSF µ(�)

B = µ(�)
C = �� 5IF QFSJPEJD NFEJVN PO UIF SJHIU

BMTP DPOTJTUT PG UXP MBZFST JO FBDI QFSJPE
 XJUI UIF QIZTJDBM QBSBNFUFST JO FBDI QFSJPE HJWFO CZ
2(�)B = �.��
 2(�)C = �.��
 ε(�)B = �.�
 ε(�)C = �
 BOE µ(�)

B = µ(�)
C = �� 5IF CBOE TUSVDUVSFT PG UIF

UXP QFSJPEJD NFEJB BOE UIF ;BL QIBTF GPS FBDI CBOE BSF TIPXO JO àHVSF �� 5IF CVML JOEJDFT
JO UIF CBOE HBQ CFUXFFO UIF TFWFOUI BOE FJHIUI CBOE BSF γ(�)� = � BOE γ(�)� =−� SFTQFDUJWFMZ�
5IF PQFSBUPS L̃ BUUBJOT BO JOUFSGBDF NPEF BU B GSFRVFODZ JO UIF CBOE HBQ
 XIJDI JT TIPXO JO
àHVSF ��

��
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'JHVSF �� 5IF CBOE TUSVDUVSFT PG UIF UXP QFSJPEJD NFEJB BOE UIF ;BL QIBTF GPS FBDI
CBOE�

'JHVSF �� 5IF JOUFSGBDF NPEF PG UIF PQFSBUPS L̃ JO UIF CBOE HBQ CFUXFFO UIF TFWFOUI BOE
FJHIUI CBOE�

���� 4UBCJMJUZ PG JOUFSGBDF NPEFT

$POTJEFS B QIPUPOJD TZTUFN L̃ PG UIF GPSN 	���
 UIBU BUUBJOT BO JOUFSGBDF NPEF PWFS B DPN�
NPO TQFDUSBM CBOE HBQ * PG UXP PQFSBUPST L� BOE L�� "TTVNF UIBU UIF TUSVDUVSF JT QFSUVSCFE
MPDBMMZ XJUI B EFGFDU SFHJPO (E�,E�)
 JO XIJDI E� < �< E�
 BOE UIF SFMBUJWF QFSNJUUJWJUZ BOE
QFSNFBCJMJUZ PG UIF TUSVDUVSF BUUBJO UIF GPMMPXJOH WBMVFT�

ε(Y) =






ε�(Y− E�), Y< E�,
εE(Y), E� < Y< E�,
ε�(Y− E�), Y> E�.

BOE µ(Y) =






µ�(Y− E�), Y< E�,
µE(Y), E� < Y< E�,
µ�(Y− E�), Y> E�.

8F EFOPUF UIF EJGGFSFOUJBM PQFSBUPS GPS UIF QFSUVSCFE TZTUFN CZ L̃E
 BOE EFOPUF�

Φ(Y;&) =
(
ψ(Y),

�
µ
ψ′(Y)

)5

,

XIFSF ψ TPMWFT UIF EJGGFSFOUJBM FRVBUJPO (L̃E−&)ψ = ��

��
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'PS K = �,�
 MFU

7( K)
&,� =

(
ψ( K)
&,�(�)

λ( K)&,� −ψ( K)
&,�(�)

)
BOE 7( K)

&,� =

(
ψ( K)
&,�(�)

λ( K)&,� −ψ( K)
&,�(�),

)

CF UIF FJHFOWFDUPST PG UIF USBOTGFS NBUSJY .( K)(&) BT EFàOFE JO 	���
� 'PS FBDI & ∈ *
 XF OPS�
NBMJ[F UIF FJHFOWFDUPST 7( K)

&,� BOE 7
( K)
&,� CZ MFUUJOH 7̃( K)

&,� = 7( K)
&,�/‖7

( K)
&,�‖ BOE 7̃( K)

&,� = 7( K)
&,�/‖7

( K)
&,�‖

BOE FYUFOE UIFN DPOUJOVPVTMZ PWFS UIF DMPTVSF PG UIF JOUFSWBM *� )FSF UIF OPSN ‖ · ‖ JT UIF TUBOE�
BSE &VDMJEFBO OPSN JO3�� -FU.E(&) CF UIF USBOTGFS NBUSJY PWFS UIF EFGFDU SFHJPO (E�,E�) TVDI
UIBU Φ(E�;&) =.E(&)Φ(E�;&)� 8F TFF UIBU UIF MPDBMJ[FE TUBUF JT SFUBJOFE GPS UIF QFSUVSCFE
TZTUFN JG BOE POMZ JG�

.E(&)7̃
(�)
&,� = D7̃(�)

&,�, 	���


IPMET GPS DFSUBJO & ∈ * BOE TPNF OPO[FSP SFBM OVNCFS D� " OBUVSBM RVFTUJPO JT IPX MBSHF QFS�
UVSCBUJPO JT BMMPXFE GPS UIF EFGFDU NFEJVN QBSBNFUFST TP UIBU UIF DPOEJUJPO 	���
 IPMET BOE UIF
JOUFSGBDF NPEF QFSTJTUT GPS UIF PQFSBUPS L̃E�

5IFPSFN ����� "TTVNF UIBU L� BOE L� BUUBJO UIF TBNF CBOE HBQ * := (&(�),+
N� ,&(�),−

N�+�) =

(&(�),+
N� ,&(�),−

N�+�) BOE UIF CVML UPQPMPHJDBM JOEJDFT γ
(�)
N� BOE γ(�)N� BSF EJGGFSFOU GPS UIF UXP PQFS�

BUPST� *G�

NBY
{
‖µ‖-∞(E�,E�),&‖ε‖-∞(E�,E�)

}
· (E� − E�)<

π

�
, 	���


IPMET GPS BOZ & ∈ *
 UIFO UIF PQFSBUPS L̃E BUUBJOT BO JOUFSGBDF NPEF�

5P QSPWF UIF UIFPSFN
 XF FYQSFTT UIF TPMVUJPO WFDUPS Φ BT�

Φ(Y;&) = ρ [TJOθ,DPTθ]5 = ρ [DPT θ̃,TJO θ̃]5,

JO XIJDI UIF QPMBS BOHMF θ̃ := π
� − θ SFQSFTFOUT UIF BOHMF CFUXFFO UIF Y�BYJT BOE UIF WFDUPS

Φ PO UIF QMBOF� 5IF SBEJVT ρ BOE UIF BOHMF θ BSF DBMMFE 1SÛGFS SBEJVT BOE BOHMF
 SFTQFDUJWFMZ
<�>� #PUI θ BOE θ̃ BSF VOJRVF VQ UP BO BEEJUJWF DPOTUBOU JOUFHFS NVMUJQMF PG �π� #Z B EJSFDU
DBMDVMBUJPO
 ρ
 θ BOE θ̃ TBUJTGZ UIF GPMMPXJOH FRVBUJPOT�

(MPHρ) ′ =
�
�
(µ−&ε)TJO(�θ), 	����


θ ′ = µDPT� θ+&εTJO� θ, 	����


θ̃ ′ =−µTJO� θ̃−&εDPT� θ̃. 	����


*O XIBU GPMMPXT
 XF WJFX ρ
 θ BOE θ̃ BT GVODUJPOT PG Y BOE &�

-FNNB ����� -FU θ(Y�;&) = θ�
 UIFO GPS BOZ àYFE &��
 UIF 1SÛGFS BOHMF θ(Y; ·) JT BO JODSFBT�
JOH GVODUJPO BOE UIF QPMBS BOHMF θ̃(Y; ·) JT B EFDSFBTJOH GVODUJPO�

5IJT JT PCWJPVT CZ OPUJOH UIBU θ′ " � BOE θ̃′ ! �� )FODF UIF TPMVUJPO WFDUPS Φ SPUBUFT DMPDL�
XJTFMZ BT Y JODSFBTFT GPS àYFE &�

-FNNB ����� -FU θ�(Y;&�) BOE θ�(Y;&�) CF UIF 1SÛGFS BOHMF PG UIF TPMVUJPO WFDUPS XJUI UIF
FOFSHZ &� ! &� SFTQFDUJWFMZ� *G θ�(Y�;&�)! θ�(Y�;&�)
 UIFO θ�(Y;&�)! θ�(Y;&�) GPS BMM Y> Y��

-FNNB ����� -FU θ(Y�;&) = θ�
 UIFO GPS BOZ Y> Y�
 θ(Y;&) JT BO JODSFBTJOH GVODUJPO PG &�

��
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'JHVSF �� -FGU� 3PUBUJPO PG UIF WFDUPS 7̃(�)
&,� GSPN 6T := (−�,�)5 UP 6F := (�,�)5 BT &

JODSFBTFT GSPN &� UP &�� 3JHIU� 3PUBUJPO PG UIF WFDUPS 7̃
(�)
&,� GSPN 6F := (�,�)5 UP 6T :=

(−�,�)5 	CMVF
 BOE SPUBUJPO PG UIF WFDUPS Φ(E�;&) 	SFE
 BT & JODSFBTFT GSPN &� UP &��

5IF QSPPGT PG MFNNBT ���� BOE ���� DBO CF GPVOE JO DPSPMMBSZ ����� BOE UIFPSFN ����� PG <�>�

1SPPG PG UIFPSFN ����� -FU * := (&�,&�) CF UIF DPNNPO CBOE HBQ PG UIF UXP PQFSBUPST L�

BOE L�� 8JUIPVU MPTT PG HFOFSBMJUZ
 XF BTTVNF UIBU γ(�)N� = � BOE γ(�)N� =−� TP UIBU UIF #MPDI
NPEFT ψ(�)

N,L BOE ψ
(�)
N,L BU UIF CBOE FEHF (L,&+

N ) GPS UIF PQFSBUPS L� BOE L� BSF FWFO BOE PEE

SFTQFDUJWFMZ� *O WJFX PG MFNNB ��� BOE PCTFSWJOH UIBU UIF JNQFEBODF GVODUJPO ξ(�)- JT FRVBM UP
UIF SBUJP CFUXFFO UIF àSTU BOE UIF TFDPOE DPNQPOFOU PG 7̃(�)

&,�
 BT & JODSFBTFT GSPN &� UP &�


FJUIFS 7̃(�)
&,� PS −7̃(�)

&,� SPUBUFT GSPN 6T := (−�,�)5 UP 6F := (�,�)5 JO UIF TFDPOE RVBESBOU 	DG

àHVSF �
 MFGU
� 0O UIF PUIFS IBOE
 FJUIFS 7̃(�)
&,� PS −7̃(�)

&,� SPUBUFT GSPN 6F UP 6T JO UIF TFDPOE
RVBESBOU�

8F POMZ DPOTJEFS UIF DBTF XIFO 7̃(�)
&,� SPUBUFT GSPN 6T UP 6F� 5IF PUIFS TDFOBSJPT DBO CF

QSPWFE JO B TJNJMBS GBTIJPO� *G POF TFUT Φ(E�;&) = 7̃(�)
&,�
 UIFO CZ MFNNBT ���� BOE ����
 UIF

WFDUPS Φ(E�;&) :=.E(&)7̃
(�)
&,� SPUBUFT DMPDLXJTFMZ BT & JODSFBTFT GSPN &� UP &�� 5IF DPSSFT�

QPOEJOH 1SÛGFS BOHMF θ(E�;&) JODSFBTFT DPOUJOVPVTMZ� *G 	���
 IPMET
 CZ 	����

 θ′ ! π
�(E�−E�)

GPS BMM Y ∈ (E�,E�) BOE & ∈ *� 8F PCUBJO�

∆θ := θ(E�;&)− θ(E�;&)<
π

�
∀& ∈ *. 	����


"T TVDI Φ(E�;&�) JT MPDBUFE JO UIF TFDPOE RVBESBOU XIJMF Φ(E�;&�) JT MPDBUFE JO UIF àSTU
RVBESBOU� 5IFSFGPSF
 UIF DPOUJOVJUZ PG UIF 1SÛGFS BOHMF θ(E�;&) JNQMJFT UIBU 	���
 IPMET GPS
DFSUBJO & JO UIF CBOE HBQ BT 7̃(�)

&,� PS −7̃
(�)
&,� SPUBUFT GSPN 6F UP 6T JO UIF TFDPOE RVBESBOU XJUI

JODSFBTJOH & 	DG àHVSF �
 SJHIU
�

*G UIF DPOEJUJPO 	���
 JT WJPMBUFE
 UIF TUBCJMJUZ RVFTUJPO JT NPSF TVCUMF� )FSF XF QSPWJEF BO
BOTXFS GPS B TQFDJBM TDFOBSJP XIFO UIF EFGFDU POMZ DPOTJTUT PG POF MBZFS�

5IFPSFN ����� "TTVNF UIBU L� BOE L� BUUBJO UIF TBNF CBOE HBQ BOE UIF CVML UPQPMPHJDBM
JOEJDFT BSF EJGGFSFOU GPS UIF UXP PQFSBUPST� *G εE(Y)≡ ε� BOE µE(Y)≡ µ� GPS DFSUBJO DPOTUBOUT
ε� BOE µ�
 UIFO UIF PQFSBUPS L̃E BUUBJOT B MPDBMJ[FE TUBUF GPS BOZ ε� " �
 µ� " �
 BOE E :=
E� − E� " ��

��
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1SPPG� 4JNJMBS UP UIFPSFN ����
 XF BTTVNF UIBU UIF UXP PQFSBUPST L� BOE L� BUUBJO B DPNNPO
CBOE HBQ * := (&�,&�)
 BOE UIF UPQMPHJDBM JOEJDFT GPS UIF UXP PQFSBUPST BSF � BOE −�� 8F
EFOPUF UIF USBKFDUPSZ PG UIF FOE QPJOU GPS UIF TPMVUJPO WFDUPS Φ(E�;&) CZ γ BT & JODSFBTFT GSPN
&� UP &� JO UIF CBOE HBQ� 4JODF 7̃(�)

&,� PS −7̃
(�)
&,� SPUBUFT GSPN 6F := (�,�)5 UP 6T := (−�,�)5 JO

UIF TFDPOE RVBESBOU
 XIJMF UIF WFDUPS Φ(E�,&) SPUBUFT DMPDLXJTFMZ BT & JODSFBTFT
 XF EFEVDF
UIBU 	���
 IPMET BT MPOH BT γ DSPTTFT UIF Y PS Z BYJT PO UIF QMBOF� /FYU XF TIPX UIBU UIJT JT USVF
GPS BOZ ε� " �
 µ� " �
 BOE E JO UIF EFGFDU MBZFS�

/PUF UIBU FJUIFS 7̃(�)
&,� PS−7̃

(�)
&,� SPUBUFT GSPN6T UP6F BT & JODSFBTFT GSPN &� UP &�
 GPS CSFWJUZ

XF POMZ DPOTJEFS UIF GPSNFS� 5IF USBOTGFS NBUSJY .E JT FYQMJDJUMZ HJWFO CZ�

.E(&) =




DPT(ωOE E)

µ

ωOE
TJO(ωOE E)

−ωOE
µ

TJO(ωOE E) DPT(ωOE E)



 , 	����


JO XIJDI ω =
√
& BOE OE =

√
εEµE� -FU 7̃

(�)
&,� = (−W�(&),W�(&))XJUI W�(&)" � BOE W�(&)" �


BOE ωE = ωOE E
 UIFO�

Φ(E�;&) = W�(&)




−DPT(ωE)
ωOE
µ

TJO(ωE)



+ W�(&)

( µ

ωOE
TJO(ωE)

DPT(ωE)

)
. 	����


*O QBSUJDVMBS


Φ(E�;&�) =

(
−DPT(ωE,�),

ω�OE
µ

TJO(ωE,�)
)5

, Φ(E�;&�) =

(
µ

ω�OE
TJO(ωE,�),DPT(ωE,�)

)5

,

XJUI ω K =
√
& K BOE ωE, K = ω KOE E 	 K = �,�
�

/PX BTTVNF UIBU Φ(E�;&�) MJFT JO UIF àSTU RVBESBOU XJUI ωE,� ∈ �O�π +
[
π
� ,π

]
GPS DFSUBJO

JOUFHFS O� " �� 8F POMZ OFFE UP DPOTJEFS UIF DBTF XIFOΦ(E�;&�) BMTP MJFT JO UIF àSTU RVBESBOU�
8F PCTFSWF UIBU ωE,� ∈ �O�π +

[
�, π�

]
GPS DFSUBJO JOUFHFS O� > O�� /PUF UIBUΦ(E�;&) JT MPDBUFE

JO UIF MPXFS IBMG QMBOF XIFO ω ∈ �O�π +
(
π, �π�

)

 BOE JO UIF MFGU IBMG QMBOF XIFO ω ∈ �O�π +(

�π
� ,�π

)
� 5IVT UIF USBKFDUPSZ γ DSPTTFT CPUI UIF Y BOE 	PS
 Z BYJT� 0OF DBO ESBX UIF TBNF

DPODMVTJPO JG Φ(E�,&�) MJFT JO PUIFS RVBESBOUT
 BOE UIF QSPPG JT DPNQMFUF�

'PS B HFOFSJD EFGFDU
 UIF FYJTUFODF PG JOUFSGBDF NPEFT GPS UIF QFSUVSCFE UPQPMPHJDBM TUSVDUVSF
JT OPU HVBSBOUFFE XIFO UIF DPOEJUJPO 	���
 JT WJPMBUFE� )FSF XF DPOTUSVDU DPVOUFS FYBNQMFT
XIFO UIF EFGFDU DPOTJTUT PG UXP MBZFST BOE UIF JOUFSGBDF NPEF EJTBQQFBST� 5IF QFSNJUUJWJUZ BOE
QFSNFBCJMJUZ WBMVFT JO UIF EFGFDU SFHJPOT BSF HJWFO CZ�

εE(Y) =

{
εE,�, E� < Y< E∗,
εE,�, E∗ < Y< E�

BOE µE(Y) =

{
µE,�, E� < Y< E∗,
µE,�, E∗ < Y< E�,

XIFSF UIF DPOTUBOUT εE, K BOE µE, K ( K = �,�) BSF UP CF TQFDJàFE JO UIF GPMMPXJOH� 4JNJMBS UP
UIF QSFWJPVT EJTDVTTJPOT
 XF BTTVNF UIBU UIF PQFSBUPST L� BOE L� BUUBJO UIF TBNF CBOE HBQ
* := (&�,&�) BOE UIF CVML UPQPMPHJDBM JOEJDFT GPS UIF UXP PQFSBUPST BSF � BOE−�
 SFTQFDUJWFMZ�
'VSUIFSNPSF
 BT & JODSFBTFT JO UIF CBOE HBQ
 UIF FJHFOWFDUPS 7̃(�)

&,� SPUBUFT GSPN 6T := (−�,�)5

UP 6F := (�,�)5 JO UIF TFDPOE RVBESBOU�
-FU ΦT(Y;&) BOE ΦF(Y;&) CF UIF TPMVUJPO WFDUPS GPS UIF FRVBUJPO (L̃E−&)ψ = � XJUI

ΦT(E�;&) = 6T BOE ΦF(E�;&) = 6F
 SFTQFDUJWFMZ� 5IF DPSSFTQPOEJOH QPMBS BOHMFT θ̃T(Y;&) BOE
θ̃F(Y;&) TBUJTGZ UIF FRVBUJPO 	����
� %FàOF ∆θ̃ := θ̃T− θ̃F
 UIFO ∆θ̃ TPMWFT UIF FRVBUJPO�

(∆θ̃) ′ = (&εE−µE)TJO(θ̃T+ θ̃F)TJO(∆θ̃) JO (E�,E�). 	����


��
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'JSTU
 XF DIPPTF εE,� BOE µE,� TVDI UIBU &�εE,� −µE,� > �� /PUF UIBU θ̃T(E�;&�)+
θ̃F(E�;&�) =

�π
� � 4JODF CPUI θ̃T BOE θ̃F BSF EFDSFBTJOH GVODUJPOT PG Y
 POF DBO DIPPTF E∗ TVDI

UIBU�

θ̃T(E∗;&�)+ θ̃F(E∗;&�) = π . 	����


/PUJOH UIBU∆θ̃(E�;&�) =
π
� BOE VTJOH 	����

 JU GPMMPXT UIBU (∆θ̃)′ < � JO (E�,E∗) BOE DPO�

TFRVFOUMZ�

�<∆θ̃(E∗,&�)<
π

�
. 	����


" DPNCJOBUJPO PG 	����
 BOE 	����
 ZJFMET�
π

�
< θ̃T(E∗;&�)< π BOE �< θ̃F(E∗;&�)<

π

�
. 	����


/FYU XF DIPPTF εE,� BOE µE,� TVDI UIBU &�εE,� −µE,� < �� 'VSUIFSNPSF
 MFU E� CF B SFBM
OVNCFS TVDI UIBU�

θ̃T(E�;&�) =
π

�
. 	����


8F EFEVDF GSPN 	����
 UIBU �< θ̃F(E�;&�)<
π
� 
 TJODF

π
� < θ̃T+ θ̃F < π BOE (∆θ̃)′ < � JO

(E∗,E�)� *G &� −&� JT TVGàDJFOUMZ TNBMM
 POF DBO DPODMVEF UIBU�

�< θ̃F(E�;&�)<
π

�
. 	����


'SPN 	����
 BOE 	����

 JU JT TFFO UIBU UIF TPMVUJPO WFDUPS Φ(E�;&) :=.E(&)7̃
(�)
&,� SPUBUFT

JO UIF àSTU RVBESBOU GPS & JO UIF CBOE HBQ� 0O UIF PUIFS IBOE
 UIF FJHFOWFDUPS 7̃(�)
&,� PS −7̃

(�)
&,�

SPUBUFT GSPN 6F UP 6T JO UIF TFDPOE RVBESBOU� 5IFSFGPSF
 UIF DPOEJUJPO 	���
 GPS UIF FYJTUFODF
PG JOUFSGBDF NPEFT EPFT OPU IPME GPS BOZ & ∈ *�

�� 3FTPOBODF PG UIF GJOJUF UPQPMPHJDBM TUSVDUVSF

*O UIJT TFDUJPO
 XF DPOTJEFS UIF UPQPMPHJDBM TUSVDUVSF PG àOJUF TJ[F UIBU JT FYUFOEFE PWFS UIF
JOUFSWBM (/�,/�)
 XIFSF /� JT B OFHBUJWF JOUFHFS BOE /� JT B QPTJUJWF JOUFHFS� 5IF TUSVDUVSF JT
QFSJPEJD PO UIF MFGU BOE SJHIU PG UIF PSJHJO SFTQFDUJWFMZ� .PSF QSFDJTFMZ
 UIF QFSNJUUJWJUZ ε/(Y)
BOE QFSNFBCJMJUZ µ/(Y) PG UIF àOJUF TUSVDUVSF UBLFT UIF GPMMPXJOH GPSN�

ε/(Y) :=






ε�(Y), /� < Y< �,
ε�(Y), �< Y< /�,

�, FMTFXIFSF.

BOE µ/(Y) :=






µ�(Y), /� < Y< �,
µ�(Y), �< Y< /�,

�, FMTFXIFSF.

JO XIJDI εK BOE µK 	 K = �,�
 BSF QJFDFXJTFMZ DPOUJOVPVT QFSJPEJD GVODUJPOT XJUI QFSJPE POF�
5IF DPSSFTQPOEJOH EJGGFSFOUJBM PQFSBUPS JT�

L̃/ψ :=− �
ε/(Y)

E
EY

(
�

µ/(Y)
Eψ
EY

)
.

8IFO BO JODJEFOU XBWF ψJOD = FJωY JNQJOHFT GSPN UIF MFGU PG UIF TUSVDUVSF
 XIFSF ω JT UIF
GSFRVFODZ
 UIF TUSVDUVSF HJWFT SJTF UP UIF USBOTNJUUFE àFME ψUSBO = U(ω)FJωY BOE UIF SFáFDUFE
àFME ψSF G = S(ω)F−JωY� 5IF UPUBM àFME JT ψ = ψJOD+ψSF G GPS Y< /� BOE ψ = ψUSBO GPS Y> /�

BOE JU TBUJTàFT�

(L̃/−ω�)ψ = �, /� < Y< /�. 	���


��
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5IF BCPWF TDBUUFSJOH QSPCMFN BUUBJOT B VOJRVF TPMVUJPO GPS SFBM GSFRVFODZ ω� *G UIF SFTPMWFOU
BTTPDJBUFE XJUI UIF TDBUUFSJOH QSPCMFN JT FYUFOEFE UP UIF XIPMF DPNQMFY QMBOF CZ BOBMZUJD
DPOUJOVBUJPO
 JU BUUBJOT DPNQMFY�WBMVFE QPMFT UIBU BSF DBMMFE UIF SFTPOBODFT PG UIF TDBUUFSJOH
QSPCMFN
 BOE UIF BTTPDJBUFE OPOUSJWJBM TPMVUJPOT BSF DBMMFE RVBTJ�OPSNBM NPEFT� &RVJWBMFOUMZ

UIF QPMF ω BOE UIF DPSSFTQPOEJOH RVBTJ�OPSNBM NPEF ψ TPMWF UIF GPMMPXJOH IPNPHFOFPVT
TDBUUFSJOH QSPCMFN XIFO ψJOD = ��

(L̃/−ω�)ψ = �, /� < Y< /�, 	���


�
µ/(/�)

Eψ (/�)

EY
+ Jωψ(/�) = �, 	���


�
µ/(/�)

Eψ (/�)

EY
− Jωψ(/�) = �. 	���


5IF MBTU UXP DPOEJUJPOT BSF PVUHPJOH XBWFT DPOEJUJPOT JNQPTFE PO UIF CPVOEBSZ PG UIF
TUSVDUVSF� 5IFZ BSF PCUBJOFE CZ UIF DPOUJOVJUZ PG UIF àFME BDSPTT UIF CPVOEBSZ BOE UIF GBDU
UIBU UIF PVUHPJOH XBWF UBLFT UIF GPSN ψ = D−F−JωY BOE ψ = D+FJωY GPS Y< /� BOE Y> /�

SFTQFDUJWFMZ�

-FNNB ���� -FU ω ∈ C\{�} CF B SFTPOBODF PG 	���
m	���

 UIFO ω BUUBJOT OFHBUJWF JNBHJOBSZ
QBSU�

1SPPG� .VMUJQMZ UIF EJGGFSFOUJBM FRVBUJPO JO 	���
 CZ εψ̄ BOE JOUFHSBUF CZ QBSU
 JU GPMMPXT UIBU�
ˆ /�

/�

�
µ/

∣∣∣∣
Eψ
EY

∣∣∣∣
�

−ω�ε/ |ψ |� EY+ �
µ/

Eψ(/�)

EY
ψ̄(/�)−

�
µ/

Eψ(/�)

EY
ψ̄(/�) = �.

"O BQQMJDBUJPO PG UIF CPVOEBSZ DPOEJUJPOT ZJFMET�
ˆ /�

/�

�
µ/

∣∣∣∣
Eψ
EY

∣∣∣∣
�

−ω�ε |ψ |� EY− Jω |ψ(/�)|� − Jω |ψ(/�)|� = �. 	���


-FU ω = ω� + Jω�
 XIFSF ω� BOE ω� BSF SFBM OVNCFST� 'JSTU MFU VT DPOTJEFS UIF DBTF XIFO
UIF SFBM QBSU ω� '= �� /PUF UIBU UIF JNBHJOBSZ QBSU PG UIF MFGU IBOE TJEF PG 	���
 JT�

−ω�

(
�ω�

ˆ B

�
|ψ |� EY+ |ψ(/�)|� + |ψ(/�)|�

)
.

*G ω� " �
 UIFO ψ(/�) = ψ(/�) = �� 5IJT JNQMJFT UIBU
Eψ(/�)

EY
=
Eψ(/�)

EY
= �
 BOE DPO�

TFRVFOUMZ ψ ≡ � JO (/�,/�)� )FODF
 XF EFEVDF UIBU ω� < �� /PX JG UIF SFBM QBSU ω� = �
 UIF
MFGU IBOE TJEF PG 	���
 JT�

ˆ /�

/�

�
µ/

∣∣∣∣
Eψ
EY

∣∣∣∣
�

+ω�
� |ψ |� EY+ω� |ψ(/�)|� +ω� |ψ(/�)|� = �.

*G ω� > �
 UIFO B TJNJMBS BSHVNFOU TIPXT UIBU ψ ≡ � JO (/�,/�)� 5IF QSPPG JT DPNQMFUF�

8F EFOPUF UIF EJGGFSFOUJBM PQFSBUPS GPS UIF JOàOJUF TUSVDUVSF 	OBNFMZ XIFO |/�|= /� =∞

CZ�

L̃∞ψ (Y) =

{
L�ψ (Y), Y< �,
L�ψ (Y), Y> �,

XIFSF L K 	 K = �,�
 JT UIF EJGGFSFOUJBM PQFSBUPS XJUI UIF QIZTJDBM QBSBNFUFST εK BOE µK� "TTVNF
UIBU UIF TUSVDUVSF BUUBJOT BO JOUFSGBDF NPEF ψ∞ XJUI UIF FOFSHZ &∞� 'SPN UIF EJTDVTTJPOT JO

��



+� 1IZT� "� .BUI� 5IFPS� �� 	����
 ������ + -JO BOE ) ;IBOH

TFDUJPOT � BOE �
 &∞ JT MPDBUFE JO B DPNNPO TQFDUSBM CBOE HBQ PG UXP PQFSBUPST� 8F XPVME
MJLF UP JOWFTUJHBUF SFTPOBODFT GPS UIF àOJUF TUSVDUVSF UIBU BSF OFBS UIF FJHFOWBMVF ω∞ =

√
&∞�

*O UIF TFRVFM
 XF TFU &= ω� BOE MFU .( K)(&) CF UIF USBOTGFS NBUSJY BTTPDJBUFE XJUI UIF
FRVBUJPO (L K−&)ψ = �� λ( K)&,� BOE λ

( K)
&,� BSF UIF FJHFOWBMVFT PG.

( K)(&) EFàOFE CZ 	����

 XJUI

UIF DPSSFTQPOEJOH FJHFOWFDUPST7( K)
&,� BOE7

( K)
&,� HJWFO JO 	���
� /PUF UIBU&∞ JT MPDBUFE JO UIF DPN�

NPO TQFDUSBM CBOE HBQ PG L� BOE L�
 UIFSF IPMET |λ( K)&,�|< �< |λ( K)&,�| GPS & JO UIF OFJHICPSIPPE

PG &∞� 8JUIPVU MPTT PG HFOFSBMJUZ
 JU JT BTTVNFE UIBU ψ( K)
&,�(�) '= � TP UIBU UIF UXP FJHFOWFDUPST

7( K)
&,� BOE 7

( K)
&,� EFàOFE BCPWF BSF MJOFBSMZ JOEFQFOEFOU� 8F IBWF UIF GPMMPXJOH MFNNB GPS UIF

FJHFOWFDUPST 7( K)
&,� BOE 7

( K)
&,��

-FNNB ���� -FU &� = ω�
� GPS ω� ∈ R+
 BOE ψ( K)

&�,�(�) BOE ψ
( K)
&�,�(�) BSF BOBMZUJD BU ω� PWFS UIF

DPNQMFY QMBOF� *G |λ( K)&�,�|< �< |λ( K)&�,�|
 UIFO 7
( K)
&�,� BOE 7

( K)
&�,� BSF BOBMZUJD BU ω� PWFS UIF DPNQMFY

QMBOF� 'VSUIFSNPSF
 UIFSF IPMET EFU
(
7( K)
&�,�,

E7( K)
&�,�

Eω

)
> � BOE EFU

(
7( K)
&�,�,

E7( K)
&�,�

Eω

)
< ��

5IF QSPPG GPMMPX UIF TBNF MJOFT BT UIFPSFN ��� JO <��>
 BOE XF PNJU IFSF GPS DPODJTFOFTT�

5IFPSFN ���� -FU /=NJO{|/�|,/�}� 5IFSF FYJTUT BO JOUFHFS /� TVDI UIBU GPS BOZ /" /�

UIFSF JT DPNQMFY�WBMVFE SFTPOBODF ω PG 	���
m	���
 JO UIF OFJHICPSIPPE PG ω∞� 'VSUIFSNPSF

UIFSF IPMET�

| ω−ω∞|! $F−α(ω)/,

JO XIJDI $ JT B QPTJUJWF DPOTUBOU JOEFQFOEFOU PG / BOE α(ω)> � JT B GVODUJPO EFàOFE JO UIF
OFJHICPSIPPE PG ω�

1SPPG� -FU Φ(Y) =
(
ψ(Y), �

µ(Y)ψ
′(Y)
)5

UIF TPMVUJPO WFDUPS
 XIFSF ψ JT UIF TPMVUJPO PG 	���
m

	���
 XJUI UIF DPNQMFY�WBMVFE GSFRVFODZ ω� /PUF UIBU |λ( K)&,�|< �< |λ( K)&,�| GPS ω JO UIF OFJHI�
CPSIPPE PG ω∞
 JO XIJDI &= ω�
 POF DBO FYQBOE Φ(/�) BT�

Φ(/�) = D�(ω)7
(�)
&,� + D�(ω)7

(�)
&,�,

XIFSF UIF DPFGàDJFOUT D�(ω) BOE D�(ω) BSF�

D�(ω) =
EFU(Φ(/�),7

(�)
&,�)

EFU(7(�)
&,�,7

(�)
&,�)

BOE D�(ω) =
EFU(7(�)

&,�,Φ(/�))

EFU(7(�)
&,�,7

(�)
&,�)

. 	���


5IF àFME BU Y= � DBO CF FYQSFTTFE BTΦ(�) = D�(ω)
(
λ(�)&,�

)|/�|
7(�)
&,� + D�(ω)

(
λ(�)&,�

)|/�|
7(�)
&,��

#Z EFDPNQPTJOH 7(�)
&,� BOE 7

(�)
&,� BT�

7(�)
&,� = D��(ω)7

(�)
&,� + D��(ω)7

(�)
&,�, 7(�)

&,� = D��(ω)7
(�)
&,� + D��(ω)7

(�)
&,�,

XIFSF

D��(ω) =
EFU
(
7(�)
&,�,7

(�)
&,�

)

EFU
(
7(�)
&,�,7

(�)
&,�

) , D��(ω) =
EFU
(
7(�)
&,�,7

(�)
&,�

)

EFU
(
7(�)
&,�,7

(�)
&,�

) , 	���


D��(ω) =
EFU
(
7(�)
&,�,7

(�)
&,�

)

EFU
(
7(�)
&,�,7

(�)
&,�

) , D��(ω) =
EFU
(
7(�)
&,�,7

(�)
&,�

)

EFU
(
7(�)
&,�,7

(�)
&,�

) , 	���


��
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JU GPMMPXT UIBU�

Φ(�) =
(
D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
+ D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
)
7(�)
&,�

+

(
D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
+ D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
)
7(�)
&,�.

8F EFEVDF UIBU UIF àMFE BU Y= /� JT�

Φ(/�) =

(
D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
+ D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
)(

λ(�)&,�

)|/�|
7(�)
&,�

+

(
D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
+ D�(ω)D��(ω)

(
λ(�)&,�

)|/�|
)(

λ(�)&,�

)|/�|
7(�)
&,�

=

(
ψ(/�)
Jωψ(/�)

)
.

5IJT MFBET UP UIF FRVBUJPO�


D�(ω)D��(ω)
(
λ(�)&,�

λ(�)&,�

)|/�|(
λ(�)&,�

λ(�)&,�

)/�

+ D�(ω)D��(ω)

(
λ(�)&,�

λ(�)&,�

)/�




·
(
λ(�)&,� −ψ(�)

&,�(�)− Jωψ(�)
&,�(�)

)
+



D�(ω)D��(ω)
(
λ(�)&,�

λ(�)&,�

)|/�|

+ D�(ω)D��(ω)





·
(
λ(�)&,� −ψ(�)

&,�(�)− Jωψ(�)
&,�(�)

)
= �, 	���


XIJDI JT UIF FRVBUJPO PG SFTPOBODF�
-FU D(ω) = EFU

(
7(�)
&,�,7

(�)
&,�

)
· EFU

(
7(�)
&,�,7

(�)
&,�

)

 BOE EFàOF UIF GPMMPXJOH DPNQMFY�WBMVFE

GVODUJPOT�

'(ω) = D(ω)D�(ω)D��(ω) ·
(
λ(�)&,� −ψ(�)

&,�(�)− Jωψ(�)
&,�(�)

)
,

(�(ω) = D(ω)D�(ω)D��(ω) ·
(
λ(�)&,� −ψ(�)

&,�(�)− Jωψ(�)
&,�(�)

)
,

(�(ω) = D(ω)D�(ω)D��(ω) ·
(
λ(�)&,� −ψ(�)

&,�(�)− Jωψ(�)
&,�(�)

)
,

(�(ω) = D(ω)D�(ω)D��(ω) ·
(
λ(�)&,� −ψ(�)

&,�(�)− Jωψ(�)
&,�(�)

)
.

5IF OPOMJOFBS FRVBUJPO 	���
 DBO CF XSJUUFO BT�

(�(ω)

(
λ(�)&,�

λ(�)&,�

)|/�|(
λ(�)&,�

λ(�)&,�

)/�

+(�(ω)

(
λ(�)&,�

λ(�)&,�

)/�

+(�(ω)

(
λ(�)&,�

λ(�)&,�

)|/�|

+'(ω) = �. 	����


4JODF UIF JOàOJUF TUSVDUVSF BUUBJOT BO JOUFSGBDF NPEF ψ∞ XJUI UIF FOFSHZ &∞ = ω�
∞
 XF

IBWF '(ω∞) = D��(ω) = ��
*U DBO CF TIPXO UIBU '(ω) BOE ((ω) BSF BOBMZUJD JO UIF OFJHICPSIPPE PG UIF GSFRVFODZ ω∞

PWFS UIF DPNQMFY QMBOF� #Z 5BZMPS�T UIFPSFN <�>
 UIFSF FYJTUT BO BOBMZUJD GVODUJPO '̃(ω) TVDI
UIBU�

'(ω) = '̃(ω)(ω−ω∞), XIFSF '̃(ω∞) = ' ′(ω∞). 	����


��
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5BCMF �� 3FTPOBODFT GPS àOJUF TUSVDUVSFT XJUI EJGGFSFOU OVNCFS PG QFSJPE�

/ � � � ��

3F(ω−ω∞) −������ −������ −������ �.��× ��−�

*N(ω−ω∞) −������ −������ −������ −�.��× ��−�

|ω−ω∞| ������ ������ ������ �.��× ��−�

4VCTUJUVUJOH JOUP 	����
 ZJFMET�

'̃(ω)(ω−ω∞) =−(�(ω)

(
λ(�)&,�

λ(�)&,�

)|/�|(
λ(�)&,�

λ(�)&,�

)/�

−(�(ω)

(
λ(�)&,�

λ(�)&,�

)/�

−(�(ω)

(
λ(�)&,�

λ(�)&,�

)|/�|

. 	����


/PX B EJSFDU DBMDVMBUJPO MFBET UP�

'′(ω∞)=EFU
(
7(�)&∞,�,Φ(/�)

)
· E
Eω

(
EFU
(
7(�)&∞,�,7

(�)
&∞,�

))
·
(
λ
(�)
&∞,� −ψ

(�)
&∞,�(�)−Jωψ

(�)
&∞,�(�)

)
.

/PUJOH UIBU 7(�)
&∞,� = T7(�)

&∞,� GPS TPNF OPO[FSP DPOTUBOU T
 XF PCUBJO�

E
Eω

(
EFU
(
7(�)
&∞,�,7

(�)
&∞,�

))
= EFU

(
E7(�)

&∞,�

Eω
,7(�)

&∞,�

)
+ EFU

(
7(�)
&∞,�,

E7(�)
&∞,�

Eω

)

=
�
T
EFU

(
E7(�)

&∞,�

Eω
,7(�)

&∞,�

)
+ TEFU

(
7(�)
&∞,�,

E7(�)
&∞,�

Eω

)
.

'SPN MFNNB ��� XF EFEVDF UIBU UIFSF FYJTUT B DPOTUBOU γ � � TVDI UIBU
∣∣'̃(ω)

∣∣" γ JO UIF
OFJHICPSIPPE PG ω∞�

$POTFRVFOUMZ
 XF PCUBJO


|ω−ω∞|#NBY






(
λ(�)&,�

λ(�)&,�

)|/�|

,

(
λ(�)&,�

λ(�)&,�

)/�



# F−α(ω)/, /=NJO{|/�|,/�},

XIFSF UIF MBTU JOFRVBMJUZ BCPWF GPMMPXT GSPN UIF GBDU UIBU
|λ( K)

&,�|
|λ( K)

&,�|
< � GPS & JO UIF OFJHICPSIPPE

PG &∞�

*G POF SFXSJUFT UIF DPOEJUJPO 	����
 BT ω = 5(ω)
 UIFO VTJOH UIF JOFRVBMJUZ
|λ( K)

&,�|
|λ( K)

&,�|
< � BHBJO


JU DBO CF TIPXO UIBU 5 JT B DPOUSBDUJPO NBQ JO UIF OFJHICPSIPPE PG ω∞� )FODF UIF FYJTUFODF
PG UIF SFTPOBODF GPMMPXT�

8F JMMVTUSBUF UIF FYQPOFOUJBM EFDBZ PG UIF EJTUBODF |ω−ω∞| CZ DPOTJEFSJOH UIF MBZFSFE QFSJPE
TUSVDUVSF JO TFDUJPO ���� 5BCMF � TIPXT UIF WBMVF ω−ω∞ BOE |ω−ω∞| XIFO |/�|= /� =
�,�,�,��� 5IF EJTUBODF |ω−ω∞| EFDBZT FYQPOFOUJBMMZ XJUI SFTQFDU UP UIF OVNCFS PG QFSJPE /
BT JMMVTUSBUFE JO àHVSF �� /PX DPOTJEFSJOH UIF TDBUUFSJOH QSPCMFN 	���
 XJUI UIF JODJEFOU XBWF

��
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'JHVSF �� 5IF EJTUBODF |ω−ω∞| GPS /= �,�,�,���

'JHVSF �� 5SBOTNJTTJPO WBMVF |U| OFBS UIF SFTPOBOU GSFRVFODZ GPS |/�|= /� = �,�,�,���
5IF JOàOJUF TUSVDUVSF BUUBJOT BO JOUFSGBDF NPEF BU UIF GSFRVFODZ ω∞ = ��.�����

ψJOD = FJωY� 5IF USBOTNJTTJPO |U| FYIJCJUT QFBLT BU SFTPOBOU GSFRVFODJFT� "T TIPXO JO àHVSF �

XIFO / JODSFBTFT
 UIF SFTPOBOU QFBLT CFDPNF TIBSQFS BT UIF JNBHJOBSZ QBSU PG UIF SFTPOBODF
EFDSFBTFT�

��
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%BUB BWBJMBCJMJUZ TUBUFNFOU

"MM EBUB UIBU TVQQPSU UIF àOEJOHT PG UIJT TUVEZ BSF JODMVEFE XJUIJO UIF BSUJDMF 	BOE BOZ TVQQMF�
NFOUBSZ àMFT
�

"DLOPXMFEHNFOU

+VOTIBO -JO XBT QBSUJBMMZ TVQQPSUFE CZ UIF /4' (SBOU /P� %.4��������� )BJ ;IBOH XBT
QBSUJBMMZ TVQQPSUFE CZ )POH ,POH 3($ (SBOU (3' /PT� �������� BOE ���������

"QQFOEJY

1SPPG PG MFNNB ���

5IF QBSUJBM EFSJWBUJWFT PG UIF TPMVUJPO NBUSJYΨ&,δ(Y) XJUI SFTQFDU UP UIF UXP QBSBNFUFST & BOE
δ IBWF UIF GPMMPXJOH FYQSFTTJPOT 	TFF GPS JOTUBODF DIBQUFS POF JO <�>



∂Ψ&,δ(Y)
∂&

=Ψ&,δ(Y)
ˆ Y

�
Ψ−�
&,δ(U)+8(U)Ψ&,δ(U)EU, 	"��


∂Ψ&,δ(Y)
∂δ

=Ψ&,δ(Y)
ˆ Y

�
Ψ−�
&,δ(U)+'̃(U)Ψ&,δ(U)EU, 	"��


BOE

∂�Ψ&,δ(Y)
∂&� = �Ψ&,δ(Y)

ˆ Y

�
Ψ−�
&,δ(U)+8(U)

∂Ψ&,δ(U)
∂&

EU, 	"��


∂�Ψ&,δ(Y)
∂δ�

= �Ψ&,δ(Y)
ˆ Y

�
Ψ−�
&,δ(U)+'̃(U)

∂Ψ&,δ(U)
∂δ

EU, 	"��


∂�Ψ&,δ(Y)
∂&∂δ

=Ψ&,δ(Y)
ˆ Y

�
Ψ−�
&,δ(U)+

(
8(U)

∂Ψ&,δ(U)
∂δ

+ '̃(U)
∂Ψ&,δ(U)
∂&

)
EU. 	"��


8F XSJUF
{
2�(Y) =Ψ−�

&∗,�(Y)+8(Y)Ψ&∗,�(Y),
2�(Y) =Ψ−�

&∗,�(Y)+'̃(Y)Ψ&∗,�(Y),

6TJOH UIF GBDU UIBU EFUΨ&∗,�(Y) = �
 XF IBWF�

Ψ−�
&∗,�(Y) =

(
�

µ(Y)ψ
′
&∗,�,�(Y) −ψ&∗,�,�(Y)

− �
µ(Y)ψ

′
&∗,�,�(Y) ψ&∗,�,�(Y)

)
.

*U GPMMPXT GSPN B EJSFDU DBMDVMBUJPO UIBU�

2� =

(
−7586 −7587
6586 6587

)
, 2� =

(
−75'̃6 −75'̃7
65'̃6 65'̃7

)
. 	"��


/PX
 MFU Y= � JO 	"��
� #Z OPUJOH UIBU Ψ&∗,�(�) = *E
 XF IBWF�

∂.
∂&

(&∗,�) =
ˆ �

�
Ψ−�
&∗,�(U)+8(U)Ψ&∗,�(U)EU.

��
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5BLJOH UIF USBDF BOE VTJOH UIF GBDU UIBU 5S"#= 5S#"
 BOE UIBU 5S+8(U) = �
 XF PCUBJO�

∂%
∂&

(&∗,�) =
ˆ �

�
5S+8(U)EU= �.

∂%
∂δ (&

∗,�) = � GPMMPXT TJNJMBSMZ CZ VTJOH 	"��
�
8F OFYU TIPX UIBU�

∂�%
∂&� (&

∗,�) = 5S

[ˆ �

�
2�(Y)EY

]�
, 	"��


∂�%
∂δ�

(&∗,�) = 5S

[ˆ �

�
2�(Y)EY

]�
, 	"��


∂�%
∂&∂δ

(&∗,�) = 5S

[ˆ �

�
2�(Y)EY

][ˆ �

�
2�(Y)EY

]
. 	"��


*O MJHIU PG 	"��

 XF IBWF�

∂�.
∂&� (&

∗,�) = �
ˆ �

�
Ψ−�
&,�(Y)+8(Y)

∂Ψ&,�(Y)
∂&

EY

= �
ˆ �

�
Ψ−�
&∗,�(Y)+8(Y)Ψ&∗,�(Y)

ˆ Y

�
Ψ−�
&∗,�(U)+8(U)Ψ&∗,�(U)EUEY

= �
ˆ �

�

ˆ Y

�
2�(Y)2�(U)EUEY.

5BLJOH UIF USBDF
 XF HFU�

∂�%
∂&� (&

∗,�) = �
ˆ �

�

ˆ Y

�
5S2�(Y)2�(U)EUEY

=

ˆ �

�

ˆ Y

�
5S2�(Y)2�(U)EUEY+

ˆ �

�

ˆ U

�
5S2�(U)2�(Y)EYEU

=

ˆ �

�

ˆ Y

�
5S2�(Y)2�(U)EUEY+

ˆ �

�

ˆ �

Y
5S2�(Y)2�(U)EUEY

=

ˆ �

�

ˆ �

�
5S2�(Y)2�(U)EUEY

= 5S
ˆ �

�

ˆ �

�
2�(Y)2�(U)EUEY= 5S(

ˆ �

�
2�(Y)EY)�,

XIJDI QSPWFT 	"��
� 5IF FRVBMJUZ 	"��
 BOE 	"��
 DBO CF QSPWFE JO B TJNJMBS NBOOFS� 'JOBMMZ

UIF EFTJSFE SFTVMUT GPMMPX GSPN 	"��
 BOE B EJSFDU DBMDVMBUJPO� $

1SPPG PG QSPQPTJUJPO ���

4JODF µ̃" �, ε̃" �
 JU GPMMPXT UIBU�
ˆ �

�
75(Y)'̃(Y)7(Y)EY> �,

ˆ �

�
65(Y)'̃(Y)6(Y)EY> �,

��
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BOE XF DBO EFSJWF UIF GPMMPXJOH $BVDIZ�4DIXBS[ UZQF JOFRVBMJUZ�
∣∣∣∣∣

ˆ �

�
65(Y)'̃(Y)7(Y)EY

∣∣∣∣∣

�

!
∣∣∣∣∣

ˆ �

�
75(Y)'̃(Y)7(Y)EY ·

ˆ �

�
65(Y)'̃(Y)6(Y)EY

∣∣∣∣∣ .

-FU

|6|� =
(ˆ �

�
6586EY

)�/�

, |7|� =
(ˆ �

�
7587EY

)�/�

,

|6|� =
(ˆ �

�
65'̃6EY

)�/�

, |7|� =
(ˆ �

�
75'̃7EY

)�/�

,

BOE EFàOF


U� =

´ �
� 6

587EY

(
´ �
� 7

587EY)�/� · (
´ �
� 6

586EY)�/�
=

´ �
� 6

587EY
|7|� · |6|�

U� =

´ �
� 6

5'̃7EY

(
´ �
� 7

5'̃7)�/� · (
´ �
� 6

5'̃6EY)�/�
=

´ �
� 6

5'̃7EY
|7|� · |6|�

.

5IFO JU JT DMFBS UIBU |U�|! �, |U�|! �� 8F PCUBJO


�
�
B� =

�
�
∂�%
∂&∂δ

(&∗,�) = U�U� · |6|� · |7|� · |6|� · |7|� −
�
�
|6|�� · |7|�� −

�
�
|6|�� · |7|��

= |6|� · |7|� · |6|� · |7|� ·
(
U�U� −

|6|� · |7|�
�|6|� · |7|�

− |6|� · |7|�
�|6|� · |7|�

)
.

0O UIF PUIFS IBOE�

�
�
B� =

�
�
∂�%
∂&� (&

∗,�) = (U�� − �) · |6|�� · |7|��,

�
�
B� =

�
�
∂�%
∂δ�

(&∗,�) = (U�� − �) · |6|�� · |7|��.

6TJOH UIF JOFRVBMJUZ�

(�− U�U�)� " (�− U�� )(�− U�� ),

BOE

|U�U� −
|6|� · |7|�
�|6|� · |7|�

− |6|� · |7|�
�|6|� · |7|�

|" �− U�U�,

XF DBO DPODMVEF UIBU B�� − B�B� " �� $

1SPPG PG MFNNB ���

'PS FBTF PG QSFTFOUBUJPO
 XF TFU µ̃= �� 5IFO

ˆ �

�
65'̃6EY=

ˆ �

�
ψ�
&∗,�,�(Y)&ε̃(Y)EY;

ˆ �

�
65'̃7EY=

ˆ �

�
ψ&∗,�(Y)ψ&∗,�,�(Y)&ε̃(Y)EY.

6OEFS UIF BTTVNQUJPO UIBU µ BOE ε BSF FWFO GVODUJPOT
 XF DBO TIPX UIBU ψ&∗,�,�(Y) JT
FWFO BOE ψ&∗,�,�(Y) JT PEE� *O BEEJUJPO
 TJODFΨ&∗,�(�) = *E
 XF IBWFΨ&∗,�(Y+ �) =Ψ&∗,�(Y)�

��
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5IFSFGPSF CPUI GVODUJPOT ψ&∗,�,�(Y) BOE ψ&∗,�,�(Y) BSF QFSJPEJD XJUI QFSJPE POF� )FODF XF DBO
EFSJWF UIBU� ˆ �

�
65'̃6EY=

ˆ �/�

−�/�
ψ�
&∗,�,�(Y)&ε̃(Y)EY= �,

BOE UIBUˆ �

�
65'̃7EY=

ˆ �/�

−�/�
ψ&∗,�,�(Y)ψ&∗,�,�(Y)&ε̃(Y)EY= �&

ˆ �/�

�
ψ&∗,�,�(Y)ψ&∗,�,�(Y)ε̃(Y)EY.

*U JT DMFBS UIBU XF DBO DIPPTF ε̃(Y) UP NBLF
´ �
� 6

5'̃7EY '= �� 5IJT DPNQMFUFT UIF QSPPG PG UIF
MFNNB� $

03$*% J%

)BJ ;IBOHB IUUQT���PSDJE�PSH�������������������9

3FGFSFODFT

<�> "CMPXJU[ . BOE ;IV : ���� /POMJOFBS XBWFT JO TIBMMPX IPOFZDPNC MBUUJDFT 4*". +� "QQM� .BUI�
�� ���m��

<�> "IMGPST - ���� $PNQMFY "OBMZTJT �OE FEO 	/FX :PSL� .D(SBX�)JMM

<�> "NNBSJ )
 %BWJFT #
 )JMUVOFO & BOE :V 4 ���� 5PQPMPHJDBMMZ QSPUFDUFE FEHF NPEFT JO POF�

EJNFOTJPOBM DIBJOT PG TVCXBWFMFOHUI SFTPOBUPST +� .BUI� 1VSF "QQM� ��� ��m��
<�> "NNBSJ )
 )JMUVOFO & BOE :V 4 ���� " IJHI�GSFRVFODZ IPNPHFOJ[BUJPO BQQSPBDI OFBS UIF %JSBD

QPJOUT JO CVCCMZ IPOFZDPNC DSZTUBMT "SDI� 3BUJPO� .FDI� "O� ��� ����m��
<�> "NNBSJ )
 %BWJFT # BOE )JMUVOFO & ���� 3PCVTU FEHF NPEFT JO EJTMPDBUFE TZTUFNT PG TVC�

XBWFMFOHUI SFTPOBUPST +� -POEPO .BUI� 4PD� ��� ����m���
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