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Abstract. We introduce the notions of matrix–valued wavelet set and matrix–
valued multiresolution analysis (A-MMRA) associated with a fixed dilation

given by an expansive linear map A : Rd → R
d, d ≥ 1 such that A(Zd) ⊂ Zd,

in a matrix–valued function space L2(Rd,Cn×n), n ≥ 1. These are general-
izations of the corresponding notions defined by Xia and Suter in 1996 for the
case where d = 1 and A is the dyadic dilation. We show several properties
of orthonormal sequences of translates by integers of matrix–valued functions,
focusing on those related to the structure of A-MMRA’s and their connection
with matrix–valued wavelet sets. Further, we present a strategy for construct-
ing matrix–valued wavelet sets from a given A-MMRA and, in addition, we
characterize those matrix–valued wavelet sets which may be built from an
A-MMRA.

1. Introduction

Given a fixed expansive linear map A : Rd → R
d, d ≥ 1, such that A(Zd) ⊂ Zd,

we introduce the notion of matrix–valued wavelet and matrix–valued multiresol-
tuion analysis associated to A in a matrix–valued function space L2(Rd,Cn×n),
n ≥ 1. A linear map A is said to be expansive if all (complex) eigenvalues of A
have modulus greater than 1. The subject of this paper is the study of such wavelets
and multiresolution analyses. Our starting point is the paper by Xia and Suter [22]
where the notion of matrix–valued wavelet and matrix–valued multiresolution anal-
ysis have been introduced and studied for the case of d = 1 and dyadic dilations.
Subsequently, and in this particular context, there appeared several papers related
to matrix–valued multiresolution analyses and matrix–valued wavelets and their
construction, e.g. [25], [1], [23], [28]. The notion of matrix–valued multiresolution
analysis and matrix–valued wavelets when d = 1 and A may be any arbitrary inte-
ger dilation were introduced in [6], where a necessary and sufficient condition for the
existence of matrix–valued wavelets and an algorithm for constructing compactly
supported matrix–valued wavelets associated with an integer dilation factor m are
presented. For the case m = 4 see [4].

Relaxing requirements, the articles [21], [5], [11], [8] study biorthogonal matrix–
valued wavelets where d = 1 and A is the dyadic dilation.

Since matrix–valued function spaces L2(Rd,Cn×n) are related to video imaging,
we generalize results in [27] to these spaces with the purpose of showing that the
ideas developed there for scalar–valued wavelets and multiresolution analysis fit
perfectly in this context. That is our motivation for writing this article.

Key words and phrases. matrix–valued function spaces, Fourier transform, multiresolution
analysis, wavelet set.
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This work is organized as follows. In Section 2 we present the definitions and
notation that will be used. Section 3 contains several properties of orthonormal
sequences of integer translates of a function in a matrix–valued space L2(Rd,Cn×n),
focusing on those related to multiresolution analyses and their connection with
wavelet sets. Section 4 is devoted to the study of matrix–valued wavelet sets in a
signal space L2(Rd,Cn×n), associated with a dilation given by an expansive linear
map A. In addition, as a method for constructing these matrix–valued wavelet
sets we introduce the notion of vector–valued multiresolution analysis associated
with an expansive linear map A (A-MMRA). Futher, we study the structure of
A-MMRA’s, present a strategy for constructing matrix–valued wavelet sets and
characterize those sets constructed from a given A-MMRA. Our results are given
in the context of Fourier space.

2. Notation and basic definitions

The sets of integers, real and complex numbers will be denoted by Z, R and C

respectively. The d–fold product of the interval [0, 1) with itself will be denoted T
d.

Thus Td := Rd/Zd, d ≥ 1.
Unless otherwise indicated, In, n ≥ 1, will denote the n× n identity matrix and

0n will denote the n× n null matrix.
Given an n× n, n ≥ 1, complex matrix M , aml ∈ C will denote the element on

the m-th row and the l-th column of M . The complex vector space of all n × n
complex matrices M will be denoted by Mn(C). Recall that a matrix M ∈ Mn(C)
is said to be unitary if MM∗ = In where M∗ is the transpose of the complex
conjugate of M .

Let

l2(N,Cn×n) := {M = {Mk}k∈N ⊂ Mn(C) : ‖M‖ = (

n∑

m,l=1

∑

k∈N

|aml(k)|
2
)1/2 < ∞}.

The space l2(Zd,Cn×n) is similarly defined.
All functions considered in this paper will be assumed to be measurable.
Given d, n ≥ 1, by L2(Rd,Cn×n) we will denote the space

{f(x) =




f11(x) f12(x) · · · f1n(x)
f21(x) f22(x) · · · f2n(x)

· · ·
fn1(x) fn2(x) · · · fnn(x)


 : fml ∈ L2(Rd),m, l = 1, ..., n}.

We will also write f(x) = (fml(x))m,l=1,...,n. The spaces Lp(E,Cn×n), 1 ≤ p < ∞,
where E is a measurable set in Rd are defined similarly by replacing Rd and 2 by
the E and p respectively. If we write f ∈ L2(Td,Cn×n) we will also mean that f is
defined on the whole space Rd as a Zd-periodic matrix–valued function.

Given f ∈ L2(Rd,Cn×n), ‖f‖, will denote the Frobenius norm defined by (see
[22])

(1) ‖f‖ := (
n∑

m,l=1

∫

Rd

|fml(x)|
2dx)1/2.
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The integral of a matrix–valued function f ,
∫
Rd f(x)dx, is defined by

∫

Rd

f(x)dx := (

∫

Rd

fml(x)dx)m,l=1,...,n.

The Fourier transform of a matrix–valued function f will be denoted by f̂ . For
f ∈ L1(Rd,Cn×n) ∩ L2(Rd,Cn×n)

f̂ (t) :=

∫

Rd

f(x)e−2πix·tdx.

For two matrix-valued functions f ,g ∈ L2(Rd,Cn×n),

(2) 〈f ,g〉 :=

∫

Rd

f(x)g∗(x)dx

and

[f ,g](t) :=
∑

k∈Zn

f(t+ k)g∗(t+ k).

Note that 〈·, ·〉 is matrix–valued and therefore it is not an inner product. It has the
following properties:

(a) For every f ,g ∈ L2(Rd,Cn×n),

〈f ,g〉 = 〈g, f〉∗ ;

(b) For every f ,g,h ∈ L2(Rd,Cn×n) and every M1,M2 ∈ Mn(C),

〈M1f +M2h,g〉 = M1 〈f ,g〉+M2 〈h,g〉 .

Moreover, the scalar Plancherel formula implies that also in the matrix–valued case

〈f ,g〉 =
〈
f̂ , ĝ

〉
.

It is also readily seen that

‖f‖ = (trace 〈f , f〉)1/2.

Given an invertible map M : Rn → R
n, for every j ∈ Z and k ∈ Z

d the dilation
operator DM

j and the translation operator Tk are defined on L2(Rd,Cn×n) by

DM
j f(t) := d

j/2
M f(M jt) and Tkf(t) := f(t+ k),

where dM = | detM |. A set S ⊂ L2(Rd,Cn×n) is called shift-invariant if f ∈ S

implies that Tkf ∈ S for every k ∈ Z
n. Let F ⊂ L2(Rd,Cn×n), then

T(F) := {Tkf : f ∈ F,k ∈ Z
n} and S(F) := spanT(F),

where the closure is in L2(Rd,Cn×n). If F = {f1, ..., fm} then S(F) is called a finitely
generated shift-invariant space or FSI and the functions fl, l = 1, ...,m are called
the generators of S(F). In this case we will also use the symbols T(f1, ..., fm) and
S(f1, ..., fm) to denote T(F) and S(F) respectively. If F contains a single element,
then S(F) is called a principal shift-invariant space or PSI.

Two functions f ,g ∈ L2(Rd,Cn×n) are said to be orthogonal if 〈f ,g〉 = 0n.

Further, let V,W be two closed subspaces in L2(Rd,Cn×n) such that W ⊂ V , then
the orthogonal complement of W in V is the closed subspace defined by

W⊥ = {g ∈ V : 〈g, f〉 = 0n ∀f ∈ W}.



4 A. SAN ANTOLÍN AND R. A. ZALIK

A sequence {fk}
∞
k=1 ⊂ L2(Rd,Cn×n) is called an orthonormal set in L2(Rd,Cn×n)

if

(3) 〈fk, fl〉 =

{
In if k = l
0n if k 6= l.

Given a closed subspace S in L2(Rd,Cn×n), a sequence {fk}
∞
k=1 ⊂ L2(Rd,Cn×n)

is called an orthonormal basis for S if it satisfies (3), and moreover, for any g ∈ S
there exists an unique sequence of constant matrices {Hk}

∞
k=1 ∈ l2(N,Cn×n) such

that

g(x) =

∞∑

k=1

Hkfk(x), for x ∈ R
d

where, for each x, Hkfk(x) is the product of the n× n matrices Hk and fk(x), and
the convergence for the infinite sum is in the sense of the norm ‖·‖ defined by (1).
It readily follows that for every k = 1, 2, . . . ,

(4) Hk = 〈g, fk〉 , and ‖{Hk}
∞
k=1‖ = ‖g‖ .

Given a set of matrix–valued functions F = {f1, ..., fm} in L2(Rd,Cn×n), its
Gramian matrix will be denoted by G[f1, ..., fm](t) or GF(t) and defined as follows:

GF(t) := ([̂fl, f̂j ](t))
m

l,j=1.

3. Orthonormal bases of translates

In this section we show several properties on orthonormal sequences of integral
translates of functions in a matrix–valued function space L2(Rd,Cn×n). We focus
on those properties closely related to matrix–valued wavelets and matrix–valued
multiresoltion analyses, concepts that will be discussed in the next section. Most
of the properties presented here are well known in the scalar–valued function space
context (cf. e.g. [27]).

The following lemma generalizes a result in [22].

Lemma 1. Let F = {f1, ..., fm} ⊂ L2(Rd,Cn×n). Then T(F) is an orthonormal

sequence in L2(Rd,Cn×n) if and only if GF(t) = Inm a.e.

Proof. Let us prove the necessity. By the orthonormality of T(F), given j, p ∈
{1, ...,m} and k ∈ Zd we have

(5)

∫

R
d

fj(x)f
∗
p (x− k)dx = δ(j, p)δ(k,0)In,

where δ(α, β) = 1 if α = β and δ(α, β) = 1 if α 6= β. By Plancherel’s formula,

δ(j, p)δ(k,0)In =

∫

R
d

f̂j(t)f̂p
∗

(t)e2πikdt

=
∑

k∈Z
d

∫

[−1/2,1/2]d+k

f̂j(t)f̂p
∗

(t)e2πikdt

=

∫

[−1/2,1/2]d

∑

k∈Z
d

[̂fj , f̂p](t)e
2πikdt, ∀k ∈ Z

d.(6)

This implies that [̂fj , f̂p](t) = δ(j, p)In a.e. on R
d, whence the assertion follows.

Conversely, note that the orthonormality of T(F) follows immediately from
GF(t) = Inm a.e., (5) and (6). �
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Lemma 2. Let F = {f1, ..., fm} ⊂ L2(Rd,Cn×n) and assume that T(F) is an

orthonormal basis of a closed subspace S ⊂ L2(Rd,Cn×n). Then, a matrix–valued

function g ∈ L2(Rd,Cn×n) belongs to S if and only if there are Zd-periodic functions

Hj ∈ L2(Td,Cn×n), j = 1, ...,m, such that

(7) ĝ(t) =
m∑

j=1

Hj(t)f̂j(t) a.e. on R
d,

and

(8) ‖ g ‖2=
m∑

j=1

‖ Hj ‖
2

Proof. Suppose that g ∈ S, then we may represent it in terms of the orthonormal
basis T(F) as

(9) g(x) =

m∑

j=1

∑

k∈Z
d

Hj,kfj(x− k),

where {Hj,k}k∈Z
d ∈ l2(Zd,Cn×n), j ∈ {1, ...,m}, and the convergence of the sum

is in the sense of the norm ‖·‖ defined by (1). Thus, taking the Fourier transform
in (9) we obtain (7) with Hj(t) =

∑
k∈Zd Hj,ke

−2πik·t.
From (9) and (4) we deduce that ‖ g ‖=‖ {Hj,k}j=1,...,m,k∈Z

d ‖. Since ‖ Hj ‖=

‖ {Hj,k}k∈Z
d ‖, equation (8) follows.

Conversely, assume that (7) holds. Since Hj(t) =
∑

k∈Zd Hj,ke
−2πik·t with

Hj,k ∈ l2(Zd,Cn×n), we deduce that (9) is satisfied in the sense of convergence in
norm, and therefore g ∈ S. �

Lemma 3. Let F = {f1, ..., fm} and G = {g1, ...,gp} be in L2(Rd,Cn×n). Assume

that T(G) and T(F) are orthonormal sequences in L2(Rd,Cn×n), and that there

are Zd-periodic functions Hl,j ∈ L2(Td,Cn×n), j = 1, ...,m, l = 1, ..., p, such that

(10) ĝl(t) =
m∑

j=1

Hl,j(t)f̂j(t) a.e. on R
d l = 1, ..., p.

Then

(11)

m∑

j=1

Hl,j(t)H
∗
r,j(t) = Inδ(l, r) a.e. on R

d l, r ∈ {1, ..., p}.

Proof. Since both sequences are orthonormal, given l, r ∈ {1, ..., p}, (3) yields

Inδ(l, r) = [ĝl, ĝr](t) = [

m∑

j=1

Hl,j f̂j ,

m∑

j=1

Hr,j f̂j ](t)

=

m∑

j=1

m∑

q=1

Hl,j(t)[f̂j , f̂q](t)H
∗
r,q(t) =

m∑

j=1

Hl,j(t)H
∗
r,j(t) a.e. on R

d.

�

We are now ready to prove
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Proposition 1. Let p ≤ m and let S be a closed subspace of L2(Rd,Cn×n). Let
F = {f1, ..., fm} and G = {g1, ...,gp} be such that T(F) and T(G) belong to S. If
T(F) is an orthonormal basis for S, then T(G) is an orthonormal sequence in S

if and only if there exists a matrix Q(t) := (hq,r(t))
np,nm

q,r=1 where hq,r ∈ L2(Td),

which satisfies Q(t)Q∗(t) = Inp a.e. t on Rd and also,

(12) (ĝ1(t), ..., ĝp(t))
T
= Q(t)(f̂1(t), ..., f̂m(t))

T
a.e. on R

d.

The Zd-periodic matrix

Q(t) = (hq,r(t))
np,nm

q,r=1

will be called a transition matrix from the sequence T(F) to the sequence T(G).

Proof. To prove the necessity we proceed as follows: Since T(F) is an orthonormal

basis for S and T(G) ⊂ S, Lemma 2 tells us that there are Hl,j ∈ L2(Td,Cn×n),
j = 1, ...,m and l = 1, ..., p, such that

(13) ĝl(t) =

m∑

j=1

Hl,j(t)f̂j(t) a.e. on R
d l = 1, ..., p.

Let Q(t) be the np×nm block matrix Q(t) := (Hl,j(t))
p,m

l,j=1, and for q = 1, . . . np,

let vq(t) = (hq,1(t), ..., hq,nm(t)), q = 1, ..., np, be the q-th row of Q(t). (Note

that every hq,r belongs to L2(Td)). Then, (11) implies that the vectors {vq(t) :
q ∈ {1, ..., np}} are orthonormal a.e.(t). Thus, setting Q(t) := (hq,r(t))

np,nm
q,r=1 we

conclude that Q(t)Q∗(t) = Inp. Finally, note that (13) readily implies (12).
To prove the sufficiency, for any l ∈ {1, ..., p} and j ∈ {1, ...,m} let Hl,j in

L2(Td,Cn×n) be defined by Hl,j := (hq,r)
ln,jn

q=(l−1)n+1,r=(j−1)n+1. Then (12) yields

(13). In addition, the assumption Q(t)Q∗(t) = Inp a.e. on Rd implies that

m∑

j=1

Hl,j(t)H
∗
b,j(t) = Inδ(l, b) a.e. on R

d l, b ∈ {1, ..., p}.

We complete the proof by showing that the Gramian associated to G is the unitary
matrix a.e. on R

d and applying Lemma 1. For l ∈ {1, ..., p} and b ∈ {1, ...,m} we
have:

[ĝl, ĝb](t) = [

m∑

j=1

Hl,j f̂j ,

m∑

j=1

Hb,j f̂j ](t)

=

m∑

j=1

m∑

q=1

Hl,j(t)[f̂j , f̂q](t)H
∗
b,q(t) =

m∑

j=1

Hl,j(t)H
∗
b,j(t) = Inδ(l, b)

a.e. on Rd, and the assertion follows. �

Proposition 2. Assume that F = {f1, ..., fm} and G = {g1, ...,gp} are functions

in L2(Rd,Cn×n). If T(F) and T(G) are orthonormal bases of the same closed

subspace S ⊂ L2(Rd,Cn×n), then m = p.

Proof. By the symmetry in the notation we may assume, without loss of generality,
that p > m. Since T(F) is an orthonormal basis for S and T(G) ⊂ S, we infer from
Proposition 1 that there exists an np × nm matrix Q(t) such that Q(t)Q∗(t) =
Inp a.e. This means that the np vectors defined by the rows of the matrix Q(t)
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are orthonormal in the complex vector space C
nm. Since nm < np, we get a

contradiction. �

Proposition 3. Asssume that the matrix–valued functions

F = {f1, ..., fm},G = {g1, ...,gm} ⊂ L2(Rd,Cn×n)

are such that T(F) and T(G) are orthonormal sequences in a closed subspace S ⊂

L2(Rd,Cn×n). If T(F) is an orthonormal basis for S and there exists a matrix

Q(t) := (hl,j(t))
nm

l,j=1, where hl,j ∈ L2(Td), such that Q(t) is unitary a.e. (t) on

Rd and (12) holds, then T(G) is an orthonormal basis for S.

Proof. According to Proposition 1, T(G) is an orthonormal sequence in S. Thus it
suffices to show that S = spanT(G). The hypotheses imply that we only need to

check that S ⊂ T(G). Let h ∈ S then, by Lemma 2 there exist Hj ∈ L2(Td,Cn×n),
j = 1, ...,m, such that

ĥ(t) = (H1(t), ...,Hm(t))(f̂1(t), ..., f̂m(t))
T

a.e. on R
d.

Thus, by (12)

ĥ(t) = (H1(t), ...,Hm(t))Q∗(t)(ĝ1(t), ..., ĝm(t))
T

= (L1(t), ...,Lm(t))(ĝ1(t), ..., ĝm(t))
T

a.e. on R
d,

where Lj(t) = (v(j−1)n+1(t), ...,vjn(t)) is the n × nm matrix such that vl is the

l-th column vector of the matrix (H1(t), ...,Hm(t))Q∗(t). Observe that for every

j ∈ {1, ...,m} the entries of the matrix Lj are Zd-periodic functions. Applying the

Minkowski and Hölder inequalities, we conclude that Lj ∈ L2(Td,Cn×n), and the
conclusion follows by another application of Lemma 2. �

A straightforward consequence of the preceding propositions is the following.

Corollary 1. Let F = {f1, ..., fm},G = {g1, ...,gm} ⊂ L2(Rd,Cn×n) such that

T(F) and T(G) are orthonormal sequences in a closed subspace S ⊂ L2(Rd,Cn×n).
If T(F) is an orthonormal basis for S, then T(G) is an orthonormal basis for S.

Proof. By Proposition 1, there exists a matrix Q(t) := (hq,r(t))
nm

q,r=1 where hq,r ∈

L2(Td), which satisfies Q(t)Q∗(t) = Inp a.e. (t) on Rd and also (12) holds. Thus,
the proof is finished by Proposition 3. �

4. Wavelets and Multiresolution analysis

In what follows we will assume that A is an expansive linear map A : Rd → R
d

such that A(Zd) ⊂ Z
d. Here and further we use the same notation for a linear map

on R
d and its matrix with respect to the canonical base.

In this section we introduce the notions of matrix–valued wavelet set and matrix–
valued multiresolution analysis (A-MMRA) associated with a dilation given by a

fixed map A as above in a signal space L2(Rd,Cn×n), d, n ≥ 1. These definitions
generalize the matrix–valued wavelet and matrix–valued multiresolution analysis
notions defined in [22] when d = 1 and A is the dyadic dilation. We study the
structure of an A-MMRA, present a strategy to construct matrix–valued wavelet
sets associated with a fixed dilation A and characterize the matrix–valued wavelet
sets constructed from a given A-MMRA.
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Given an expansive linear map A, a matrix-valued wavelet set associated with
A is a finite set of functions {Ψ1, ...,Ψs} ⊂ L2(Rd,Cn×n) such that the system

{Dj
ATkΨr : r = 1, 2..., s, j ∈ Z, k ∈ Z

d},

is an orthonomal basis for L2(Rd,Cn×n).

A general method for constructing matrix–valued wavelet sets on L2(Rd,Cn×n)
is related to the concept of matrix–valued multiresolution analysis associated with
A (A-MMRA): Given an expansive linear map A as above, we define an A-MMRA

as a sequence of closed subspaces Vj , j ∈ Z, of L2(Rd,Cn×n) that satisfies the
following conditions:

(i) For every j ∈ Z, Vj ⊂ Vj+1;
(ii) For every j ∈ Z, f(x) ∈ Vj if and only if f(Ax) ∈ Vj+1;

(iii) ∪j∈ZVj = L2(Rd,Cn×n);
(iv) There exists a function Φ ∈ V0, called a scaling function, such that

{ TkΦ(x) : k ∈ Z
n }

is an orthonormal basis for V0.

To construct a matrix–valued wavelet set associated with a dilation map A from
an A-MMRA with scaling function Φ, we denote by Wj the orthogonal complement
of Vj in Vj+1. Thus, by condition (i), we have Vj+1 = Wj⊕Vj . Moreover, condition

(iii) implies that L2(Rd,Cn×n) = ⊕j∈ZWj .
Observe that by condition (ii) we have

(14) ∀j ∈ Z, f(·) ∈ W0 ⇔ f(Aj ·) ∈ Wj .

Thus, to find a matrix–valued wavelet set from an A-MMRA, it will suffice to
construct a set of functions {Ψ1, ...,Ψs} ⊂ L2(Rd,Cn×n) such that the system

{TkΨr : r = 1, 2..., s, k ∈ Z
d},

is an orthonomal basis for W0, for then

{Dj
ATkΨr : r = 1, 2..., s, k ∈ Z

d},

is an orthonormal basis of Wj .
We now focus on how to construct orthonormal bases of integer translates for

the subspaces V1 and W0. For this purpose we study the structure of the subspaces
Vj and Wj .

Let us recall that if A : Rd → R
d is an expansive linear map such that A(Zd) ⊂

Z
d, then the quotient group Z

d/A(Zd) is well defined. We will denote by ∆A ⊂ Z
d

a full collection of representatives of the cosets of Zd/A(Zd). There are exactly dA
cosets (see [10] and [24, p. 109]). Let ∆A = {qi}

dA−1
i=0 where q0 = 0.

Note that, if l ∈ {0, 1, 2, .....}, then l = adA + i, where a ∈ {0, 1, 2, .....} and
i ∈ {0, 1, ...dA − 1}.

We have:

Theorem 1. Let A : Rd → Rd be an expansive linear map such that A(Zd) ⊂ Zd.

Let F = {f0, ..., fm−1} be a set of functions in L2(Rd,Cn×n) such that T(F) is

an orthonormal basis of a closed subspace V of L2(Rd,Cn×n), and let U = {f ∈

L2(Rd,Cn×n) : f(A−1·) ∈ V }. If

gl := d
1/2
A fa(Ax+ qi), l ∈ {0, ...,mdA − 1}
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then T(g0, ...,gmdA−1) is an orthonormal basis of U . Moreover, any set of functions

G in L2(Rd,Cn×n) such that T(G) is an orthonormal basis of U has exactly mdA
functions.

Proof. Since T(F) is an orthonormal sequence, a trivial change of variables shows

that T(g0, ...,gmdA−1) is an orthogonal sequence. Further, since ∆A = {qi}
dA−1
i=0 is

a full collection of representatives of the cosets of Zd/A(Zd), given a ∈ {0, ...,m−1}
and k ∈ Zd we have that there exist unique l ∈ {0, ...,m− 1} and r ∈ Zd such that
DATkfa = Trgl. Thus T(g0, ...,gmdA−1) is an orthonormal basis of U .

Since the set {g0, ...,gmdA−1} has exactly mdA functions, Proposition 2 implies

that every other set of functions G in L2(Rd,Cn×n) such that T(G) is an orthonor-
mal basis of U has exactly mdA functions. �

Theorem 1 yields

Theorem 2. Let Φ ∈ L2(Rd,Cn×n) be a scaling function in an A-MMRA, {Vj :
j ∈ Z}. If

(15) Θi := d
1/2
A Φ(Ax + qi), i = 0, 1, ..., dA − 1,

then T(Θ0, ...,ΘdA−1) is an orthonormal basis of V1.

Using Theorem 1 we can deduce some properties of the subspaces Vj . We have
the following.

Theorem 3. Let {Vj : j ∈ Z} be an A-MMRA. Then

(a) If j > 0, then there exists a finite set F ⊂ L2(Rd,Cn×n) such that T(F) is
an orthonormal basis of Vj .

(b) If j ≥ 0, then any set F ⊂ L2(Rd,Cn×n) such that T(F) is an orthonormal

basis of Vj has exactly djA functions.

(c) If j < 0, then there is no set of functions F ⊂ L2(Rd,Cn×n) such that
T(F) is an orthonormal basis of Vj .

(d) If j 6= 0, then there is no function f ∈ L2(Rd,Cn×n) such that T(f) is an
orthonormal basis of Vj.

Proof. To prove (a), let Φ be a scaling function in the A-MMRA. According to
Theorem 2, there exists a set of exactly dA functions, F1, such that T(F1) is an

orthonormal basis of V1. Thus for j ≥ 0 the existence of a set of exactly djA
functions, Fj , such that T(Fj) is an orthonormal basis of Vj follows by repeated
application of Theorem 1.

From (a), for j ≥ 0 the set Fj has exactly djA functions; thus (b) follows from
Proposition 2.

We now prove (c). Let m := d−j
A . By repeated application of Theorem 1 we

conclude that there are functions f0, . . . fm−1 such that T (f0, . . . fm−1) is a basis of
V0. Since A is expansive, we know that dA > 1; thusm > 1, which is a contradiction
of (b).

Finally, if j < 0 (d) follows from (c), whereas if j > 0, (d) follows from (b). �

The following two corollaries are immediate consequences of Theorem 3.

Corollary 2. Let {Vj : j ∈ Z} be an A-MMRA, let s > 0 and Uj := Vj+s.

Then {Uj : j ∈ Z} is a sequence of closed subspaces in L2(Rd,Cn×n) satisfying the
conditions (i), (ii), (iii) in the definition of A-MMRA, and also, there exists a set
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of functions F ⊂ L2(Rd,Cn×n) such that T(F) is an orthonormal basis of U0 and
it has exactly dsA functions.

Corollary 3. Let {Vj : j ∈ Z} be an A-MMRA. Then Vj is a proper subset of Vj+1

for every j ∈ Z.

Proof. Assume that there is j ∈ Z such that Vj = Vj+1, then by the definition of
A-MMRA we have Vj = Vj+s for every s ∈ Z. Thus, in particular V0 = V1 and
which is impossible by the condition (b) in Theorem 3. �

We have the following characterization of matrix–valued wavelet sets constructed
from an A-MMRA:

Theorem 4. Let Φ ∈ L2(Rd,Cn×n) be a scaling function in an A-MMRA, {Vj :

j ∈ Z}, and let Θ0, ...,ΘdA−1 ∈ L2(Rd,Cn×n) be such that T(Θ0, ...ΘdA−1) is an
orthonormal basis of V1. The following propositions are equivalent:

(a) {Ψ1, ...,ΨdA−1} is a matrix–valued wavelet set constructed from the given
A-MMRA.

(b) There is an n dA × n dA matrix Q(t) of Zd-periodic functions and unitary
a.e. on Rd such that

(Φ̂(t), Ψ̂1(t), ..., Ψ̂dA−1(t))
T
:= Q(t)(Θ̂0(t), Θ̂1(t), ..., Θ̂dA−1(t))

T
a.e. on R

d.

Proof. Let us prove (a) ⇒ (b). The condition (a) means that T(Ψ1, ...,ΨdA−1) is an
orthonormal basis of W0 where W0 is defined as the orthogonal complement of V0

in V1. Further, since T(Φ) is an orthonormal basis of V0 then T(Φ,Ψ1, ...,ΨdA−1)
is an orthonormal basis of V1. Thus the conditions (b) follows from Proposition 1.

We now prove (b) ⇒ (a). According to Proposition 1, we know that

T(Φ,Ψ1, ...,ΨdA−1)

is an orthonormal sequence in V1, and further, by Proposition 3, we know that
T(Φ,Ψ1, ...,ΨdA−1) is an orthonormal basis of V1. Thus, since T(Φ) is an or-
thonormal basis of V0 and V1 = W0 ⊕ V0 then T(Ψ1, ...,ΨdA−1) is an orthonormal
basis of W0. Thus, we conclude that {Ψ1, ...,ΨdA−1} is a matrix–valued wavelet
set constructed from the A-MMRA. �

We now proceed to describe a strategy for constructing a matrix–valued wavelet
set associated to a dilation A from a given A-MMRA with a scaling function Φ.
According to Theorem 2 the functions Θ0, . . . ,ΘdA−1 defined by (15) are such
that T(Θ0, . . . ,ΘdA−1) is an orthonormal basis of V1. Furthermore, since Φ ∈
V0 ⊂ V1, Lemma 2 implies that there are Zd-periodic matrix–valued functions
Hl ∈ L2(Td,Cn×n), l = 0, ..., dA − 1, such that

Φ̂(t) =

dA−1∑

l=0

Hl(t)Θ̂l(t) a.e. on R
d.

Moreover, Lemma 3 implies that

(16)

dA−1∑

l=0

Hl(t)H
∗
l (t) = In a.e. on R

d,

If we denote by J0 the n× ndA matrix of functions defined by

J0(t) = (H0(t), ...,HdA−1(t))
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and by vq(t), q = 1, ..., n the vector in the complex vector space C
ndA defined by

the value at t of the q-th row in the matrix J0(t), the equality (16) implies that
the vectors {vq(t) : q = 1, ..., n} are a.e. orthonormal. Note that it is possible to
construct a ndA × ndA matrix Q(t) of Zd-periodic functions, a.e. unitary in Rd,
such that for q = 1, . . . , n the q-th row is given by the function vector vq(t). The
construction of such a matrix can be done by the Gram–Schmidt orthogonalization
process. If H1(t) is symmetric, another method for the completion of a unitary

matrix is given in [17]. Finally, if Ψ1, ...,ΨdA−1 ∈ L2(Rd,Cn×n) is defined by

(Φ̂(t), Ψ̂1(t), · · · , Ψ̂dA−1(t))
T
= Q(t)(Θ̂0(t), Θ̂1(t), . . . , Θ̂dA−1(t))

T
a.e. on R

d,

and applying Theorem 4, we conclude that {Ψ1, ...,ΨdA−1} is a matrix–valued
wavelet set constructed from the given A-MMRA.

We have therefore proved the following.

Theorem 5. Given an expansive linear map A : Rd → Rd such that A(Zd) ⊂
Zd and given an A-MMRA, then there exists a set of matrix–valued functions
{Ψ1, ...,ΨdA−1} in L2(Rd,Cn×n) which is a matrix–valued wavelet set constructed
from such an A-MMRA.

Recalling that a set of matrix–valued functions F ⊂ L2(Rd,Cn×n) is a matrix–
valued wavelet set constructed from an A-MMRA, {Vj : j ∈ Z}, if and only if T(F)
is an orthonormal basis of the subspace W0 defined as the orthogonal complement
of V0 in V1, then the following is a corollary of Theorem 5 and Proposition 2.

Corollary 4. Let {Vj : j ∈ Z} be an A-MMRA and let W0 denote the orthogonal
complement of V0 in V1. Then there exists a set of matrix–valued functions F ⊂
L2(Rd,Cn×n) such that T(F) is an orthonormal basis of W0, and any set of matrix–

valued functions G in L2(Rd,Cn×n) such that T(G) is an orthonormal basis of W0

has exactly dA − 1 matrix–valued functions.

From Corollary 4, (14), and Theorem 1, we obtain the following.

Corollary 5. Let {Vj : j ∈ Z} be an A-MMRA and let Wj denote the orthogonal
complement of Vj in Vj+1. Then, for every j ∈ {0, 1, 2, ...} there exists a set of

matrix–valued functions Fj ⊂ L2(Rd,Cn×n) such that T(Fj) is an orthonormal

basis of Wj , and any set of functions Gj in L2(Rd,Cn×n) such that T(Gj) is an

orthonormal basis of Wj has exactly (dA − 1)djA matrix–valued functions.

Let us continue with the study of the structure of subspaces Vj and Wj .

Theorem 6. Let {Vj : j ∈ Z} be an A-MMRA and let F = {f1, ..., fdA−1} be a set

of matrix–valued functions in L2(Rd,Cn×n). If there exists an integer l < 0 such
that F ⊂ Vl, then F cannot be a matrix–valued wavelet set.

Proof. If F is a matrix–valued wavelet set then T(F) is an orthonormal sequence
in Vl. Thus, applying Theorem 1 with the expansive linear map Al, we see that
there exist a set of (dA − 1)dlA matrix–valued functions G in L2(Rd,Cn×n) such
that T(G) is an orthonormal sequence in V0. Moreover, according to the definition
of V0 and Proposition 2, the number (dA − 1)dlA must be less or equal to 1. Since
dA ≥ 2, we have a contradiction. �

Theorem 7. Let {Vj : j ∈ Z} be an A-MMRA and let F = {f1, ..., fdA−1} be a set

of matrix–valued functions in L2(Rd,Cn×n). If there exists an integer l 6= 0 such
that F ⊂ Wl, then F cannot be a matrix–valued wavelet set.
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Proof. Assume that F is a matrix–valued wavelet set. If l < 0, since Wl is a proper
subset of V0 it follows that dA − 1 must be less of equal to 1 and this is impossible.
On the other hand, if l > 0, Corollary 5 implies that every set of matrix–valued
functions G ⊂ L2(Rd,Cn×n) such that T(G) is an orthonormal basis of Wl must
have exactly (dA − 1)dlA matrix–valued functions. Since dA < (dA − 1)dlA we get a
contradiction in this case as well. �
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